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Preface 


This is the second part of the project initiated with “Exercises in Analysis. Part 
1.” In that volume we focused on some classical tools from Analysis. Specifically we 
considered Metric Spaces, Measure Theory, the interplay between Measure Theory 
and Topology, and Functional Analysis (Banach Spaces). In the present volume we 
turn our attention to the main topics of Nonlinear Analysis, which are useful in 
applications. So, we deal with the following subjects: 


. Function Spaces 

. Nonlinear and Multivalued Maps 

. Smooth and Nonsmooth Calculus 

. Degree Theory and Fixed Point Theory 
. Variational and Topological Methods 


ok WN 


Each one of the above topics is a separate chapter. Each chapter starts with a 
comprehensive presentation of the theory and then has on the average 200 problems 
together with their solutions. The problems are marked with x, «x, and *** according 
to the level of difficulty of the problem (* for easy, ** for reasonable, and x x * for 
difficult). We believe that people using tools of nonlinear analysis will find useful 
information either in the summary of the theory or in the problems. The topics 
studied in this volume cover a large part of what is known as Nonlinear Analysis. 

Once again the authors express their gratitude to the editor Mrs. Elizabeth Loew 
for her cooperation and strong moral support in realizing this difficult project and for 
Krystyna Gasifska and Rafat Kawa for preparing the beautiful drawings of branches 
decorating the solutions of the problems in both volumes. 


Krakow, Poland Leszek Gasinski 
Athens, Greece Nikolaos S. Papageorgiou 
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Chapter 1 


Function Spaces 


1.1 Introduction 


1.1.1 L?-Spaces 


Definition 1.1 
Let (Q,%, 4) be a measure space, 1 < p< +co and 


LPO) = {f Q—R: f is measurable and fireran< too}. 
Q 


Consider the equivalence relation ~ defined by 


frwg ifand only if f(w)= gw) forp-aaweQ 


and then let L?(Q) = LP(Q)/.. On L?(Q) we consider the norm 


Ilfllb = |f(w)|? du F 
(fra 


For p = +00, we define 
El), {fF Q—-+R: f is measurable and there exists M > 0, 
such that p{w EQ: |f(w)|>M}= of. 


We set L°(Q) = L°(Q)/. and on L®(Q) we consider the norm defined by 
IIfllo = inf{M>0: p{weEQ: |f(w)| > M} =o}. 
© Springer International Publishing Switzerland 2016 
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Remark 1.2 

The normed spaces (L?(Q), ||-||p) (with 1 < p < +00) and (L°(Q), ||-||o.) are Banach 
spaces. If p,p’ are positive real numbers satisfying : -- 7 = 1 (that is, p+ p’ = pp’ or 
p= rate then we say that p and p’ are a pair of conjugate exponents. It is clear 
that 1 < p< +oo and 1 < p’ < +o. A special case is when p = p’ = 2. Note that 
as p \, 1, then p’ 7 +00 and so 1 and +00 are also regarded as a pair of conjugate 
exponents. 


Theorem 1.3 (Holder Inequality) 

If p and p! are conjugate exponents, 1 < p< +00 and f € L?(Q), g € LP’ (Q), 

then fg € E'(9) and ||folli < [ifllplally 

Moreover, equality holds if and only if alf|? = Blg|? p-almost everywhere for some 


a,8 ER \ {0}. 


Next we state some useful density results for the L?-spaces. 


Proposition 1.4 
The space of simple functions in L?(Q) is dense in L?(Q) for all 1 < p< +00. 


Recall that for a Hausdorff topological space X, by C,(X) we denote the space 
of all bounded continuous functions f: X —> R. We know that (C;(X), ||-|oo) is a 
Banach space. The next results ensure the density of continuous functions in L?(Q). 


Proposition 1.5 

If (Q,%,) is a measure space with a normal topological space Q and a regular 
measure pandl<p<+o, 

then L?(Q) 1 Cy(Q) is dense in L?(Q). 


Proposition 1.6 

If (Q, 5, ) is a measure space with a locally compact topological space Q and a Radon 
measure ju (see Definition I.4.9) and 1< p < +00, 

then C.(Q) is dense in L”(Q). 


Remark 1.7 
In fact, if Q C R% is an open set, then using mollification one can show that C2°(Q) 
is dense in L?(Q) with 1 < p < +00. 


Definition 1.8 

Let (Q, %, w) be a measure space with a topological space Q, & = B(Q) (with B(Q) being 
the Borel o-field on Q) and1< p< -+oo. A measurable function f: Q —>+ RU{+co} 
is said to belong to LP (Q) if and only if f € L?(K) for every compact set K CQ. 


loc 


Next we want to decide about the separability of the L?-spaces. Recall that a 
measurable space (Q, ) is said to be countably generated, if there exists a sequence 
{An}ns1 GU such that & = o({An},5,)- The o-algebra of all Lebesgue measurable 
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sets in R is countably generated, since it can be generated by the countable family 
of cubes with centers in Q™ and rational side length. Similarly, if Q is a separable 
metric space and © = B(Q), then © is countably generated. 


Proposition 1.9 

If (Q,¥,) is a o-finite measure space with % being countably generated and 
L< p<+oo, 

then the Banach space L?(Q) is separable. 


Remark 1.10 
Let {An}n>1 C &X be the sequence generating © and let A be the smallest algebra 
containing {An}asi- We consider all simple functions of the form 


n 
S CKX py ’ 
k=1 


with n € N, cy € Q, and Ex € A with p(E,x) < +00 for all k € {1,...,n}. These 
simple functions form a countable set which is dense in L?(Q). 


Next we consider some modes of convergence, closely related to the strong con- 
vergence in L?(Q) and examine their precise relations. 


Definition 1.11 

Let (Q,&, 4) be a measure space, let {un: 2 —> R}, 5, be a sequence of measurable 
functions, and let u: Q —> R be a measurable function. 

(a) We say that the sequence {Un}, 51 converges to u in u-measure, denoted by 


Un > u if for every c>0 


lim w({e EQ: |Un(w) — u(w)| >c}) = 0. 


nr 


(b) We say that the sequence {un}, 5, converges to u almost uniformly, denoted 


by Un “> u, if for every ¢ > 0, there exists A € © with p(A) < € such that 
Un —> u uniformly on Q\ A. 


Remark 1.12 
If ys is a probability measure, then the convergence in p-measure is called con- 
vergence in probability. It is easy to verify that the convergence in measure satisfies 
the following properties: 
(a) the limit is unique, i-e., if un, > u and u, > v, then u = v; 
(b) if uy, > u, vn +> v and A, 0 ER, then Aun + Jun > Au + Vv; 
(c) if u, > u, then ut 5 ut, uz 4 um and Jun| 45 |ul. 

Also recall that by the Egorov theorem, if (Q, 4, jz) is a finite measure space and 
Un —> u pi-almost everywhere in Q, then un —> u. 
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Proposition 1.13 

(a) If un > u, 
then there exists a subsequence {un, }r>1 of {Un}ns, such that Un, —> u p-almost 
everywhere. 

(b) If u(Q) < +00 and u, — u p-almost everywhere in Q, 


then Un say, 


Remark 1.14 

In part (b) of the above proposition, we cannot drop the hypothesis u(Q) < +00. 
Indeed, let 2. = R be furnished with the Lebesgue measure A. Let un = NG ais 
for n > 1. Then u,(w) — 0 for each w € R. On the other hand, note that 
A({w ER: |un(w)| > 1}) = 1 and so we cannot have convergence in measure. 


Proposition 1.15 
If Un ai 


then Un su and Un —> u pi-almost everywhere. 


Proposition 1.16 
If Un — u in L?(Q), with 1 <p < +00 (i.e., ||Un — ullp —> 0 as n > +00), 


then Un —+ u and we can find a subsequence {Un, }x>1 of {Un}n>1 and a function 
h € LP(Q) such that 


Un, —? u and |un,(w)| < hw) for p-aa.w EQ. 


Consider the space L°(Q) of all equivalence classes of measurable functions. 


Proposition 1.17 
If (Q,%, 1") is a finite measure space, 
then on L°(Q) convergence in j1-measure is a metric convergence, that is, Un ay if 
and only if dL°(Q)(un,u) —+ 0 where dL°(Q) is the metric 
dL°(Q)(u,v) = / eae du Vu,v € LQ). 
Q 


We recall the following notion which is central in the study of the L?-spaces. 


Definition 1.18 

Let (Q,,) be a measure space and let C C L1(Q). We say that the set C is 
uniformly integrable, if the following holds: 

(a) for every e > 0, we can find Az € © such that 


p(Ae) < +00 and sup f | du < €; 
UEC 
(b) lim sup / |u| du = 0. 


0—+00 uceC 
{lul 20} 
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Remark 1.19 

Condition (a) in the above definition is automatically satisfied when p(Q) < +00. 
The Fatou lemma (see Theorem 1.3.95) remains true, if the boundedness condition 
from below or above by an integrable function h is replaced by the requirement 
of uniform integrability. The result is often referred to as the generalized Fatou 
lemma. 


Theorem 1.20 (Vitali Convergence Theorem) 
If {Un}nsi C L?(Q) is a sequence, u € L?(Q), with 1 < p< +00 
then Un —> u in L?(Q) if and only if u, ++ u and the sequence {|Unl?}nsi 4s 


uniformly integrable. 


Next we identify the dual of L?(Q), 1 < p < +00. 
Theorem 1.21 (Riesz Representation Theorem) 
If 1<p<_+oo and 5 + ra = 1 (that is, p and p’ are conjugate exponents), 
then for each u* € L?(Q)* there exists a unique y € L?’(Q) such that 


(a thy = [va Vue DQ) 
Q 


(by (-,-) we denote the duality brackets for the pair (L?(Q)*,L?(Q))) and 
llu*\|x = IIyll- Therefore L?(Q)* is isometrically isomorphic to LP (Q) and for this 
reason we identify the two spaces, that is, 


a a 1 
POY SO). ih SI. 
(Q) (Q) stp 
Similarly, if (Q, 4, w) is o-finite, then the result remains true if p = 1, that is, 
DQ)" = £°(9). 


Remark 1.22 
For the case p = oo, the map y+ uy € L°(Q)* defined by 


uy(u) = [oven 


Q 


is always an isometric injection of L'(Q) into L©(Q)*, but it is not in general a 
surjection. In fact L%°(Q)* is the space of finitely additive measures. 


Definition 1.23 

Suppose that (Q, 4, 4) is a o-finite measure space. 

(a) u* € L®(Q)* is said to be absolutely continuous with respect to , if there 
exists y € L'(Q) such that 


oy = [van Yue L?(Q). 
Q 
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(b) u* € L*°(Q)* is said to be singular with respect to yy, if there exists a sequence 
An C™ such that Anti C An for alln > 1, (An) \ 0 and 
n>1 


u“(u) = u"(x,4,u) Yue L*(Q) 
(i.e., the sets An support u*). 


Remark 1.24 
The absolutely continuous with respect to yz functionals are identified with the cor- 
responding L1-functions. 


Theorem 1.25 (Yosida—Hewitt Decomposition Theorem) 

If (Q,%, 1) ts a o-finite measure space and u* € L™®(Q)*, 

then u* admits a unique decomposition u* = ut+u*, where u* is absolutely continuous 
with respect to 4s and uz is singular with respect to ju. 

Moreover, ||u*||« = |lwall1 + lluslle- 


An immediate consequence of the Riesz representation theorem (see Theorem 
1.21) is the following result. 


Corollary 1.26 

For every 1< p< +co, the space L?(Q) is uniformly convex. So from the Milman- 
Pettis theorem (see Theorem I.5.89), it is also reflexive and has the Kadec—Klee 
property, namely “if {Un}ns1 G L?(Q) is a sequence such that Un “su in LP(Q) 
and ||Un||p —> ||ullp, then Un —> u in L?(Q)” (cf. Definition 1.5.88, Theorem 1.5.89 
and Proposition I.5.91). 


Definition 1.27 

Let (Q,%, 4) be a measure space and let p,p' be conjugate exponents. If p = 1 or 
p = +00, then we assume in addition that the measure fu is o-finite. A sequence 
{Un}ns1 © L?(Q) converges weakly (weakly star if p = +00) to some function 


u € L?(Q), denoted by un > u (un cee if p = +00) if and only if 
[evudu — van Vye L”’(Q) 
Q Q 

(see Theorem 1.21). 


Next we characterize weakly compact sets in L'(Q). 


Theorem 1.28 (Dunford—Pettis Theorem) 

If (Q,%,) is a measure space and C C L+(Q), 

then the set C is relatively w-compact if and only if it is uniformly integrable (see 
Definition 1.18). 
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For strong compactness in L?, there are various types of criteria, some of which 
although quite general are difficult to apply to specific cases. For this reason, we 
restrict ourselves to R', where we have more applicable conditions. 


Theorem 1.29 (Kolmogorov-—Riesz Theorem) 
If CC L?(RY) is a bounded set with 1 < p< +00 and 


lim |/7,u—ullp = 0 uniformly inu eC, 
h|0 


where Tnu(z) = u(z +h) for all z,h E RN, 
then for every Q CRN with finite Lebesgue measure, the set 


Cla = {Ulg: wEeC} 
is relatively compact in L?(Q). 


The next inequality although straightforward, it is very useful in many circum- 
stances. 


Theorem 1.30 (Chebyshev-Markov Inequality) 
If (Q,%, 4) is a measure space and u € L?(Q) with 1 < p < +00, 
then for every c > 0 we have 


p({wEQ: uw) ech) < ell 


Definition 1.31 
Let u€ Tis (RY ). The maximal function (or Hardy—Littlewood maximal 
function) of u is defined by 


M(w(0) = sup sah i lu(z)|\dz  VreR, 
B,(2) 


where AN denotes the Lebesgue measure on RN and B,(x) = {z€R™: |z-2| <r}. 
For R € (0, +00] we define 


Ma(ul(e) = sup seco f lw2)lde VareR. 
R( )(x) geren Ef (z)| 


Evidently M = Mo. 


Theorem 1.32 

If 1<p<+ov, then 

(a) u(x) < M(u)(x) < +00 for all u € L?(R™) and for almost all x € RN; 
(b) ifp=1, then for any u € L'(RY) andc> 0, 


AN ({a ERX: M(u)(x)>c}) < [lulls 
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(c) if1<p< +00, then M(u) € L?(R%) and there exists c(N,p) > 0 such that 
4 (u)Ilp < c(N,p)llullp Vue LP(R*). 


Definition 1.33 
Let A C R™ be a Lebesque measurable set and let u: A —> R be a measurable 
function. We say that u belongs to the space Llog L(A) if and only if 


[lwa)htow(2 + lu(2))) de Aes: 
A 


Remark 1.34 
Note that Llog L(R) ¢ L1(RY). 


1.1.2 Lebesgue—Bochner Spaces 


In this section, we deal with Banach space valued functions. 


Definition 1.35 
Let (Q,%, u) be a measure space and let X be a Banach space. 
(a) A simple function, is a function s: Q —> X of the form 


S(@). = SNe (w) Ywed, 
k=1 


with n EN, {an}R_, CG X distinct vectors and {A,}f_, C & are mutually 
disjoint. 

(b) A function u: Q —> X is said to be strongly measurable, if there exists a 
sequence {Sn}n>1 of simple functions such that 


||u(w) — Sp(w)||x —> 0 for p-almost allw € Q. 


(c) A function u: Q —> X is said to be weakly measurable, if for every x* € X* 
the function wt—> (a*,u(w)) is X-measurable (here by (-,-) we denote the duality 
brackets for the pair (X*,X)). 

(d) A function u: Q —+ X* is said to be w*-measurable, if for every x € X the 
function wt—> (u(w), x) is S-measurable. 


The next theorem gives the relation between strong and weak measurability. 


Theorem 1.36 (Pettis Measurability Theorem) 

If (Q,%, 1) ts a finite measure space and X is a Banach space, 

then a function u: Q —> X is strongly measurable if and only if 

(a) u is weakly measurable; and 

(b) there exists a set A € % with (A) = 0 such that the set u(Q\ A) C X is norm 
separable. 
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Remark 1.37 

A function u satisfying statement (b) of the above theorem is said to be p-essentially 
separably valued. Also, a byproduct of the proof of this theorem is that u is strongly 
measurable if and only if wu is the uniform limit of a sequence of countably valued 
p-measurable functions. 


Definition 1.38 
Let (Q,%, 4) be a measure space and let X be a Banach space. 
(a) A simple function s: Q —+ X is Bochner integrable, if it has the form 


sw) = S > anx,, (w), 
k=1 


with n EN, {ap}p_, C X distinct vectors, {Ag}R_, CG & mutually disjoint sets 
and x, = 0 whenever u(Ax) = +00. Then for any A € & the Bochner integral 
of u over A is defined by 


[saw = So xep(AN Ar), 


with epu(AN Ap) = 0, when x, = 0 and u(ANM Ax) = +00. 
(b) A strongly measurable function u: Q —> X is said to be Bochner integrable, 
if there exists a sequence {Sn}n>1 of integrable simple functions such that 


||u(w) — Sp(w)|lx —> 0 for p-almost allw EQ 
and 


[i= nlls a — 0 asn— +oo. 
Q 


Then for any A€ %, the Bochner integral of u over A is defined by 


[udu = slim f sn dt. 
Q 


A 


Remark 1.39 
It is routine to check that the last limit exists and is independent of the particular 
approximation sequence {Sn}nst 


Proposition 1.40 

If (Q,%, 4) is a finite measure space and X is a Banach space, 

then a strongly measurable function u: Q —+ X is Bochner integrable if and only if 
llu(Ilx € E1(Q). 

Moreover, we have 


| feudal < flu de 
Q Q 
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So, now we are in a position to introduce L?-spaces for Banach space valued 
functions. 


Definition 1.41 

Let (Q,%, «) be a measure space and let X be a Banach space. 

(a) Let l<p<+oo. By LP(Q;X) we denote the space of all equivalence classes 
(for the relation ~ of equality u-almost everywhere), of the strongly measurable 
functions u: Q —+ X such that ||u(-)||x € L?(Q). The norm is defined by 


ally 

p 

uly = ( i} ul a) | 
Q 


(b) By L*°(Q;X) we define the space of all the equivalence classes (again for the 
relation ~ of equality -almost everywhere), of the strongly measurable functions 
u: Q— X such that |u(-)||x € L°(Q). The norm is defined by 


|p. = ess sup |ls()|)x 


Proposition 1.42 

If (Q,%, 1) is a@ measure space and X is a Banach space, then 

(a) L?(Q;X) is a Banach space for all 1 < p< +co; 

(b) the set of integrable simple functions is dense in LP(Q; X) for all 1 <p < +c; 

(c) if Q is a separable metric space, fs is o-finite Radon measure (see Defini- 
tion .4.9) and X is a separable Banach space, then L?(Q;X) is separable for 
alll<p<+oo. 


Definition 1.43 
Let (2,4) be a measurable space and let X be a Banach space. A set function 
m: % — X is a vector measure, if for any sequence {An}ns1 C DU of pairwise 


disjoint sets, we have 7 
m( U An) = 5° m(A,) 


no1 no>1 


in the norm topology of X. 
The variation, is the extended measure |m| defined by 


|m|(A) = sup }¥ |lm(C)||x 


™ Cen 


where the supremum is taken over the collection x of all finite S-partitions of A. 
If |m|(Q) < +00, then we say that the vector measure m is of bounded variation. 
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Remark 1.44 


In the above definition, the convergence of the series > m(A,) is unconditional in 
no1 
norm (since every subseries also converges). If w: 2 —+ X is Bochner integrable, 
then © 3 A+—+ m(A) = [ udy is a vector measure and 
A 


[m|(A) = F lull du. 
A 


Definition 1.45 

A Banach space X has the Radon—Nikodym Property (RNP for short), if for every 
finite measure space (Q,%, uw) and every vector measure m: %& —> X of bounded vari- 
ation such that m < ps (that is, m vanishes on p-null sets), we can find u € L1(Q; X) 
such that 


m(A) = [udu VAEX. 
A 


Theorem 1.46 
(a) Reflexive Banach spaces have the RNP. 
(b) Separable dual Banach spaces have the RNP. 


The notion of RNP leads to an extension of the Riesz representation theorem (see 
Theorem 1.21) to the Lebesgue—Bochner spaces L?(Q; X) (1 < p < +00). 


Theorem 1.47 

If (Q,%,p) is a o-finite measure space and X is a Banach space with X* having 
the RNP, 

then for alll <p < +cv, we have 


LP(Q; X)* = L?’ (Q;X*) 
1 Wy, es 
where 5 + 57 = 1. 
Next we examine L1(0; X)* when X* fails to satisfy the RNP. 


Definition 1.48 
Let (Q,%, 4) be a measure space, X a Banach space and u,y: Q —> X* two w*- 
measurable functions (see Definition 1.85(d)). We say that u~ y, if 


(u(w),2) = (y(w),2) forp-aa wEeQD andallxe X. 
Remark 1.49 


In the above definition the exceptional p-null set in general depends on x € X. The 
relation ~ is an equivalence relation. 
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Definition 1.50 

By L™®(Q; X*.) we denote the linear space of the equivalence classes for the relation 
~ (see Definition 1.48) of functions u: Q —>+ X* which are w*-measurable and there 
exists c > 0 such that 


| (uw), 2) | < eljal|x for u-almost allw EQ, allx eX. 


The exceptional u-null set may depend on x € X. The infimum of all such c > 0 is 
denoted by ||u||,o(a,x*,) and it is a norm on L®(Q; Xi «). 


Remark 1.51 
If X is separable and u € L™®(Q; X*.), then the map w+ ||/u(w)||, belongs in L*°(Q) 
and we have 

lullas(a.xs.) = esssup uC) 


Theorem 1.52 (Dinculeanu—Foias Theorem) 
If (Q,%, 4) is a measure space and X is a Banach space, 
then L1(Q; X)* = L*©(Q; X*.) and the duality brackets for this pair are defined by 


i = [ (uw), rw) du Vue L°(0;X*.), he LQ; X). 
Q 


1.1.3. BV-Functions, Absolutely Continuous Functions, 
Spaces of Measures 


We start with functions of one variable. As we will see, functions of bounded variation 
(BV-functions) are closely related to monotone functions (by monotone we understand 
both increasing or decreasing). Monotone functions need not be continuous. The next 
result reveals how discontinuous they can be. 


Proposition 1.53 

If I is an interval and u: I —> R is monotone, 

then u has at most countably many discontinuity points. 

Conversely, given a countable set D CR, there is a monotone function u: R —> R 
such that discu = D (here discu denotes the set of discontinuity points of u). 


Remark 1.54 
As a consequence of this proposition, we see that there is an increasing function 
u: R —> R continuous at all irrational points and discontinuous at all rational points. 


The next proposition analyzes the inverse of an increasing function. 


Proposition 1.55 
If I CR is an interval bounded below, u: I —> R is an increasing function, J CR 
is the smallest interval containing u(I), and w: J —> R is the function defined by 


wy) = inf{eeTr: u(x) >y} VyeJ, 
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then 

(a) w is increasing and left continuous; 

(b) w has a jump at some yo € J \ { sup; u} if and only if tb teie9) = yo for some 
%1,%2 ET, x1 < x9; 

(c) w(u(x)) < x for every x € I and the inequality is strict if and only if u is constant 
on some interval [z,2) CI, z <2; 

(d) WD bos ass = xo for some interval (yi, y2) C I, yi < y2 and for some xo € int I if 
and only if u has a jump at xo and (y1,y2) © (u- (xo), ut (xo). 


In particular, if u is strictly increasing, then w is a left inverse of u and it is 
continuous. 


Theorem 1.56 (Lebesgue Theorem) 
If ICR is an interval and u: I — R is a monotone function, 
then u is differentiable at all x € I\ D, where D is a Lebesgue-null set. 


In fact this theorem is sharp. 


Proposition 1.57 
Given any Lebesgue-null set D C R, we can find a continuous monotone function 
which is not differentiable at every point of D. 


Remark 1.58 
In the above result, the set of points of nondifferentiability of u contains D and in 
general it may be strictly bigger. Recall that the Cantor function wu is increasing and 


u(x) = 0 for almost all x € [0,1]. 


In fact, there exists a strictly increasing function wu: [0,1] —> R with zero derivative 
almost everywhere. 


Given an interval J C R, a partition of J is a finite set P = {a }7%_) C I such that 
LO SOB SS Sa 


Definition 1.59 
Let I CR be an interval and let u: I —> R be a function. The total variation of u 
on I is defined by 


Varu = Var,;u = sup { Sula) ~ alor)]}, 


k=1 


where the supremum is taken over all partitions P = {xz}p_) of I (n € N). 

We say that u is of bounded variation (BV-function for short), if 
Var u < +00. 

We denote the space of functions of bounded variation, by BV (I). 
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Remark 1.60 
If one of the endpoints of I (say 6b = sup) belongs in J, then we can restrict our- 
selves to partitions P = {x,}%_, with 2, = b. Also, we say that u © BVi<(J), 


if Var, ,,u< +00 for all intervals [a,b] C I. Evidently, if J = [a,b], then 
BVoc(I) = BV(I). Finally, if U C I is an open set, then U = U In with Un}asi 
n2>1 


disjoint open intervals and then for a function u: U —> R we set 


Varu = y Var, U. 
n2>1 


Proposition 1.61 
If ICR is an interval and u: I — R, then 
(a) for every c € I, sup|u(x)| < |u(c)| + Varu, hence if u € BV(I), then wu is 
cel 
bounded; 
(b) for every c € I, we have 


Val yee. + VAT infetooy) = Var uy 
(c) if I does not contain the right endpoint, then 
lim Var u = Varu; 
« /sup I 4O(= 095] 
if I does not contain the left endpoint, then 
lim Var = Var u. 


a\inf I IN|x,+00,0) 


The next theorem establishes the relation between monotone functions and 
BV-functions. 


Theorem 1.62 

If ICR is an interval, 

then BVioc(I) (respectively BV(I)) is the smallest vector space which contains all 
monotone (respectively bounded monotone) functions. Moreover, every element in 
BVioc(I) (respectively BV(I)) can be written as the difference of two increasing 
(respectively bounded increasing) functions. Hence every function u € BVo-(I) is 
differentiable almost everywhere (see Theorem 1.56). 


Note that Var u is not anorm on BV (J), since Var u = 0 implies that u is constant. 
In this direction we have the following result. 


Proposition 1.63 
if I CR is an interval and cé I, 
then the function u'— ||ul|pvy) = |u(e)| + Varu is a norm on the space BV(I). 


The question of completeness of BV (J) with this norm (that is, whether BV (J) 
is a Banach space) is answered positively with the help of the following compactness 
result. 
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Theorem 1.64 (Helly Selection Theorem) 

If ICR is an interval and D C BV (J) is an infinite subset satisfying 
|ju(c)| + Varu < M YVueD, 


for some c€ I and M > 0, 
then there exists a sequence {Un}ns1 CD and u € BV (I) such that 


Un(z) —> u(z) Vael. 
As a consequence of this result, we have the following corollary. 


Corollary 1.65 
If ICR its an interval and ce I, 
then BV (I) equipped with the norm ||ul| gy (1) = |u(c)| + Varu is a Banach space. 


Definition 1.66 
Let X,Y be two nonempty sets, AC X andu: X —>Y. For everyy © Y we define 


Nuly;A) = #{e@e A: u(x) =y}. 


The map Ny(-; A): Y —+ NoU {oo} is called the counting function or the Banach 
indicatrixz of u in the set A. 


Using this special function, we can characterize those continuous functions which 
are of bounded variation. 


Theorem 1.67 
If ICR is an interval and u: I — R is continuous, 
then N,,(-;I) is Borel measurable and 


[Xuday = Var u. 
R 


Therefore u € BV(L) if and only if Ny(-;1) € L1(R). 


Consider the Cantor function g: [0,1] —> [0,1]. We know that it is continuous 
and increasing (hence g € BV([0,1]) and g/(x) = 0 for all x € [0,1] \ C with C being 
the Cantor set, that is, g’ = 0 almost everywhere). Note that g fails to satisfy the 
fundamental theorem of Lebesgue calculus since 


1 
f (Gs = 0-2 40)=90) = 1. 
0 


So, we want to identify the subspace of the space of functions of bounded variation 
for which the fundamental theorem of the Lebesgue calculus holds. This leads to 
absolutely continuous functions. 
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Definition 1.68 

Let I CR be an interval andu: I —> R. We say that u is absolutely continuous on 
I, if for every « > 0, there exists 6 > 0 such that for every finite family { (ak, Da) a 
of nonoverlapping subintervals of I with 


S-(bi — ax) < 6, 


k=1 


we have 


S > |u(be) — ulaz)| < e. 
k=1 
The space of all functions u which are absolutely continuous on I is denoted by AC(L). 


Remark 1.69 

In the above definition n € N is arbitrary. We can also define the space AC\,<(L), 
which contains of all functions u: J —> R which are absolutely continuous on every 
[a,b] CI. If I = [a,b], then AC\o<([a, b]) = AC ([a, b}). 


Proposition 1.70 

(a) If I CR is an interval, 
then ACyoc(L) © BVioc(I) and every u € AC\oc (I) is differentiable almost every- 
where in I with u’ € Li, (J). 

(b) If I CR is a bounded interval, 
then AC(I) C BV(1) and every u € AC(1) is differentiable almost everywhere 


in I with u’ € L+(I). 


There are bounded, continuous, monotone functions which fail to be absolutely 
continuous (recall the Cantor function). So, it is natural to ask what is missing from 
a continuous function which is not absolutely continuous. This is the so-called Lusin 
(N)-property. 


Theorem 1.71 

If ICR ts an interval, 

then u € AC\oc(L) if and only if 

(a) u is continuous; 

(b) u’ exists almost everywhere and u' € L}..(1); 


loc 


(c) u maps Lebesgue-null sets to Lebesgue-null sets (Lusin (N)-property). 


Absolutely continuous functions satisfy some of the basic results of differential 
calculus. The first result is the chain rule. 


Theorem 1.72 (Chain Rule) 

If I,J CR are two intervals, u: J — R and h: I — J are functions such that 
u,h and uoh are differentiable almost everywhere and u maps Lebesque-null sets to 
Lebesgue-null sets, then 


1.1. Introduction 17 


(woh) (x) = w'(h(x))h'(x) for almost all x € I, 


where u'(h(x))h'(x) is defined to be zero whenever h'(x) = 0 (even if u is not differ- 
entiable at h(x) ). 


As an easy consequence of this theorem, we have that absolutely continuous func- 
tions satisfy the change of variable formula. 


Theorem 1.73 (Change of Variable Formula) 

If u: [c,d] —> R is integrable and h: {a,b| —> [c,d] is differentiable almost every- 
where in [a, bj, 

then u(h(-))h’(-) is integrable and the change of variation formula holds, namely 


h(t) t 
fw ie [ecteyn'e) de Wate lati 
h(s) s 


if and only if woh € AC ({a, 8). 


Now we turn our attention to multivariable functions. 


Definition 1.74 

Let Q CRN be an open set. We say that u € L'(Q) is of bounded variation (BV- 
function for short), if for all k © {1,...,N} there exists a finite signed measure 
Lp: B(Q) —> R (B(Q) being the Borel o-algebra of Q) such that 


[ughae = — [odin V9 € C%(N). 
Q Q 


The space of functions of bounded variation is denoted by BV(Q). 


Remark 1.75 
Using the language of distribution theory, we can say that pz is the distributional 
(or weak) k-partial derivative of u and is denoted by Dzu. Also, we define 


BVoc(Q) = {ue Li,.(Q): we BV(U), U cc}. 


Recall that U CC Q means that U is compact and U C Q. From the above definition 
we see that if u € BV(Q) and we set Du = (Diu,..., Dyu), then Du € My(Q;R) 
(M,(Q; RY) being the space of Radon measures). For this measure the total variation 
is defined by 

|Du|(A) = sup 5° |Dul(B), 


" Een 


18 Chapter 1. Function Spaces 


where the supremum is taken over all partitions 7 of A into a finite number of pairwise 
disjoint Borel subsets of A. Since M,(Q;R’) = Co (Q; RY)* (see Sect. 1.1.3 below and 
Volume 1), we also have 


|Du|(Q) = |Dullag(a:r%) 


N 
= sup { > f ona(Deu): 8 = (H1,...,8n) € Co (Q;RY), 
k=16 


Wllayassy <1} 
< +00. 
Recalling that Co° (Q; RY) is dense in Co (Q; RY), we can write 


N 
OVE 
|Du|(Q) = sup {>| xetudz : BE CS (Q;RY) : lM lloz(aRy) < i. 
k=19 
The right-hand side of the above equality determines the variation of u in Q and 
is denoted by Var u or by Var (u;Q) if we want to emphasize the dependence on the 
domain Q. 


When N = 1, we see that we have two different definitions for the functions of 
bounded variation. One which is pointwise (see Definition 1.59) and the other global 
in nature given in Definition 1.74. It is natural to ask how are these two definitions 
related. The next theorem shows that they define the same function space. 


Theorem 1.76 

If QC R is an open set and u € L'(Q) is of bounded variation in the sense of 
Definition 1.59, 

then u is of bounded variation in the sense of Definition 1.74 and 


|Du|(Q) < Varu. 


Conversely, if u is of bounded variation in the sense of Definition 1.74, 
then u admits a right continuous representative U which is of bounded variation in 
the sense of Definition 1.59 and we have 


Varu = |Dul(Q). 
Definition 1.77 
Let Q C R™ be an open set and let A C R be a Lebesque measurable set. We say 


that A has (locally) finite perimeter, if x, € BV(Q) (respectively x, € BVioc(Q)). 
The perimeter of A in Q, denoted by P(E;Q), is the variation of x, in Q, i.e., 


P(A;Q) = Var (x,,2) 


[ Bede: VE CPR"), loan» <1}. 
A 
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Proposition 1.78 

FAC RY is open and u € BVioc(Q) N L1(Q), 

then u € BV(Q) (i.e., Varu < +00) if and only if |Du|(Q) < +00. So, we can define 
lullaveay = lull, + |Dul(Q), 

which is a norm on BV(Q). With this norm BV(Q) is a Banach space. 

Proposition 1.79 

If QOR is open, {Un}nsi © Li (Q) is a sequence such that un —> u in L}(Q), 


loc loc 
then 
|Du|(Q) < liminf |Du,|(Q). 
nN +00 


Functions of bounded variation can be approximated by smooth functions. 


Proposition 1.80 
FAC RY is open and u € BV(Q), 
then there exist functions {Un}ns, GC BV(Q) A C%°(Q) such that 


un —> u in LQ) and |Dup|(Q) —> |Dul(Q). 


Proposition 1.81 
FACS R is bounded open with a Lipschitz boundary dQ, {Un}ns1 G BV(Q) and 


sup |[Unll Bviay < +00, 
n2>1 


then there exist a subsequence {Un, }k>1 Of {Un}n>1 and u € BV(Q) such that 
Un, —> wu in Li(Q). 


The coarea formula relates the total variation measure |Du| with the perimeter 
of the superlevel sets Up = {z €D: u(z) >t}, tER. 


Theorem 1.82 (Coarea Formula) 
aS RY is an open set and u € BV(Q), 
then the set U; has a finite perimeter for almost allt € R and 


+00 
|Du|(Q) = if P(Uz;Q) dt. 
+00 
Conversely, if u€ L'(Q) and f P(U,;Q) dt < +00, 
then u € BV(Q). 
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Definition 1.83 
A rectangular cell in R% is a set of the form 


N 


R= ] [ (ax: bx). 
k=1 
i N 
For every z € R we write z = (2,z,) with € RN“! = [J (ai,b;), ze © (ax, dy) 


iZk 
and define 
Hele) = Ue) Vke{l,...,N}. 


Theorem 1.84 
If we Ly, (RY), 


then u € BVioc(RX) if and only if J Var (uz) dz < +00 for each rectangular cell 
R 


(ax) 
RCRN and eachk € {1,..., N}. 


Finally we show that composition with Lipschitz maps preserves bounded 
variation. 


Proposition 1.85 

If Q is an open set such that XX (Q) = +00, u € BV(Q) and g: R — R is a Lipschitz 
continuous function with g(0) = 0, 

then gou€ BV(Q) and 


[D(gou)|(Q) < (Lipg)|Dul(Q). 


From the previous discussion of functions of bounded variation, we see that the 
spaces of measure play an important role. Spaces of measures are also important in 
the study of Young measures (see Sect. 3.1.4). So, it is worth having a look at such 
spaces. 


Let X bea locally compact, o-compact space (i.e., X = (J Ky, with K, compact). 
ne>1 
We consider the following three spaces of continuous functions: 


CA{x) = fu: X —R: wis continuous and of compact support }, 
Co(X) = {u: X —+R: wis continuous and vanishes at infinity}, 
O(X) = {u: X —+R: wis continuous and bounded}. 


Recall that u: X —> R is said to vanish at infinity if, for every e > 0, there exists 
a compact set K C X such that 


|ju(x)| < e Vane X\K. 
Evidently we have the following inclusions: 


C(X) © Co(X) C O,(X). 
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If X is compact, then the three spaces coincide, while if X is not compact, then the 
above inclusions are strict. All three spaces are furnished with the supremum norm 
I|ulloo = sup |u(zx)]. 

rex 


Note that for C.(X) and Co(X), the supremum is actually a maximum (i.e., it is 
attained). 


Proposition 1.86 
The spaces (Co(X),||-lloo) and (Cy(X), ||-l]oo) are Banach spaces (hence Co(X) is a 
closed subspace of Cy(X)), while C.(X) is dense in Co(X). 


Definition 1.87 
By M,(X) we denote the space of signed Radon measures 4 on X such that |p| is 
finite, The space M,(X) is furnished with the total variation norm defined by 


lees = / dlul = |ul(X). 
xX 


The normed space (M;(X), |+{l14,(x)) is a Banach space. 

Since C.(X) is dense in Co(X) (see Proposition 1.86), the two spaces have the 
same topological dual. Of course, we prefer to work with Co(X) which is a Banach 
space. The next theorem identifies Co(X)*. 


Theorem 1.88 

If X is a locally compact and o-compact topological space, 

then Co(X)* = M,(X), i.e., for each u* € Co(X)* there exists a unique pp € M,(X) 
such that 


a) = ico du(x) Vu € Co(X) 
x 
and 


lu" lle = Melle) = lel(X). 


We can have three different kinds of convergence of sequences in M,(X ) depending 
on which of the three spaces C.(X), Co(X), or Cy(X) we choose to put in duality 
with My (X ye 


Definition 1.89 

Let X be a locally compact and o-compact topological space, let { Mn }ns1 © Mo(X) 
be a sequence and let pp € M,(X). 

(a) We say that the sequence { Un },51 converges vaguely to ys if and only if 


[din — [udu Vuec.(x). 
= x 


22 Chapter 1. Function Spaces 


(b) We say that the sequence { fn },51 converges weakly to yu if and only if 


[udu — [udu Yue Co(X) 
x x 


and we write fin —> pL. 
(c) We say that the sequence { fn },51 converges narrowly to yu if and only if 


[din — [udu Vue C,(X). 
xX x 


and we write in —> pL. 


Remark 1.90 

Note that in the light of Theorem 1.88, the weak convergence in Definition 1.89(b) is 
in fact w*-convergence in the Banach space M,(X). The name “weak convergence” 
is used by probabilists. So, including the norm convergence, we have four distinct 
modes of convergence for sequences in M,(X), which in general are related as follows: 


norm convergence 


Vv 


Narrow convergence 


Vv 


weak convergence 


vague convergence. 


Theorem 1.91 
Let X be a locally compact and a-compact topological space and let { fn }ns1 CG Mo(X) 
be a sequence. Consider the following statements: 
(a) The sequence { fn }n>1 converges weakly. 
(b) The sequence { in ty 51 converges narrowly. 
(c) The sequence { fin }n51 ts bounded in M)(X) and there is a dense subset 
D C Oo(X) such that the sequence { f hdtin} ns converges for every h € D. 
x 


(d) For every € > 0, there exists a compact set K- such that 
\tn|(KE) < € Yn> no. 


(e) We have that Un > 0, Un converges weakly to u and [in(X) — p(X). 
Then the following implications hold: 


(a) <= (ce) 
[(a) and (d)| <=> (b) 
(e) = (b). 
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Remark 1.92 

The equivalence of (a) and (c) implies that on bounded subsets of M,(X) the weak 
topologies w(My(X),Co(X)) and w(My(X), C-(X)) coincide. In particular then, on 
bounded sets of M,(X), the notions of vague and weak convergence coincide. Property 
(d) is known as uniform tightness of {|tun|} If in addition, X is a complete 
metric space, we have 


n>Nn0° 
(b) <= (e). 


Let M,'(X) be the subset of M)(X) consisting of the (positive) Radon measures 
(see Definition 1.4.9) and let Mj (X) be the space of finite linear combinations of 
Dirac measures. 


Proposition 1.93 
If X is a locally compact and o-compact topological space, { [Mn tnd1 Cc My (X) is a 


sequence such that [in —> p with p © M,(X), 
then for any open set U C X, we have 


w(U) < liminf p,(U); 


Nn—-+00 


for any compact set K C X, we have 


lim sup fn(K) < p(k); 


n—-+00 


for any relatively compact set FE C X with u(OE) = 0, we have 


lim pin(B) = p(B). 


N—-+00 


Proposition 1.94 
If X is a locally compact and o-compact topological space and  € M,(X), 


then there exists a sequence { {Mn }ns1 © M/(X) converging narrowly to [. 


Finally, let X be a metrizable space and let us consider the weak topology 
Wn = w(My(X),C,(X)) (n stand for narrow). Let M;'(X) be the set of probability 
measures on X. We will examine MG (X) furnished with the relative w,-topology. 
In what follows U/4(X) denotes the space of uniformly continuous functions for any 
compatible metric d on X. 


Proposition 1.95 
If X is a metrizable space, {Hataer © My (X) is a net and wp € Mi (X), 
then the following statements are equivalent: 


(4) pa > p. 
(b) [ne for allu€ C,(X). 


(c) [vdieo for all u € Ug(X). 
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(d) [ed — [udu for allu€ D, with D uniformly dense in Ug(X). 


xX x 
(e) limsup fa(C) < u(C) for all closed sets C C X. 
(f) w(U) < liminf p.(U) for all open sets U CX. 
(9) Mal E) — w(F) for all sets E € B(X) with w(OE) =0. 


Theorem 1.96 
(a) X is compact metrizable if and only if (My (X), wn) is compact metrizable. 


(b) X is separable metrizable if and only if (My (X), wn) is separable metrizable. 
(c) X is Polish if and only if (Mj(X), wn) is Polish. 


Theorem 1.97 (Prohorov Theorem) 

If X is a Polish space, 

then A C M7} (X) is relatively wy-compact if and only if A is uniformly tight (i.e., 
for each ¢ > 0 there exists a compact set Kz C X such that u(K-) > 1—e for all 
pee A). 


1.1.4 Sobolev Spaces 


First we deal with functions of one variable. So, let J = (a,b) be an interval, possibly 
unbounded and 1 < p< +o. 


Definition 1.98 
The Sobolev space W!?(a,b) is defined by 


W1?(a,b) = {ue L?(I): there exists h € L?(I) such that 
[usta = — | noae for all 9 € C}(I)}. 
T 7 


We write u' = h (the weak or distributional derivative of u). 


Remark 1.99 
W(a,b) is furnished with the norm 


l!ellip = [ell + Helle 


1 
(or sometimes for 1 < p< +00 with the equivalent norm (|u||h + ||u'||p)?) and it 
becomes a Banach space (or Hilbert if p = 2). 


Theorem 1.100 
If we W" (a,b) with 1 < p< +00 and I = (a,b) is an interval (possibly unbounded), 
then there exists representation u € C(I) of u such that 
x 
u(x) —U(v) = ua Va,vel. 


UV 


1.1. Introduction 25 


Remark 1.101 
If I = (a,b) is a bounded interval, then the representation @ in the above theorem is 
absolutely continuous. 


Theorem 1.102 

For any 1 < p < +00, there exists a bounded linear operator P: W'?(a,b) —> 
W!?(R) called extension operator such that: 

(a) Pul.,,, =u for allue W!?(a,b); 

(b) there exists c > 0 such that ||Pull rece) < ¢llull zea) for all u € W'? (a, b); 

(c) there exists c > 0 such that ||Pullw1.e) < cllullwie(ap) for all u € W!? (a,b). 


Theorem 1.103 
fue W!(a,b) with 1 < p < +00, 
then we can find a sequence {Un}n>1 GC Ce°(R) such that 


Un|; —> u in W'?(a,D). 


Remark 1.104 

In general we cannot say that C(I) is dense in W! (a,b). The closure of C9°(I) in 
the Sobolev norm leads to a particular subspace of W1?(a, b) (see Definition 1.105). 
This is in contrast to the L?-spaces where Co°(I) is dense in L?(I) for 1 < p< +00 
(see Remark 1.7). 


Definition 1.105 

Letl1<p<-+too. We set Wy? (a, b) to be the closure of Co°(L) in the Sobolev norm. 
We furnish W (a, b) with the norm of W'?(a,b) and we have a Banach subspace of 
W1? (a, b). 


Remark 1.106 
Since C°(R) is dense in W1?(R) (see Theorem 1.103), we have W,’?(R) = W!?(R). 


The next result characterizes Wy (a,b) as a subspace of W!(a, b). 


Proposition 1.107 

fue W1P(a,b), 

then u € Wo? (a, b) if and only if ul, = 9. 
Theorem 1.108 (Poincaré Theorem) 


If I= (a,6) is a bounded interval, 
then there exists c > 0 such that 


lel < cllu'llp Vue Wo?(a,0). 
This means that the map u+— |lu'||p is an equivalent norm in W,?(a, b). 


The next result explains the importance of Sobolev spaces in the study of 
boundary value problems. 
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Theorem 1.109 (Sobolev Embedding Theorem) 
There exists a constant c > 0 (depending only on A1(I) < co) such that 


lIulloo < ellullap Yue WhP(a,b), 1< p< tov. 


So, W!?(a,b) (with 1 < p < +00) is embedded continuously into L©(I) (denoted by 

W* (a,b) > L®(Z)). 

If I=(a,6) is a bounded interval, then 

(a) for 1 < p < ow, W!?(a,b) is embedded compactly in C(I) (denoted by 
W1?(a,b) > C(T)). 

(b) W'+(a,b) is embedded compactly in L4(1) for all 1 < q < +00 (i.e., we have 
W11(a,b) > L4(1)). 


These embeddings remain valid if W!(a,b) is replaced by W, (ab), 


Remark 1.110 
The embedding of W!!(a, b) into C(T) is continuous, but never compact. 


Theorem 1.109 leads to some useful equivalent norms for the Sobolev space 
W1(a,b) (with 1 < p < +00). 


Proposition 1.111 
If I= (a,6) is a bounded interval, 1 < p< +00 and 1 <q < +00, 
then the mapping u+— |lul|q + |lu'||p is an equivalent norm in W?(a,b). 


The dual of the spaces Wy” (a, b) (with 1 < p < +00) is denoted by W~!”"(a, b) 


(where 7 +- 7 = 1) and admits the following representation. 


Proposition 1.112 
If u* € W-1"(a, b) = Wo?(a, b)*, 
then there exists two functions ho,h, € L”' (I) such that 


(ut) = [rowde+ f nyu! ae Vue Wy”(a,b) 
T T 


and 
l|ulle = max {||hollp-, [rally }- 


Moreover, if I = (a,b) is a bounded interval, then we can take ho = 0. 


Remark 1.113 
According to this result u* can be identified with the distribution ho — h‘. 


We can have Sobolev spaces of higher order. 
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Definition 1.114 
For every integer m > 2 and for any p € [1,+00], by induction we can define the 
Space 

w™P?(a,b) = {ue w™1?(a,b): ul € w™-)?(a,b)}. 


We equip this space with the norm 
m 
k 
lll = Welly + >— || D*ullp. 
k=1 


Then (W™?(a, 6), ||-||m,p) 18 @ Banach space. 


Proposition 1.115 
(a) W™?(a,b) (with m > 1, 1< p< +00) ts separable. 
(b) W™?(a,b) (with m >1,1< p< +co) is reflexive and uniformly convez. 


Now we turn to functions of several variables. 


Definition 1.116 
Let Q C R% be an open set and let 1 < p < +00. The Sobolev space W'?(Q) is 
defined by 


WrP?(Q) = 
{u € L?(Q): there exist functions h1,...,hy € L?(Q) such that 


[ufhae=— f nyoae for all 8 € CS°(Q) for all k € {1,..., N}}. 
Q Q 


Then we write 
hy = VRE {l,...,N} 


(weak partial derivative of u) and 


The space W'?(Q) is equipped with the norm 


Ullp = Welly + Dullzeeary) 


(or sometimes the equivalent norm (|lul|p + ult oem) P), 
When p = 2, we write H1(Q) = W12(Q). 


The space (W??(Q), ||-||1,») is a Banach space (Hilbert if p = 2). 


To obtain approximation results for Sobolev functions by smooth functions we 
use mollifiers. 
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Definition 1.117 
A sequence of mollifiers {0n},51 is a sequence of functions {Un}ns1 CX (RY) 
such that 


On >0, suppvn C Bi, [ea(eaz=1 Vn2>l. 


where Bi = {z ER: |z < ae Such a sequence can be obtained from a single 


function 01 as above, by putting 0n(z) =n 01(nz) for n > 2. Then the function 0; 
is called the convolution kernel 


Given u € Li,(Q), the mollification (or regularization) corresponding to the 
mollifiers {On}n>1 is given by 


tin(2) = (Bn *u)(2) = / i= Ione / uly)On(2 —y) dy, 


RN RN 


where we have extended u to all RN by setting u(z) = 0 for all z € RN \Q. We have 


suppun, C suppu+ Bi, 


C 1 lige Corin) YVn>1 

Theorem 1.118 

Let wu € Li.(Q) and let {Un}ns1 be a sequence of mollifications. 

(a) IfuE C.(Q), then un — u uniformly. 

(b) Ifwe LP(Q) (with 1 <p < +00), then |lun|lp < |lullp for alln > 1 and un — u 
mn EP (QD), 

(c) Ifu Ee W1?(Q) (with 1 < p< +00) andk € {1,..., N}, then 


Gin = Ba ey Vn2>1 


In particular un € CS (RY). 


Theorem 1.119 (Meyers—Serrin Theorem) 
If QCRY is any open set and 1< p< +00 
then C®(Q) A W1P(Q) is dense in W'?(Q). 


Remark 1.120 
In general, if u € Wt?(Q) (with 1 <p <+oo), there need not exist a sequence 
{Un}nsi © C(RY) such that up|, — u in WhP(Q). 


However, we have the following result. 


Proposition 1.121 
If we W'?(Q) with 1 < p < +00, 
then there exists a sequence {Un}ns1 G Ce° (R) such that 


Unlo —> uw in PPO) 
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and 
Dun|y —> Dul, in L?(U;RY), for allU CoQ. 


If Q=RN andu€ W'?(R) with 1 < p < +00, 
then there exists a sequence {Un}ns1 G Ce° (R) such that 


Un —> u in Wt?(RN) 
(i.e., C2(R) is dense in W1?(RY)). 
We can improve this result if we assume some regularity for the boundary OQ. 


Proposition 1.122 
FAC RY has a C!-boundary 0 and u € W1?(Q) with 1 < p < +00, 
then there exists a sequence {Un}, © Ce (R%) such that 


Unlg —> u inW*?(Q) 
(i.e., C(R)|, is dense in W1?(Q)). 
The next proposition provides a simple characterization of Sobolev functions. 
Proposition 1.123 


If we LP(Q) with 1 < p< +oo, 
then the following statements are equivalent: 


(a) we WI P(Q). 
Ov 
(b) There exists c > 0 such that [ss 
OzK 
Q 
ke {1,...,N}. 
(c) There exists c > 0 such that for all U CC Q and all h € RX with |h| < 
dist(U, OQ), we have 


dz < ¢ll¥||» for all 0) € CoQ), all 


IIt2(u) — ullre@y) < lhl, 
where 7),(u)(z) = u(z +h). 
Moreover, if Q = RN, then 
IItn(u) — Ullp < [DullplAl. 


Remark 1.124 
In statements (b) and (c) we can take c = ||Dulp. 
If p = 1, then 
(a) = (b) == (¢). 
In this case (p = 1), functions which satisfy (b) (or (c)) are functions of bounded 
variation (see Definition 1.74). So, we have 


wit(Q) C BV(Q). 
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Finally from Proposition 1.123 and in particular from the implication 
“(a)—>(c),” we infer that every u € W'°(Q) admits a continuous representative 
on 2. In fact, if Q is convex, then 


Ju(z) — u(z’)| < ||[Dulloolz— 2"| V z,2/€Q. 


Theorem 1.125 

Fac RN is a bounded set with a Lipschitz boundary 0Q, 

then there exists a linear operator P: W1?(Q) —> W1?(RY) with 1 < p< +00 such 
that: 

(a) Pu|, =u for all u € Wt?(Q); 

(b) there exists c > 0 such that ||Pull pecan) < cllullzeq@a) for all u € WwiP(Q),; 

(c) there exists c > 0 such that ||Pullyiogaxy < cllullwieay for all ue WhP(Q). 


From Proposition 1.121, we know that in general C°(Q) is not dense in W1?(Q). 
This leads to the following definition. 


Definition 1.126 
Let l<p<-+c. We define 


wera) = CR”. 
When p = 2, we write H4(Q) = Wo7(Q). 


Evidently W, (Q) C WtP(Q) and it is a Banach space (Hilbert if p = 2) equipped 
with the W!?(Q)-norm. 


Remark 1.127 

From Proposition 1.121, we know that Wo? (RY) = W!?(RY). If OQ C RY, then in 
general the inclusion Wy (Q) C W1P(Q) is strict. However, if RN \Q is “thin” and 
p< N, then Wy?(Q) = W!(Q) (for example when 2 = RY \ {0}). 


Proposition 1.128 

If QC RY is a set with a Lipschitz boundary 0Q and u € WtP(Q) 9 C(Q) with 
1<p<-+o, 

then the following statements are equivalent: 

(a) we W,(Q). 

(b) uls. = 0. 


To extend this result to all functions in W, (Q), we need to give meaning to u|,. 
for any W, °(Q). This is done with the notion of trace. 


Definition 1.129 
Let Q C R® be a bounded set with a Lipschitz boundary 0Q and let 1 < p < +00. 
Then there exists a bounded linear operator y: W1?(Q) —> L?(0Q;HN-1) (where 


HN~—! is the (N —1)-dimensional Hausdorff measure on the topological submanifold 
OQ of RX ) such that: 
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(a) y(u) = Ulsq for all u € W1?(Q)N C(Q); 

(b) [civ ojuaz+ [ (0, Duda de= [ (8,n)gn y(u)dH*-! for all u € W'?(Q), 
Q Q Q 
where n denotes the outward unit normal on OQ (since OQ. is Lipschitz, it exists 
HN—1-almost everywhere); 

(c) ker y = Wy’?(Q). 

The operator y is called the trace operator and the function y(u) € L?(0Q; HN—') 

is called the trace of u on OQ and we understand it as representing the “boundary 

values” of wu. 


Theorem 1.130 (Green Identity) 
LfaC R% is a bounded set with a Lipschitz boundary 0Q and u € H?(Q), y € H'(Q), 
then 

[Auude+ | (Du Dy)gs az = [Row dHN-1, 

Q fe) an 


Theorem 1.131 (Poincaré Inequality) 
Fac RYN is a bounded set with a Lipschitz boundary 0Q and 1 < p < +c0, 
then there exists c= c(Q,p) > 0 such that 


lullp < ellDullp — Ywe WoP(Q), 
In particular ut ||Dul|p is an equivalent norm on the Sobolev space Wy? (Q). 


For the bigger space W!?(Q) we have a related inequality. 


Theorem 1.132 (Poincaré—Wirtinger Inequality) 
fac RX is a bounded set with a Lipschitz boundary 0Q and 1 < p < +00, 
then there exists c= c(Q,p) > 0 such that 


lu uallp < ¢lDulp Yue wr(Q) 


where uQ = wim [ude 
Q 


Theorem 1.133 (Gagliardo—Nirenberg—Sobolev Inequality) 
If 1<p<WN andp*= x2, 
then there exists c= c(Q,p) > 0 such that 


1, 
lull» < e|Dullp Vue Wo" (Q). 


Remark 1.134 

Recall that W, PORN) = W1P(RY) (see Remark 1.127). So, the above result applies to 
the Sobolev space W!?(RY) and it implies that W1?(R%) is embedded continuously 
in L4(RY) for alll <q <p*. 


When 2 C RN is bounded, then we have a more refined result. 
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Theorem 1.135 (Rellich-Kondrachov Embedding Theorem) 

Gf ac RY is a bounded set with a Lipschitz boundary 00, then 

(a) ifl<p<+co, then W1P(Q) & L4(Q) for all q € [1,p*] and W?(Q) + L9(Q) 
for all q € [1,p*). 

(b) if p=N, then W'?(Q) “ L4(Q) for all q € [1, +00); 

(c) if p > N, then W?(Q) @ C%@) with a = 1-% € (0,1) (here CQ) 
denotes the space of Holder continuous functions with exponent a, that is, func- 
tions u: Q —> R satisfying 


ju(z) —uly)| < ela—yl® Va yeQ, 


for some c > 0; this is a Banach space furnished with the norm 


|u(x) — u(y)| 
lullcoa@ = Iullo + sup ). 
C02(Q) oY acu |x — y|% 
TAY 


If Wt?(Q) is replaced by W?(Q), 
then the above embeddings hold for any bounded set Q C RN (with no additional 
conditions on the boundary). 


Remark 1.136 

Because of this theorem, p* = pe (when p < JN) is called the Sobolev critical 
exponent. Often we extend this notion by setting p* = +oo when p > N. If 
Q = RN, then we have: 

e ifl<p<N, then W!?(RY) & L4(R¥) for all ¢ € [1, p*]; 

e ifp=N, then W!?(RY) & L4(RY) for all g € [1, +00); 

e ifp>N, then W17(RX) G L™(RY). 

In this form the result is known as the Sobolev Embedding Theorem. Note that 
none of the above embeddings is compact. 


Theorem 1.135 leads to some equivalent norms for the Sobolev space W1?(Q). 


Proposition 1.137 

If QCRY* is a bounded set with a Lipschitz boundary dQ, 

then the map ut—> |lul|q+||Dullp és an equivalent norm for the Sobolev space provided: 
el<q<p, whenl<p<N; 

el<q<+m, whenp=N; 

el<q<to, whenp>QN. 


We can have Sobolev spaces of higher order. 


Definition 1.138 
Let QC R™ be an open set, m EN with m > 2 and1<p<_-+oo. Inductively, we 
define the Sobolev space W™?(Q) by 


w™P(Q) = {ue L(A): Duew™ 90; RY}. 
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This is a Banach space for the norm 


llullwmr@ = Sd) D%ullp, 


la|<m 
N 
where a = (a4,...,an) is a multiindez, |a| = >> az and 
k=1 
|a| 
D3 = Oly 


0°121...0°N zn : 


Remark 1.139 
An equivalent norm in W™?(Q) is 


ur llulp+ D7 Deallp- 


ja|=m 


Moreover, if 2 C R% is an open bounded set with a Lipschitz boundary 0 and 
mp > N, then W™?(Q) “+ Ch*(Q) with k being the integer part of m — x and 


a=me Fake [0, 1). Here 
ch (O)={ue C*(Q) :Diue CQ) for all multiindex j with |j| < k} 


(see Theorem 1.135 for the definition of Holder continuous functions). 


As in the one-dimensional case, the dual of W, (Q) is denoted by W~1?'(Q) 
(where + 7 = 1). There is the following representation for this dual space. 
Theorem 1.140 
if 1S p< Fea; 
then uX € WHO) = Wea if and only if there exist functions ho,..., 
hy € L?'(Q) such that 


N 


(u*,u) = [rowde + > f ha(Dew) dz Yue Wy?(Q) 
Q k=19 
and 
lw" |x = max |hqllpr 


Moreover, if QC R% is a bounded set, then we can take ho = 0. 


Remark 1.141 
According to this theorem u* € W71}"(Q) = Wo?(Q)* can be identified with a 


N 
distribution of the form hg — 5) Dghx, where ho,...,hn € L’(Q). 
k=1 
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Theorem 1.142 (Chain Rule) 

If 1<p<-+oo, QC RY is an open set of infinite Lebesque measure, u € Wl?(Q) 
and g: R — R is a Lipschitz continuous function with g(0) =0 when Q has infinite 
Lebesgue measure, 

then gou€ W1P(Q) and 


D(gou)(z) = g*(u(z))Du(z)  foraa z€EQ, 

where g*: R —> R is any Lebesgue measurable function such that 
g(z) = g(z) foraa zeER. 
The result remains true if we replace W':?(Q) by Wo? (Q). 


Proposition 1.143 

(a) if1<p< +o, then W!?(Q) is separable; 

(b) ifl1<p< +00, then W!(Q) is reflexive and uniformly convex. 

(c) if Q CRN is bounded and q € [1, p*] when p < N,q € [1, +00) when p= N and 
q € [1, +00] when p > N, then 


wr lull = llullg + lDullp 


is an equivalent norm on W'P(Q). 


1.1.5 Auxiliary Notions 


Let us introduce some notions that will be needed in the forthcoming problems. 


Definition 1.144 

Let (Q,%, uw) be a measure space and let f: Qx R—R be a function. We say that 
f is a Carathéodory function if for all xz € R, the functionQ > wt > f(w,r) ER 
is S-measurable and for u-almost all w € Q, the function R > «+> f(w,x) € R is 
continuous. 


Definition 1.145 

Let (Q,%, 4) be a measure space and let f: Q x R —> R be a Carathéodory function. 
The Nemytskii (or superposition) operator corresponding to f is the operator Ny 
which maps every i-measurable function u: Q —> R to the measurable function 


Ni@U)() = FC, uC))- 
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1.2. Problems 


Problem 1.1*** 
Let (Q, 4, 14) be a finite measure space and let {un}ns1 C L*(Q) be a sequence such 


that u, —> u in L1(Q). Suppose that 


< limi -a.a. : 
u(w) < lim inf tn (w) for p-a.a. w € 2 


Show that uy, —> u in L1(Q). 


Problem 1.2** 
Find a measure space (2,4, 4) and a sequence {Un}j51 © L*(Q) which is uniformly 
integrable, but there is no h € L1(Q) such that 


|un(w)| < h(w) for p-aa.we OQalln>1. 


Problem 1.3* 
Let (Q,%, 4) be a measure space and let u € L?(Q) with 1 < p < +00. 
(a) Show that for every c > 0 we have 


Pu({weQ: uw) >c}) < lull 


(the Chebyshev—Markov inequality; see Theorem 1.30). 
(b) Show that 
jim, Pu({wEeQ: uw) ech) = 0. 


Problem 1.4** 
Let (Q, 5,4) be a measure space and let u,: 2 —>+ RU {+00} be -measurable 
functions for n > 1 such that 


lun(w)| < h(w) for p-aaw EQ, alln > 1, 


with h € L?(Q), 1 <p<-+oo. Show that the sequence {|un|?} ., © L'(Q) is uni- 
formly integrable. 


Problem 1.5** 

Let (Q,%,) be a measure space and let C C L!(Q) be a uniformly integrable set. 
Show that the following hold: 

(a) C is L1(Q)-bounded; 

(b) for every ¢ > 0 we can find 6 > 0 such that 


if A € © with y(A) < 6, then sup f | du Se. 
UEC 
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Problem 1.6** 

Let (Q,%, 1) be a finite measure space and let C C L1(Q) be a set. Show that, if: 
(a) C is L'(Q)-bounded; and 

(b) for every ¢ > 0 we can find 6 > 0 such that 


if A € } with y(A) < 6, then sup f | du <€, 
ue 
A 


then the set C' is uniformly integrable. 
Moreover, show that if the measure space (Q,%,) is not finite, then the above 
implication does not hold. 


Problem 1.7** 
Let (Q, 5,2) be a measure space and let C C L+(Q) be a uniformly integrable set. 
Show that for every ¢ > 0 there exist hz € L1(Q); and 6 > 0 such that 


if A € ¥ is such that i du <6, then sup f jul du <e. 
A ueC ji 
Problem 1.8** 
Let (Q,%, ~) be a measure space and let 1 < p< q<r< _+oo. Show that L9(Q) C 
LP(Q)+L"(Q) (that is, every function in L7(Q) can be written as the sum of an L?(Q) 
and L"(Q) functions). 


Problem 1.9** 

Suppose that (Q,™%, 2) is a finite measure space and u € L?(Q) for all p € [1,+00). 

Show that u € L°°(Q) if and only if lim ||u|lp is finite (in fact lim |lul|p = ||ulloo). 
p—+0o poo 


Problem 1.10*** 

Let (Q,%, 44) be a measure space and suppose that 1 < p < q < +co. Show that 
L”(Q) is not contained in L4(Q) if and only if © has sets of arbitrarily small positive 
ji-measure. 


Problem 1.11*** 

Let (Q,%, 4) be a measure space and suppose that 1 < p < q < +co. Show that 
£1(Q) is not contained in L?(Q) if and only if © has sets of arbitrarily big finite 
measure. 


Problem 1.12** 
Let (©, ©, 4) be a measure space, 1 < p< +oo and C C L?(Q) a nonempty, closed, 
and convex set. Consider u € L?(Q) \ C. Show that there exists h € C such that 


lu —Allp = dist(u, C), 


where dist(u, C) = inf ||u — Ally. 
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Problem 1.13% 

Find a measure space (Q, 4, 4) and a sequence of -measurable functions u,: 2 — R 
which converges in p-measure and p-almost everywhere, but it does not converge 
weakly in L?(Q) for any 1 < p < +00. 


Problem 1.14** 
Let (0, &, 4) be a measure space and let {un},51 © L1(Q) be a sequence such that 


Un(w) 20 for p-aaweEQ, alln>1, 


u(w) < liminfu,(w) for p-aa.w EQ, 
n—- +00 


au = [udu Vn2>1. 
Q 


Q 


with u € L'(Q) and 


Show that up, —> u in L1(Q). 


Problem 1.15** 
Let (Q, 5,2) be a measure space and let C C L1(Q) be a uniformly integrable set. 
Show that for every ¢ > 0, there exists h- € L'(Q), such that 


sup / jul du < e. 


ueC 
{|u| She} 


Problem 1.16*** 
Let (Q,%, 11) be a measure space and let C C L'(Q). Suppose that for every € > 0, 
there exists he € L1(Q)4 such that 


sup / jul du < e. 
EC 
{\ul>he} 


Show that the set C' is uniformly integrable. 


Problem 1.17*** 
Suppose that (Q, 5, jz) is a measure space, C C L1(Q) is a bounded set and for every 
€ > 0, there exist h. € L'(Q), and 6 > 0 such that 


if A € ¥ is such that i du <6, then sup / jul du <e. 
ueC 
A A 


Show that C' is uniformly integrable. 


Remark. Problems 1.7, 1.15, 1.16, and 1.17 provide alternative definitions of uniform 
integrability and Problems 1.5 and 1.6 provide an alternative definition of uniform 
integrability within finite measure spaces. 
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Problem 1.18*** 
Let (Q, &, 2) be a finite measure space and suppose that {un}ns1 © L(Q) is relatively 


sequentially w-compact. Show that uy, —+ u in L'(Q) if and only if 


[ivr du < timint [Jun + yl du Vye LQ). 
Q Q 


Problem 1.19** 

Let (Q, ©, 4.) be a measure space and let 1 < p < +o0. Suppose that {Un}ns1 C EP(Q) 
is a bounded sequence such that u, —> u in p-measure or for almost all w € 2. Show 
that u € L?(Q) and un, > u in LP(Q). 


Problem 1.20** 
Let (Q, 4,4) be a o-finite measure space, let {un},s1 C L1(Q) be a sequence and 


u € L'(Q). Show that uy, > u in L'(Q) if and only if the following two conditions 
hold: 


(a) sup ||u,||1 < +00; and 
n21 


(b) [tnd — f udp for all Ae &. 
A A 


Problem 1.21** 
Let (Q,%, 2) be a measure space and let {Un}asy L+(Q) be a sequence such that 
Un —> u in p-measure or for p-almost all w € Q for some u € L'(Q). Show that 


Tina ||funlla = [lalla = [lum — alla] = 0 


Problem 1.22*** 
Let (Q, %, 4) be a measure space and let {Un},51 C L?(Q) (with 1 < p < +00) be an 
L?-bounded sequence such that uy(w) —> u(w) for y-almost all w € Q. Show that 


“Lim [lletnl — [lun — ull?) = ll 

Problem 1.23** 

Let (Q,%, 4) be a finite measure space and let {Un}ns1 © L+(Q) be a uniformly 
integrable sequence such that u,(w) —> u(w) for p-almost all w EQ. Show that 
Un —> uin £1(Q). 


Problem 1.24** 

Suppose that (Q,%,y) is a finite measure space, u € L1(Q), {Unkno1 © L+(Q) is 
a sequence such that u, —> u in p-measure and up, —> u in L'(Q). Show that 
Un —> u in £1(Q), 
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Problem 1.25*** 


Let (©, 4, 4) be a finite measure space, let {Un },51 © L*(Q) be a sequence such that 
Un —»> u in L'(Q) for some u € L1(Q), and let {Ynknoi G E°(Q) be a bounded 


sequence such that yp(w) —> y(w) for p-almost all w € 2. Show that unyn —> wy 
im 1*(Q). 


Problem 1.26** 

Let (0,%, 4) be a finite measure space, y: R —> R = RU {+00} a convex lower 
semicontinuous function which is not identically +oo and u € L'(Q) with u(w) € 
domy = {zr ER: v(x) < +00} for p-almost all w € . Show that 


eas | wa) < sity | Cu) du 


Q Q 


(This is the so-called Jensen inequality; cf. Theorem 1.3.99.) 


Problem 1.27** 
Let (Q, 5,2) be a measure space and let 1 < p< +oo. Use the Jensen inequality 
(see Problem 1.26) to prove the Hélder inequality, that is, 


/ lula dpe < |julplially Vue LQ), he LP(Q) 
Q 


(see Theorem 1.3). 


Problem 1.28** hn 
Let (Q,%, 4) be a measure space, pz € [1, +00] for all k € {1,..., n}, = = 7 (as 


usual we set + = 0) and uy, € L?*(Q) for all k € {1,...,n}. Show that 
Ia ---Unilpo S [eal ---lenllon- 


Problem 1.29** 

Let (Q,%, 4) be a o-finite measure space, 1 < p < +00 and u:2 — Ra ¥- 
measurable function such that uh € L1(Q) for every h € L”’(Q) (where ; + rd =). 
Show that wu € L?(Q). 


Problem 1.30** 
Let (Q, X, js) be a measure space, 1 < p<q<r<+ooandue LP(Q)NL"(Q). Show 
that u € £9(Q) and 

lela < ele elle? 


where J € (0,1) is such that 7 = . +" 


(This is the so-called interpolation inequality.) 
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Problem 1.31** 
Let (©, ¥, 4) be a measure space, 1 < p< +00, {Un}ys, G L?(Q) and {hafasy © 
L°(Q). Suppose that u, —> in L?(Q), sup ||An|loo < +00 and 

n2>1 


hn(w) —> h(w) for waa. w EQ. 
Show that unhn — uh in LP(Q). 


Problem 1.32*** 
Let (Q,%, 1) be a measure space, 1 < p < gq < +00 and u € LP(Q) N L4(Q). Show 
that the function [p,q] € r+ |lul|, € R is continuous. 


Problem 1.33% 
Let (, ©, 41) be a measure space and let K € £(L?(Q), L?(Q)) be an isometry. Show 
that K*k = Ley? where K™ is the adjoint of K. 
Problem 1.34* 
Let (Q,%, 4) be a o-finite measure space, p > 1 and u: Q —> Ry = [0,+00] a 
u-measurable function. Show that 

+00 


pee = pf tata > aha 


Problem 1.35** 
Let u € ie (RY ). Show that the Hardy—Littlewood maximal function « +~> 
M(u)(x) (see Definition 1.31) is lower semicontinuous. 


Problem 1.36** 

Suppose that u € L log L(IR) (see Definition 1.33). Show that the Hardy—Littlewood 
maximal function M(u) (see Definition 1.31) is integrable over Lebesgue measurable 
sets of finite Lebesgue measure. 


Problem 1.37** 

According to Corollary 1.26 for any measure space (Q, ©, ) and any p € (1,+00) 
the space L?(Q) is uniformly convex, reflexive, and has the Kadec—Klee property. 
Have L'(Q) or L*®(Q) (with w*-convergence) the Kadec-Klee property? Justify your 
answer. 


Problem 1.38** 
Let (Q,%, 4) be a measure space and let 1 < q < p < +oo. Let €: 2 —> R bea 
y-measurable function such that €u € L9(Q) for all u € L?(Q). Show that € € L"(Q) 


with r= 1 if p< +00 and r = q if p = +00. 


Problem 1.39** 
Show that weak convergence in L'(Q) does not imply convergence in p-measure and 
convergence in ji-measure does not imply weak convergence in L1(Q). 
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Problem 1.40** 
Is it true that a bounded sequence {un},51 © L'(R) admits a weakly convergent 
subsequence? Justify your answer. 


Problem 1.41*** 

Let (Q,%) be a finite measurable space, let f: 2 x R —> R be a Carathéodory func- 

tion, and let Ny be the Nemytskii operator corresponding to f (see Definitions 1.144 

and 1.145). Show that: 

(a) for every &-measurable function u: Q2 —> R, the function w +> Ny(u)(w) is 
i-measurable too; 

(b) if (2,5, 1) is a finite measure space and un —+ u, then Ny (un) ma Ny(u). 


Problem 1.42** 
Let (Q,%, 4) be a o-finite measure space, let f: 2 x R —> R be a Carathéodory 
function such that 


|f(w,2)| < a(w)+clz|" for p-aa.w EQ, alla ER, 


with a € LY(Q), 1 <q <+00,c >O0 andr > 0, and let Ny be the Nemytskii operator 

corresponding to f (see Definitions 1.144 and 1.145). Show that: 

(a) Ny maps L2"(Q) into L4(Q); 

(b) Ny: LI°(Q) —> LQ) is continuous and bounded (maps bounded sets to 
bounded sets). 


Problem 1.43*** 

Let (Q,%, 4) be a finite measure space, let f: Q x R —> R be a Carathéodory func- 
tion and let Ny be the Nemytskii operator corresponding to f (see Definitions 1.144 
and 1.145). Assume that Ny maps L?(Q) into L4(Q) with p,q € [1,+00). Show that 
Ny is continuous and bounded. 


Problem 1.44** 
Let (Q, %, 4) be a finite measure space and let 1 < p < +oo. Assume that {Un}nsi © 
L”(Q) is a sequence such that 
sup ||tUn||p < -+oo 
ne1 
and 
Un(w) —> u(w) for p-aa.w EO. 


Show that un, — u in L4(Q) for all g € [1.p). 
Problem 1.45** 
Let (Q,%, 4) be a measure space, u € L'(Q) and let {Un}ns1 © L1(Q) be a sequence 


such that un(w) > 0 for u-almost all w € and all n > 1 and un(w) — u(w) for 
u-almost all w € 9. Assume that fw, dp — f ud. Show that for every A € X, we 
Q Q 


have fundu — f udp. 
A A 
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Problem 1.46** 
Let (Q,%, 4) be a finite measure space and let u,h: Q —> Ry = [0,+00) be two 
ui-measurable functions such that 


u({h>v}) < ¥ if udu Vo>0. 


Show that 
tll < S2llullp Vp (1, +00). 


Problem 1.47** 
Let (Q,%, 4) be a o-finite measure space, h: Q —>+ R a %-measurable function, 
1 < p < +00 and consider the linear map K(u) = wh for all u € L?(Q). Suppose that 


K(u) € LQ) Vue LQ). 
Show that h € L?(Q) (4+ 5 =1). 


Problem 1.48*** 
Show that Z1(0,1) and L°(0,1) are not reflexive. 


Problem 1.49*** 
Show that Z1(0,1) is not the dual of any normed space V. 


Problem 1.50** 

Let (01,441,441) and (Q2,Ne2,u2) be two measure spaces and let L € 
L£(L'(Q1); L'(Qz2)) (that is, a bounded linear operator from L'(Q1) into L'(Q2)). 
Suppose that C C L1(Q;) is a uniformly integrable set. Show that L(C) C L'(Q2) is 
uniformly integrable. 


Problem 1.51* 
Let (Q,%, 12) be a o-finite measure space, u € L1(Q) and suppose that for all A € = 
with p(A) < +00, we have f udu <7. Show that [udu < 7. 

A Q 


Problem 1.52** 
(a) Let (Q,%, 4) be a measure space and consider the set 
CS {Ue L'(Q): u(w) > 1 for aa. w € Q}. 
Is the set C C L'(Q) weakly closed? Justify your answer. 


(b) Let tn =X), n41): 18 the sequence {Un}asi © L*(R) uniformly integrable? Justify 
your answer. 
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Problem 1.53% 

Let (Q, 4, 4) be a finite measure space. 

(a) Suppose that C C L?(Q) is a bounded set for some p € (1, +00]. Show that the 
set C' is uniformly integrable. 

(b) Show that for p = 1 the above does not hold (i.e., L'-boundedness does not imply 
uniform integrability). 

(c) Show that conditions (a) and (b) in the definition of uniform integrability (see 
Definition 1.18) are independent (none of them implies the other). 


Problem 1.54** 
Let u: [0,1] —+ R be a nonnegative measurable function such that 


A({t € [0,1]: ult) >0}) < pa = Ve>O0 


(where A denotes the Lebesgue measure on R). Determine those values of p € [1, +00) 
for which u € L?(0,1) and find the minimum value of p for which u ¢ L?(0, 1). 


Problem 1.55* 
Show that L!(IR) M L®(R) is dense in L?(R) for every 1 < p < +00 but is not dense 
in L°(R). 


Problem 1.56** 

Let (Q, 4, ) be a o-finite measure space, € € L™(Q)*, A € © and define €4 € L™(Q)* 
by setting €4(u) = €(y,u). Show that, if A;,42 € © and Ai NM Ag = O, then 
[EAU Ad lle = [Earle + [Earls 


Problem 1.57** 

Let (Q, 5, 4) be a o-finite measure space and let € € L~°(Q)*. Suppose that for every 
€ > 0, we can find A € » with (A) < « and ||€4|. > ||€||x —e (where €4(u) = €(x,u) 
for all u € L°°(Q); see Problem 1.56). Show that € is singular (see Definition 1.23(b)). 


Problem 1.58*** 

Let {un: [0,6] —+ R},,51 be a sequence of increasing (respectively decreasing) func- 
tions which converge pointwise to u € C'({0,b]). Show that wu is also increasing 
(respectively decreasing) and u, —> u uniformly on (0, OJ. 


Problem 1.59* 
Let (Q, 4, 4) be a finite measure space and let {un}ysi1 L?(Q) be a sequence such 
that 

un —> u in L*(Q) and uw “> wv? in L'(Q). 


Show that 


Problem 1.60** 
Show that in general weak measurability does not imply strong measurability. 
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Problem 1.61** 
Let (Q,5,) be a finite measure space, X a Banach space, {u,: 2 — X}nd1 a 
sequence of Bochner integrable functions such that 


Un(w) —> u(w) for p-aa.w EO 
and suppose that there exists h € L'(Q), such that 
lun(w)\lx < h(w) for p-aaweEQ, alln>1. 


Show that u is Bochner integrable and [ un, dy —> f udu. 
Q Q 


(This is the Lebesgue dominated convergence theorem for the Bochner inte- 
gral.) 


Problem 1.62** 
Let (Q,4,) be a finite measure space, X a Banach space, {un: 2 — X},s1 
a sequence of Bochner integrable functions and assume that the sequence 


tJ || un |x dt} 4 C R is bounded and 


Un(w) —> u(w) for p-aa.w EO. 


Show that u is Bochner integrable and 


Piwledix du < imine fun w)llx a 
Q Q 


(a version of the Fatou lemma for the Bochner integral). 


Problem 1.63*** 

Let (Q,%,) be a finite measure space, X and Y two Banach spaces, D C X a 
linear subspace, L: D —+ Y a closed linear operator (recall that closed means that 
GrL C X x Y is closed) and u: 2 —> X a Bochner integrable function such that 
Lou: Q —Y is Bochner integrable too. Show that for all A € & we have 


(| wan) 7 on 


A A 


Problem 1.64** 
Let (Q,%, 4) be a finite measure space, X a Banach space and u,y: 2 —> X two 
Bochner integrable functionals such that 


[ora 7 [ora V AED. 


A A 


Show that 
u(w) = y(w) for p-aa.w EQ. 
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Problem 1.65** 
Let (Q,%, 4) be a finite measure space, X a Banach space and u,y: 2 —> X two 
strongly measurable functions such that 


(x*,u(w)) = (a*,y(w)) for waa. w EQ, all c* € X* 


(the exceptional ju-null set in the above equality may depend on a* € X*). Show that 
u(w) = y(w) for p-almost all w € 2. 


Problem 1.66** 
Let (Q, 5,2) be a finite measure space, X a Banach space, u: 2 —>+ X a Bochner 
integrable function, and A € %. Show that 


ats f uw) du € tonvu(A). 
A 


Problem 1.67** 
Let (Q, ©, ) be a finite measure space, X a Banach space and u: 2 —> X a Bochner 
integrable function. Show that m:  —> X defined by 


ma) = f ud VAEX 
A 


is a vector measure (see Definition 1.43) and m < wp (that is, ie ie =). 
b 


Problem 1.68** 
Let (Q,%, 1) be a finite measure space, X a Banach space, and u € L!(Q; X). Show 
that u = 0 if and only if 

[udu = 0 VAEX. 

A 


Problem 1.69** 

Let (Q, 4, ) be a finite measure space, X a Banach space, Xo C ¥ a sub-o-algebra 
of ©. Show that there exists a unique operator E™° € £(L1(Q, U; X); L'(Q, Xo; X)) 
such that for each A € No and each u € L1(0,¥; X), we have 


[udu = [edn 


A A 


(E*° is called the conditional expectation with respect to the sub-o-algebra Xo; 
cf. Definition I.3.161 and Proposition 1.3.163 for R-valued functions). 


Problem 1.70** 
Let (Q, ©, w) be a measure space, X a Banach space and u: (2. —> X* a function such 
that 

(u(-),2) € L(Q) Vre xX. 
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Show that for every A € &, there exists 2% € X* such that 


a%y,2) = 7 (u(w), 20) dp. 


Q 


Problem 1.71*** 


(a) Let X,Y be two Banach spaces such that X — Y continuously and densely. Show 
that Y* — X™* continuously and if X is reflexive, then Y* ~ X* continuously 
and densely. 

(b) Let T = [0,6] and let X,Y be two Banach spaces such that X is reflexive and 
X <— Y continuously and densely. Suppose that u € L°(T;X)NC(L3Yw) (Yw 
is the Banach space Y with the weak topology). Show that u € C(T, Xw). 


Problem 1.72** 

(a) Let X,Y,Z be three Banach spaces and assume that the embeddings 
X © Y © Z are continuous, with the first being compact. Show that for every 
€ > 0 we can find c, > 0 such that 


lltlly < ellellx +ellelz VareXx. 
(b) Let T = [0,6] and let X,Y,Z be three Banach spaces as in part (a). Suppose 
that k C L?(T;X) (1 < p < +00) is a bounded set which is relatively compact 

in L?(T; Z). Show that K is relatively compact in L?(T;Y). 


Problem 1.73** 
Let (Q,%, 4) be a finite measure space, X a reflexive Banach space, 1 < p < +00, 
{Un}n>1 G L?(T; X) a bounded sequence such that 


Un(w) —> u(w) for p-aa.w EO. 
Show that u € D?(Q;X) and 
Un —> u in LP(O;X). 
(This is the vectorial counterpart of Problem 1.19.) 
Problem 1.74** 


Let T = [0,6] and let X be a Banach space. Suppose that u € L?(T;X) with 
1<p<-+too. Show that 


b 
tim, f u(t + 4) — u(t dt = 0, 
h-0 
0) 


where we set u(s) = 0 when s ¢ T. 
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Problem 1.75*** 

Let T = [0,6], X a Banach space, and u,h € L!(T; X). Show that the following three 
statements are equivalent: 

(a) u(t) =a29+ i h(s) ds for almost all t € T and with x € X. 

(b) for every ¥ € C>° (0,b) we have 


I 

| 
= 
e 
wa 
S 
— 
= 
= 


b 
/ u(t)0"(t) dt 
0 


(c) for every z* € X* we have 
4 (x*,u(t)) = (a*,h(t)) foraa.teT. 


Problem 1.76** 
Let J CR be an interval and let u: J —> R be a monotone function. Show that: 
(a) for every subinterval T C I, we have 


Varru = supu — infu; 
T wi 
(b) u € BV (J) if and only if u is bounded. 


Problem 1.77** 
Suppose that u € C'([0,1]) and that it is bounded. Is it true that u € BV((0,1])? 
Justify your answer. 


Problem 1.78** 
Let u € BV ({a,b]) and consider the function 
f(a) = 0 and f(t) = Varagqu V2 e (a,b). 


Show that: 
(a) Ju(x) — u(y)! < | fle) — F(y)| for all x,y € [a, b]; 
(b) the points of continuity of u and f coincide. 


Problem 1.79** 
(a) Let f: [a,b] —> [0,+00) be an increasing function. Show that for every 

h € (0,b —al], we have 

b—h 
bf (fe+h)-f@) dr < £0)- Fla) 

(b) Let J C R be an interval and let u: I —> R be a measurable function. Show 

that for every h > 0, we have 

al |u(a +h)— u(2)| dx < Varu, 
Th, 


where J, = {xEl: «+hel}. 


48 Chapter 1. Function Spaces 


Problem 1.80** 
Let u: [0,1] —+ R be an increasing function. Show that wu’ is integrable and for all 
0<a<b<1 we have 


b 
[Xo dx < u(bt)—u(at). 
0 
Moreover, if u is in addition Lipschitz continuous, then equality holds. 


Problem 1.81** 
Let JC R be an interval and let {u,: J —> R},,,, be a sequence of functions such 
that 


Un(x) —> u(x) VaeR. 


Show that Var wu < lim inf Var uy. 
n—-+00 


Problem 1.82** 
Let u € Cl(a,b). Show that u € BV ({a,]) if and only if u’ € L'(a,b) and we have 


Var,,,u = \|20" Ia. 


Problem 1.83* 
Find a bounded function which belongs in BVjo¢(R) but not in BV(R). 


Problem 1.84* 
Let J C R be an interval and let u € BV(J) be continuous. Show that the set of 
values y € R for which the set u~!({y}) is infinite in J has Lebesgue measure zero. 


Problem 1.85*** 

Let J C R be an interval and let u: J —> R be a function. Suppose that there exist 
a set E C I (not necessarily measurable) and M > 0 such that the function uw is 
differentiable at every x € F and 


ju'(x)| < M Vaek. 


Show that 
\M*(u(E)) < M(B), 


with * denoting the one-dimensional Lebesgue outer measure. 


Problem 1.86% 

Let J C R be an interval and let u: J —> R be a function. Suppose that EF CJ isa 
set such that u is differentiable for all a € FE. Show that, if E is Lebesgue-null or if 
u'(x) = 0 for all x € E, then X(u(E)) = 0. 


1.2. Problems 49 


Problem 1.87** 

Let J C R be an interval and let u: J —> R be a Lebesgue measurable function. 
Suppose that E C I is a Lebesgue measurable set such that u/(x) exists at every 
x € EF. Show that u(£) is Lebesgue measurable and 


\u(E)) < / lu! («)| de. 
EB 


Problem 1.88% 
Let J C R be an interval and suppose that u: J —> R is a differentiable function 
such that u’ € L+(I). Show that for every a,b € I, a < b we have 


b 
lu(b) — u(a)| < [i @hac. 


Problem 1.89% n . 
Let I = [a,b] and let u € AC(I). Assume that u(Z) C [@, 6] and let wy: [a,b] —> R be 
a Lipschitz continuous function. Show that pou € AC(L). 


Problem 1.90** 
Let I = [a,b] and let u € AC(J) be a strictly increasing function. Suppose that 
y: [u(a), u(b)| —> R is an absolutely continuous function. Show that yo wu is abso- 
lutely continuous. 


Problem 1.91* 
Let I = (a,b) be a bounded open interval and let u € C'(I). Show that the following 
statements are equivalent: 
(a) we AC(L). 
(b) Varru < +00. 
(c) wu’ € Li(J). 
(d) If m(A) = f |u'| dx for every measurable set A C I, then m < X. 
A 


Problem 1.92* 
Let h € L'(R) and define 


Un) = / h(s) ds VaeR. 


Show that wu is absolutely continuous and wu’ (2) = h(x) for almost all x € R. 
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Problem 1.93** 

Let J C R be an interval and let u: J —> R be a function. Show that u € AC{,<(1) 
if and only if: 

(a) wu is continuous on J; 

(b) wu is differentiable for almost all x € I and u’ € Lj..(D); 


loc 


(c) u(x) = u(c) + f u'(s) ds for all x,c € I (fundamental theorem of calculus). 


Problem 1.94** 
Suppose that J C R is an interval, wu: J —> R is a function, and E C I is a set such 
that u is differentiable on F and u(F) is Lebesgue-null. Show that u’(a) = 0 for 
almost all z € E. 


Problem 1.95** 
Let J C R be an interval and let u € AC(J). Show that u maps Lebesgue measurable 
sets to Lebesgue measurable sets. 


Problem 1.96* 
Let J CR be an interval, c € J and u € BVjo-(I). We consider the function 


i= { Var), .)U if c<a, 


—Var,, 4 U if c>x. 


Show that for all x,y € J with x < y, we have 


u(y) — u(z)| < hy) — h(a) = Var yu. 


Problem 1.97** 
Let J C R be an interval and let u € BV(1). Show that: 


(a) wis bounded and both limits lim u(#) and lim u(z) exist; 
x—(sup I)— x— (inf I)+ 


(b) u’ € Li(J) and 


[ilar < [ilitiae x suph — inf h = Varyu 
I 
T T 


(here h is the function introduced in Problem 1.96). 


Problem 1.98** 
Let u: [a,b] —> R be a monotone function (increasing or decreasing). Show that 
u € AC ([a, b]) if and only if 


b 


[wolas = ley 4), 


a 
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Problem 1.99** 
Suppose that J C R is es interval, u€ BV,-(1) and [a,b] CI. Show that 


u € AC (a, b]) if and only if j |u’(s)|ds = Varia pju- 


Problem 1.100* 
Let J CR be an interval and let u,y € ACjoc (I). Show that for all a,b € I, we have 


b b 
[uvacs frulyar = u(b)y(b) — u(a)y(a) 


(integration by parts formula). 


Problem 1.101* 

Let J CR be an interval and let u: J —> R be a nonconstant function. We say that 
u is singular if and only if u is differentiable for almost all x € J and u/(x) = 0 
for almost all x € J. Show that u is singular if and only if there exists a Lebesgue 
measurable set E C I such that A(I\ F) = 0 and A(u(£)) = 0 (A being the Lebesgue 
measure on R). 


Problem 1.102** 
Let 2 C R% be an open set and let u € L1(Q). Suppose that there exists a sequence 
{Un}nsy © C%°(Q) such that up — u in L+(Q) and 


7 = lim | la < +00. 
Show that u€ BV(Q). 


Problem 1.103*** 

Let T = [0,6] and let X,X1, X2 be three Banach spaces such that X; and X2 are 
reflexive and the embeddings X; ~ X ~ Xo are continuous and the first of them is 
compact. For 1 < p,q < +oo we define 


Wpq(0,b) = {ue LP(T;X1): wu’ € LT; Xo)}, 


with u’ being defined in the sense of vectorial distributions, that is, 
b b 
/ u(t)o'(t) dt = — / ul(to(t) dt V8 © C®(0,b) 
0 0 
(see Definition 1.98). Show that: 
(a) Wpq(0, 0) furnished with the norm 
llellog = leullzecrexy) + We'll zacr;x2) 


is a separable and reflexive Banach space; 
(b) the embedding W,,(0,b) — L?(T; X) is compact. 
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Problem 1.104*** 

Let T = [0,6] and let X be a separable reflexive Banach space and H a separable 
Hilbert space. Assume that the embedding X <> A is continuous and dense. Identi- 
fying H with its dual H* (pivot space), we have that the embeddings X ~ H — X* 
are continuous and dense (see Problem 1.71(a)). Such a triple (X,H, X*) is known 
as an evolution triple. Let 1 < p< +00 and consider the space 


W,(0,b) = {we L?(T;X): uv’ € LP (T; X*)} 


(where ate = 1), with wu’ being defined in the sense of vectorial distributions, that is, 


b b 
/ u(é)e'(Odi = — / ul(to(t) dt = V9 € C™(0,b). 
0 0 


We equip W,(0, b) with the norm 


ull, = Uellzocrsxy + lle!llge crx): 


Show that: 

(a) the embedding W,(0, 6b) — C(T; H) is continuous and dense; 

(b) if by (-,-) we denote the inner product of H and by (-,-) the duality brackets for 
the pair (X*, X), then 


4 (u(t), y(t) = (u'(@), y(t) + (yOu) for aa. teT. 
Problem 1.105** 
Recall that y € C&°(RY) is a convolution kernel if 
y > 0, y is even, suppy C Bi, [oe dz = 1, 
RN 
where B} = {z € R™: |z| <1}. The family y.(z) = sw (2) for ¢ > 0 is called a 


€ 


family of mollifiers. Also, if Q C R% is an open set and pp € Mp(Q), then 


(u*e)(e) = 7 ela — 2) dyi(2) 


Q 


is called the convolution between y- and py. Show that the measures pe = (fu * y=) AN 
converge vaguely in 2 to uw as € \, 0 and for every Borel set E C Q_- = {z EQ: 
dist(z,09) > e}, we have 


/ le vel(z\dz < |ul(Ee), 
BE 


where E, = {z€: dist(z, E) < ec}. 
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Problem 1.106** 
Suppose that 2 C RY is an open set, K C 0 is compact and u € BV(Q). Show that 


ore —uldz < e[Dul() Ye € (0,dist(K, 00). 
K 


Here { y- }-s0 are mollifiers (see Definition 1.117). 


Problem 1.107** 
Suppose that 2 C RY is an open set, {Un}n>1 © BV(Q) is a sequence of functions 
and u € BV(Q). We say that the sequence {un},51, w*-converges to u in BV(Q), 


denoted uy, > u in BV(Q), if u, —> u in L1(Q) and Duy > Du in the sense of 
Definition 1.89(b), ie., 
n—+>+00 


lim VEDtg, = [oan V0E CoQ). 
Q Q 


Show that wu, “> wu in BV(Q) if and only if the sequence {tn},5, C BV(Q) is 
bounded and u, —> u in L'(Q). 


Problem 1.108* 

Suppose that 2 C RN is an open set, {Un}ast C BV(Q) is a sequence of functions and 
u € BV(Q). We say that the sequence {un},5, converges strictly to u in BV(Q), 
if U, —> u in L'(Q) and |Duy|(Q) —> |Du|(Q). Show that strict convergence in 
BV(Q) implies w*-convergence in BV(Q) (see Problem 1.107), but the converse is 
not in general true. Justify your answer. 


Problem 1.109*** 

Suppose that X is a locally compact and o-compact metric space, { ln Jnd1 C Mi(X), 
fin > O for all n > 1 and uw, — pw vaguely (see Definition 1.89(a)). Show that for 
every lower semicontinuous function y: X —>+ Ry = R;U{+0o0} and for every upper 
semicontinuous function Ww: X —> R, = [0,+00) with compact support, we have 


timint fy djn > [ow and timsup f edhi < [ou 
xX x X 


N>+00 n—++00 


Problem 1.110** 
Suppose that X is a locally compact and o-compact metric space, {Un }y51 C Mo(X) 
is a sequence such that pz, > 0 for alln > 1, uw € My(X), w > 0 and 


Hn(X) —> p(X) 


and 
w(U) < liminf u,(U) YU CX open. 


n—-+0o 


Show that 4, — p narrowly. 
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Problem 1.111*** 

Let X be a locally compact and o-compact topological space and let {Ua}acs be a 
net in M,(X) which is bounded and pz.(B) — p(B) for all B € B(X). Show that 
[la —> [4 narrowly (see Definition 1.89(c)). 


Problem 1.112** 
Suppose that X is a locally compact and o-compact topological space, 
{ Hn tn>1 © Mo(X) is a sequence and p € M)(X). Show that pn —“s py if and only if 
[in —> | vaguely and sup \ttn|(X) < +00 

nel 
Problem 1.113** 
Let X be a locally compact and o-compact topological space. Show that the 
weak topology w(M,(X),Co(X)) (corresponding to the weak convergence of Defi- 
nition 1.89(b)) is not equal to the weak topology w(M,(X),C.(X)) (corresponding 
to the vague convergence of Definition 1.89(a)). 


Problem 1.114** 

Suppose that X is a locally compact and o-compact topological space, uw € M,(X) 
and { fn }y51 © My(X) is a sequence such that pf, —> p vaguely in My(X) and 
|Hn| —> 0 vaguely in M,*(X). Show that: 


(a) [ul <9; 
(b) for all relatively compact Borel sets EC X with v(OE)=0, we have 
pin(E) —> p(B. 


Problem 1.115** 
Let Q C R% be an open set, wp € M,(Q), y € C&°(RY) and let {v2 }eso be the 
corresponding family of mollifiers (see Definition 1.117). Show that 


[vex eel(o) dn > f |ul(ar) 
RN RN 


(see Problem 1.105). 


Problem 1.116* 
Suppose that X is a locally compact and o-compact topological space, uw € M,(X) 
and { fn }ns1 G Mo(X) is a sequence. Show that jz, —> ys narrowly if and only if 


Hin —> po and fin(X) —> p(X). 


Problem 1.117% 
Show that the Banach space BV (|a, b]) is not separable. 


Problem 1.118* 
Show that BV (a, b]) C L° (a,b) and 


llelloo << aglleella + We'll ca,6) 
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Problem 1.119** 
Suppose that {n},,51 C BV ({a, 6]) is a bounded sequence. Show that there exists a 
subsequence which converges for almost all x € (a,b). 


Problem 1.120** 
Suppose that 1 < p < +oo. Show that the embedding BV ({a, b]) — L?(a,b) is com- 
pact. 


Problem 1.121** 
Show that for every u € BV ((a, b]), we have 


b 
[lwle)-a]ae < "5\u'\((a,b)), 


b 
where U = ;~~ f udz is the average of u on (a,b). Also, show that the above 


a 
inequality can be strict. 


Problem 1.122** 

Let X be a Polish space and let { fn asi © M7 (X) be a sequence. Show that 
the sequence { in asa is uniformly tight if and only if there exists a Borel function 
yp: X —+ [0,+00] such that the set {y < 7} is compact for every 7 € [0,+00), 
Lin({ y = +00 }) = 0 for all n > 1 and 


an / p(t) din < +00. 
ae 


Problem 1.123** 

Suppose that X be a metrizable space, C C X is a closed set, U C X is an open set 
and 7 € R. Show that: 

(a) the set {u € MF (X): u(C) > n} is wp-closed; 

(b) the set {uw € M{(X): u(U) > 7} is wr-open; 

where w, denotes the narrow topology on M7‘ (X). 


Problem 1.124* 
Let X be a metrizable space and consider the map €: (C;(X),|l ° |loo) x 
(My (X), wn) —> R defined by 


E(u, u) = [udu 


xX 


Show that € is continuous (recall that wy, denotes the narrow topology on Mj (X)). 
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Problem 1.125** 

Let X be a metrizable space and let D C X be a Borel subset. Let w,, denote the 
narrow topology on M;‘(X) and let w,(D) be the corresponding narrow topology on 
Mj (D). Show that w»| =1,(D). 


at a 
Mj (D) 


Problem 1.126% 
Let X and Y be two metrizable spaces and let h € C(X;Y). We introduce the 
function h: Mj (X) —> M7*(Y) defined by 


h(u)(A) = w(h-*(A)) VV Ae B(Y) 


(the push-forward of Mj*(X)). Show that be C(M}(X);M/(Y)) with both 
spaces Mj'(X) and M;‘(Y) furnished with their wy-topologies (see Problem 1.123). 


Problem 1.127** 
Suppose that X is a Polish space, Y is a metrizable space, h € C(X;Y) and 
h: Mj (X) —+ Mj(Y) is defined as in Problem 1.126. Show that if h is injective, 


then h is injective too. 


Problem 1.128** 2 

Suppose that X and Y are two Polish spaces, h € C(X;Y) and h: Mj(X) —> 
Mt (Y) is as defined in Problem 1.126. Suppose that h is injective. Show that 
imh = Mj} (h(X)). 


Problem 1.129% 
Let X and Y be two Polish spaces and let h: X —+ Y be a homeomorphism. Show 
that h: M{(X) —> Mj*(Y) (see Problem 1.126) is a homeomorphism too. 


Problem 1.130*** 
Let js be a Radon measure defined on B(R™) (with B(R™) being the Borel o-field of 
RY). Let L: Co (RY) — R be defined by 


L(u) = [wo dis(x) YueCo (RY) : 
RN 
For every open set U C R% and every compact set K C R, we define the sets 


Ty = fu € Cy (RY) : 0 <1, supp u C U}, 
u 


Tx = {we Co (RY) 2 
(here vy, is the characteristic function of kK’). Show that 


w(U) = sup Liu) and p(K) = inf L(u). 


u€ly u€lK 
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Problem 1.131** 
Suppose that X is a locally compact and o-compact topological space, 7 > 0 and 


C= {we MX): llullaycy =}- 
Is the set C’ vaguely closed? Justify your answer. 


Problem 1.132* 
Let I = (a,b) be a bounded open interval and let u € W!(a,b). Show that 


b 
lulleo < xby fale + lu‘, 
a 


where A denotes the Lebesgue measure on R. 


Problem 1.133% ’ 
Show that if 1 <p < +00 and u € W! (a,b), then u € Co”? ([a, bj). 


Problem 1.134** 
Let I be an unbounded open interval in R and let u €¢ W)?(I), with 1 < p< +00. 
Show that 
lima. <i Cae 0, 
|z| > +00 
zel 
Problem 1.135** 
Show that if 1 < p < +00, J is an open interval in R and u,v € W1?(J), then 
uv € W?(7) and we have 
(uv! = wv+uv’'. 
Moreover, show that the following integration by parts formula hold 
x x 
[ue dt + pow dt = u(x)v(x) — u(y)v(y) Vayel 
y y 


Problem 1.136* 
Let I = (a,b) be an open bounded interval, 1 < p < +00 and let {un}ns1 © Wy” (a, b) 
be a sequence such that {u;,},3, C L?(a,6) is bounded and 


Un(x) —> u(x) for aa. x € (a,b). 
Show that uy, —> u uniformly on I = [a, bj. 


Problem 1.137** 
Let a,b € R, u € W!(a,b). Show that 


b 
Jul < e(llwi3-+ ( f w(x) de)?), 
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Problem 1.138** 

Let Q C R® be a bounded domain (i.e., bounded, connected and open set) with a 
Lipschitz boundary 00 and let V C W!?(Q) (with 1 < p < +00) be a closed linear 
subspace such that the only constant function belonging to V is the zero function. 
Show that there exists c > 0 such that 


llullp < ellDullp VYueVv 


(this is a generalization of the Poincaré inequality; see Theorem 1.131). 


Problem 1.139* 
Let Q C R™ be a bounded domain with a Lipschitz boundary Tr = 00 and let Tp CT 
be a subset of strictly positive surface (that is, Hausdorff) measure. We define 


V = {ue W1P(Q) : yu)lr, = o} 


(for 1 <p < +00) with y: W!"(Q) —> L*(T) being the trace map. Show that there 
exists c > 0 such that 
uly < c|Dullp Vue, 


Problem 1.140** 
Suppose that 2 C RY is a bounded open set, 1 < p < +00, 5 + 7 =lue Ww?) 
and y € W!'(Q). Show that uy € W'!(Q) and 


D,(uy) = u(Dey) + y(Deu) Vke{l,...,N}. 


Problem 1.141** 
Let Q CR be an open set and for all 1 < p < +oo define 


Wi? (Q) = {ue Lije(Q) : wu € Wt? (Qo) for all open Np CC a} 


(recall that Qo CC Q means that Q CO and Op is compact). Let u € Wie (Q) and 
assume that u € L?(Q), Du € L?(O;R%). Show that u € W1P(Q). 


Problem 1.142** 
Let 2 C R be a domain (i.e., connected and open set) and let u € W1?(Q) (with 
1< p< +o). Assume that Du(z) = 0 for almost all z € 2. Show that u is constant. 


Problem 1.143* 
Let 2 C R™ be a domain and let u € Wy?(Q) (with 1 < p< -+oo) with Du = 0. 
Show that u = 0. 


Problem 1.144* 
Find a continuous function on J = (—1,1) which does not belong to W'?(J). 
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Problem 1.145*** 
Let Q C RN (with N > 2) be an open set. Find a function u € H'(Q) which 
does not have a continuous representative (so Theorem 1.100 does not extend to the 
multivariable case). 


Problem 1.146** 
Suppose that Q C RX is a bounded open set, 1 < p < +00, K C W1?(Q) is a closed 
and convex set, {Un}ns1 C A is a sequence, u € L?(Q) and y € L?(Q; RY). Suppose 
that 
w ; w i N 
U, —> u in DPQ) and Du, —y in 2P(O;R”"). 


Show that u € K and Du= y. 


Problem 1.147** 

Let 2,9’ C R be two bounded open sets and let 7: 2’ —> Q be a 
C!-diffeomorphism. We assume that 0 < c < |detJ,(x)| < co for all x € MY, 
where J,,(x) denotes the Jacobian of 7 at x € 9’. Show that, if ue W1?(Q) (with 
1 < p< +oo), then 7 =u0n € W'P(0’) and 


Da(xz) = J,(x)" Du(n(2)) Vre”, 


Problem 1.148** 

Suppose that Q C RN is an open set, u: Q —> R is a locally Lipschitz function 
and 1 < p< +oo. Show that u € Wer (Q) (see Problem 1.141) and Du is the usual 
gradient of u. 


Problem 1.149** 

Suppose that Q C R% is a bounded open set, 1 <p < +00, {Un}nsi © w!P(Q) 
is a bounded sequence such that u,(z) —> u(z) for almost all z €. Show that 
u € WtP(Q) and un, —> u in W1?(Q). Does the result remain true if W1?(Q) is 
replaced by Wy’?(Q)? 


Problem 1.150* 
Let 2 CR be an open set, 1 < p < +o0 and u € W!(Q). Show that ut, u-, |u| € 
W!?(Q) and 


Gees 0 foraa. ze {u < 0}, 
a Du for aa. z € {0 < u}, 
ie = —Du_ for aa. ze {u< 0}, 
a 0 for aa. z € {0 < u}, 
—Du_ for aa. z€ {u< 0}, 
Diu| = 0 for a.a. z € {u=0}, 


Du — foraa. z€ {0 < u}. 


Also, show that the above conclusions remain valid if W1?(Q) is replaced by W HO): 
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Problem 1.151* 

Let 2 CR be an open set, 1 < p< +00 and u,y € W1?(Q) (respectively Wy(Q)). 
Show that ho = min{u,y} € W?(Q) (respectively Wy (Q)), hy = max{u,y} € 
W?(Q) (respectively Wy (Q)) and we have 


Din = Du for aa. z € {u < y}, 
—_ Dy for a.a. z € {y < u}, 
Dy for aa. z€ {u< y}, 

Dh, = 
Du for aa. z € {y < u}, 


Problem 1.152** 
Suppose that Q C R% is an open set, 1 <p < +00 and {Un}ns1 C W!P(Q) is a 
sequence such that 


h = sup|Du,| € D?(Q) and y = supu, € L(Q). 
no1 no>1 


Show that y € W1?(Q) and 


|Dy(z)| < A(z) foraa ze. 


Problem 1.153* 
Show that in Problem 1.152, if Q C R is a bounded open set with a Lipschitz boundary 
and {Un}nsi © We ?(Q) is a sequence, then it suffices to assume that 


h = sup|Du,| € L(Q), 
n>1 


to obtain that y = sup un, € W)?(Q) and 


n>1 


|Dy(z)| < A(z) foraa. ze. 


Problem 1.154** 
Suppose that 2 C RY is an open set, 1 < p < +00 and let {Unhnsv {Yntns1 Cc 
W?(Q) be two sequence and 


Un —> u and y, —> y in W!?(Q). 
Show that 
min{un,Y¥n} —> min{u,y} and max{un,yn} —> max{u, y} 
in W*P(Q), 
Is the result valid if we replace W?(Q) by W, ee 


Problem 1.155** 
Suppose that 2 C RY is an open set, 1 < p< -+oo, u € W!?(Q) and wu vanishes 
outside a compact set K C 9. Show that u € Wo sa OAe 
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Problem 1.156* 
Suppose that Q C RY is a bounded open set, 1 < p< +00 and u € W!?(Q) is such 
that lim u(z) = 0 for all z € OQ. Show that u € Wo?(Q). 

z x 


Problem 1.157* 

Suppose that 2 C RN is an open set, 1 < p< +00 andu € Wy? (Q), u > 0. Show 
that there exists a sequence of nonnegative functions {Un},51 G Ce°(Q) such that 
Un —> u in W)P(Q). 


Problem 1.158** 
Suppose that 2 C RN is an open set, 1 < p < +00, ue Wy? (Q), y € Wt?(Q) and 


0 for aa. zE 2. 


IN 
< 

= 
IN 
= 
= 


Show that y € Wy? (Q). 


Problem 1.159*** 
Let u € Li.(a,b) and assume that u’ = 0 (the distributional derivative). Show that 


loc 


there exists € € R such that u(x) = € for almost all x € (a,b). 


Problem 1.160** 
Let 2 C R% be a bounded open set, 1 < p< N. Given U C 2 open, we define 


cap,(U,Q) = inf {||Dull? Ue Wy? (Q), u(z) > 1 for aa. ze U} 
(the p-capacity of U with respect to Q). For any A C Q, we set 
cap,(A,Q) = inf {cap,(U, Q): U open, AC U}. 
Show that for any A C Q, we have 


cap,(A,Q) = inf {||DulR: we Wo?(Q) and 
u(z) > 1 for a.a. z in a neighborhood of A}. 


(“u(z) > 1 for a.a. z in a neighborhood of A” means that we can find an open set U 
such that A C U and u(z) > 1 for almost all z € U). 


Problem 1.161** 
Suppose that 2 C R% is a bounded open set, 1 < p< N and AC Q. Let cap,(A, Q) 
denote the p-capacity of A with respect to 2 (see Problem 1.160). Show that 


cap,(A,Q) = inf {||DulR: we Wo (Q), u > 0 and 
u(z) = 1 for a.a. z in a neighborhood of A}. 
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Problem 1.162** 

Suppose that 2 C R% is a bounded open set, 1 < p < N and let K C Q is a compact 
set. Let cap,(K, ) denote the p-capacity of kK with respect to Q (see Problem 1.160). 
Show that 


cap,(K,Q) = inf {||Dul|f: ue Ce°(Q), u(z) > 1 for all z € K}. 


Problem 1.163** 
Suppose that 2 C R% is a bounded open set, U C 2 is an open set, 1 < p< N and 
cap,(U,Q) denotes the p-capacity of U with respect to Q (see Problem 1.160). Show 
that 

cap,(U,Q) = sup {cap,(K, Q): K is compact and kK C U}. 


Problem 1.164** 
Let Q C R® be a bounded open set with a Lipschitz boundary 0, 1 < p < +00 
and let c(p,Q) > 0 be the smallest constant for which the Poincaré inequality holds 


(see Theorem 1.131). Set c, = apa: Also, let h € W1?(Q) and consider the affine 


subspace We (Q) of W1?(Q) defined by 
W,?(Q) = {ue Wl(Q): u-hEeWo?(M)}. 
Suppose that c € (0,c,). Show that there exist 6; > 0 and 82 > 0 such that 
||Dul> — cllullf > Billul?— fb Vue W,(Q). 


Problem 1.165** 

Suppose that 2 C R% is an open set, 1 < p < +00 and y: L?(Q) —> R = RU {400} 

is a function such that: 

(i) for every \ € R, we have {u € L?(Q): y(u) < A} C W1?(Q) and sup {||Dullp : 
we{p<rA}} < +00; 

(ii) eee is sequentially weakly lower semicontinuous. 

Show that y is lower semicontinuous in the strong topology of L?(Q). 


Problem 1.166* 

Suppose that Q C R% is a bounded open set with a Lipschitz boundary 0, 
1<p<_+oo and g: L?(Q) —> R = RU {+00} is a lower semicontinuous functional 
such that for every 4 € R, the sublevel set 


Ly = {we LQ): plu) <A} C W'P(Q) 
and it is bounded. Show that L) is compact in L?(Q) for every \ € R. 


Problem 1.167** 
Suppose that n is a unit vector in RY, a > 0 and 2 C RN is an open set such that 


QC {zeER™: |(z,n)gn| <a} 
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(so Q is bounded in the direction of n). Show that 
U 1, 
lulp < (2a)"llgall, Vue WoP(2) 
(recall that gu = (Du, n)pn). 


Problem 1.168** 
Suppose that n be a unit vector in RY, a > 0 and 2 C R% is an open set such that 


QC {zER: |(z,n)pv|< ah. 


Show that 


i 
llullip = (lulls + [|Dullp)? and ||Dullp 


are equivalent norms on W,’?(Q). 
Remark. So, according to the above problem, the Poincaré inequality (see Theo- 


rem 1.131) is more generally true for open sets Q C R% which are bounded in one 
direction. 


Problem 1.169** 
Show that for all uw €¢ W'1(0,1), we have 


I|u—Blloo < |lu'lhi, 


1 
with w= { uwdz and in the above inequality the constant 1 is optimal, ie., 
0 


sup ||u — Ulloo = 1. 
ué€ W?1(0,1) 
u’|la = 1 


Also show that the above supremum is not achieved. 


Problem 1.170* 
Let I = (a,b) be a bounded interval and let 1 < p,q < +o0. Show that there exists 
c > 0 such that 


llulla < ellullp we Wy?(a,b) 
and the constant c > 0 is realized if 1 <q < +oo andl <p<-+o. 
Problem 1.171** 


Let Q C R% be an open set, 1 < p < +00 and for all k € No let g,: R —> R be 
defined by 


_ ft if jt k, 
gu(t) = ky if k< (dl 
Show that for all u €¢ W!?(Q), we have 


grou —> we Ww?(Q), 
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Problem 1.172* 
Let 2 C R% be a bounded open set and let 1<p<-+oo. Suppose that h* € 
W-1?'(Q) 9 L?'(Q). Show that 


(h*,u) = [er @ue dz Vuew,(Q), 
Q 


where (-,-) denotes the duality brackets for the pair (Wo eo). W-1?'(Q)) (see Theo- 
rem 1.140). 


Problem 1.173** 
Let 2 C R% be a bounded open set, 1 < p < +00 and let h* € W~!”'(Q) be such 
that h* > 0 in the sense of distributions (i.e., h*(y) > 0 for all yp € CS°(Q), y SO). 
Show that 

(A*Xut) > 0 Vue W,(Q) 


(see Problem 1.172) 


Problem 1.174* 
Show that the Meyers—Serrin theorem (see Theorem 1.119) is not true for the Sobolev 
space W1%(Q). 


Problem 1.175** 
Show that the Poincaré inequality (see Theorem 1.131) is not true for unbounded 
domains. 


Problem 1.176% 
Suppose that I = (a,b) is a bounded open interval, 1 < p < +00 and Zo € [a,b]. We 
define 

V = {ue W'(a,b): u(xo) = O}. 


Show that there exists c > 0 such that 


llullp < cllu’llp Wuev. 


Problem 1.177** 
Let ue Li (RN Ns Show that the following two statements are equivalent: 


loc 
(a) u admits a Lipschitz continuous representative. 


(b) The weak (distributional) gradient of u belongs to L° (R‘;RY). 


Problem 1.178* 
Let Q € R™ be an open set, 1 < p< +00 and u € L?(Q). Show that u € Wl?(Q) if 
and only if 


| f u®bde| < lly  V9E CRO), KE {,...N}, 
Q 


for some c > 0 
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Problem 1.179** 
Let 1 < p< +oo, R>0 and y € C™(0, co). We set 


ule) = ol lz\) V ze Br, 
where Br = {2 ERY + |zh< R}. Suppose that 


lim r-! = 0. 
ae ly(r)| 


R 

Show that u € W1?(Ba) if and only if u € L?(Br) and f rX—!|y'(r)|P dr < +00. 
0 

Problem 1.180* 

Let Q = (0,1) x (0,1) C R? and for n > 1 consider the functions 


un(t,y) = “(1—y)"sin(nz) V (a, y) EQ. 


Show that up, > 0 in H!(Q). 


Problem 1.181* 
Let (Q, 4, w) be a measure space, p,q € [1, +c0] and Bi = {ue LQ): |lullp < 1}. 
Show that the set BY 9 L4(Q) is weakly closed in L4(Q). 


Problem 1.182** 
Suppose that (Q,%, 1) is a finite measure space, E C L1(Q) is a nonempty, relatively 
weakly compact set, h € EF and 


C = {ue LQ): |u(z)| < |h(z)| pra.e. in Q}. 
Show that the set C C L'(Q) is relatively weakly compact. 


Problem 1.183** 

Suppose that (Q,4,,:) is a finite measure space, 1<p<-+oo, u € L?(Q) and 
{Un}n>1 G L?(Q) is a sequence such that un(z) —> u(z) for p-almost all z€ Q 
and ||Un||p — ||ul|p. Show that uy, —> u in LP(Q). 


Problem 1.184* 
Assume that (Q, 4,4) is a measure space, 1 < p< +00, {Un}ns1 © L?(Q) is a se- 
quence such that u, > u in L?(Q) and 


lim sup |[Un|lp < |lullp- 
n—-+00 


Show that wu, — wu in L?(Q). 
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Problem 1.185** 

Suppose that (Q,%,,) is a measure space, u € L'(Q) and {Un}nsi © D(Q) isa 
sequence such that un(z) —> u(z) for y-almost all z € Q and |lun||1 — |lull1. Show 
that u, —> u in L1(Q). 


Problem 1.186* 
Let {Un}nsi 2 L+(0,1) be a sequence such that up(t) —> u(w) for almost all t € [0, 1] 
with u € L'(0,1). Is it true that uw, —> u in L'(0,1)? Justify your answer. 


Problem 1.187* P 
Let u € L'(R) be such that f u(t) dt = 0 for all a,b € R. Show that u(t) = 0 for 
almost all t € R. 


Problem 1.188% 

Let {Un}nsr © W!:1(0,1) be a sequence such that u,(t) —> u(t) for almost all 
t € (0,1) and there exists h € L1(0,1) for which we have |u/,(t)| < h(t) for almost all 
t € (0,1) and all n > 1. Show that u,(t) —> u(t) uniformly on [0, 1]. 


Problem 1.189* 
Let 


: ue W,"(0,1), u #0} 


=) 


Show that a > 0 and that there exists WU, € Wy (0, 1) such that My = 


over, we may assume that w(t) > 0 for all ¢ € [0,1]. 


Problem 1.190* 
Let u: Ry; —> Ry, be a measurable function such that wu € L?(R;) (with 


t 
1<p<-+o00). Show that lim +f u(s) ds =0 if and only if for every < > 0, the set 
t++00 0 


A(C-N[0,7]) 


C,={t eR: u(t) > ¢} satisfies lim = (0 (here \ denotes the Lebesgue 
T—+00 


measure on R). 


Problem 1.191** : 
Suppose that J C R is an open interval, u € L?(1), to € I and h(t) = f u(s) ds for all 


to 
t € I. Show that h € C(I) and its weak derivative exists and equals u. 


Problem 1.192** 
Let u € H'(R). Is it true that u(t) —> 0 as t > too? Justify your answer. 


Problem 1.193** 
Let N > 2 and u € H!(RY). Is it true that u(z) —> 0 as |z| —> +00? Justify your 
answer. 
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Problem 1.194* 
Let 2 C R% be a bounded domain with a Lipschitz boundary 0Q. Show that there 
exists a constant c > 0 depending only on 2 such that 


uly < e(l|Dullp +| [ va) Vue W!r(Q) 
Q 


(where 1 < p < +00). 


Problem 1.195* 
Let u € W!?(a,b). Show that ||2||o. < Ellul], with c = max {7—, vb—a}. 


Problem 1.196* 
Let €: W; (0,1) be the linear functional defined by 
1 
ta io dt Yue w(,1). 
0 
Show that € € W-1(0,1) = W,7(0, 1)* and determine the element of W,’7(0, 1) 
which corresponds to € by the Riesz—Fréchet representation theorem. 


Problem 1.197* 
Let 1 < p < +00 and let By(p) = {u € W17(0,1) : [ul] < 1}. Show that for 
E (1, +00], the set Bi (p) is ae in L”(0,1), while B,(1) is not closed in L1(0, 1). 


Problem 1.198** 
Let u € W)?(0,1) with 1 < p < +00. Show that 


u(t) = 0 foraa.te Z, 
where Z = {t € (0,1): u(t) =O}. 
Problem 1.199** 
Suppose that (Q, 4, 4) is a o-finite measure space, 1 < p < +00, {Un}ns1 C L?(Q) is 
a bounded sequence such that u, —> u in L1(Q). Show that up, —> u in L?(Q). 


Problem 1.200* 
Suppose that (Q, 4, ) is a o-finite measure space, 1 < p< +oo and 1 <q < +o. 
Show that the set 
= {ue POON LAY): |lulle < 1} 
is closed in L?(Q). 
Problem 1.201* 


Let wu € L?(R) and let up(t) = u(t +n) for all t € R, all n > 1. Show that u, > 0 
in L?(R). 
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Problem 1.202** 
Suppose that (Q,%,) is a o-finite measure space, h: Q —+ R is a U-measurable 
function and consider the set 


C = {we L*(Q): u(z) > A(z) for waa. z € O}. 
Show that the set C is w*-closed in L°(Q). 


Problem 1.203** 
Suppose that (Q,%,) is a o-finite measure space, hj,hg € L%(Q) and consider 
the set 


Co = {we L*(Q): hi(z) < ulz) < ha(z) for praa. z EO}. 
Show that the set Co is w*-compact in L%°(Q). 


Problem 1.204** 
Let u € L®(R) and let {Vn}no1 CS°(R) be a sequence of mollifiers (see Defini- 
tion 1.117). Consider a sequence {fn }ns1 © L®(RY) such that 


lealheg <a Vn2>1 and &)(z) —> €(z) foraa.zeR. 


Set hn = Un * (nu) for n > 1 and h = €u. Show that: 
(a) hn “hin EPO}. 
(b) for every ball B C RY, we have ||h, — Allz1(p) — 9. 


Problem 1.205*** 
Let 2 C R% be a nonempty open set. Show that C%(Q) is w*-dense in L®(Q). 


Problem 1.206** 
Let 2 C R% be a nonempty open set and let u € L1(Q). Show that 


Jul = sup{ f ude: 0 € CX(O), [foo <1} 
Q 


Problem 1.207** 
Suppose that (Q,™,,) is a measure space, u € L'(Q) and {un},51 © L'(Q) is a 
sequence such that un, > 0 for n > 1, 


liminfun(z) > u(z) foraa. ze 
n—>+0o0 


and 


limsup f tn(2) dy x [udu < +00. 


n—-+00 
Q Q 


Show that uy, —> u in L1(Q). 
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Problem 1.208** 
Let (Q,%, 12) be a probability measure space and let u € L'(Q) be such that u > 0 
and |u|]; = 1. Show that fulnudy > 0. 

Q 


Problem 1.209% 
Suppose that (Q,%, 4) is a o-finite measure space, X, Y are two Banach spaces and 
u: Q x X —>Y is a Carathéodory map which satisfies the following condition: 
UC: “For every « > 0 and every c > 0, there are 6 = d(€,c) > O anda 
p-null set D = D(e,c) € © such that 


llu(z,2) —ulz,v)J\ly < ¢ 


for all z € N\ D and all z,v € X with ||z||x, |lullx < C and ||z—v||x < 6.” 
Let N,, be the Nemytskii map corresponding to u (see Definition 1.145). Suppose 
that N, maps L°(Q;X) into L°(Q;Y). Show that N,: L°(Q;X) — L~(Q;Y) is 
continuous. 


Problem 1.210** 

Suppose that (Q, 4, 2) is a o-finite measure space, X, Y are two Banach spaces with 
X being separable, wu: Ox X —> Y is a Carathéodory map, N, is the Nemytskii map 
corresponding to u and it is continuous from L%°(Q;X) into L°(Q;Y). Show that 
condition UC from Problem 1.209 is satisfied. 
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1.3. Solutions 


Solution of Problem 1.1 

Without any loss of generality, we may assume that u = 0 and p(Q) = 1. From the 
Dunford—Pettis theorem (see Theorem 1.28), we know that the sequence {Un},51 is 
uniformly integrable. So, given ¢ > 0, we can find 6 > 0 such that 


if u(A) < 6 then / |un| dp <e Yo 2-1 (1.1) 
A 


For every integer & > 1, let 
= fw EQ: it Un(w > —e}. 


Since by hypothesis we have 
0 < liminfu,(w) for paa.w EQ, 


N—- +00 
we can find ko > 1 big such that u(AZ,) < 6. By hypothesis uy, “su =0in LQ). 
So, we can find k > ko such that 


| f mdi] < « Vno>k. 


Then for n > k we have 


[ileal ay = flunldy f unl dn 
Q Ako Ag, 


< flu teldus fo edu f unl dee (1.2) 


0) Ako kg 


Note that 
J lunlau < e¢ and [ew <eé (1.3) 


(from (1.1) and recall that we have assumed that u(Q) = 1). In addition, recalling 
the definition of the set A;,,, we have 


J lun beln 2 [tun ted < | f nay} +e a (1.4) 


Ako Ako 


(since n > k). Using (1.3) and (1.4) in (1.2), we obtain 
[nite < Vn2>k, 


SO Un —> u=0 in L1(Q). 
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Solution of Problem 1.2 
Let Q = [0,1], © the Lebesgue o-field on [0,1] and 4 = A the Lebesgue measure on 
[0,1]. We define 


Un = BX a 1 | Vn. 
27 on—1 
We have 
1 
and 1 
[inter a ee 
0 
so 


Un —> 0 in L'(Q). 


Hence the sequence {tn}ns1 I+(Q) is uniformly integrable (see Theorem 1.28). 
If we could find h € L1(Q) such that 


Un(w) < h(w) for A-a.a. w € [0,1], all n > 1, 
then 


So un(w) < hw) for pra.a. w € (0, 1]. (1.5) 
n>1 


On the other hand, we have 


[co d\ = Sok = tov. (1.6) 


n> n2>1 


0 
Comparing (1.5) and (1.6) we reach a contradiction. 


Solution of Problem 1.3 
(a) Let A, = {weEQ: uw) >c} forc>0. Then 


Jul = furan > furdn > frau = p(Ad). 
Q Ac Ac 
(b) Let Ap = {wEQ: uw) > c} force > 0. Then {Ac}eso is a family of sets 
decreasing in c (i.e., if c; < cg, then A,, D A;,) and p(A.) \, 0 as c 4 +00 (as 
u € LP(Q)). Thus 
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Solution of Problem 1.4 

From the assumptions, it is obvious that uy, € L?(Q) and so |un|? € L'(Q) for all 
n > 1. We will show that the sequence {|un|? } C L1(Q) is uniformly integrable. 
Let 


n2>1 


m(A) = f nay VAEX. 
A 


Then m is a finite measure on % and m < pu. So, given € > 0, we can find 6 > 0 such 
that 


if A € © with p(A) < 6, then fe due. (Lf) 
A 
Also, we have 
lim / ak = / de = [ran (1.8) 
c>+00 
{i<h<c} {0<h<+oo} Q 


(recall that since h € L?(Q), we have u({h = +coo}) = 0). Let ¢ > 0 and let 6 > 0 be 
as postulated by (1.7). Then we have 


if A € © with y(A) < 6, then iy duce Vn. (1.9) 
A 


From the Chebyshev—Markov inequality (see Theorem 1.30), for every c > 0, we have 
u({lun|? > ch) < 2 f lun? dy <q [a dy 
Q Q 


It follows that we can find M > 0 such that 
u({|un|? > c}) <6 Ve>M,n2>1, 


so 
lun|?du<e Veo2M,n21 
{|un|P>c} 
(see (1.9)). So, we have satisfied requirement (b) in Definition 1.18. Next, from (1.8) 
and for c > 0 large, we have 
fe du — / hP du = ij hP dw < e«. (1.10) 
Q {i<h<c} O\{i<h<ce} 


Let 
Ae = {weEQ: 1 <hWw) <c}. 
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Then A, € © and by the Chebyshev—Markov inequality, we see that ~(A-) < +00. 
We have 


(see (1.10)). So, we have satisfied requirement (a) in Definition 1.18. We conclude 


that the sequence {|u,|? 14 C L+(Q) is uniformly integrable. 


Solution of Problem 1.5 


(a) Let ¢ > 0. Since the set C is uniformly integrable, we can find a set A- € © such 
that 


(Ace) < +00 and oj du <eé (11) 


(see Definition 1.18(a)). Also, we can find c > 0 i such that 
sup i juldu < «€ (1.12) 
ue 
{|ul>c} 
(see Definition 1.18(b)). Then we have 
sup a juldu = sup( fh tuld+ ff lala f ful dn) 


AeM{|ul 2c} AeN{|ul<c} 
< 2+ cp(Ae), 


so the set C is L'-bounded. 
(b) Let ¢ > 0. Let c > 0 be as postulated in (1.12) and let 6 = =. Then for every 
Aé with u(A) < 6 and u€ C, we have 


Jiu = 7 re / ju] dy 
A An{|ul|>c} An{|ul<c} 


< ff lulduteu(a) < e+e = 2 


{|u| 2c} 


(see (1.12) and recall the choice of A € ©) and so statement (b) holds. 
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Solution of Problem 1.6 

First note that in a finite measure space, part (a) of the definition of uniform inte- 
erability is satisfied for any set C C L'(Q) (take A; = Q in Definition 1.18(a)). We 
need to show part (b) of this definition, namely that 


lim sup / aie = 0, 
V++00 yEC 
{\ul>0} 


Let 
Qn = sup / |u| dys Von 2 1. 
ue 
{|u|>n} 
First we note that the sequence {an}, is well defined (as from hypothesis (a), the 


set C is L'(Q)-bounded), decreasing, nonnegative, so also convergent, let us say 


lim an, =c>0. 
n—- +00 


To proceed by contradiction, suppose that c > 0. So there exists N > 1 such that 
for all n > N there exists uy, € C such that 


5 < / [be ee 2. (103) 


{lun|2>n} 
Let ¢ = § > 0. From assumption (b), we know that there exists 6 > 0 such that for 
all sets A € © with p(A) < 6, we have 


sup f | du < €. (1.14) 
aay, 


Let no > N be such that ze <6 and let An, = {|Un,| = no}. Then, from (1.13), we 
have 


2c 
Ano) = f modu < Z f \tmoldu < = < 6 


Thus, using (1.13) and (1.14), we have 


0 


5 < J engl a < sup [ |ujdu <e = §, 
ueC 


Ang nO 


a contradiction. Thus c = 0 and the proof of uniform integrability of the set C’ is 
complete. 


Next we will show that for an arbitrary measure space, the implication does not 
hold. Let 2 = R, = the Lebesgue o-field of R and yu = A the Lebesgue measure. Con- 
sider the sequence 1 tie ot C L'(Q) of characteristic functions of the intervals 


[n,n +1). Then 


n2>1 
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oe daL Vast (1.15) 
R 


so the sequence { ae sa is L'(Q)-bounded, thus condition (a) of the problem 
holds. 


Next for any ¢ > 0, let 6 =e. For any A € } with \(A) < 6, we have 


n>1 


J inne ® < (A) < E, 
A 


so also condition (b) of the problem holds. 


We will show that the sequence ice 43) tea C L+(Q) is not uniformly integrable. 


As part (b) of the Definition 1.18 is obviously satisfied, we will show that part 
(a) fails. Let A- C R be any set such that A(A-) < +00. We will show that in fact 


sup | Xan D = I, (1.16) 
ae 


For this purpose, let 7 € (0,1) be arbitrary. Note that there exists np > 1 such that 
A(AZN [no, 20 +1)) = 1-7, 
as otherwise we would have 
MAeN[1,+00)) = S*A(ASN [n,n +1)) > Son = +0, 
n>1 n>1 
a contradiction). Then 


sup | Xtaim-tay| ore / IXingno+1)| da 
no1 
A Ag 


c 
E 


= AEN [no,n0+1)) = 1-7. 


Because 7 € (0,1) was arbitrary, we obtain 


sup f Xiamen D a Le 
a 


c 
€ 


Because of (1.15) we obtain (1.16). So the sequence 1 Mncend is not uniformly 


integrable in L'(R). 


ne>1 
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Solution of Problem 1.7 
From Problem 1.5 we know that the set C’ is L'-bounded and given ¢ > 0, we can 
find 6 > 0 such that for every A € © with (A) < 6 we have 


sup f |uldu < §. 
wey 


The uniform integrability of C’ implies that we can find a set D; € X with 
(De) < +00 such that 


sup | |uldu < § 
UEC 


Cc 


€ 


(see Definition 1.18). Let he = xp,. If A € © satisfies 


then for all u € C’, we have 


[ivian = fila / juldu < §+§ =e. 
A 


ANDe AND 


Solution of Problem 1.8 
Let u € £9(Q) and let 


A = {wEQ: |u(w)| > 1}. 
Let us set 

y= ux, and A= Ux: 
We have 

yl = lulPxa < lul?x, 

(since p < gq), soy € L?(Q). Similarly, we have 

JAI" = [Ul X40 S [Ul*X 40 
(since gq <r), sohe L"(Q). Note that u=y+h. 


Solution of Problem 1.9 
Let p € [1,+00). Then from the Chebyshev—Markov inequality (see Theorem 1.30), 
we have 


u( {|u| > eh) < sllullb, (1.17) 
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so 
i 
cu({|ul > ch)” < |lullp 
and thus 
Pare : - 
ae lim inf |ltullp, provided u( {|u| > c}) > 0. (1.18) 


Therefore, if lim |u\|p is finite, from (1.17) it is clear that u € L°(Q) and from 
p—>-+00 
(1.18) we have 
a % 
lalec <i 
Then note that 


lll? = [urd < ul), 
Q 
SO 


i < 
lim, llulp < lle 
and thus ||u||,> — ||u||oo as p + +00. 
From the above argument we see that if lim ||u||p is not finite, then u ¢ L°(Q) 
p—+oo 


and so we have proved the equivalence claimed by the problem. 


Solution of Problem 1.10 
“——+”: Suppose that D?(Q) is not contained in L4(Q). So, we can find u € L?(Q) 
such that 


[lulu = +00. (1.19) 
Q 
For each integer n > 1, we define 
A, = {wEN: juw)|>n} e€ &. 


From the Chebyshev—Markov inequality (see Theorem 1.30), we have 


wAn) < 2 f |ul’du — 0. 
Q 


So, it suffices to show that y(A,,) > 0 for all n > 1. Suppose that we can find n € N 
such that u(An) = 0. Then 


[iutau = fi lultde < are fh judy < 00, 
Q 


{lul<n} {lul<n} 
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which contradicts (1.19). Therefore © has sets of arbitrarily small positive u-measure. 
“<=”: Suppose that & has sets of arbitrarily small positive u-measure. So, we can 
find a sequence {An}as1 C ¥ of pairwise disjoint sets such that 


p(An) > 0 Viol 


and 
MAn) \v 0. 
Let €, 7 +00 be such that 
> u(An) = too and S71 ehp(An) < +00. 


n2>1 no1 


Let 


Solution of Problem 1.11 
“+”: Suppose that L9(Q) is not contained in L?(Q). So, we can find u € L4(Q) 
such that 


[iw du, = +00. (1.20) 
Q 
For every integer n > 1, we define 


Cn = (we: sat < |u(w)| < 2} ex 


n 


and 


C= Ur = {wEQ: 0< |uw)| <1}. 
ne>1 


Suppose that pu(C) < +00. Then 


/ lul? de = / jul? dye + / lu]? dy 
Q {|u|<1} {|u|>1} 
< pC) + / jul?du < +00 


{|u|>1} 
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n 


(since p < g and u € L4(Q)). This contradicts (1.20). Therefore u(C) = +00. Note 
that 


+0co > [lulu = / jul?du > mayeh(Cn) Yaol, (21) 


= {aar<lul<a} 
So, if we set 


n 
k=1 


then 

U(En) < +00 Vn>1 
(see (1.21)) and 

(En) 7 +oo = p(C). 


This implies that © has sets of arbitrarily big finite measure. 

“<—”": Suppose that © has sets of arbitrarily big finite measure. We can find a 
sequence {An}, 51 © ¥ of pairwise disjoint sets such that u(An) 7 +00. Let En, \ 0 
be such that 


SS) tp(An) < +00 and So y(An) = +00. 


n2>1 no1 


Let 


Solution of Problem 1.12 

Let {hn}ns1 G C be a sequence such that ||u — hnllp \, dist(u, C). Then clearly the 
sequence {hn},51, C L?(Q) is bounded and so, by virtue of the reflexivity of L?(() 
(see Corollary 1.26), by passing to a suitable subsequence if necessary, we may assume 
that 

hn —> hin LP(Q) 

for some h € L? (Q) (see Theorem 1.5.76(c)). Since the set C is closed and convex, 
by the Mazur theorem (see Theorem 1.5.58), it is also weakly closed and so he C. 


Also, the weak lower semicontinuity of the norm functional (see Proposition 1.5.56(c)), 
implies that 


_ Fs < ° . _ = ° 
ju fllp < Timinf ju —hnllp = dist(u, C), 
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sO 


lu — Alp = dist(u, C). 


Solution of Problem 1.13 
Let 2 = [0,1], © the Lebesgue o-field of [0,1] and 4 = » the Lebesgue measure. Let 


Evidently un, —> 0 in A-measure (see Definition 1.11) and A-almost everywhere. 


However, if we choose h = 1 € L?’(0,1) for every p € [1, +00] (recall ato = 1), then 


Solution of Problem 1.14 
We know that 


U—Un = (U—Un)* — (ti, —u)” Vn>1. 


Since by hypothesis fu, dy = f wdy for all n > 1, it follows that 
fe) 2 


[eum unyt t= fee uny di Vo A. (1.22) 
Q Q 


Recall that 
|ju—tn| = (u—un)* + (un —u)~ Vue i. 


So, from (1.22) we infer that 


fiwnunlde = 2 [(u nyt Va2L 
Q Q 


The hypothesis that u(w) < liminf u,(w) for p-almost all w € 2, implies that 


n—-+00 


(u—tn)*(w) — 0 for waa. w EQ. 
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In addition, we have 


(u — Un)* (w) max {(u—Un)(w), O} 
max {u(w), 0} 


*( 


x 


u’ (w) 

(since uy > 0 for alln > 1). Since ut € L(Q), we can apply the Lebesgue dominated 
convergence theorem (see Theorem 1.3.94) to the sequence {|u — un|},51 and conclude 
that 


Solution of Problem 1.15 
Let ¢ > 0. From the definition of uniform integrability (see Definition 1.18), we know 
that there exists A; € & such that 


(Ace) < +00 and sup fu du < § 
EO 


and 


I 
S 


lim sup / |u| dys 
V++00 yEC 
{|u|>0} 


so in particular for some 0 > 0, we have 


wn 

a 

s 

os 

Ss 
a 

= 
JN 
NIM 


Let hz = OX4.- Then, for every u € C, we have 
juje = fafa 
{|u| >he} AeM{|ul2he} Agn{|ul|>he} 


< / luldu+ fluldu < §+§ = 
{|ul>0} oe 
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Solution of Problem 1.16 
Let ¢ > 0. By assumption, we can choose hz € L'(Q)4 such that 


sup / juldu < &. (1,23) 
ueC 
{|u| >he} 


By the Lebesgue dominated convergence theorem (see Theorem 1.3.94), we have 


glim J PeXnelzoy HH —> 0 


Q 


and so there exists 7? > 0 such that 
PT ieaes du < § VO>. (1.24) 
Q 


For any u € C and J > 0 we have 


{lul < he} 9 {lu] > 0} CS {he > J}, 
so, using also (1.23) and (1.24), we have 


lul de = / lel de + / la ep 


{ul>9} {lul>he}{|ul>9} {lul<he}Mful>9} 

< / |u| dpe + j he du 
{lul2he} {\he|>0} 

= / |u| dit f hex nese dp=§+$=e VoI>0. (1.25) 
{lul>he} 0 


So, from (1.25) and since ¢ > 0 was arbitrary, we infer that 


lim sup / lal da = 0, 
V++00 yEC 
{|u| >0} 


which proves the statement of part (b) in the definition of uniform integrability (see 


Definition 1.18). Let ¢ > 0. Choose hz € L'(Q)4 such that 


sup fi Juldu < §. (1.26) 
ueC 
{lul>he} 


Next note that by the Lebesgue dominated convergence theorem (see Theorem I.3.94), 
we have 


tim f min(he,¢} ae = oO. 
Q 


1.3. Solutions 83 


So, for some c = c(€) > 0 sufficiently small, we will have 
/ hei < [rin chdp < §. (1.27) 
{he<c} Q 
Using the Chebyshev—Markov inequality (see Theorem 1.30), we have 


u({he > c}) < [hed < +00. 
Q 


So, let Ae = {he > c}. Then 


eng Ce cD 


f{he<c}M{|u| She} fieserrn ulcteed 
< sup : |u| djs + sup / hedu < §+€ =e 
EC ueC 
{|ulzhe} {he<c} 


(see (1.26) and (1.27)). This is the statement of part (a) in the definition of uniform 
integrability (see Definition 1.18). Therefore we have proved that the set C C L'(Q) 
is uniformly integrable. 


Solution of Problem 1.17 
Given « > 0 let hz € L1(Q), and 5 > 0 be as postulated by the hypothesis. If 
M > $sup |ull1, then 

UEC 


ull, > / luldu > M / mn 
{|ul>Mhe} {|ul>Mhe} 


sO 


hedu < qzsup|lulli < 6, 
ueC 
{lul>Mre} 
thus by hypothesis 
sup ii juldu < e. 
EC 
{|ul/>Mh-} 


Invoking Problem 1.16, we conclude that the set C C L'(Q) is uniformly integrable. 
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Solution of Problem 1.18 
“—»”: Assume that un —> u in L'(Q). Then for every y € L'(Q), we have 


inty —> uty in L*(Q). 


From the weak lower semicontinuity of the norm functional (see Proposition I.5.56(c)), 
we have 
lu + ylla < liminf|/un + ylli, 
n—+00 


sO 


[iwt olan < limint [Jun ty dis. 
n—+00 
Q Q 


“<—”: Assume that 


[ives du < timint [Jun + ul da VyEe LQ). 
Q Q 


By hypothesis there is a subsequence of {un},1 which converges weakly in I*(Q) to 
some t@ € L1(Q). Let 
Q, = {wEN: tw) >uw)} and Q = {wEN: Uw) <u(w)} 


From the Dunford—Pettis theorem (see Theorem 1.28), we know that the sequence 
{Un — U}n>1 © L*(Q) is uniformly integrable. So, given e > 0, we can find J > 0 big 
such that 


lu, —uldu < € Vne21. (1.28) 


{lun —ul 20} 


Let us set 
y = -u- OXe, FONG. 


Since ju is finite, we see that y € L'(Q) and 


lun + yl < B- (un —- U)Xe, + (Un — U)Xo_ + 2[Un — UX tun —uleo} 


sO 


oul) =f jutuldu < timint f jun + vl dy 
Q Q 


IN 


ou(0)— f@-wdu+ f@-w)du +2 


Cs. om 
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and thus 
ce < 2e. 
Q 


As € > 0 was arbitrary, we see that @ = u. This implies that for the whole sequence, 
we have up, —> u in L'(Q). 


Solution of Problem 1.19 

Since 1 < p < +00, we know that the space L?(()) is reflexive (see Corollary 1.26). 
Since by hypothesis the sequence {un}, 51, G L?(Q) is bounded, it is relatively w- 
compact and so by the Eberlein—Smulian theorem (see Theorem I.5.78), we can find 
a subsequence {tn,}k>1 Of {Un}y>1 and a function uw € L?(Q) such that un, “a 
in L?(Q). By the Mazur theorem (see Corollary 1.5.59), we know that there exists a 
sequence {hy }x>1 C L?(Q) consisting of convex combinations of the {un,}™>1 such 
that hy —> u in L?(Q). Then by passing to a suitable subsequence if necessary, we 
conclude that hy, —> U in p-measure or for p-almost all w € Q. On the other hand, 
since U;, —> u in p-measure or for p-almost all w € 2, we also have that hy —> u in 
i-measure or for p-almost all w € Q. Therefore U = u. This uniqueness of the weak 
limit implies that for the original sequence, we have uy —> u in L?(Q). 


Solution of Problem 1.20 
“—»": Assume that u, —> u in L'(Q). Note that for every A € ¥, we have 
x, € L~(Q) = L1(Q)* (Riesz representation theorem; see Theorem 1.21). So, we 


have 
Jovan = [ux > fu ay = [udu 
Q A 


A Q 


Recall that every weakly convergent sequence is norm bounded (see Proposi- 
tion 1.5.56). So, we have established both (a) and (b). 

“<—”: Assume that (a) and (b) hold. By virtue of (b), for every simple function 
s € L™®(Q) we have 


fonsdu — [usdw (1.29) 


Q Q 


Given any h € L®(Q) and ¢ > 0, we can find a simple function s € L°(Q) such that 


[k= slloo < aap: (1.30) 
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where M = max {||ul|1, sup ||un||1} (see Proposition 1.4). Then we have 
S1 


| [un wran| = | [tummy —s)ay| +] fun — usa 
2 2 2 

< en — ult ~ sll +] f (um — se < e+] [un — wsdl 
2 2 


(see (1.30)), so 


lim sup 
N—-+00 


[tw — wha <£ 
Q 
(see (1.29)). Since ¢ > 0 is arbitrary, we conclude that 


[unray — [una Vhe L™*(Q), 
Q Q 


SO Un —> u in L?(Q). 


Solution of Problem 1.21 
We have 


[Nenll2 = [ella — lun — ula] < J lent =) = lem — ul Vn2l. 
Q 


Note that 


|| etn |u| — [tn ul| > 0 in w-measure or for p-almost allw EQ. = (1.31) 
Also, we have 
|e — |u| — |un — ul| < |x| — |Un — ul| + |ul < 2lul. (1:32) 


Then (1.31) and (1.32) permit the use of the Lebesgue dominated convergence theo- 
rem (see Theorem 1.3.94 and Proposition 1.13(a)). So, we obtain 


[Hletnlla = Heella = [lem — wells] —> 0 
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Solution of Problem 1.22 
By the Fatou lemma (see Theorem 1.3.95), we have 


Sie 8 
uly < limint [funy < +00. 
Let € > 0 be given. We show that there exists c; > 0 such that 
\|ja + B|? — jal? — |/P] < ela/P+c.|b/? Va,beER. (1.33) 


If b = 0, then (1.33) clearly holds. So, let 6 4 0. Then we can divide both sides by 
|b]? and reduce the problem into showing the following inequality 


lla +1)? —|alP—1] < elalP+cee VaeR. (1.34) 
Observe that 
lag lettESleFH1] — 9 
a—+oo |alP : 


Then from this limit we have at once (1.34) and therefore (1.33) too. 
We use (1.33) with a = un — u and b = u and we have 
|[etn|? — Jun — ul? — |ul?] < elun — ul? + clu? bee ale (1.35) 


Let hn = |Un|? — lun — ul? — jul? € £'(Q). Then from (1.35), we have 


|An| — €lUn — ul? < celul?. 


Hence by the Fatou lemma (see Theorem I[.3.95), we have 


limsup | [|Rn| — elun — ul?) du < 0. (1.36) 
n—-+00 
We have 
|Rn| < (|hn| —elun — ul?) +elun—ulP Vn 21, 
so 


J itrol a < J Mal ~ elu — uP) deiemt Was, 
Q Q 


with M = sup ||un — ul|> and thus 
n>1 
n—-+00 


limsup f lho) di < «M 
Q 


(see (1.36)). Since ¢ > 0 is arbitrary, we conclude that 


hn —> 0 in L1(Q), 
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sO 


[lletnll5 — [len — ull] —> [lel 


Solution of Problem 1.23 
By the Dunford—Pettis theorem (see Theorem 1.28), we can find a subsequence 
{Un, te>1 Of {Unfy>1 Such that 


(i, — Ie LQ), 


with @ € L'(Q). Then we have 


Jum djs —> [ia VAEX (1.37) 
A A 


(see also Problem 1.20). On the other hand, since u, —> u for p-almost all w € Q 
and {Un}nsi © L'(Q) is uniformly integrable, by the generalized Fatou lemma (see 
Remark 1.19), we have 


fran fudn VAEX, 
A 


udu = fads VAEX 
A 


(see (1.37)) and thus u = WU. 
This “uniqueness” of the limit implies that for the original sequence we have 
Un —» u in L1(Q). Then invoking Problem 1.1, we conclude that uy, —> u in L1(Q). 


sO 


Solution of Problem 1.24 
From Proposition 1.13 we know that at least for a subsequence {Un, }k>1 Of {Un}nsi 
we have 

Un, (Ww) —> u(w) for p-aa.wéQ. 


Evidently un, —» win L1(Q). From the Dunford-Pettis theorem (see Theorem 1.28), 
we have that the sequence {tn,},>1 is uniformly integrable. Then Problem 1.23 
implies that uy, —> u in L1(Q). The uniqueness of the limit u implies that for the 
original sequence, we have u,, —> u in L!(Q). 
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Solution of Problem 1.25 
Note that the sequence {tn}ys1 © L*(Q) is bounded. Then by the Hélder inequality 


(see Theorem 1.3), the sequence {Un¥n}ns1 © L*(Q) is bounded. So, according to 


Problem 1.20 in order to prove that unjy, —> uy in L'(Q), it suffices to show that 
for every A € 4, we have 


[ voi du — [va (1.38) 


A A 


Let « > 0 and let A € &. By the Dunford—Pettis theorem (see Theorem 1.28), we 
know that the sequence {Un}nd1 C L1(Q) is uniformly integrable. So, by virtue of 
Problem 1.5, we can find 6 > 0 such that 


if Be X and p(B) < 6, then sup | lUn| du < az (1.39) 
n>1 
B 


with M, = sup ||Yn||oo. Since wp is finite and y,(w) —> y(w) for p-almost all w € Q, 
ne>1 


by the Egorov theorem (see Theorem 1.3.76), we can find C; € © such that p(Cz) < 6 
and y, — y uniformly on 2 \ C,. So, we can find ng € N such that 


lyn — yllz~o(n\c.) < aw Vn2no, (1.40) 


with Mz = sup ||up||1 and 
n>1 


/ (Un — w)y iy <7 Yn >no (1.41) 
A\Ce 


(recall that uy, —> u in L'(Q)). Then we have 


[vom du f wvasl 
A A 


= [ unwudu + [olin —w) det [ste de [ wa 


A\Cs A\Ce ANC: BGs 
< (Un — uy ay |e = yllz-~-(a\c.) Ma 
A\Cz 
+My f Jun) d+ [oe ful ay 
Ce Oz 
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Therefore (1.38) holds and we conclude that unypn —> uy in L'(Q). 


Solution of Problem 1.26 
We know that there exists a sequence of affine functions J,,(2) = a,x + cy such that 


y = sup Vn. Evidently Jn ou € L'(Q) and 
n2>1 


sO 


Solution of Problem 1.27 
Evidently, without any loss of generality, we may assume that u > 0, h > 0. Also, 
note that the case p = 1, p’ = +00 (or p = +00, p’ = 1) is trivial. So, we may as well 
assume that 1 < p,p! < +oo. 

Let 


A= {weQ: hw)>0} and C = 0\A = {wE: h(w) =O}. 


peau = feds fran, 
2 C 


A 


[ran = pra and [una = [uta 
Q A Q A 


So, in order to prove the Holder inequality stated in the problem, we may assume 
that Q = A. On (Q, 4) we consider the new measure m = AP’. Also let 


We have A,C € © and 


y(w) = D, YwenQ 
Pp 
(this is well define as h > 0). We have 


1 = —1 eo _ fguhdu 
ats [ vam = (fw dt) pu PRP du = TohP dy (1.42) 
QD Q QD 
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Consider the continuous convex function y: R —> R defined by y(t) = ||? for all 
t € R. We have 


gly)dm = | uP du. (1.43) 
aaa | 


From the Jensen inequality (see Problem 1.26), we have 


omits | vam) < sity [ elu) am, 
Q Q 


sO 


_Cauhdu)” [wu 


(So hp! dy)” 


(see (1.42) and (1.43)) and thus 


Q 


i uhdp < |lullpllhllyr. 


Solution of Problem 1.28 
Let [, = {1,...,n} and F={k € In: py < +00}. Then we have 


lla ---talloo < | TL ello TTL leelloo 


keF k@F 


al = 5 i 
Po Pk 


keF 


and 


Therefore, without any loss of generality, we may assume that F = I, (that is, 
De < +00 for all k € {1,...,n}). 

First suppose that n = 2. Then we have A + a = 1. So, applying the Holder 
inequality (see Theorem 1.3 and Problem 1.27) with conjugate exponents p = a 
p= = and functions t = |u,|?°, %2 = |ug|?°, we have 


PO PO 
[init du = [leat du < (fui au) Pl Gizs in) eS 
1e) Q Q Q 


which proves the problem when n = 2. 
The general case n > 2, is proved by induction. To this end suppose that the 
result holds for n — 1. We set 


n 


vie 


i 
Dk’ 
k=2 
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1 1 
Then + a + = and we have 
[1 ---Unllpo < [lealp, lua... Unlls 


(since the result holds for n = 2). Thus by the induction hypothesis, we get 
llr... Unllpo < [leallpr «++ [lenllpn 


Solution of Problem 1.29 
Since yu is o-finite, we can find an increasing sequence {Qn nda C ¥ such that 


= | JO, and = p(Qn) < +00 Vn>l. 
n21 


Let 
= {weEQ,: |u(w)| <n} Yn21 


and set 
Un = UX4, Vn21 
We define the linear functionals @ and @, (for n > 1) on L¥’(Q) by setting 
a(h) = [una and tn(h) = [nay VRE LP (Q), n>1. 
Q Q 
Evidently a, € L®’(Q)* for all n > 1. Moreover, we have 


Unh —> uh for praa.w EQ 


and 
Junh| < juh| € L*(Q) Vn2>1 


So, we can apply the Lebesgue dominated convergence theorem (see Theorem I.3.94) 


and have 
[nna — [una 
Q 


Q 
thus 
Un(h) — u(h). 


Hence by the uniform boundedness principle (see Theorem 1.5.39), we have 
ai € L®’(Q)* and so we can find M > 0 such that 


| [ way <M VhelLP(Q), |lAlly <1 
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thus 


hence u € L?(Q). 


Solution of Problem 1.30 
We apply the Holder inequality (see Theorem 1.3 and Problem 1.27) with exponents 


Jq° (oq) and functions Ju|®4 and |ujl-%4. Note that |u|" ¢€ La (9) and since 


- C—Yap we have that |u| é L934 () and rene -_ (35): We have 


_ a 
/ lul?du = | fu] 9x2) dy 
Q 


p—9 
(fiw 130) dy)” ( (fm 9505 du)? 


(fara a fray a 
@] 


x 


sO 


llulla < Wellpllell 


Solution of Problem 1.31 
We have 


j (tn — u)hn + u(hn — h)|? du 


/ \untn — uh|? du 
Q Q 


< 27 F Jun — uP ln Pde + 2P* f(g — BYP a 


< PE M|fn — ul + 27-1 f Julia — AYP dy (1.44) 


where M = sup ||hn||bo < +00. Note that 
no1 


(unh)(w) —> (uh)(w) for p-aa.w EO 


and 
|u(hn —h)|P < 2M|ul? € LO). (1.45) 


94 Chapter 1. Function Spaces 


So, we can apply the Lebesgue dominated convergence theorem (see Theorem I.3.94) 
and have 


[lulls = Wy a + 0. 
Q 


Therefore, if in (1.44) we pass to the limit as m + +00 and use (1.45) and the fact 
that u, — u in L?(Q), we obtain 


Untn —> uh in LP(Q). 


Solution of Problem 1.32 
For every r € [p,q], we have 


Ju(w)|” < |u(w)}? + Ju(w)|? = h(w) for peaa.w Ee. 
Indeed, if |u(w)| < 1, then |u(w)|” < |u(w)|? since p < r, while if |u(w)| > 1, then 
|u(w)|" < |u(w)|? since r < g. Suppose that {Tn}ns1 © [p,q] is a sequence such that 
Tn —> ro € [p,q]. Then 


Ju(w)|"" —+> |u(w)|" for p-aa.w EQ asn—--+oo 


and 
Ju(w)|"" < Ah(w) for p-a.a.w €O andalln>1. 


Since h € L1(Q) (recall that u € L?(Q)NL4(Q)), we can apply the Lebesgue dominated 
convergence theorem (see Theorem I.3.94) and conclude that 


l|ellrn —> |lull-g as mn — +00. 


Solution of Problem 1.33 
Let (u,y) € L?(Q) x L?(Q). We have 


|K@uwt+y)ll2 = |lu+ ylle 


(since K is an isometry), so 


| (u)|I3 + 2 { KWKW) dp + ||K(y)ll3 
D 


= |lul?+2 / uy du + [lyll2 
Q 
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and thus 


[Kwxw) du = [va 
Q 


Q 


If by (-,-)2 we denote the inner product in L?(Q), we have 


Q 
sO 


[ee wwud = uydu Wye L*(Q), 
Q 


oN 


thus 


and hence kK*kK =I 


Solution of Problem 1.34 
From the Fubini Theorem, we have 


+00 


of Ply({u > OP) ad ay prt | X use) Mh) a 


- rf fron a dy = Pf [mana 
Q 


Solution of Problem 1.35 
For every r > 0, let 


Also, let 7 > 0 and consider the set 


U, = {ze RY: M(u)(z) > n}. 


/ K(u)K(y) du=(K(u), K(y)) 2 =(K*K(u),9) 2 = ‘ (K*K 
Q 


(u)y du, 


= [ae 


95 
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If we show that U; is open, then M(u)(-) is lower semicontinuous. So, let x € Up. 
Then by virtue of Definition 1.31, there exists r > 0 such that A,(u)(x) >. Ife > 0 
and |y — z| < «, then B,,-(y) D B,(x) and so 


thus 


hence 


B-(x) © Un 


and finally we get that U;,, is open. Therefore, M(u)(-) is lower semicontinuous. 


Solution of Problem 1.36 
Let A C R™ be a Lebesgue measurable set with finite Lebesgue measure. From 
Problem 1.34, we have 


z (a) + f X*((U(w) > 93) dv. (1.46) 


Let 


sO 


(see Definition 1.31), thus 
{M(u) > 0} D {M(uy) > $}. 
Using Theorem 1.32(b) on the function uy € L1(R), we have 
A ({M(u) > 9}) < S2lfuolh = 82 ful (1.47) 


{lul>3} 
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Returning to (1.46), using (1.47) and the Fubini theorem, we obtain 


+00 
[Mmea < ancy aa f 3( 7 ju(2)| dz) dd 
A {\ul>3 
aju(2) 
< 


mayest f cal / 540) ae 


Solution of Problem 1.37 
The answer is negative in both cases. 

For p = 1, let Q = (0,27) with © being the Lebesgue o-field and pp = 2 being 
the Lebesgue measure. According to Problem 1.1, in order to produce a weakly 
convergent but not strongly convergent sequence of L+-functions, we need to consider 
a sequence which oscillates violently around its weak limit. For this reason we consider 
the functions 


Un(z) = 4+sinnz Vze€(0,27), n>1. 


Evidently the sequence {Un }y51 © L+(0,27) is bounded and for all measurable sets 
A C (0,27), we have 


[(+sinne) dz —> 4p(A), 
A 
so 


Un —> 4 in L(0,2z) 


(see Problem 1.20). Also ||1||1 —+ 87 = ||4||1. Moreover, note that 


sinnzdz = 4 Vn21, 


aie 


20 
[un — 4/1 = [ \sinnelae = 2n 
0 


SO Un #> 4 in L'(0, 27). 
Let p = +00. Consider 2 = (0,1) with © being the Lebesgue o-field and pw = X 
being the Lebesgue measure. Let {un}, 5, be the sequence of functions defined by 
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for all n > 1. Clearly un “Lin L°°(0,1) and ||un||2. —> 1. However, we have 


(ter = Els. Ser V1, 


SO Un #> 1 in L™(0, 1). 


Solution of Problem 1.38 
Consider the linear operator L: L?(Q) —> L47(Q) defined by 


Du) = éu Vue PQ). 
Let {Un}nsi GS L?(Q) be such that up, —> u in L?(Q) and assume that 
L(un) = Un — A in £49). 
By passing to a suitable subsequence if necessary, we may assume that 
Un(w) —> u(w) and (€u,)(w) —> A(w) for p-aa.w EQ. 


So, we have h = €u and then the closed graph theorem (see Theorem I.5.50) implies 
that L € £(L?(Q); £4(Q)). Hence we can find c > 0 such that 


Sulla < elu) Vue LQ). (1.48) 


If 1 < p < +00, then from (1.48) we have 


P 
[igPividy < cule ve LO), 
QD 


soy+— f |€|%y dz is a linear continuous functional on La (Q) and thus |€|% € 1 (Q) 
Q 


(by the Riesz representation theorem; see Theorem 1.21). 

Note that (7)’ = 57. Therefore € € L"(Q) with r= 1. 

If p = +00, then in (1.48) we choose u = 1 and we have ||&||~ < ¢ < +00, which 
means that € € L9(Q). 


Solution of Problem 1.39 

First we show that weak convergence in L'(Q) does not imply convergence in 
i-measure. Consider 1. = (0,27) with the Lebesgue o-field and the Lebesgue mea- 
sure \. Let {Un}nsi © L1(0,27) be the sequence defined by 


Un(z) = cos(nz) V2z€ (0,27), n>1. 


1.3. Solutions 99 


We have un —> 0 in L1(0,2m) (see Problem 1.4.132 and its solution). On the other 
hand, we have 


A({z € (0,27) : | cos(nz) 


W 
Nie 
WH 
—— 

II 
eS 

a 


SO Un “> 0 in measure (see Definition 1.11(a)). 


Now we show that convergence in -measure does not imply weak convergence 
in L1(Q). Consider Q = (0,1) with the Lebesgue o-field and the Lebesgue measure. 
Let {Un}nsi © L+(0,1) be the sequence defined by 


for all n > 1. Evidently u, —> 0 in measure (see Definition 1.11(a)). On the other 
hand, note that 


and so the sequence {tn}, 5, does not converge weakly to zero in L*(0,1). Indeed, 
let h = 1 on [0,1]. Then h € L™(0,1) and 


Solution of Problem 1.40 
No. Consider 2 = R with the Lebesgue o-field and the Lebesgue measure A. Let 
u(z) = Xo) (2) and consider the sequence 


Un(z) = u(z+n) VzeER, n21. 
Evidently 
[iunlde = 1 YRS i, 
R 


so the sequence {Un }ns1 © L(R) is bounded. Arguing by contradiction, suppose that 


we could find a subsequence {tn, }x>1 Of {Un}n 51 Which converges weakly in L+(R). 
Let h € L°°(R) be defined by 


h(z) = So(-1)*xX ap mg (2)  YZER. 
k>1 


100 
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Then we have 


Quik) = [untae = (=1)" Vk>1 
R 


and this does not converge. 


Solution of Problem 1.41 


(a) 


(b) 


Let {Sn}n51 be a sequence of simple functions such that s,(w) —> u(w) for all 
w € 2. Evidently, for each n > 1, the function w ++ f(w, s,(w)) is U-measurable. 
Since by the continuity of f(w,-) we have 


f(w, S8n(w)) —> f(w,s(w)) VweQ, 


we conclude that the function w+ f(w, u(w)) = N¢(u)(w) is &-measurable. 


Let un > u (see Definition 1.11) Without any loss of generality, we may assume 
that f(w,0) = 0 for y-almost all w € Q and that u = 0. Indeed, otherwise we 
replace f(w,x) by 


fw,2) = fw,c+uw)) — fe, ue). 
So, our aim is to show that given ¢ > 0, we can find np = no(e) > 1 such that 
u({w EQ: |fw,un(w))|} Se) < e Yn >no (1.49) 
(see Definition 1.11). Let 


Q% = {weEQ: |fw,2)| <e for all |z| < z}. 


Co 

Clearly the sequence {Qx}e51 CG &u is increasing and U Qe = Q, so 
k=1 

p(Q~,) + w(Q). Thus, we can find kg > 1 such that 


H(Q\ OK) <5. 


Let 
Ch = {wEQ: |unw)| < ae 


Since up, —> 0, we can find np = no(e) > 1 such that 
H(Q\ Cr) < § VYn>no. 


Let 
En = {wEQ: |fw,un(w))| < e}. 


1.3. 
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Then Cp A OQk, © En. So, we have 
H(Q\ En) < w(Q\ Cn) +W(Q\M%) < FFE =e Wn>no, 


thus Ns(un) “> Ny(u). 


Solution of Problem 1.42 


(a) 


(b) 


From the assumption 
|f(w,2)| < a(w)+clz|" for p-aa we, allaeR (1.50) 
and using the Minkowski inequality (see Theorem I.3.101), we have 
IN (lla S lalla +elllullla = Wella + ellullar- (1.51) 
So, Ny maps L2"(Q) into L4(Q). 
From (1.51) it is clear that Ny is bounded (i.e., maps bounded sets in L4”(Q) to 
bounded sets in L4(()). 


Next, suppose that un —> u in L2"(Q). By passing to a suitable subsequence if 
necessary, we may assume that 


Un(w) —> u(w) for paa.w EO 


and 
\un(w)| < h(w) for p-aaweEQ, alln>1, 


with h € L2"(Q) (see Propositions 1.16 and 1.15). From (1.50), we have 
|f(w,un(w))| < a(w)+clh(w)|" = gw) for waaw EQ, 

with g € L9(Q). Since f(w, un(w)) —> f(w, u(w)) for p-almost all w € Q, we can 

apply the Lebesgue dominated convergence theorem (see Theorem I.3.94) and 

have (for the original sequence) that 


Ne(un) —> Ne(u) in L4(Q). 


So the function u+—> N¢(u) is continuous. 
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Solution of Problem 1.43 
Fiest we show the continuity of Nf. 

As in the solution of Problem 1.41(b), without any loss of generality, we may 
assume that 

f(w,0) = 0 for waa. w EQ 

and reduce the problem to proving the continuity of Ny at the origin. Arguing by 
contradiction, suppose that Ny is not continuous at u = 0. So, we can find a sequence 
{Un}n>1 G L?(Q) such that u, —> 0 in L?(Q) and N¢(un) 7 0 in L4(Q). By passing 
to a suitable subsequence if necessary, we may assume that 


Ss" l|un||f < +00 and [lteune))|t au ee ieee Vu. (1.52) 
n2>1 Q 


Let 1 
An = {wEQ: |f(w,un(w))| > (sy) *} V2 1 (1.53) 


From Problem 1.41 and its solution, we know that Ap, € © and p(An) > 0. 

We construct a decreasing sequence {€,},%>1 of positive numbers and a subse- 
quence {Un, fx>1 Of {Un},51 as follows. 

Let €; = p(Q) and up, = U1. 

Next choose €2 € (0, 4) such that 


[fern )) "ae < 8 YCe®, with p(C) < 22. 
Cc 


Then choose nz > 1 such that (An) < €2. 
Now that we have €2 and un,, we choose €3 € (0, $) such that 


[fern ()) "ae < 8 YCeE®, with p(C) < 2e3. 
Cc 


Then choose n3 > 1 such that p(An;) < €3. 
We continue this way. Let 


En, = An, \ U An,- 
i=k41 


The sets { Fn, }%>1 are pairwise disjoint. We set 
= Un, (w) ifw € En,, i =1,2,..., 
ua) { 0 otherwise. 


From (1.52) we see that u € L?(Q). Then by hypothesis Np(u) € L4(Q). 
On the other hand, let 


/ [fw,ulw)) [dp = / |F w, tin, (w)) |? 
En, Eny 


1k 


J \tostns [de / LFW, ting(w))|%dp (1.54) 
A 


nk Aig \Ery 
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Note that 


since An, \ En, © LU An, and so 
i>k41 


H(An, \ En, ) < > L(An,) < 2Ek+i- 
i>k+1 


4 and so 


Returning to (1.54), we have m > 


k>1 


[lieu @)l"de = Som = +00, 
Q 


a contradiction. 


Moreover, if Ny 
such that 


Remark. In fact one can show that 1.51 holds when r = 
maps L?(Q) into L~(Q), then there exists a function a € L®(Q 


|f(w,x)| < aw) for p-aaweEQ, allaeR 


(see Krasnoselskii [13, p. 27]). Moreover, the result is also true for o-finite measure 


spaces (see Krasnoselskii [13, p. 22]). 


Solution of Problem 1.44 

From Problem 1.19 we know that u € L?(Q). By the Egorov theorem (see Theo- 
rem 1.3.76), given « > 0, we can find Ae € © with p(A-) < € such that un — u 
uniformly on 2 \ A;. So, we can find no = no(e) > 1 such that 


|un(w) — u(w)| < —=y VweEQ\A,, n= no. 
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For n > no, we have 


un =e =f un — ul =f fin — ul +f Yen — ul 
Q O\ AE Ae 


< 8+ [tn —ull2u(A)? < ef + M%el> 


(by the Hélder inequality; see Theorem 1.3 and Problem 1.27), where M = 
max { sup lum hs tll} < +90, 0 
1 


a 


lim sup ||Un — ul/f < e7 + Mie? 
n—++00 


Since € > 0 is arbitrary, we let ¢ \, 0 to conclude that 


Un —> u in L4(Q), 


for all q € [1,p). 


Solution of Problem 1.45 
For any A € % and n > 1 we have 


onan = [una fundy, 
Q 


A Ac 
timsup [un du = [edu iimint [un du 
n—+00 n— +00 

A 


Q Ac 
udu fd = [udu (1.55) 
Q Ac 


A 


(by the Fatou lemma; see Theorem I.3.95). On the other hand, by the Fatou lemma, 
we have 


sO 


x 


< limi F 
[udu < timint fun dy (1.56) 


n 


A A 
So, finally, we conclude that fun du — f udu. 
A A 


Solution of Problem 1.46 

Evidently we may assume that u € L?(Q) (otherwise the inequality holds trivially). 
Let hy, = min{h,n} for n > 1. We have {h, > J} C {h > V} and if 0 > n, then 
{hn > 0} = 0. Using Problem 1.34, the hypotheses, the Fubini theorem and the 
Holder inequality (see Theorem 1.3 and Problem 1.27), we have 
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Vol =f hRdp = vf (the > 09) a0 
0 
< p { »( / udu) ad 
0 {hy 39} 
hn(w) 
= rf ( / a0) ud = 5F f uhh? du 
Q 0 Q 
ri 
< Zrhule( i neO dye)” = Paull 


(recall that p’ = aor so 
l[Pullo < s®yllullp Vane. 


We let n — +00 and use the Lebesgue monotone convergence theorem (see Theo- 
rem 1.3.92), to conclude that 


Solution of Problem 1.47 
Let {Un}ns1 G LP(Q) be a sequence such that u, —> u in L?(Q). By passing to a 
subsequence if necessary, we may assume that 


Un(w) —> u(w) for p-aa.w EO 


and 
lun(w)| < €(w) for paaweEQ, alln>1 


with € € L?(Q). Note that 
(unh)(w) —> (uh)(w) for p-aa.w EO 


and 
\(Unh)(w)| < |(Eh)(w)| for p-aa.w EQ, alln >1 


and by hypothesis h € L1(Q). Therefore, by virtue of the Lebesgue dominated 
convergence theorem (see Theorem 1.3.94), for the original sequence, we have 


unh —> uh in L*(Q), 
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so 
K(tn) —> K(u) in L'(Q). 
Thus, if L: L?(Q) —> R is defined by L(u) = f uhdp, then L € L?(Q)*. Therefore 
Q 


by the Riesz representation theorem, there exists a unique he L¥’(Q) such that 


Llu) = [van Vue LP(Q), 


Solution of Problem 1.48 
Consider the map Kk’: C ((0, 1]) —> R defined by 


K(u) = u(0) YueC((0,1]). 


Clearly K is a linear continuous functional on C ([0, 1]) (that is, K € C ({0,1])*). Since 
C (0, 1]) € L°°(0,1), by the Hahn—Banach theorem (see Theorem I.5.24), we can find 


K € L™(0,1)* such that Tl etivas = K. If L+(0,1) is reflexive, then L©(0,1)* = 


I+(0,1) (recall that £1(0,1)* = L°(0,1); see Theorem 1.21). So, we can find h € 
L+(0,1) such that 


1 
K(u) = [una Yue L*(0,1), 
0 


sO 


Let 
Un(t) = max{1— nt, 0} Vte (0,1). 
Then uy € C ([0, 1]) and 


KG.) =a, (0) =I Vn>l1. (1.57) 
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Note that u,(t) —> 0 for all t > 0. So, by the Lebesgue dominated convergence 
theorem (see Theorem 1.3.94), we have 


1 
= [nat — 0, 
0 


which contradicts (1.57). This proves the nonreflexivity of L'(0, 1). 
Finally, if L°°(0, 1) is reflexive, then so is L'(0,1) (see Theorem I.5.76), a contra- 
diction. 


Solution of Problem 1.49 
We argue by contradiction. So, suppose that there exists a normed space V such 
that v= = [1(0,1). Then from the Alaoglu theorem (see Theorem I.5.66), we have 


that BY is w*-compact (where RB = {ve L'(0,1) Ee 1}). We claim that 
ext Be = () (see Definition I.5.127). To see this, let u € Bo and let b € (0,1) be 


such that 
b 1 
_ — ell 
Jiuias = fluias = 5. 
0 b 


t 
Since t+ [ |u| ds is continuous such that b exists. We have 
0 


GS 5 (2UX 5 a) 7 5 (2UX.1))- 


=L' 3 A ; sl} 
Note that 2UX 049 2UX pp.) © Bi - So, we infer that u is not extremal and since u € By, 


panes gal 
was arbitrary, we conclude that ext By = (). On the other hand, by the Krein— 


ee weil 
Milman theorem (see Theorem I.5.128), we must have ext Bi # (), a contradiction. 


Solution of Problem 1.50 

We know that L € FL OG Jain L'(Q2)w), where L+(Qz)w denotes the Lebesgue space 
L*(Q;,) furnished with the weak topology, for k = 1,2 (see Proposition 1.5.61). So, 
we have 
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From the Dunford—Pettis theorem (see Theorem 1.28), we have that C” is w-compact 
in L1(Q1). Hence L(C”’) is w-compact in L'(Q2) and so 


W =p are 
’ 


ie) = DO) 


thus the set L(C) is relatively w-compact in L'(Q2) and hence the set L(C) C L1(Q2) 
is uniformly integrable (again from the Dunford—Pettis theorem). 


Solution of Problem 1.51 
Without any loss of generality we may assume that u > 0. Since the measure space 
is o-finite, we can find a sequence {An}n>1 C ¥ such that u(An) < +00, An © An41 


for alln > 1 and Q= [J An. We set 
ne1 


Un = X4,U © EH) Vn 1. 
Evidently u, 7 u and so by the Lebesgue monotone convergence theorem (see Theo- 


rem 1.3.92), we have 
[uw du 7 [udu 
Q 


Q 


By hypothesis fun,du = f udu <7 for alln > 1, hence f udu < 7. 
2 A fe) 


nm 


Solution of Problem 1.52 

(a) Note that the set C is convex. So, by the Mazur theorem (see Theorem I.5.58) 
to show that C’ is weakly closed, it suffices to show that it is strongly closed. So, 
let {Un}ns1 G C be a sequence such that un —> u in L1(Q). Then by passing 
to a subsequence if necessary, we may assume that un(w) —> u(w) for u-almost 
all w EQ. Since up(w) > 1 for p-almost all w € 2, we have that u(w) > 1 for 
p-almost all w € Q and so u € C.. Therefore C’ is weakly closed. 

(b) No. Part (b) of Definition 1.18 is clearly satisfied, but we will show that part (a) 
of this definition does not hold. Proceeding by contradiction, assume that the 
sequence {Un = Xin nga tn21 © L'(R) is uniformly integrable. Let ¢ = 4. Then 
there exists a set A € © such that (A) < +00 and 


1 
sup if Xinnay() de < 5. 
n>1 


Ac 
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In particular, we have 


is Pees (x)de = MACA[jnt+1) Yn>1 
Ae 
(A being the Lebesgue measure in R). Then 
MAN [n,n+1]) = 1-A(ASN[n,n+1)) > 1- 
and so 


MA) > SAAN In,n+1]) = +00, 
no1 


a contradiction. Thus the sequence {X,,, ,,41; }n>1 © L*(R) is not uniformly inte- 
grable. 


Solution of Problem 1.53 
(a) Let p € (1, +00). Since w(Q) < +00, we have L?(Q) C L1(Q) for all p € (1, +00). 


(b) 


So, the set C is L'-bounded. Also, for every A € }, by the Hélder inequality 
(see Theorem 1.3 and Problem 1.27), we have 


1 
fiw due < |lullpllxally < Multa)”, (1.58) 
A 
with M = sup ||u||p < +00. So, given € > 0, if we choose 6 = (Pr > 0, we have 
ueC 
[uid < = Yuec, A€d with p(A) <6 
A 


(see (1.58)), so the set C is uniformly integrable (see Problem 1.6). 


If p = +00, then reasoning is even simpler (we do not need use the Holder 
inequality in the above proof). 
Let {Un}nsi © L+(0,1) be the sequence defined by 


_ fn if 2e(0,4), 
Un(a) = ic if x €[4,1), 


for all n > 1. Then ||u,||1 = 1 for all n > 1, so the sequence {tn}j51 © E*(0,1) 
is bounded. But choosing ¢ = 5, for any 6 > 0 we can find no > 1 such that 
a <6 and then for A = (0, a) and for un), we have 


NO Jlrnol ad oie g 
A 
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(A being the Lebesgue measure in (0,1)). Thus the sequence {un}ns1 © L(0,1) 
is not uniformly integrable. 

(c) First note that in a finite measure space (Q,%, 4), the condition of part (a) of 
the definition of uniform integrability (see Definition 1.18) is satisfied for any set 
C C L'(Q), so the condition of part (b) of this definition is the only one which 
is needed for the set C' to be uniformly integrable. 
We will show that in an infinite measure space parts (a) and (b) of the defini- 
tion are independent. Let 2 = R, © the Lebesgue o-field on [0,1] and uw = A 
the Lebesgue measure on [0,1]. First consider the sequence {tn}ns1 © L(R) 


defined by 
_ fn if xe (0,4), 
Un(a) = . if «ER\ (0,4), 


for all n > 1. Similarly, as in the solution of part (b) of this problem, we easily 
show that the sequence {un},1 is L*(R)-bounded (thus satisfies part (a) of the 
definition of uniform integrability) and does not satisfy part (b) of this definition. 
On the other hand, take the sequence {un = ne ssi C L'(R) of characteris- 
tic functions of the intervals [n,n+1). As in the last part of the solution of Prob- 
lem 1.6, we can show that it satisfies part (b) but not part (a) of Definition 1.18. 


Solution of Problem 1.54 
Let p € [1,2). We have 


S > A({u? > n}) = S-A({u > nP}) 


n>1 n>1 
1 1 
< < ZT < -+-OO, 
n>1 ee n>1 a 


so u € L?(0,1). 
On the other hand, let u(t) = + — 1 for all t € [0,1]. Then u ¢ L?(0,1), but 


A({u>}) = A({t€ 0,1): B-1>%}) 
= X({t€ (0,1): t< agp ao }) 


1 1 


Therefore u ¢ L?(0,1) for all p > 2. So, the minimum value of p is 2. 
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Solution of Problem 1.55 
Note that Z1(R) M L°(R) C LP(R) for every 1<p<-+oo. Indeed, if 
u € L'(R)N L®(R), then 


lll < ello “Ileal, 
so u € L?(R). 
For any u € L?(R), we set 
Un = XenmU © L'(R) N L®©(R) 


and we have ||u — un||p —> 0. 
Next we show that Z1(R) M L°(R) is not dense in L°(R). Let w=1. 


Then ué€ L°(R) and proceeding by contradiction suppose that there exists 
v € L1(R) NM L®©(R) such that ||v — ulloo < 3. Thus 


inf = 1-(1- inf > le 1l—v(x 
ess inf (2) (1 — essinf o(z)) essaup(l 92) 
> 1—esssup|1—v(z)| = 1-|lu-vllo > 4, 

xzeER 


so obviously v ¢ L'(R), a contradiction. 


Solution of Problem 1.56 
Recall that for every € € L°°(Q)*, we have 


lise = sup {]§(u)| = llulloo < 1}. 


So, given € > 0, we can find uj, ug € L™(Q) with ||wi|loo, ||uelloo < 1 such that 


I€arllk —€ < €4,(u1) and [Eagle —€ < Ea, (ua). (1.59) 
We define 
dihy = ur(w) if we Aj, 
~ | ue(w) if wEQ\ A). 
We have 


EAiUAg(u) = E(Xa,u4, 4) = E(Xa,U+ Xa,U) 
= E(x4, 4) + &(X4,¥) > |l€4,||+ + l]E4alle — 2€ (1.60) 


(recall that A; M Ag = @ and see (1.59)). But note that ||u||.. < 1, so from (1.60) we 
have 


EarUAglle 2 |EAz lle + [[Eag |] — 2e. 
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Let € \, 0, to conclude that 
[EAuAalle 2 [Ey Ile + [E49 l- (1.61) 
Next, for every u € L™(Q) with ||ullo. < 1 we have 


JEaruae(%)| = [E(Xa,ua,¥)| = [Elva 4) + €(xu,4)| 
< |é4,(u)| + |E4.(u)| 


(since Ay MN Ap = 0), so 
I[EArmAlle < [Earlle + [EAzll+- (1.62) 


From (1.61) and (1.62), we conclude that ||€4,q4||* = ||€4,|l« + ||E45|l«- 


Solution of Problem 1.57 
For every n > 1, let An € © be such that 


wAn) < ge and l€aqlle > (lélle — 3. 
By virtue of Problem 1.56, we have 
I|EAs || < mm Vn21. 


LetC,= U Axed. Then 
k>n+1 


WCny < se VRE 1, 


Let u € L®°(Q) be such that ul, = 0. Then for k >n+1, we have u = y,.u and so 
is k 


JE(u)| = [Eac(u)| < [Esgllsllulloo < gallulloc, 


so € is supported by {Cr}ns1 and Cnii © Cy for all n > 1 and p(Cn) \, 0. Thus € 
is singular. 


Solution of Problem 1.58 
To fix things, we assume that each uy, is increasing. First we are going to show 
that u is increasing too. Arguing by contradiction, suppose that u is not increasing 
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on [0,6]. Then we can find 21,22 € [0,6], 21 < x2 such that u(21) > u(a2). Let 
h = u(x 1) — u(x2) > 0. Since u, —> wu pointwise, we can find no > 1 such that 


|tm(x1) — u(a1)| < hand |tin(x2) — u(a2)| < B VYn>no. 
Then 
Un(L2) — Un(t1) < u(ae) + B + B — u(21) 
=h-—(u(x1)— u(x2)) = h-h = 0 Yn >no. (1.63) 
On the other hand, we have 
0 < Un(x2) — Un(21) Vn2>1. (1.64) 


Comparing (1.63) and (1.64), we reach a contradiction. This proves that wu is 
increasing. 

Next we show that the convergence on (0, }] is in fact uniform. We already know 
that u is increasing. Moreover, since u € C((0,6]), it is uniformly continuous. So, 
given ¢ > 0, we can find x1,...,2% such that 0 = 27, <4 <...<%m =6 and 


0 < ula,) —U(ae_i) < € Vk e {2,3,...,mb}. 
Thus using also the monotonicity of u, we have 
0 < u(y) —u(z) < € Vo € (ay 4,%z|, & € {2,3,...,m}. (1.65) 
Since un —> u pointwise on [0,b], for all n > no = no(e) > 1, we can have 
\un(ze) —u(ze)| < e Wke {1,2,...,m}. (1.66) 
Let x € [0,6]. Then x € [xp_1, 2x] for some k € {2,3,...,m}. So, we have 
Un(Z) < Un(ae) < ulxz) te < u(x) + 2e Yn no. (1.67) 
(see (1.65) and (1.66)). Similarly, we show 
u(x) —2€ < un(x) Yn no. (1.68) 


From (1.67) and (1.68) and since no > 1 is independent of x € [0,6], we conclude that 
Un —> u uniformly on (0, 6). 


Solution of Problem 1.59 
We have 


len — ull2 = / (tin — u)? du 


= Phau —2 frunudus fu? dy Vn>1. (1.69) 
Q ) Q 
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Since by hypothesis u2 —» u? in L1(Q), by choosing h = 1 € L®(Q), we have 
Le du = Jinan — [ends = fe dy. (1.70) 
Q Q Q Q 
Also since umn —> u in L?(Q), then u € L?(Q) and so 
[vuay — fe du. (1.71) 
Q Q 


So, if in (1.69) we pass to the limit as n — +00 and we use (1.70) and (1.71), then 
we have uy, —> u in L?(Q). 


Solution of Problem 1.60 

The Pettis measurability theorem (see Theorem 1.36) implies that we need to consider 
functions with values in a nonseparable Banach space. So, let X = /?([0,1]). This 
is a nonseparable Hilbert space. Let {e:}+¢[0,1; be an orthonormal basis for X. We 
consider the function wu: [0,1] —+ /?([0,1]) defined by 


u(t) = e V te (0,1). 


This function is weakly measurable. Indeed, for every u* € 1?((0,1])* = 1°((0,1]) we 
have 
(u*,u(t))y = (u*,ez)y = 0 foraa. te [0,1]. 


On the other hand, if A C [0,1], then the set u([0, 1] \ A) is separable if and only if 
[0,1] \ A is countable, which means that A cannot be Lebesgue-null. So, by virtue of 
the Pettis measurability theorem (see Theorem 1.36), u is not strongly measurable. 


Solution of Problem 1.61 
Note that 


|u(w) |x < A(w) for p-aa.w EQ. 


Also, for every n > 1 the function w +> ||u(w) — un(w)||x is U-measurable and we 
have 


||u(w) — un(w)||x < 2h(w) for waa.w EQ, alln >1. 


Then the Lebesgue dominated convergence theorem (see Theorem [.3.94) implies that 


J lule) = wale de +0. (1.72) 
Q 


1.3. Solutions 115 


Since uy, is Bochner integrable, by Definition 1.38(b), we can find a simple function 
Sy: 2 —> X such that 


J lune) = snl de 28 Yast, (1.73) 


Then we have 


/ |ex(w) — saw) lla dy 
Q 


< / [es(u) — tin (to) Ie dee + / len (w) — Se(w)Ilx dp —> 0 (1.74) 
Q Q 


(see (1.72) and (1.73)), so u is Bochner integrable (see Definition 1.38(b)). 
Also, we have 


| | u(w) du | tin we) dp y 
< | fos uf snlee) dilly + | i snlwe)du— fun () dl 
Q 


j |ux(w) — Saw) Ila dye + / Isn(w) — u(w)]lx dye — 0 
Q Q 


(see Proposition 1.40, (1.73) and (1.74)). Therefore we conclude that 


Solution of Problem 1.62 

Clearly wu: Q —> X is weakly measurable. Also from the Pettis measurability theorem 
(see Theorem 1.36), since uy, is strongly measurable for all n > 1, we can find A, € © 
with ~(A,,) = 0 such that up(Q \ A,) is separable in X for alln > 1. Also, let DEX 
be the p-null set such that 


Un(w) —> u(w) YweEQ\D. 


We set C= DU U An. Then C € © and p(C) = 0. Also, we define 
n>1 


Y = span |) um(\ An), 
n>1 
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which is a separable Banach subspace of X and u(Q\ C) C Y. Then once again the 
Pettis measurability theorem (see Theorem 1.36) implies that u is strongly measur- 


able. From Proposition 1.40, we know that for every n > 1 we have ||un(-)||x € L(Q) 
and so by the Fatou lemma (see Theorem I[.3.95), we have 


/ fe) inc eS teat / fea (ea) hae 
n—++00 
Q Q 


thus u is Bochner integrable (see Proposition 1.40). 


Solution of Problem 1.63 
Since u is Bochner integrable, the function w +— ||u(w)||x is N-measurable. So 


Ap = {wEQ: |luw)|lx >0} € E. 


From Remark 1.37, we know that given ¢ > 0, we can find countable valued mea- 
surable functions he: Ag —> X and g-: Ap —> Y and a p-null set D C % such 
that 


sup |lu(w) —he(w)|lx < § 
wEQ\D 


and 


sup ||L(u(w)) — ge(w)|ly < 5. 
wEQ\D 


Let {Cnty si G UM Ao be a common refinement of the subdivisions of Ag defining 
hz and gz and let w, € C, for all n > 1. We introduce the function uz: 2 —> X 
defined by 


i= u(wn) if wECn, n21, 
we) = 1 0 if wEQ\ Ao. 


Then we have 


/ lulu) — te (wx dye < ep(Q) (1.75) 
Q 


and 
/ |L(u(w)) — L(tte(w))|ly due < en(O). (1.76) 
Q 


Also, for every A € %, we have 


/ ue) dp = Srulwn)a(Cn A) = tim Srulwn)u(CynA) (177) 
n=1 
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and 


L(we(w)) du = SY) L(u(wn)) u(Cn 9 A) 


a 


no1 
N 
= lim Yo Lulwn))a(Ca 4) (1.78) 


But by hypothesis L is closed. Therefore from (1.77) and (1.78) it follows that 


6 Gp, € : F 
([« d [ Huo) au) € Gr (1.79) 
A A 


Now let €, \, 0 and let uy, = ue, Then from (1.75) and (1.76) (they are also valid if 
Q is replaced by A), we have 


[uw djs —> [udu and | olan) an > few di, (1.80) 
A A A A 
and from (1.79), we have 


| Hun) du _ (fun dy) aed. 
A A 


Then (1.80) and the closedness of L imply that 


Solution of Problem 1.64 

By replacing u by u — y, we see that we may assume that y = 0. Moreover, by 
virtue of the Pettis measurability theorem (see Theorem 1.36) without any loss of 
generality we may assume that X is a separable Banach space. Then the dual unit 
ball B| = {a* € X*: ||a*||, <1} furnished with the relative w*-topology, is compact 
and metrizable. Therefore, we can find a sequence {7,},51 © B, which is w*-dense. 
Then using Problem 1.63, we have 


(oy, f udu) = [ew du YVn21, AEX, 
A 


sO 
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(recall we have assumed that y = 0) and thus 
(eo, tle)) = 0 VWwel\ D,, with w(D,) =0, 72 1. 


Let D= U Dy. Then D € © and p(D) = 0. Also, we have 
1 


n2 
ig <ulw)> = 0 YweEQ\D, n21, 


so 
|u(w)||x = 0 YweEQ\D 


(recall that the sequence {z7,},,5, is w*-dense in B;), thus finally 


u(w) = y(w) for waa. weEQ. 


Solution of Problem 1.65 

As in the solution of Problem 1.64, we may assume that y = 0 and that X is sepa- 
rable. So, B; = a eX*: lle" |< 1} equipped with the relative w*-topology is 
compact metrizable. So, we can find a sequence eel Cc B, which is w*-dense. 
By hypothesis, we have 


Cr ie) =D) Vwe OD, py) Ht, 2 1 


(recall that y = 0). Let D= LU Dy. Then D € &, p(D) = 0 and 
1 


n2 
(a lw) = 0 YwEQ\D, n21. 


Exploiting the w*-density of the sequence {x7,},51 © B,, we conclude that 


(z*,u(w)) = 0 VweEO\D, 2* € Bi, 


so 
lum)lx = 0 Vwen\D, 


thus 
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Solution of Problem 1.66 
We argue by contradiction. So, suppose that ay J u(w) du ¢ convu(A). Then by 
A 


the strong separation theorem (see Theorem 1.5.29), we can find «* € X* \ {0} and 
7 € R such that 


sO 


ats f (* uy) du <n < (2*,u(w)) YweaA 
A 
(see Problem 1.63) and thus 


ler du < nla) < feta) dy, 
A A 


a contradiction. 


Solution of Problem 1.67 
Let {An}n>1 C ¥ be a sequence of pairwise disjoint sets. From Proposition 1.40, we 


know that 
| [ude < fiulcae vnda, 
An An, 


Therefore in the series 


man) = YO fwd 


n>1 n> 14, 
each term is dominated by f ||u||x dy and from the properties of the Lebesgue in- 


tegral A +> | ||ul|x du is a finite measure on U. Therefore the series }> m(A,) is 
A n>1 
absolutely convergent. Also, we have 


Im U An) 0 fl 

n>1 n=14 

= || | udull, < / lullxdu —> 0 ask— +o, 
U An U An 


n>k+1 nok+1 
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sO 


and thus m is a vector measure. 
Since ||u(-)||.x € L'(Q) (see Proposition 1.40), from the absolute continuity of the 
Lebesgue integral, we have 


lim [ie du = 0. 
Alia | lela 


But 
Im(A)ix < f falls dy ies 
A 


Therefore 


Solution of Problem 1.68 

“>”: This is obvious. 

“<—”: By the Pettis measurability theorem (see Theorem 1.36), we may assume that 
X is separable. Then X¥.. is Souslin, in particular then w*-separable. So, we can find 
a sequence {27;,},51, © X* which is w*-dense in X*. Using Problem 1.63, we have 


C= (x4, [ udu) = [Gio du YVAEX, n2>1, 
A A 


so 
(eo a)) =D Woe Dw D,)=0, nS 1, 


Let D= J Dy. Then De &, p(D) = 0 and 
n>1 


(a7 ,ulw)) = 0 YVweEQ\D, n21, 


thus u = 0 (since the sequence {2x7,},,5, is w*-dense in X*). 


Solution of Problem 1.69 
Fix A € © and define €: Uo — (0, u(Q)] by 


g(C) = w(CNA) VCEX». 
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Clearly € < ys and so by the Radon—Nikodym theorem (see Theorem I.3.152), we can 
find 04 € L'(Q, Xo) such that 


€(C) = n(CNA) = [oad VC EX». 
Cc 
Let s: 2 —> X be a simple function, that is, 
s(w) = See, (w) YwedQ, 
k=1 
where z, € X, Ay € © for k € {1,...,n}. We define 


B*9(s) = So re8Ay: 
k=1 


So, the conditional expectation operator is well defined and clearly linear on the 
simple functions which are dense in L1(Q, ©; X). Moreover, we have 


|Z"°(s)||, < | (Slee) a 
qQ. k=1 


n 
< || So lizellxxa, ll, = lislh- 
k=1 


Therefore, E¥° has a contractive linear extension to all of L1(Q, 5; X) which we still 
denote by E™°. Evidently 


[ua = [Pd VAE Xo. 


Solution of Problem 1.70 
Consider the linear operator K: X —+ L'(Q) defined by 


Kigi¢) = wep) Voe xX. 


We claim that K has closed graph. To this end, suppose that {fn}n>1 CX isa 
sequence such that rz) —> x in X and K(a,) —> h in L+(Q). By passing to a 
suitable subsequence if necessary, we may assume that 


K(an)(w) — A(w) for p-aaweN. 
On the other hand, 


(u(w),%n) —> (u(w),x) for waa.weEQ. 


122 Chapter 1. Function Spaces 


Therefore h(w) = (u(w),2) and so Gr K C X x L'(Q) is closed. By the closed graph 
theorem (see Theorem 1.5.50), we obtain that K € £(X;L'(Q)). Also, the map 
Ta: L'(Q) — R defined by 


Ta(h) = [rau VRer®) 
A 


is linear continuous. Therefore T’4 0 K € X* and so there exists 7%, € X* such that 


(east) = J buo),c) du Vue X. 
A 


Solution of Problem 1.71 
(a) Since X @ Y continuously, we can find c; > 0 such that 


lzlly < callz|lx Vae X. (1.81) 


Let y* € Y*. Then 


[yey] < Ily*lly-lally < cally*llyellallx  Vaoe X, (1.82) 


(see (1.81)). Let y* = y*|x. Then from (1.82) we have 
lv" Ilx* < cilly"lly-. (1.83) 
We show that 7* = 0 implies that y* = 0. To this end, for x € X we have 
0= Y tx = (Y",z)y 
(recall that * = y*|x). 
The density of the embedding X < Y implies that y* = 0. Therefore, the map 


i*: Y* —+ X* defined by 7*(y*) = y* is continuous injective and so we conclude 
that Y* — X™* continuously (see (1.83)). 


Now suppose that X is reflexive and X is dense in Y. We will show that Y* is 


dense in X*. Arguing by contradiction, suppose that yall # X*. Then we can 
find ro € X** = X (recall that X is reflexive), x9 4 0 such that 


ao; = 0 Vy er". (1.84) 


Since zo € X CY, from (1.84) we infer that x29 = 0, a contradiction. 
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(b) From part (a), we know that the embedding Y* — X™* is continuous and 
dense. According to Remark 1.37, we can find a sequence {s,: Q —> a) 
of %-measurable and countably valued functions such that 


Sn(t) —> u(t) uniformly in t € T. (1.85) 
We have 
IIsn(t)Ilx < callsnilzowr;x) VteT, n2>1, (1.86) 
for some cz > 0 and 
y*,sn(t))x > Wu),  VyteY*OX tet. (187) 


Then we can write 


| usu) x |< [ly lLxellsn@Ilx < eally*lLx«llsnllzeocr;x) 


(see (1.86)), so 


ly'ult))x | < eally'llx-ltulowcrxy VET (1.88) 
(see (1.85) and (1.87)) and thus 
u(t) € X and |ju(t)ix <callullas¢r.x) (1.89) 


(since the embedding Y* — X™* is continuous and dense). 
Let «* € X*. We can find a sequence {y7,}z>1 C Y* such that yf —> 2* in X*. 
Let t,, —> t. Since by hypothesis u € C(T; Yw), we have 


(Yer U(tn)) x = (Yer U(tn))y —> (Yer u(t))y asin — +00 
Vasil, ter. 
Also, we have 
(yp, Ut) y = (Yer ult) x —> (a*,ul(t))x as k + +00. (1.90) 


From (1.88) and (1.90) it follows that we can find a sequence {k(n)},,51 increasing 
(not necessarily strictly) to +oo such that 


(Yk (n)> U(tn)) 5 — (x*,u(t))y asn—- -+oo. (1.91) 
Finally we have 
| (os i. _ ar u(t)) | 
| (x i _ (Yen) U(tn)) x | + | (Yen) U(tn)) x > (x*, u(t)) x | 
Ila" u(tn) Ix + |(Yi(n)s U(tn)) x — (a*, u(t) x | 


x = Vii “a 
cal|Z" — Yarn ‘lxelulzweroy + iti ):U(tn)) y — (a*,ult)) x | 


< 
< 
< 
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as n — +00 (see (1.89) and (1.91)), sou € C(T; Xy). 


Solution of Problem 1.72 


(a) Suppose that the claim of the problem is not true. Then we can find ¢ > 0 and 
a sequence {@n},5, C X such that 


lltnlly > ¢llanilx +nlleniiz Vn>1. 


Let yy = te for all n > 1. We have 


lanl 


llynlly > e+nllynil2 Vnel. (1.92) 


Note that ||yn||x = 1 for all n > 1 and since the embedding X — Y is compact, 
we have 
llynllz —> 0 (1.93) 


(see (1.92)) and the sequence {Yn},51 CG Y is relatively compact. Therefore we 
can find a subsequence {Yn, }x>1 Of {Yn}ns1 Such that 


so 
Ynr > Y IZ 


since the embedding Y ~ Z is continuous. Thus y = 0 (see (1.93)). 
On the other hand, from (1.92) and by passing to the limit as n — +00, we 
obtain 

Iylly 2 € > 0, 


a contradiction. 

(b) Since the set K is relatively compact in L?(T; Z), it is totally bounded (see 
Definition I.1.70 and Theorem 1.1.71). So, given « > 0 we can find w1,...,Un € K 
such that for every u € K, there exists k € {1,...,n} such that ||u—ug||zecr;z) < 
e. By virtue of part (a), given € > 0, we can find ce > 0 such that 


lu — ualleoersvy) <  €llu— uellzecr;x) + cellu — ull ecr;z) 
< Ediamp»(7,x)(K) + Céé. (1.94) 
Given ¢’ > 0, let € = EEE eo) and € = rae Then from (1.94) we have 


l|u — uellzecrsv) < é, 
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which implies that the set K is relatively compact in L?(T;Y). 


Solution of Problem 1.73 
From Theorems 1.46 and 1.47, we know that the space L?(Q; X) is reflexive. So, by 
passing to a subsequence if necessary, we may assume that 


Un —> @ in L?(Q;X), (1.95) 


with w € L?(Q;X). Also, by the Mazur theorem (see Corollary 1.5.59), there is a 
sequence {Yn}ns, CG LP(Q;X) consisting of convex combinations of the u,’s such 
that 

Yn —> G@ in LP(O;X). 


Hence by passing to a subsequence if necessary, we have 
Yn(w) —> U(w) for p-aa.w EQ, 


so t= u. 
The uniqueness of the limit implies that for the original sequence, we have 


(see (1.95)). 


Solution of Problem 1.74 
Fot all h € R consider the translation operator 7; defined by 


mut) = ult+h) Vue LP(T;X), teT. 


We have 


b 
L 
Ira(w) lzocraxy = ( / u(t + h)|I%, at) ® 
0 


b 
1 
<(flluiR at)? = |lullanxy VER (1.96) 
0 


Let A C T be a Lebesgue measurable set and let x € X. Set 


Uft) = Loe VteT. 
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We have 
b 
raltta) —tallaxerexy = Cf Ital +) = ug OR at)? 
0 
< 2hlllalix = A/F llugllcocr.xy, 
so 


b 
1 
tim (f llug(t-+h) —u,(O|Pat)? = 0, 
0 
Since 7), is linear, for every simple function s, we have 


a 
IIt2(s) — sllzecr;x) < 2|h|b ? |[s|lzec7;x)- 


But from Proposition 1.42, we know that simple functions are dense in L?(T;X) 
(where 1 < p < +00). So, we conclude that 


b 
tim, f ju(t-+ h) — ule) dt =0 WueL(T;X). 
—_ 
0 


Solution of Problem 1.75 

“(a) ==> (b)”: This implication follows from integration by parts. 
“(a) ==> (c)”: This is obvious. 

“(c) ==> (b)”: Let 0 € CS (0,b). From integration by parts, we have 


sO 


(see Problem 1.63) and thus 


b b 
u(t)W’(t)dt = — | h(t)d(t) dt. 
| ! 
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t 
“(b) ==> (a)”: Let u(t) = f h(s) ds for all t € T. Clearly 7: T —> X is absolutely 


0 
continuous (see Definition 1.68 with the absolute value of R, replaced by the norm of 
X) and tw’ =h. Let y=u-—ZU. By hypothesis we have 


b b 
ico t))o"(t)dt = — [ n(eyoce) at v9 EC™ (0,8), 
0 0 
b 
[vow dt=0 Vv0EC™(0,b). (1.97) 
0 


We will be done if we show that y is a constant function. Let 7 € C>° (0,6) be such 


b 
that {dt =1. Then any J € CS (0,b) can be written as 
0 


is Jue with A= f a(t) at and pe C®(0,b). 


To see this, note that 


b 
[o- An) dt = 0 
0 


and so it follows that the primitive of J — \7 vanishing at t = 0 belongs in C% (0, b). 
Since yy’ = 0 — An, it follows that w is this primitive. Then we have 


b 
\ / y(tn(t) dt = 
0 


(see (1.97)), so 
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where € = fu y(t)n(t) dt (recall that A = fo v(t) dt) and thus 


b b 
[irvo-9 0 = Ce", | (ue—aoat) =0 
0 0 


VY ve C2 (0,b),a* € X* 


(see Problem 1.63). Since (2*, y(-) — €) € L'(T) and C% (0,6) is dense in L1(T), we 
obtain 
ie oy — 6) = 0 VteT\ N(2*), 


for some Lebesgue-null subset N(X*) of T. As before, using the Pettis measurability 
theorem (see Theorem 1.36), we may assume that X is separable. This implies that 
X*» (the dual space X* furnished with w*-topology) is Souslin, hence separable. So, 
we can find a sequence {7 },., G X* which is w*-dense. Let N = U N(2j,). Then 
< k>1 
N CT is Lebesgue-null and 
(y)-€) = 0 Vkol,teT\N, 


sO 


y(t) = € foraa teT. 


Solution of Problem 1.76 
(a) To fix things, we assume that u is increasing. For every partition P = {,}7_5 
of T’', we have 


» |u(xe) = u(te-1)| = S- (u(x) = u(rp-1)) 
k=1 k=1 
= u(t) —Uu(ao) < are — inf 


(since u is increasing). Taking the supremum over all partitions P of T’, we obtain 
Varru < supu — infu (1.98) 
T T 
(see Definition 1.59). 
Next we prove that the opposite inequality holds. So, consider the partition 


P = {a,b} of T with inf T <a<b< supT (we assume that T is not a singleton 
or otherwise there is nothing to prove). Then 


u(b) —u(a) = |u(b)—u(a)| < Varru. 
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If sup T € T, then we choose b = sup T and we have u(b) = sup u (recall that wu is 
increasing). If supT ¢ T, then we let b “7 supT and so mw: sup wu. Similarly, 
for the point a. So, we infer that 7 

pup u— inf u < Varru 
and so 


Varru = supu — infu. 
T T 


(see (1.98)). 
(b) It follows immediately from (a) (see Definition 1.59). 


Solution of Problem 1.77 
No. Consider the function 


feseull. 22 
_ J wsin= ff 2 € (0,1), 
ue) = | 5 if «=0. 


Then u € C’((0,1]) and u is bounded. However, we claim that u is not of bounded 


variation. Let x, = ese for k > 1. Then 
2 
2 420" 


and we have 


k=1 


so u ¢ BV([0,1)). 


Solution of Problem 1.78 
(a) Let P = {a,b}. Then 
|u(b) — u(a)| < Varyapu. 
Hence, if x < y, then 
|u(a) = u(y)| < Vari yy = f(y) _ f(z) 
and if y < x, then 
|u(y) ~~ u(a)| < Vary, 2} = f(z) _ f(y). 
Thus (a) holds. 
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(b) From (a), it follows that if 

Cont(u) = {z€ [a,0]: z is a point of continuity of u} 

Cont (f) = {z€ [a,b]: z is a point of continuity of f}, 
then 

Cont (f) CG Cont (w). 
Next, let  € Cont (wu) M [a,b). Then, given ¢ > 0, we can find 6 = d(€) > 0 such 
that 
if |x — Z| < 6, then |u(x) — u(2)| < §. (1.99) 

Let P = {% = 20, %1,...,£n = b} be a partition of [%, b] such that 


n 


Variey tt 5 < S| LE) — ULE 1)|- 
k=1 


Let tLe (Z, 21) be such that 


Then, we have 


Var s yt — 5 =< |u(a1) — u(2)| + > |u(ax) — u(rp-1)| 


k=2 
< |u(xi) — u(x. )| + |u(ws) — u(@)| + > \u(ap) — u(xe—1)| 
=2 
< |w(w1) — u(wr)| + 5+ 5° |ulae ) — u(ze-1)| (1.100) 
k=2 
(see (1.99)). Note that {©1, Ti,.2+30n = b} is a partition of [v2, b]. So, from 
(1.100) we have 
Var a 9) U jee <5 Varin, Pi 
2 
thus 
Var is 9) U — Var, oj U <€ 
2 
and hence 


Hence we have 


f(z1) — f(@) = Var, .,;¥— Vataaqt = Vale.ju < & 
3! 2 
so f is right continuous at 7. 
Similarly, if © € Cont (u) M (a, 6], then as above we can show that f is left con- 
tinuous at 2. 
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Therefore, we conclude that % € Cont (f). So 


Cont (u) C Cont (f) 


and finally 


Solution of Problem 1.79 


(a) ForO<h< boa we have 
b—h b—h 


b—h 
(fe +h) — fla) de = $C f pet nac- | fle)ae) 


b bh b ath 
all i fly) dy - / f(a) dx) = 1 | tly)dy— [| f(x) dz) 
ath a b—h a 


<i(f®)h—f(@h) = fb)- fl), 


while for boa <h<b—a, we have 


b—-h b—h b—-h 
i] Geta f@y deat fle+h)dx— f f(x) dr) 
a ; = a a 
1/ f fly) dy - / f(a) de) <==" (f(b) - f(a) <f(0) — f(a). 
ath a 


(b) We assume that u € BV (JL) or otherwise the inequality is obvious. Let [a,b] C I 
be such that 0 << h < b—a. If f is as in Problem 1.78, we have 


b—h 


b-h 
bf lwe+h)-u(o)|ae < bf (fle+h)- f(@) az 


a 


< f(b) = Vara pu (1.101) 


(see Problem 1.78(a) and (a) above). Consider a sequence of intervals 


ee ee in I such that 
Q, \ inff and b, 7 supl. 
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If diam J;, > 0, then we can find ng > 1 such that 0 < h < by — Gy for all n > no 
and so 


ba—h 
i / |u(a +h)— u(x)| dx < Var, ju < Varu Yn >no 


(see (1.101)). Let n — +00, to conclude that 
i flue +h)—u(x)|da < Varu. 
Th, 


If diam J, = 0, then the left-hand side is zero and so the inequality is trivially 
true. 


Solution of Problem 1.80 
From the Lebesgue theorem (see Theorem 1.56), we know that u’(2) exists for almost 
all x € [0,1]. So, there is a Lebesgue-null set D C [0,1] such that 


! _ 4 u(z+=)—u(2) 
ls ae ea 


V2 €(0,1]\D, 


so u’ is Lebesgue measurable. 
Moreover, from the Fatou lemma (see Theorem 1.3.95), for any 0 <a<b< 1, we 


have 
b 


[XK @a < ont f ae ser ae. (1.102) 


N—-+00 
a 


Then we can find no > 1 such that 


b b+e 

fu +1)dx = / u(x) dx Yn >no. (1.103) 
a ati 

Hence, we have 

b b+e b 
p= We) de =n u(0)de—n f u(x) de 
a 7 ati a 

b+4 a++ 


=n [ ux)de—n / as Vasa (1.104) 
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(see (1.103)). Note that 


b+4 a++ 
n / u(x) dx —+ u(bt) and / a(x)dx —> u(a™). 
b a 


So, if in (1.104) we pass to the limit as n — +00, we obtain 
b 
i deste Lee (1.105) 
a 


(see (1.102)). We have that 
u(x) > 0 for a.a. x € [0,1]. 


Therefore, if in (1.105) we let a \, 0 and b “1, we obtain 
1 
[vl @de < ut) —u(0) < +00, 
0 


so u’ € L+(0,1). 
Finally, if u is Lipschitz continuous, then 


for some k > 0 (the Lipschitz constant). So, applying the Lebesgue dominated 
convergence theorem (see Theorem I.3.94), we conclude that 


Solution of Problem 1.81 
Evidently, without any loss of generality, we may assume that Var u > 0 (otherwise, 
the inequality is trivial). Let 7 € (0, Varu) and let P = {29,...,2%m} be a partition 
of J such that 

m 

n< S> |u(x,) — u(rx-1)]. (1.106) 

i=1 
By virtue of the pointwise convergence of {Unkn>1 to u, given « > 0, we can find 
no = no(e) > 1 such that 


|tm(x,) — u(ze)| < x Vn2n, ke {0,...,m}. (1.107) 
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Then from (1.106) and (1.107), we have 
n < >) lular) — ulaee1)| < $2 (lun (ee) — um(@e-1)| + S) 
k=1 


= | tn (i) — Un(e-1)| te < Varun +e Yn >no, 


sO 


” < liminf Varun +e. 


n—- +00 


Let 7 —> (Varu)~ and € \, 0, to conclude that 


Varu < liminf Var u,. 
n—-+co 


Solution of Problem 1.82 
Let {xo,...,2%m} be a partition of (a,b), ie., a< 29 << 41 <...< Xm < b. For every 
k € {1,...,m}, we have 


|u(~) — u(te1)| = | / u(x) dx| < | w@lae, 


S> fuen) = (0x1) < fw Ndr < [owes dr = jul 
k=1 


sO 


and thus 
Var. 4)u < |lu'llr. (1.108) 
Next we show that the opposite inequality holds. Let a<c<d<b. Since 


u € C'(a,b), we have that wu’ lic,q) is uniformly continuous. So, given ¢ > 0, we can 
find 6 > 0 such that 


if x,y € [c,d] and |x — y| <6, then |u'(x) — u'(y)| <e. (1.109) 
Let. P = {ep— Contacte —d) be a. partition, of [ea] such that 
Lk — Lp-1 < 6 for all k € {1,...,m}. Then for every x € [xp_1, x~], we have 
Ck 
u(r) — ulna) =f ul(y)dy 
Uk-1 


rk 


= q (u'(y) — u'(x)) dy + (ae — ep-1)u'(2), 


Tk-1 
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so 
Lk 
! < u(@e)—u(wr—-1)) 1 bed d 
Ju (x)| > Lp—-LE—1 Lp—-LE_-1 Ju (y) U (x)| Yy 
Te-1 
|u(ay,)—u(@R—1)| 
< a S. 
Integrating over [x,_1, #,] and then summing for k = 1,...,m, we obtain 


d m 
fro dx < ~~ |u(rp) = u(rp-1)| +e(d—c) 


< Var, ,u+e(d—c) 
< Var, ju + (b= c). 
Let d “7b and c \, a, to obtain 
l[u"ll1 << Var,, vu + e(b— a). 


Finally, we let ¢ \, 0 to conclude that ||u’||; < Var 
(1.108)). 


u, so Var, ,.u = |lu’||1 (see 


(a,b) 


(a,b) 


Solution of Problem 1.83 
Consider the function u(x) = sinx for x € R. Then, by the mean value theorem, we 
have 
|u(z)-—uly)| < ja-y| Va,yeR, 
so 
u € BVjo-(R). 
On the other hand, if « = (k +1)5 for k =0,...,2m, then 
|u(x,) — u(tp—1)| = 1 Vke {1,...,2m}, 
sou ¢ BV(R). 


Solution of Problem 1.84 
By virtue of Theorem 1.67, the Banach indicatrix of u is integrable. Hence 


Nuly;f) < +00 foraa.yER, 
so 
u'({y}) is finite for a.a. y € R. 
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Solution of Problem 1.85 
Without any loss of generality, we may assume that EF C int J. Given ¢ > 0 for each 
n > 1, let 


E, = {xeE: M(u(T)) < (M+e)A*(T) for all intervals T C I 
with x € T and 0 < X(T) < +}. 


Evidently the sequence {E,,},,5, is increasing, ie., Ey C E41 for all n > 1. 
We will show that 


E= |) &. (1.110) 
ne>1 
Clearly we have EF > (J Ey. Now, let x € E. We have |u’(x)| < M and so we can 
n>1 
find 6 > 0 such that 
|u(y) —u(x)| < (M+e)|ly—-2| Vyel, jy—2| <6. (1.111) 


Then for y,y/ € I with |y—y’| <6 andy <a <y/’, we have 


|u(y) — u(y’)| < July) — u(a)| + |u(a) — uly’)| 
< (M+e)(2—-y)+(M+e)(y'—2)=(M + e)(y'—y) 


(see (1.111)), so 
xe Ek, Vn> ; 


This proves (1.110). 
Next fix n > 1. We will show that 


M(u(En)) < (M+e)(A*(En) +). (1.112) 


From the definition of the outer measure \*, we can find an open set U, D En 
such that 


ME) <= Vee, (1.113) 


with being the Lebesgue measure on R. Replacing U,, with U,,/M (int I), we see that 
we may assume that U, C int J. We have 


ae Ae 
k>1 


where {Te as) are pairwise disjoint intervals with MT) < +. Let 
y = {keN: TONE, ZO}. 
From the definition of E,, we have 


M(u(TY”)) < (M+e)"(T{”) VREY, 
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key key 
< (M+e)>-\(T{”) = (M+e)aA( LU 7”) 
key key 
< (M+e)AUn) < (M+e)(\*(E,) +6) 


(recall that the sets {Te Vest are pairwise disjoint and use (1.113)). This proves 
(1.112). 
Recalling that the sequence {E,,},,5 is increasing (hence so is {u(En)},51), if in 
(1.112) we pass to the limit as n — +00, we obtain 
M(u(E)) < (M+ e)A"(E) +). 


Finally let ¢ \, 0, to conclude that A*(u(E)) < MA*(E). 


Solution of Problem 1.86 
First suppose that EF is a Lebesgue-null set. Let 


= {teE: |w(z)| <n} Vu. 
From Problem 1.85, we have 
A (al En) WAC, Ss aA) = 0 Vn2>1. 


Exploiting the countable subadditivity of A*, we have 


M(u(E)) = (uC UY En)) = *(U En) 
n>1 n>1 
S$" (u(En)) = 0. 
n2>1 


Next suppose that u/(x) = 0 for all « € E. Then the result follows from Problem 1.85 
with M=0. 


Solution of Problem 1.87 
Exploiting the regularity of the Lebesgue measure \ in R (see Theorem 1.4.12 and 
recall that \ is o-finite), we can write that 


E = Du U ee 
n>1 
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where D is a Lebesgue-null set and each K,, is compact. From Problem 1.86, we have 
Att) ). =D: 


Also, the differentiability of wu implies that for each n > 1, the function 
ul x, : Kn — R is continuous, hence u(K;,) C R is compact (see Proposition 1.1.74), 
thus in particular a Lebesgue measurable set. Therefore the set 


WE) = u(DU |) K,)- = uD)yUel |) Ky) =o)u |) ac) 


n>1 ne>1 n>1 


is Lebesgue measurable. 
Suppose that A(E) < +00. We fix n > 1 and for every k > 1, we define 


= {freE: <l’@<£ 


we have E = (J E* and 


k>1 
Au(E)) = A(u( LJ BR)) = ACU wlBA) < SOAMED) 
k>1 k>1 k>1 
< SANE) = SO BaD + AY EE) 
k>1 k>1 k>1 
< Ju! (x)| da + x \u’(x)| dx + +E ) 
x! y= [Welds 


(see Problem 1.85). Let n — +00 to conclude that 


B)) < [iw @lac. 
EB 


Now assume that A(£) = +oo. In this case for every k € Z, let 
Ey = E(k, k +1]. 


Then A\(E;) < +00 and so from the previous part of the solution we have 


A(u(E)) = A(u( UJ Ex)) = ACLU u(x) 


keZ keZ 


37 Mu(Ee) )< YO fwe ile [Mc sl 


keZ KEL iy 


1.3. Solutions 139 


Solution of Problem 1.88 
Since u: I —> R is differentiable, it is continuous and so u({a, b]) is an interval. We 
have 


|u(b) — u(a)| < A(u([a, d))). 
On the other hand, from Problem 1.87, we have 


sO 


Solution of Problem 1.89 

Let € > 0 be the Lipschitz constant of vy. Let ¢ > 0. Since u € AC(JI), we can find 
6 > 0 such that for any finite family {[ax, be] Fp of nonoverlapping subintervals of 
I = [a,b], we have 


m 


if So (bk — az) <6, then > |u(dx) — u(ax)| < Z 


k=1 k=1 
(see Definition 1.68). Then 


Yo ulbe) — (You) (ax)| < EDS |ulbe) — a(ue)| < EF = &, 
k=1 


so pou€e AC(I). 


Solution of Problem 1.90 
Since y: [u(a), u(b)| —> R is absolutely continuous, given ¢ > 0, we can find 6 > 0 
such that any family aa ae of nonoverlapping subintervals of [u(a), u(b)], we 


have 
m 


if So (dk — cz) < 6, then 3 |p(de) — v(cr)| <e. (1.114) 


k=1 
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Since u € AC(I), for this 6 > 0, there exists 7 > 0 such that for any family 
{ [ax, Be) of nonoverlapping subintervals of I, we have 


m 


if So (be — ax) <n, then S© |u(by) — u(ag)| < 6. (1.115) 
k=1 k=1 


Note that since u is strictly increasing { [cp = u(ax), dk = u(be)) bey are nonoverlap- 


ping subintervals of [u(a), u(b)]. So, from (1.114) and (1.115), we infer that 


m 


if } (de — ax) <n, then S>|(p0u)(be) — (po u)(ax)| <<, 
k=1 k=1 


so pou€e AC(I). 


Solution of Problem 1.91 

“(a) ==> (b)”: Follows from Proposition 1.70(b). 

“(b) ==> (c)”: Follows from Problem 1.82. 

“(c) == (d)”: This is a consequence of the absolute continuity of the Lebesgue 
integral. 

“(d) ==> (a)”: Since m < 4, we have that given ¢ > 0, we can find 6 > 0 such that 


if A C I is measurable and \(A) < 6, then m(A) < «. 


Now let { (ax, be) by be nonoverlapping subintervals of J such that 


S "(bk — az) < 6. 


k=1 


We set A= [J [ax, dg). We have 
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Solution of Problem 1.92 
Let m(A) == f h(s) ds for every Borel set A. From the absolute continuity of the 
A 


Lebesgue integral we have that m < \. We set u(x) = m((—oo,2z)). Note that 
m is bounded (since h € L'(R)). So, m < X is equivalent to saying that for every 
é > 0, there exists 6 > 0 such that for every Borel set A C R with A(A) < 6 we have 
|m(A)| < e. Hence u is absolutely continuous. Then from Theorem 1.71 we have 


x Of 


[reas = [was Va,yeR, 


sO 


Solution of Problem 1.93 
“>”: (a) and (b) follow from Theorem 1.71. Let [a,b] C I with c € [a,b]. We 
define 

y(x) = u(x) — (u(c) + [Xo ds) V x € [a,b]. 
From Problem 1.92, we know that y € AC ({a,b]) and y/(x) = 0 for all x € [a,b] \ D, 
with A(D) = 0. Also Theorem 1.71 implies that A(y(D)) = 0, while Problem 1.86 
implies that A(y({a, ] \.D)) = 0. Therefore 


A(y([a,2])) = 0. 
The continuity of y implies that y([a,6]) is an interval and hence y is a constant 
function. Since y(c) = 0, we infer that y = 0 and so 
u(a) = u(c)+ [Xo ds Va € [a,b]. 


Cc 


Since a,b,c € I are arbitrary, we conclude that (c) holds. 
“<=”: Follows from Problem 1.92. 


Solution of Problem 1.94 
Let A= {xe E: |u'(x)| > 0} and for every n > 1, we define 


A, = {ze A: Ju(y) — u(a)| > YE! for all y € I with |y —2| < 4}. 
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Then A= LU Ay. Fix n > 1 and let T C R be any interval of length less than +. 
n>1 


We set B= A, MT. Note that (u(B)) = 0. So, given « > 0 we can find a sequence 
of intervals {J;,},5, such that 


u(B) © Lm and SoA) < «. 


k>1 k>1 


Set By =u-+(Ik) NB fork >1. Then BC (J By and so we have 


kD 
M(B) < SOM (Be) < SO sup |a—y 
k>1 ke DYER. 
< n © sup |u(x) — u(y)| 
k>1 TYE Be 
< ae: < NE 
k>1 


(since By C A, NI and u(B,) C J). Let ¢ \ 0 (recall that n > 1 is fixed), to 
conclude that the set B is Lebesgue-null. Hence A(A,,) = 0. Since n > 1 is arbitrary, 
we conclude that A(A) = 0 and so u/(x) = 0 for almost all x € E. 


Solution of Problem 1.95 
Let E C I be a Lebesgue measurable set. Since u € AC(I), from Theorem 1.71, we 
know that 


B= BUD: 


with u’(a) existing at every x € Ep and D being a Lebesgue-null set. Problem 1.87 
implies that u(Eo) is Lebesgue measurable. Also, by Theorem 1.71, the set u(D) is 
Lebesgue-null. Therefore the set 


Solution of Problem 1.96 
Let x,y € I with x < y. We have 


Var, U _ Var, .U = ~h(x) + h(y) if c<a<y, 
Var ie yu = Var,,ju — Vary, ju = —h(a + h{y) if rc<yKe, 
Var), 5 Var 4) U _ —h(x TT h(y) if oo < Cc < Yy 


1.3. 
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From Definition 1.59 we have 


sO 


u(x) — u(y)| < Variax y]Us 


Solution of Problem 1.97 


(a) 


(b) 


From Theorem 1.62 we know that u can be written as the difference of 
two bounded increasing functions. Therefore u is bounded and both limits 


lim u(x) and lim u(z) exist. 
x—>(sup I)~ a—>(inf I)+ 


Let h be the function introduced in Problem 1.96. From that problem we know 
that h is increasing, therefore differentiable for almost all x € I (by the Lebesgue 
theorem; see Theorem 1.56). Also, since u € BV (I), u’(x) exists for almost all 
x € I (see Theorem 1.62). Now, fix a point x € int I where both u and h are 
differentiable. Then for y > x we have 


(x) 


lu(y)—w(w)| hy)- 
y-x “ y- 


8/=>) 


(see Problem 1.96). Letting y \, x, we obtain 
ju'(a)| < Ha), 
so 


[W@lae < [ita < suph — inf h = Varyu 
I 
1 


(see Problem 1.80 and Proposition 1.61). 


Solution of Problem 1.98 
“==>”: To fix things, assume that u is increasing. From Problem 1.93 we have 


sO 


b 
[Xo ds = u(b) — u(a), 


b 
/ lu!(s)|ds = |u(d) — u(a)| 
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(since wu is en 
‘e—": Let y(e =f u'(s) ds for all x € [a,b]. Then y is increasing and from Prob- 


lem 1.80 we have 


y(x) —y(v) = [was < u(x) — u(v) Vasvu<2<b, 


(note that y(a) = 0), so 

(u—y)() = (u—y)(a) 
and thus u — y is constant on [a,b]. But y € AC ({a,6]) (absolute continuity of the 
Lebesgue integral). Therefore u € AC ({a, }]). 


Solution of Problem 1.99 
“==>”: Let P = {rp = a,21,...,2m = b} be a partition of [a,b]. We have 


u'(s) ds| 


jw Woe [w nas, 


Taking supremum over all partitions, we have 


Var a,p|U < [we )| ds. 


This together with Problem 1.97(b) implies that 


Var fa,p|U = fiw )| ds. 


“<—": Let h be the increasing function introduced in Problem 1.96. From Prob- 
lem 1.97 and our hypothesis, we have 


> |u(rp) _ u(rp-1)| 
k=1 


| 
M4 
i 


IN 


[iia = A(d) — Ala), 
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so h € AC ({a,b]) (see Problem 1.98 and recall that h is increasing). Using Prob- 


lem 1.96, for any partition {xo,...,2%m} of [a,b], we have 
do |uwe) — wlre-a)| < SO (Rea) — h(@e-1)), 
k=1 k=1 


so u € AC ([a, b]) (since h € AC ([a,b])). 


Solution of Problem 1.100 
We claim that uy € ACj,-(1). Indeed, for every x,v € I, we have 


|(uy)(@) — (uy)(v)| << fu(a)y(a) — u(e)y(v)| + [u(@)y(v) — u(r) y(v)| 

<_ llullooly(x) — y(v)| + Iylloo]u(z) — u(v)]. 

From this follows readily that wv € ACjoc(I). Then according to Problem 1.93, we 
have 


b 
(uy)(0) — (wy)(a) = / (uy)! de, 


sO 
b 


b 
u(b)y(b) — u(a)y(a) = [utvaes fu dx. 


Solution of Problem 1.101 

“—>": Let EF = {1 € I: w(x) = 0}. Evidently the set E C I is Lebesgue 
measurable and since u is by hypothesis singular, we have that \(I \ E) = 0. So, 
invoking Problem 1.86, we have that (u(£)) = 0. 


“<—”: According to Problem 1.94, we have that u/(2) = 0 for almost all x € E. 
Since A(I \ EF) = 0, we have u’(x) = 0 for almost all x € I. 


Solution of Problem 1.102 
By hypothesis sup |Du,|(Q) < +00. Since Co (Q;R%)* = M,(9;R%) (see Theo- 
n>1 


rem 1.88) and Co (Q; RY ) is a separable Banach space, bounded sets in M,(Q; RY) 
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with the w*-topology are relatively compact (weakly compact in the terminology of 
Definition 1.89) and metrizable. Therefore, by passing to a suitable subsequence if 
necessary, we may assume that 


ua” ep (1.116) 


with pw € M,(Q;R) (see Definition 1.89(b) and Remark 1.90). We have |,u|(Q) < 7. 
From the classical integration by parts formula, we have 


undha 7 — | 0%ee ae ¥9EC%(), KE {I,...,N}, 
Q Q 
so 
[ughae = - [od VvVEC%(D), ke {1,...,N} 
Q Q 
(see (1.116)). Thus wu € BV(Q) (see Definition 1.74). 


Solution of Problem 1.103 

(a) Let {Un}ns1 © Wpq(0, 6) be a Cauchy sequence. Then {tn},5, C L?(T; X1) and 
{Untnsi © L4(T; X2) are both Cauchy sequences. So, we can find h € L?(T; X1) 
and g € L4(T; X2) such that 


Un —> h in L?(T;X,) and wi, —> g in L4(T; X92). 


Note that 
b b 
[wot at = = [uoat v9 eEC™ (0,8), 
0 0 
sO 
b b 
[nota = - | goat ¥9eC™ (0,8), 
0 0 


thus h’ = g. This proves that Wyq(0, 0) is a Banach space. Note that Wpq(0, 6) 
can be viewed as a closed subspace of L?(T; X1) x L9(T; X2). But from Proposi- 
tion 1.42(c) and Theorems 1.46 and 1.47, we have that L?(T; X,) and L?(T; X2) 
are both separable and reflexive. Therefore L?(T; X,) x L4(T; X2) is separable 
and reflexive and so we can conclude that W,,(0,b) is separable and reflexive. 

(b) Let {tn}nsi CG Wpq(0,6) be a bounded sequence. We need to show that the 
sequence {Un}ns1 admits a subsequence which converges strongly in L?(T; X). 
The reflexivity of Wp,(0, b) (see part (a)) implies that by passing to a subsequence 
if necessary, we may assume that 


Un —>u_ in W,,(0,0), 
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so 
Un —> u in L?(T;X1) and wi, “> wu’ on L4(T; Xo). 


By considering u, — u instead of u, (for n > 1) without any loss of generality, 
we may assume that u = 0. From Problem 1.75 we know that the embedding 
Woq(0, b) <> C(L; X2) is continuous. So, we can find c; > 0 such that 


lIn(t)Ilx, < cr VteT, n>. (1.117) 


We show that u,(t) —> 0 in X92 for all t € T. We do this for t = 0, the proof for 
other t € T being similar. We have 


in = ane / ioe as 
0 


(see Problem 1.75). Integrating this equation on [0,7] (for 7 € T) and using the 
Fubini theorem, we obtain 


7 7 t 
Un(0) = 2( | un(t)dt— u,,(s) ds dt) 

or 

= i/|u,(t)dt—+ | (r-s)ul,(s)ds 
an 

= In ar Ens 

where 
™m = 7] ur(t)dt and & = —2 | (r—s)ul,(s)ds Vn21 
! | 


Given ¢ > 0, we can find 7 € T small such that 
lévllxe < f ug(s)llxeds < § 0 Y¥n31 
0 


(since the sequence {|lu/,(-)|| x» } is uniformly integrable as a bounded seq- 


n>1 
uence in L4(T; Xz); see Problem 1.53). Since un —> 0 in L?(T; Xj), we see that 
Mm —> 0 in X1, hence nm, —> 0 in Xo (recall that the embedding X; ~ X is 
compact and the embedding X — Xp, is continuous). Therefore, we can find 
no = no(e) € N such that 


IIm|lx2 < 3 Vn no. 
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So, finally we have 


Iun(O)ILx2 < [Iltmllx2 + [[nllx. < € Vane no, 


sO 
Un(0) — 0 in X92. 


Therefore, we have proved that u(t) —> 0 in X2 for all t € T, hence from (1.117) 
and the Lebesgue dominated convergence theorem (see Problem 1.61), we have 


tig —» 0 in DPT XS): (1.118) 
From Problem 1.72(a), we know that given 6 > 0, we can find cs > 0 such that 


|unllzor;x) << O|lUnllzecr;x1) + Callunllcecr;x2) 
< 6ce2+ ¢||Unllzer-x.) Vn 21, 
for some cz > 0 (recall that the sequence {un},51; C Wpq(0, 6) is bounded), so 
lim sup |[un||zecr;x) < dc2 
n—-+00 
(see (1.118)) and thus 
Un, —> 0 in D?(T;X) 


(since 6 is arbitrary). So, we conclude that the embedding W,,(0,b) — L?(T; X) 
is compact. 


Solution of Problem 1.104 

(a) Similarly as in the solution of Problem 1.103(a), we show that W,(0, 6) is a separa- 
ble reflexive Banach space. From the definition of the evolution triple (X, H, X*) 
and Proposition 1.42(b), we have that the embedding C1(T; X) — W,(0,b) is 
continuous and dense. 
For u,y € C'(T; H) we have 


Note that 


1.3. 


(b) 
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Therefore, from (1.119), for all u,y € C!(T; X) and allO0 <s <t <b, we have 


Choose a function 3 € C!(R) with ¥(t) = 1, 0(s) = 0 and || +|0’| < ¢, with 
c>0. Let y = Vu. Then from (1.120) and the Hélder inequality (see Theorem 1.3 
and Problem 1.27), we have 


t 


lull < J (2G, 2@u(0)) + 0 (u(t),u(e) ) at 


s 


< allu'llpllullp<cellully,  VteT,we CT; X), 
for some cj, C2 > 0, so 
llullo~un < eallulw, VueCl(T;X), (1.121) 


with cz = ,/¢2. Since the embedding C'(T; X) — W,(0,)) is dense, from (1.121) 
we infer that the embedding W,(0,b) — C(I; H) is continuous. 

Finally the embedding is dense, because the X-valued polynomials are dense in 
both W,(0, b) and C(T; H). 

We have seen in part (a) (see (1.120)) that the identity holds for all 
u,y € C'(T; X). Exploiting the density of C1(T; X) into W,(0,b) we conclude 
that the identity is also true for all u, y € W,(0, 0). 


Solution of Problem 1.105 
Using the Fubini theorem and symmetry of the convolution kernel, we have 


[uxeond: = [hx eeydn (1.122) 


Q Q 


when h € L1(Q) and either supp pp C Q_- or h = 0 outside Q_-. So, if h € C.(), 
then from (1.122) and since h « p: —> h in L1(Q) as € \, 0, we have 


(u* ve)AN —>+ pw vaguely in Q as e \, 0 
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(see Definition 1.89(a)). Also we have 


< f fete-2duieac = f f ete 2)dvalal(e) 
EQ 


Q BE 


Solution of Problem 1.106 
By virtue of Proposition 1.80, without any loss of generality, we may assume that 
ue C™(Q). We have 


1 
u(x — ey) — u —e | (Du(a — ety), y)pn dt VaeK, ye Bi, 
YR 
0 


where By = {z ER: |z| <1}, so 


[luo -ev) - w(2)| de < cf f \oute— etp| ae 
K Kk O 


1 
bf [lene ee < e|Dul(Q), 


for e € (0,dist(K,0Q)). We multiply both sides with p(y) and integrate over RY. 
Using the Fubini theorem once more, we obtain 


[Cf ween) - u(o)|e) av) dx < e|Dul(Q) (1.123) 
K RN 


(recall that [ y(y) dy = 1). Note that 
RN 


(u* ve)(e) — ule) = / (u(x — ey) — ule)) oly) dy. 


Therefore from (1.123) we have 


[lux ee—al dx < e|Dul(@) Vee (0,dist(K,0)). 
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Solution of Problem 1.107 

“——»”: This implication follows from the uniform boundedness principle (see Theo- 

rem 1.5.39 and recall that Co (Q;R%)" = M,(9;R%); see Theorem 1.88). 

“<—”: We need only to show that Du, “> Du in My(Q;R) (see Definition 1.89(b)). 
Note that the space Co (Q; RY ) is separable. Hence bounded sets in 

M,(Q;RY) with the relative w*-topology are relatively compact metrizable (see Theo- 

rem I.5.85(a)). So, we may assume that at least for a subsequence, we have 


Dun > » in M,(O;RX) 
(see Definition 1.89(b)). We have 


[dha — = [aD jn Vee Cha), ke {1,...,N}, 
Q Q 
sO 
[hae = — [dau VGECHO), Festi 
Q Q 


and thus pp = Du. Hence Dun, > Du in M,(Q;R). 


Solution of Problem 1.108 
That strict convergence implies w*-convergence, follows from Problem 1.107. 
To show that the converse is not in general true, consider 


Un(x) = sin(nz) Va e€ (0,27), n>1. 


Then we have 
Un ~> 0 in BV(Q) 


(see Problem 1.107), but wj,((0,2m7)) = 4 for all n > 1. So, we cannot have strict 
convergence. 


Solution of Problem 1.109 
Let 


yr(x) = inf (y(y)+Ad,(z,y)) VareXx 
yEex 


(here d, denotes the metric of the space X). Let z,v € X. We have 


yr(x) < ly) +Ad,(z,y) 
< ply) + Ad, (x,v) + Ad, (v,y) YVyEeXx 
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(by the triangle inequality), so 
pr(z) — (p(y) + Ady (v,y)) < Ady (x,v) VyeEX. 

Taking supremum over y € X, we obtain 

pr(x) — palv) < Ady (x, 0). 
Interchanging the roles of x,v € X, we finally have 

ler(z) — gr(v)| < Ady (x, v), 
so y) is A-Lipschitz continuous for each ». Note that 

y(t) < v(t) VaeEX, A>0. 


So, if yy(x) 7 +00, we have v(x) = +00. Also, clearly the sequence { y (2) tei is 
increasing. So, if lim pa(x) is finite, then let x, € X be such that 
— +00 


p(tp) + kd, (xe, 2) — F < p(x) VareXx, 
so the sequence {kd ee) C R is bounded and d, (x,%,xz) —> 0 as k > +00. 
Thus, we have ~ 


eta 2 + 
—a) < iminf ota.) < lim ale) 


and so 
pr(t) ZA plz) asXA+o0 VareEX. 
Now, let 3 € C.(X) be such that 0< J < 1. Then Yy) € C.(X) and so 


[oerde = tm, [ Oexdim < tmnt f ercin 
xX xX xX 


(see Definition 1.89(a)). Taking the supremum over all such 0? € C,.(X) and letting 
A — +00, we obtain 


[ow < timint fy din 
n—-+0o 
xX xX 


Now, let ~: X — R, be upper semicontinuous and of compact support. In this case 
we define 


d(x) = sup {h(y) — Ady (x,y): ye X}. 


We have that ) is A-Lipschitz continuous and wy, \, w as A > +00. Since by 
hypothesis supp w is compact and w is bounded, we can find a relatively compact 
neighborhood U of suppw which contains the supports of w) for A > 0 large. Then 


[oa = J exdun — ex as n + +00, for \ > 0 large, 
xX x Be 
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so 


N—-+00 


limsup f dyn < [oven V A> 0 large 
= 


and thus 
limsup f din < fou 
n—-+0co 
x x 


(by the Lebesgue monotone convergence theorem; see Theorem 1.3.92). 


Solution of Problem 1.110 
For any v € C(X), v > 0 we have 


+00 
[odin = | uollu> rar Yn21 
xX 0 
(see Problem 1.34), so 
+00 
toad [odin = tmnt f aulte > 23)0d 
xX 0 
+90 +00 


> [imine uno Sos / ies a)ar= f vd 
0 0 xX 


153 


(1.124) 


(by the Fatou lemma and by hypothesis). Now let u € C,(X). By replacing u by 
au-+€ for suitable a,€ > 0 if necessary, without any loss of generality, we may assume 


that 0 <u< 1. We have 


timint fu din > [udu 
n—++00 
x x 


and 


timint (1 — 1) dn > [o-od 


n—-+00 
xX xX 


(see (1.124)). Also we have 


[din + [1 =u) dan = tn X) 9 W(X) = frudus fu) dy 
xX 


x xX xX 


(1.125) 


(1.126) 


(1.127) 
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From (1.125), (1.126) and (1.127) it follows that 


[din 4 [udu and [Oo -2dtim — [a-de, 
x x x 


xX 


SO [ln —> | narrowly (see Definition 1.89(c)). 


Solution of Problem 1.111 
Suppose that 
lHallancx) < M VaeJd 


(see Definition 1.87). Then ||y||h,(x) <M. Let u € C)(X) and e > 0. We may 
assume that |u| < 1. We can find n > 1 and ci,...,c, € [—1, 1], such that 


gal] m=, <a <e. aad |pid|e| =a) =o, 
for all k € {1,...,n}. We define 
h(a) = ce when u(x) € [cx, cp4i], for k € {1,...,n}. 


Then we have 
Ju(a)-—h(z)| <e VaeEXx. (1.128) 


Since by hypothesis 
lim Ha({er <u < ces) = w({ce <u < cess}) 


and 
{oy < tt < Cpig} = fe < cea} \ (ea < ee} Wea eee b 


we obtain 


| f dia — f ny <e Varta, (1.129) 
xX x 
for some ao € J. From (1.128), (1.129), we see that 


| fudiia — f udu < (2M +1)e Ya > ao, 
x x 


SO Ua —> p narrowly. 
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Solution of Problem 1.112 
“>”: Since C,(X) C Co(X), from Definition 1.89, we see that 


if fy —> ps, then pi, —> ps vaguely. 


Moreover, from Theorem 1.88, we know that Mz(X) = Co(X)*. Since Co(X) with 
the supremum norm is a Banach space, from the uniform boundedness principle (see 
Corollary 1.5.40), we have 


sup |[Mn|lag(x) = SUD |p) < shoo 
NZ 


n> 


(see Definition 1.87). 
“<—”: From Proposition 1.86 we know that C.(X) is dense in the Banach space 
Co(X). So, given u € Co(X), we can find u € C.(X) such that 


a —ulloo < €. (1.130) 


Let M = sup |fn|(X) < +00. We have 
n>1 


fedin = [ wdy 


x x 
fvdun =f edin| +| f edtin = [aul +| fidu— fudy| 
xX x x xX x x 


< i= aoM +| f Ddjen— f dy + ee — ulfoolal(X) 


x 


xX XxX 
< (M+ (ul(X))e+| f Pain — f an, (1.131) 
xX a 


Since , —> vaguely (see Definition 1.89(a)) and u € C.(X) we have 


[tain — [ian 
xX x 
So, if in (1.131) we pass to the limit as n + +00, then 


timsup| [ wdtin — f wa < (M+ |p|(X))e. 
x 


n—-+00 
xX 
But € > 0 is arbitrary, so we let « \, 0 to conclude that 


[din — [udu 
xX 


x 
thus pn —“> ps (see Definition 1.89(b)). 
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Solution of Problem 1.113 

The argument in the solution of Problem 1.112 reveals that the two topologies coincide 
on bounded subsets of M,(X). So, we need to consider unbounded sets in order to 
illustrate the difference of the two topologies. Let X = (0,+00). Of course X is 
locally compact and o-compact metric space. Let Un = nbn. Then 


Ln —> 0 vaguely. 


On the other hand, let u € Co(X) be such that u ~ 4 in a neighborhood of +00. 
Then 


nt) = [din — 1 
x 


and so { Hn },>1 is not weakly convergent to 0 (see Definitions 1.89(a) and (b)). 


Solution of Problem 1.114 
(a) Let U C X be an open set and let u € C.(U) be a function such that ||ulloo < 1. 


We have 
| fu dtin| << f ful dln 
U 


U 


| f udu < Jiao 
U U 


(since Ut, —> LL, |n| —> 0 both vaguely; see Definition 1.89(a)). Taking the 
supremum over u € C.(X) with |lulloo < 1, we obtain 


sO 


ella) = wel) < 8U) = |lPllagcx- (1.132) 
Finally recall that for every E € B(X) we have 
|u|(Z) = inf {|u|(U): ECU, U is open} (1.133) 


and 
O(E) = inf {v(U): ECU, U is open}. (1.134) 


From (1.132), (1.133) and (1.134) we conclude that |u| < V. 
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b) Evidently sequences { p> and { u,, }, are bounded in M,*(X). So, by 
n Sn>1 n Sn>1 b 
passing to a suitable subsequence if necessary, we may assume that 
ut > re and py, —> rT in MS(X). 


Since Un, — p vaguely, it follows that 


fb = TL TL. (1.135) 
Because wu < |un| for all n > 1, we infer that 74 < ¥. Invoking Proposition 1.93, 
we have 
by (E) _ T+(E), 
so 


Hn(E) —* p(E) 


(see (1.135)). 


Solution of Problem 1.115 
Using the Fubini theorem, we have (see Problem 1.105) 


ee \dz = +f fo (=) (dz )| dx 


RN RN 
Af fo )lu(deax =f (f ee(2=) ax) |ul(ae) 
RN RN RN RN 
¥ iti: “wew. (1.136) 
From Problem 1.105 we know that 
(u* ve)AY —> pw vaguely as € \, 0 (1.137) 


(see Definition 1.89(a)). The map ++ f |u| is vaguely lower semicontinuous 
N 


(weak lower semicontinuity of the norm functional in a Banach space; see Proposi- 
tion 1.5.56(c)). So, from (1.137) we have 


lim inf / rei@iae S \u|(dz), 
E>0 
RY RN 
SO 


[ves eel(o) ax ¥ [lvstar) as ¢\, 0. 
RN RN 
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Solution of Problem 1.116 

“==>”: This implication follows immediately from Definition 1.89. 

“o—" Let pn —> pp and pin(X) —> p(X). Let u € C4(X), € > 0 and let K CX 
be a compact set such that w(X \ K) < «. Consider h € C.(X) such that 0 <h <1, 
h|, = 1. We have 


| f udiin — f udu 
xX x 
< [fu diin~ fudyn|+| furdjin~ fudyl+| f urdu f wa 
xX x x x xX xX 


< lulls [A= HY dun + | f uh din — f ud + lulls f (= h) dy, 
PG xX 


xX xX 


sO 


timsup| f wduin — f wa < 2é||ulloo. 
= 


n—-+00 
xX 


Since € > 0 is arbitrary, we let ¢ \, 0 to conclude that 


[udin [udu 
x x 


(recall that pin(X) —> p(X)), so Un — p narrowly. 


Solution of Problem 1.117 
For every x € (a,b) we define the function 


0 if t<a, 
ha(t) 5 if 2 <t. 


Evidently h, € BV ([a,6]) and the weak (distributional) derivative h/, coincides with 
the Dirac measure 6,. Suppose that BV ({a, b]) is separable. Then the set 


Y = {hz: rE (a,b)} 
is separable too. But for « 4 u, we have 


[ha — Ahullay 2 ||he —Pallagcas) = [Oe — dullasca,s) 


llSalla,(a,b) + loullas(ae) = 2; 
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which means that Y is not separable, a contradiction. 


Solution of Problem 1.118 
We know that the weak (distributional) derivative u’ of u belongs in M,(a,b) and we 
may assume that wu is right continuous (see Definition 1.74 and Theorem 1.76). Then 
for every x,y € (a,b) we have 


(x,y] 


Jey) < ela) + lu'l((a,y]) < Jul(a)| + [elas cas): 


Integrating with respect to x, we obtain 


Nello << agllealla + lela (a.8)- 


Solution of Problem 1.119 
Theorem 1.76 implies that 


SUP [|tnllaty (a. = M < +o. 


NZ 


Also, Problem 1.118 implies that the sequence {un}, 1 is bounded in L° (a,b). So, 
by passing to a suitable subsequence if necessary, we have that 


u,, —> pw in M2(a,b), with u € M,(a,b) (1.138) 
and for every Zo € (a,b) such that u},({xo}) = u({xzo}) = 0, we have 
Un(zo) —> 7 ER. (1.139) 
Let 


_ f n-ul((2,20)) if x < ao, 
ae en ee) i Xo Sa. 


Every uy, for almost all x € (a,b) can be written as 


Un(to) + uh,((z,20)) if x < 20, 
Un(a) = { Un(2o) + ut, ((xo, £)) if xo <a. 
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From (1.138) and (1.139) and Proposition 1.93, we have 


Un(x) —> u(x) for a.a. x € (a,b). 


Solution of Problem 1.120 
Evidently every u € BV ([a,b]) belongs in L?(a,b) (see Proposition 1.61(a) or Prob- 
lem 1.118). Suppose that {un},5; © BV ([a,)]) is a bounded sequence. Then by 
virtue of Problem 1.119 and by passing to a subsequence if necessary, we may assume 
that 

Un(z) —> u(x) for aa. x € (a,b), (1.140) 


with u € BV ([a,b]) (see the solution of Problem 1.119). We have 
| un (a) - u(a)|? < |lun—ullbo < M V wo 1, (1.141) 


for some M > 0 (see Problem 1.118). From (1.140) and (1.141), we see that we 
can apply the Lebesgue dominated convergence theorem (see Theorem 1.3.94) and 
conclude that 


b 
tin — wl =f fun — ular — 0, 
a 


so the embedding BV (|a, b]) ~ L?(a,b) is compact. 


Solution of Problem 1.121 
First assume that u € C!(a,b). Then for every x,y € (a,b) we have 


y 
f\uw|dt ifacy, 


y 
u(x) —u = u'dt| < “ 
ete) =) if | f\u|dt ify<a. 
y 


Then 


b 


flue) —a Gz sts ff Iu) — wa] dea 


a aa 


(1.142) 


/N 
loa 

| In 
a 

— 

BF gs 

& 
— 
on 
= 
Q 
ue 
Q 
8 
Q 
S 
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= free dt. 


Let 


Then 


y 
i ig [rea nara [ J ew x)) dx) dy 
{x<y} x 


=f flo-mvevenseyar= a fo a)(b— y)|u!|(y) dy, 


a 


(1.143) 


where to obtain the last two equalities we have used integration by parts. Note that 


b—a)? 
(y—a)(b—y) < GM. 


So, from (1.142) and (1.143), we obtain 


b b 
[iwe-a dz < bee f la, 


For the general case of u € BV ({a,6]), use Proposition 1.80 which says that 
BV ({a, b]) 7 C*(a, b) is dense in BV ({a, b}). 
To see that the inequality can be strict, let (a,b) = (0,1) and consider 


u(x) = { ~) tf O<2<%, 
el. SE eae I, 


|u(x) — | da = § and |u'|(0, 1) = 2. 


Then t = a 


w 
OSS 


Solution of Problem 1.122 


“==>”: Suppose that the sequence { Mn },5, is uniformly tight (see Remark 1.92). 
Let {Km}m>1 be an increasing sequence of compact sets such that 


l—oe < pn(Km) Vn>1,m2>1. 


We introduce the function y: X —> [0,+00] defined by 


le, = 1, =m Vm21 and Yly, y x, = +00. 


Km+i\Km 
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Then for all n > 1 we have 
[oa = pin(K1) + >> mpn(Kmtt\Km) < 1+ >> #, 
xX m21 me1 

so 


sup | din < +00. 


n2>1 
“<—”: Suppose that there exists a Borel function y: X —> [0,+00] such that the 
set { y < 7} is compact for every 7 € [0,+00), fn({ y = +00 }) = 0 for all n > 1 and 


sup f (2) ditin < +00. 
ee 


In this case the uniform tightness of the sequence {Hn}, 51 follows at once from 
Chebyshev—Markov inequality (see Theorem 1.30), which says that 


in({~2n}) < Lf edjn Vane. 
xX 


The properties of y imply the uniform tightness of the sequence { jin are 


Solution of Problem 1.123 
(a) The characteristic function y,: X —> [0,+00) defined by 


ote 1 if ©EC, 
Xo*) “ ) 0 if « €C 


is upper semicontinuous. From the solution of Problem 1.109, we know that we 
can find a sequence {uz,: X —> [0,+00)}%>1 of Lipschitz continuous functions 
such that 


Ug(2) SY Xe(Z) Vane X. 
Let {Ua}acy © Mj*(X) be a net such that 


ta(C) >n Waeds and po —> w in MT(X) (1.144) 


(see Definition 1.89(c)). We have 


i = fglC) = [x dlia = [dite Veo 1, oe J. (1.145) 
x x 


1.3. 


(b) 
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Replacing uz, by min{uz, k} if necessary, we may assume that uz € C,(X). Then 


for every k > 1, we have 
[die — nan 
aed 


x xX 


(see (1.144) and Proposition 1.95), so 


wx onan Vk>1 
xX 


(see (1.145)) and thus 


nS [xo = WC) 
xX 


(by the Lebesgue monotone convergence theorem; see Theorem 1.3.92). This 
proves that the set {py € My (X): pw(C) > 7} is wn-closed. 

When U C X is an open set, the characteristic function y,,: X —+ [0,+00) is 
lower semicontinuous. So, according to the solution of Problem 1.109, we can 
find a sequence {uz: X —+ [0,+00)}x>1 of Lipschitz continuous functions such 
that 


tint) f Xe Vane X. 
Let {tatacy © Mj*(X) be a net such that 


n> UAV) Vaed and ta —> w in M}(X). (1.146) 
We have 
7 2 pgl(T) = [tite 2 [die VRS, (1.147) 
xX xX 


For every k > 1, we have 


(see (1.146)), so 


(see (1.147)) and thus 
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(by the Lebesgue monotone convergence theorem; see Theorem 1.3.92). So, we 
have proved that the set {u € M/(X): u(U) < 7} is wa-closed and so its 
complement {p€ Mj (X): u(U) >} is wp-open. 


Solution of Problem 1.124 
Let 1 (tee ites) eg E C Cy(X) x Mj(X) be a net such that 


they Weg yin C)(X) and ta —> w in M}(X) (1.148) 
(see Definition 1.89(c)). We have 


J vdua— f wan 
xX xX 

< fvedia =f udial+| [udu — f udu 
xX xXx xX xX 

< Mame +| f udia fea 


xX 
(recall that fio(X) =1 for alla € J), 


wl [mine f api = 0 


(see (1.148)), hence € is continuous. 


Solution of Problem 1.125 
Let {tatacs © Mj*(D) be a net and let p € Mj (D). Suppose that 


jig OS) in M#(D) (1.149) 


(see Definition 1.89(c)). Let wu € C,(X). Evidently u|,, € Cy(D). So, we have 


[vd = [elo tue — [loan = [udu 


x D D xX 
sO 


Ma —> pw in Mi{(X). 
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On the other hand, suppose that 
Ba —> pe in Mif(X). (1.150) 


Let V be an open subset of D with the relative X-topology. So, we can find an open 
subset U of X such that V = DOU. We have 


liminf fa(V) = liminf fa(D NU) = liminf Hal p(U) 
> nlp) = (DNV) = WV) 


(see (1.150) and Proposition 1.95(f)). Once again Proposition 1.95 implies that 


wn(D) . 
[ly —-> pw and this proves that Wal set eo) = D)): 


Solution of Problem 1.126 
Let {tatacs © M7 (Y) be anet such that fq “> in Mj*(Y) (see Definition 1.89(c)). 
Let v € C,(Y) and note that u = voh € Cy(X). Using a change of variables, we have 


[editue) = [edie a [udu = [eth 
xX »¢ ve 


Y 


(since u € Cy(X) and a “> ps in M}(Y)), so 


n 


h( Ho) “> h(i) in My (Y) 


and thus hf is continuous. 


Solution of Problem 1.127 

Let p,A € Mt (X), uw # X. Since X is a Polish space, both probability measures ju 
and X are Radon (see Definition I.4.9). Therefore,we can find a compact set kK C X 
such that u(k) # A(K). The set h(K) C Y is compact (see Proposition 1.1.74), 
hence Borel. Because h is injective, we have K = h~'(h(K)). Therefore 


n 


h(u\(A(K)) = w(K) # AK) = h(h(K)), 


sO 


and thus h is injective. 
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Solution of Problem 1.128 
By the Kuratowski theorem (see Theorem 1.4.44), for any Borel subset FE C X, we 
have that h(E) C Y is Borel too. Therefore, the set EF C X is Borel if and only if the 
set h(E’) C h(X) is Borel too. 

Let « € M}{(X). Then h(p) € Mj (h(X)). On the other hand, if 9 € Mj (h(X)), 
then A\(E) = J(h(E)) for all E € B(X) (with B(X) being the Borel o-field of X) 
defines a Borel measure on X and R(d) = WV. From Problem 1.125, we know that 

TO Gass = wp(h(X)) 
(with wy, being the narrow topology on M7‘ (Y)). So, we conclude that h: Mj} (xX) 
Mj" (Y) is bijective and continuous (see Problems 1.127 and 1.126) and so imh = 
My (h(X)). 


Solution of Problem 1.129 7 

From Problems 1.126, 1.127, 1.128, we know that h~!: M{(Y) —> Mj*(X) is bi- 
jective and continuous. Moreover, if @ € M](Y), then for every E € B(X), we 
have 


so _ 
i Shee 


and thus h is a bicontinuous, bijective, hence a homeomorphism. 


Solution of Problem 1.130 
We can find a sequence {Kn},51 of compact sets in U such that 


Ky C Kn41 and dn (Kn41s Kn) = 6n >O0 YVn>1 


U = ) Bee 


n2>1 


and 


Let tn € Cy (R%) be such that 
Unix, =1, supptn © Knyi and O0<u,<1. 


Evidently {Un}nsi GC Tu. We have 
sup L(u) < w(U) = lim du < lim Urdu < sup L(u) 


uely N— +00 N— +00 uely 
Kn Kn41 
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(by the Lebesgue monotone convergence theorem; see Theorem I.3.92), so 


u(U) = sup L(u). 


u€ly 
Next, let {Cr}ns1 be a sequence of compact supersets of K such that 
Cn4i CC, and dw (Cn+is Cn) = bn > 0 Vnel1 


and 


K = (er 


n2>1 


Let un € Co (R) be such that 
= 1, suppu, CC, and O0<u, <i. 


Unless 


We have that {un}ns; CT and 


pO) = aut Bea) wim [ dy 
Cn 


(by the Lebesgue monotone convergence theorem; see Theorem 1.3.92). So, given 
é€ > 0, we can find no = no(e) € No, such that 


WMCn) < WK)+e Vneno 


and thus 


Solution of Problem 1.131 
No. Let X = [—1,1], 7 = 2 and let uw, = 61 — 6_1 forn >1. Then 


ln —+ 0 vaguely and ||Un|l1,(—-1,11) = 2 
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(see Definition 1.89(a)). So the set C = {w € Mo([-1,1]) : ||ullaq—1,1) = 2} is not 
vaguely closed. 


Solution of Problem 1.132 = 
From Theorem 1.100, we know that u has a representative u € C(J) and 


x 


u(x) — u(y) = [x dt Vayel, 
y 


sO 
x 


jul) —uty)| < | f fu (oa 
7] 
and thus 


b 
u(x) < |uty)| + f lu’ 


Integrating this inequality with respect to y on I = (a,b) we obtain 
b 
AD) |u(z)| < / ju(y)| dy + ACZ)|u'II1, 


sO 


Solution of Problem 1.133 
By virtue of Theorem 1.100, we have 
lulz) uy) < flwlde — ¥2,y € fab) 
y 
so 


ju(x) —u(y)| < (f \ut(eyP at) ra — yl 
y 


1 
< |u'lple-yl?  Va,ye€ [a,d] 
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1 
(by the Hilder inequality; see Theorem 1.3 and Problem 1.27), thus u € C”’?’ ({a, b]) 
(recall that 5 + 7 = 1; see Theorem 1.135 for the definition of Holder continuous 
functions). 


Solution of Problem 1.134 
By virtue of Theorem 1.103, we can find a sequence {Un}, GC Ce°(R) such that 


un|,; —+ u in W1?(I). From the continuity of the embedding W1(a,b) @ L®(I) 
(see Theorem 1.109), we have 


Ilunlr — Ullneocry —> 0. 
So, given ¢ > 0, we can find ng € N such that 
lunly —Ullaoa) S € Vneno. 
Since un, € Co°(R), for |x| large we have up, (x) = 0. Hence 


lju(z)| < € Vael, with |z| large 


Solution of Problem 1.135 

From Theorem 1.109, we know that u,v € L®(I) and so uv € LP(I). Next, we 
show that the weak (distributional) derivative (uv)’ € L?(I). To this end, first 
we assume that 1 < p< -+oo. Invoking Theorem 1.103, we can find two sequences 
{Un}nsitUntnsi © Ce°(R) such that 


Un|; —> u and vp|, —> v in W'?(J), 


so 
Un|; —> wu and up|, — v in L*(D) 


(see Theorem 1.109) and thus 
(UnUn)|; —> uv in L*(L) and in L(I). 


We have 


(UnUn)) = U,Vn +Unv, —> wut+uv’ in LP(d), 
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so 
UnUn —> uv in W)?(Z) 
and thus 
(uv)! = wu+uv'. 
Integrating this last equality, we obtain 
x x 
(uv)(x) — (wv)(y) = [ue dt + [ow dt Va,y el. 


y y 


Next we consider the case p = +00. So, let u,v € W'(I). Hence uv € L°(I) and 
u'v + uv’ € L®(I). We need to show that 


uv)’ = uv + uv’ 
(uv) 


(in the weak (distributional) sense), that is, 


[unyor at = = f (we + w'yoat Voeeci(d. (1.151) 


To this end, let JT) C J be a bounded interval such that suppv C JT. Then 
u,v € W!(T) for all p € [1, +00) and so from the first part of the solution, we have 
that 


[ wordt = = [ (ule +we'yoat, 
T — 
so 


[wwo! a = = [ (ule + w'yoat 
7 i 
(since supp¥ C T). It follows that (1.151) holds. 


Solution of Problem 1.136 
Since the sequence {Un basi C L¥(a,b) is bounded, by the Poincaré inequality (see 


Theorem 1.108), we have that the sequence {tUn}ys1 © Wy (a, b) is bounded. Propo- 


sition 1.115 implies that the space Wo (a, b) is reflexive, so, passing to a subsequence 
if necessary (see the Eberlein-Smulian theorem; Theorem 1.5.78), we have 


Un —> u in Wy"? (a,b). 
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Then, for the original sequence, we have 


Un —> u inC(T) 


(see Theorem 1.109). 


Solution of Problem 1.137 
Let 21,22 € (a,b) with 71 < xy. We have 


uaa)? + u(a1)? — 2u(21)u(a2) = (ula) — u(ar))? 


7 (wat)? < (a) f w(e)at 


(see Theorem 1.100 and use the Jensen inequality (see Problem 1.26)). Integrating 
with respect to x7, over J, we obtain 


b b 


b 
(b — a)u(a2)? + [uy dx, — 2u(x2) fu@ dx, < (b- a? f w(t? dt 


a 


A new integration with respect to x2 over I, leads to 


b b b 
2(b — a) ) f wey i= (| u(x) az)? < (— a)? ful (t)Pat, 


sO 


b 


a) 2 
Jul < SWB + lf wo) ar) 


IN 

= 

NK 
+ 

oe 

= 
Qu 
8 


with c = max { Ce . ma}: 
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Solution of Problem 1.138 
Arguing by contradiction, suppose that we can find a sequence {Un}ns1 CV such 
that 

n||Dun|lp < |lunllp Vn>1. (1.152) 


Let yn = 7 for n > 1. Then from (1.152), we have 


lun lp 


|Dynllp < 2 Vn, 


n 


sO 
Dyn —> 0 in L?(O;RY%). (1.153) 


Also, note that ||yn||p = 1 for n > 1. Therefore the sequence {Yn}n51 © W1!?(Q) is 
bounded and so by passing to a suitable subsequence if necessary, we can have 


Yn —> y inW'?(Q) and yn —> y € LP(Q) 
(see Proposition 1.115 and Theorem 1.135). We have ||y||p = 1 and 


Dyllp < lim ||Dyn|lp = 0 


n—-+00 


(see (1.153)), so 


(recall that 2 is connected). 

Also y € V (since it is w-closed by the Mazur theorem; see Theorem I.5.58). 
Therefore by hypothesis y = 0, which contradicts the fact that ||y||)p = 1. So, there 
exists c > 0 such that 


Ilullp < |Dullb Vuev. 


Solution of Problem 1.139 

Since 7 is a continuous linear operator (see Definition 1.129), V C W!?(Q) is a closed 
linear subspace. Let u € V and suppose that u=€ € R. We have y(u)|,, = € (since 
To has strictly positive surface measure) and so € = 0. Therefore the only constant 
function in V is the zero function. So, we can use Problem 1.138 and conclude that 
there exists c > 0 such that ||ul|, < cl|Dullp for all ue V. 
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Solution of Problem 1.140 
First we assume that u € C1(Q). Since y € W!”'(Q), by the Meyers-Serrin theorem 
(see Theorem 1.119), we can find a sequence {Yn}n51 © C+(Q) such that yn —> y in 


W1!#'(Q). For every 0 € CS°(Q) and every k € {1,..., N}, we have 
[ eun(De0) aa = -{ (u(Deyn) + Yyn(Deu)) 0 dz V > 1. 
Q Q 
Recall that yn, —> y in W!”"(Q). So, we have 
Yr —> y and Dyn —> Dyy in L?’(Q) Vke{l,...,N}. 


Hence, it follows that 


J (uaa + Yn(Dxu)) 0 dz — [ (uuu) + y(D,u))d dz 
Q Q 


and 


| vyn(Dx0) de — [Dry ae Vke{1,...,N}. 
Q Q 
Therefore, in the limit as n + +00, we obtain 


/ “nee == / (u(Dgy) + y(Deu)) 8 de 
Q 


ke {1,...,N}, 9 € C%(M), 


D,z(uy) = u(Dey) + y(Deu) Vke {1,...,N} 


and so wv € WI(Q). 
Now, we remove the restriction that u € C1(Q). Theorem 1.119 implies that we 
can find a sequence {Un}n51 © C1(Q) such that 


Un —> u in W1?(Q), 
Note that, for all k € {1,...,N}, we have 
uny —>uy and Dz(uny) —> Dz(uy) in L'(Q). 
So, {Un¥}nsi © W!(Q) is a Cauchy sequence, hence 
Uny —uy in WIt(Q). 
But from the first part of the solution, we have 
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So, in the limit as n > +00, we obtain 


Dy(uy) = y(Drgu) + u(Dey) Vke {1,...,N}. 


Solution of Problem 1.141 
We choose an increasing sequence of open sets {Un}as1 such that 


Uw CC Uns CC Mand 0 = | )-0,. 
n2>1 
Let P = {Yn}n>1 be a smooth partition of unity subordinate to the covering 


{Unis VO th s (where Up = @); see Definition I.1.111). For each n > 1, let yp be 
the finite sum of w € P such that 


supp © Unii\Un-1 and supp wv Z Ue. 


Then Yn € C?(Un+1 \ Un-1) forn > 1 and > gy, =1 in. Let € > 0 and for each 
n2>1 


n > 1 choose Vy, € C%(Un41 \ Un—1) such that 


[Pn — Grilli < ga- (1.154) 
Let 0 = D> Bn € C™(Q). We have 
n>1 
9 =allap = || d5 on - do onulle < D5 1On-¢nullip < € 
no1 ne1 n>1 


(see (1.154)), so u € W1?(Q) (see Theorem 1.119). 


Solution of Problem 1.142 
From Theorem 1.119, we know that we can find a sequence {tn}p,51 G C%(Q) such 
that 

Un —> u in Wt?(Q), 


Let B CCQ be a ball. Since Du, —> 0 in L?(B;R), from the Poincaré—-Wirtinger 
inequality (see Theorem 1.132), we have 


Un — (Un)B —> 0 in D?(B) 

(recall that (un) Bp = x*(B) J Un dz). By passing to a suitable subsequence if necessary, 
B 

we have 


Un(z) —> ¢ = lim (un) B for a.a. z € B. 
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Therefore, u|,, is constant. Since 2 is connected, we conclude that u is constant in 2. 


Solution of Problem 1.143 

We can view wu as a function in W; PIR") whose gradient vanishes. Then according 
to Problem 1.142, we have that u = € € R%. We must have that € = 0, since 
EAN (RY) = |lullp < +00. 


Solution of Problem 1.144 
Let \ € (0, 1] and let u)(x) = |z|*. Then u(x) = A\z|*~2z. So, 


1 1 
[so Ze = 2 f ron dx 
=i “1 
1 


and the latter integral is finite if and only if 2— 2A < 1, hence \ > 5. Therefore 
|z|* belongs in W!?(J) if and only if \ > 5: In particular the continuous function 


u(x) = ,/|x| does not belong to Wt?(I). 


Solution of Problem 1.145 
Let @ € (0,1) and let 


Q By {z = (21,22) € R?: |2| = 4/2? + 23 < o}. 


For  € R, we consider the function 


ua(z) = |Infz||* Vz € R?\ {(0,0)}. 
Let r = |z| and &)(r) = uy(z) (that is, Z(r) = |Inr|*). Note that 
|Du|?_ = (ui(r))?, 


thus 


Q 
[owe = 2m f (nr)?Xrdr 
0 


Bo 
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and 
Q 
[Do@Pae = an f Snr )2OYr dr. 
Bo 0 
Adding the last two equalities and making the change of variables t = —Inr, we 
obtain 
+00 +00 q 
= t 
[8+ iDwP) dz = 2n / fe dt 4 a / pan tt 
Bo —Ineo —Ino 


So, we see that u € H1(B,) if and only if \ < 5. So, for X € (0,5) the function 


u, € H'(Q) and blows up to +00 at zero. Therefore u, cannot have a continuous 
representative. 


Solution of Problem 1.146 
By hypothesis, we have 


(tm, Dun) “> (u,y) in LP(Q) x LP(O;RY). 
By the Mazur theorem (see Corollary I.5.59), we can find net C [0,1] such that 


Mn 
eS 1 
k=1 


and 
Mn 


hn = So Anp(tn-Dtin) —> (u,y) in LP(Q) x LP(0;R%). 
k=1 
Mn 
Note that wr, = yy Ankur € K and it is a Cauchy sequence in W1?(Q). So, we can 


fndwe Kk, or er 
Wn —> © inW'?(Q). 


Evidently, @ = u and Di = y = Du. 


Solution of Problem 1.147 
From Theorem 1.119, we know that there exists a sequence {Un}n51 © C1(Q) such 
that 


Un —> u in Wt?(Q), (1.155) 


1.3. Solutions 177 


We set tin = Un 07 for all n > 1. Evidently % € C!(). Also, let 0 € C%() and 
set 0 = Bo n't. Then 3 € C%(Q). Using the change of variable formula, for every 
ke {1,...,N}, we have 


: ipods = fl tin(D9, Dn(q7*(2))em) gr | det Jy-1(2)| dz, 

Q’ Q 
with J,-1(z) denoting the Jacobian matrix of the C1-function n~! at z € Q. Passing 
to the limit as n + +00 and using (1.155), for all k € {1,..., N}, we obtain 


‘ atede = / u(D8, Dn(n-*(2))en) pul det Jps(2)| dz 


Cy Q 


(1 *(z))ek) pw | det J,-1(z)| dz 


I 
ete 
= 
v 
S 
v 
3 


x), (Dn)ex) pn dx 


I 
| 
a 19) 
Ss) 
= 
2 
10) 
3 


(n(x), Celi dx 


I 
a 
=) 
= 
oe 


(by integration by parts). Since ¥ € CS°(’) is arbitrary, we obtain 


Di(xz) = J,(x)" Du(n(2)) Vre, 


Solution of Problem 1.148 

Let Q; CC Q. Multiplying with a cut-off function 0 € C&(Q), 0 < 0 < 1 and 
Oe, = 1, without any loss of generality, we may assume that u is Lipschitz and 
bounded on RY. Let vy be a convolution kernel (see Definition 1.117) and let { y- }-so 
be the corresponding family of mollifiers (i.e., ye(z) = =v (2) for all z € ; see 
Definition 1.117). We set up, = yi *u. It is well known that for all n > 1, we have 


un € C*~(RY),  |lunlloo < |lulle and un —> wu uniformly on 04. 
Because 
Dgtin = pi * Dpu — Dzu for aa. z€EO, and all ke {1,...,N} 


and 
|Prtalles < || Detlles Vke {1,...,N}, 
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using the Lebesgue dominated convergence theorem (see Theorem 1.3.94), we have 


[lun = ule ae — 0 
Q 
and 
[ [Du — (Dyu,...,Dnu)|? dz — 0. 
Q 


This means that u € W!?(Q1) (see Meyers—Serrin theorem; Theorem 1.119), hence 
we We? (Q). Moreover, Du is the usual gradient of wu. 


Solution of Problem 1.149 

Since by hypothesis the sequence {tn},51 © W1(Q) is bounded, it follows that 
it is also bounded in L?(Q). This fact and because un(z) —> u(z) for almost all 
z €Q, implies that u, > u in L?(Q) (see Problem 1.19). Similarly, the sequence 
{Dun}asi © L?(Q;R) is bounded and exploiting the reflexivity of L?(Q;R), we 
can find a subsequence {Dun, }x>1 Of {Dun}, 51 such that Dun, — hin L?(Q; RY). 
Problem 1.146 implies that h = Du and the uniqueness of the weak limit implies that 
for the original sequence, we have Du, —> Du in L?(Q; RYN ). Evidently, the above 
reasoning remains valid if W1?(Q) is replaced by Wo OG 


Solution of Problem 1.150 
Consider the Lipschitz continuous function g: R —> R defined by 


g(a) = 2° = max{x,0} VaceR. 
Then u* = gou and from the chain rule (see Theorem 1.142), we have 


Dut (z) = g'(u(z))Du(z), (1.156) 


so Dut € L?(Q;R%) and thus ut € W1?(Q). Similarly, we show that u- € Wh?(Q). 
Recall that |u| = u*t +u and conclude |u| € W1?(Q). 
From (1.156) we see that 


Dut = 0 for aa. z € {u < Of, 
~ | Du for aa. z € {0 < uf. 


Similarly for Du~ and D|ul. 
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Since the chain rule is also true on Wo ?(Q) (see Theorem 1.142), all the above 
arguments remain true if W'?(Q) is replaced by We PO). 


Solution of Problem 1.151 
Note that 


ho = u—(u—-y)* and hy = (u—y)tt+y. 


The result follows now from Problem 1.150. 


Solution of Problem 1.152 
Let yy = max, Un: From Problem 1.151, we know that y, € W'?(Q) for every k > 1 


SMe 


and 


|Dyz(z)| < max, |Dun(z)| < h(z) foraa. ze, and all k > 1. (1.157) 


The sequence {Yx},51 is increasing and 
yk(z) —> y(z) foraa. zEQ. 


So, by the Lebesgue monotone convergence theorem (see Theorem 1.3.92), we know 
that 
Yk —> y in DQ). 
Also from the reflexivity of L?(Q;R%) (recall that 1 <p < +oo) and (1.157) (recall 
that h € L?(Q)), we see that by passing to a subsequence if necessary, we may assume 
that 
Dy, —> g in LP(O;RY). 

From Problem 1.146, we infer that g = Dy and y € W'?(Q). Moreover, from (1.157) 
and the Mazur theorem; see Corollary 1.5.59) we conclude that 


|Dy(z)| < A(z) foraa ze. 


Solution of Problem 1.153 
From (1.157) and the Poincaré inequality (see Theorem 1.131), we have that the 
sequence {YK }x51 CS Wo ?(Q) (see the solution of Problem 1.151) is bounded. Because 


ye(z) —> y(z) foraa. z€Q, 
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we see that for the whole sequence, we have 
Yk —> y in Wy? (Q), 
so 
ye Wy? (Q) and |Dy(z)| < A(z) foraa. ze 
(by the Mazur theorem; see Corollary 1.5.59). 


Solution of Problem 1.154 
Because 


+ 


min{u,y} = u—(u—y)* and max{u,y} = (u—y)* +y, 


we see that it suffices to show that 


if un —> u in W1?(Q), then wf —> u in W'?(Q). (1.158) 

First note that 
Just —ut| < |uy — ul ¥u 2, 
so 
ut —> ut in DPQ). (1.159) 
Let 9 = X(o,4..0) and assume that 1 < p< +00. From Problem 1.150, we have 
[Dut — Dut ||— = J lolum)Dun — g(u)Dul? dz 
Q 
< [Dun — Dull, + f |Dul?|g(un) — g(u)| dz —> 0, 
Q 
Se) 
Dut —> Dut in L?(O;RY) 

and thus 


ut —> ut in Wt?) 


(see (1.159)). Therefore (1.158) holds and from this follows the solution of the prob- 
lem. 
If p = +00, then note that 


Just —ut| < |u,—ul and |Dut — Dut| < |Duy, — Du| 
(see Problem 1.150). So 
lust — UF lloo < |ltn —Ulloo and ||Dut — Dut|loo < ||Dun — Dulloo 


and the result follows. 


1.3. Solutions 181 


The same argument works in Wj”(Q). 


Solution of Problem 1.155 
Let 2; C R® be a bounded open set such that 


kKCM cc Q. 
Let yp € CS%(R”) be such that y|, = 1 and Plo = 0 (a cut-off function). We have 
ei = Us 
By Proposition 1.121, we can find a sequence {tn}j51 © C%(R%) such that 
Un —> u in LP(Q) and Du, —> Du in L?(O;R%). 


We have 
yun € Cer(Q) Vun2l 


and 
YU, —> yu = u in W?(Q), 


so UE Wo?(Q) (see Definition 1.126). 


Solution of Problem 1.156 

Since u = ut — u-, without any loss of generality, we may assume that u > 0. Let 
Un = (u—+)t € W1?(Q) for n > 1 (see Problem 1.150). By hypothesis Tim u(z) =0 
for all x € OQ, which implies that u,, vanishes outside a compact subset of Q. Invoking 
Problem 1.155, we conclude that un € Wy?(Q). As un — + — u in W!?(Q), from 
Problem 1.154, we have that 


Un = (Uur—4+)t > ut =u in W(Q). 


As Wo? (Q) is a closed subspace of W1?(Q), we conclude that u € Wy? (). 
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Solution of Problem 1.157 
Since u € Wo (Q), from Definition 1.126 we know that there exists a sequence 
{Un}nsi © Ce(Q) such that 


in —+ u in WP(Q). 


From Problem 1.154, we have that 


Solution of Problem 1.158 
Since u € Wy? (Q), according to Definition 1.126, we can find a sequence {Un}n51 © 
CS°(Q) such that 
Un —> u in Wt?(Q), 
Let yn, = min{y, un} € W'?(Q) for every n > 1 (see Problem 1.151). Since y > 0, we 


see that for every n > 1, yn has compact support. Then Problem 1.155 implies that 
Yn € Wo?(Q) for all n > 1. Moreover, Problem 1.154 implies that 


Ym —> min{y,u} = y inW*?(Q), 
so y € Wy”(9). 


Solution of Problem 1.159 
Since the distributional derivative u’ = 0, we have 


b 
[vs'ac =0 VveEC% (a,b). (1.160) 


a 


Let W = {0 : 0 € C&(a,b)}. Note that for every 0 € CS°(a,b), we have 
vw € C&(a,b) and 


b 
/ Nae = OG) = 8a) =-5, 


b 
Conversely, let 7 € Co°(a,b) be such that [ 7(s)ds = 0. Let 
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Then 0 € C™(a,b) and W = 7. Since n € CS°(a,b), we may assume that 7 = 0 
outside [c,d], with a << c <d< b. Hence V(x) = 0 for all x € (a,c], while for all 
x € (d,b), we have 


so UV € C&*(a,b). Therefore, we have proved that 


b 
W = {0s 9ECR(a,b)} = {NE C%(a,d): [ nlsyas =o}. 


a 


b 
Now, let 3 € CS°(a,b) be such that fddz = 1. Then, for any y € C%°(a,b), the 


function 
b 
we) = ele)-(f rdr)oe) Vr (a), (1.161) 
satisfies 
b 
w € C™%(a,b) and [va = 0. 


Then = € W and we can use it in (1.160). We obtain 


sO 
b b 


b 
[vcas = [eae [wos (1.162) 


a a 


b 
(see (1.161)). Let € = fw dx. Then from (1.162), we have 


b 


[Sear 2) 


a 


Since y € C°°(a,b) is arbitrary, we conclude that u(x) = € for almost all x € (a,b). 
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Solution of Problem 1.160 
Let 


D(p) = {u E Wy? (Q), u(z) > 1 for a.a. z in a neighborhood of A}, 


C, = inf ||Dull? 1.163 
P na! ult ( ) 


and let u € on Then, there exists an open set U such that A C U and u(z) > 1 for 
almost all z € U. Thus 


cap,(A,Q) < cap,(U,2) < ||Dulls, 


and 
cap,(A,9) < C, (1.164) 


(see (1.163)). To show the opposite inequality, we may assume that cap,(A,2) < +00 
(otherwise, there is nothing to prove). Then, given ¢ > 0 we can find an open set 
U- > 0 such that A C U; and 


cap,(U2,Q) < cap,(A,Q) +. (1.165) 
Then, we can find ue € Wy?(Q) with u.(z) > 1 for almost all z € U- such that 
|| Duell> < cap, (Ue, Q) + E, 


so 
||Ducl2. < cap,(A,®) + 2€ 
(see (1.165)) and thus 
C, < cap,(A,Q) + 2e. 


Let €¢ \, 0, to conclude that Cy < cap,(A,Q). So finally we have 


Solution of Problem 1.161 
Let 7: R —> R be the function defined by 


T(z) = min{1,2*} VaeR 


(recall that x* = max{z,0}). Then 7 is nonexpansive. Also, if u € W (Q) satisfies 
u > 1 for almost all z in a neighborhood of A, then from Theorem 1.142, we know 
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that T(u) € Wo?(Q) and clearly r(u) = 1 for almost all z in a neighborhood of A. 
Also, we have 


|Dr(uwJIIE < ||Dullh (1.166) 
(see Theorem 1.142). Therefore, if 


Cs = inf {|| Dull? Ue Wy (Q), u > 0 and 
u(z) = 1 for a.a. z in a neighborhood of A}, 


then _ 
Cy < ||Dr(u)|lP < Dull 


(see (1.166)). Taking infima with respect to u, we have 
Cac, 


(where oe is as in the solution of Problem 1.160 (see (1.163))). 
The opposite inequality is easy to see, since the infimum in the definition of Cp 
can be taken only over nonnegative functions. 


Solution of Problem 1.162 

Let u € Wy? (Q) be such that u > 1 for almost all z in a neighborhood of kK. Then, 
we can find an open set U such that K C U and u(z) > 1 for almost all z € U. The 
compactness of K implies that we can find « > 0 such that if 


Ke. = {z EQ: dist(z, Kk) < e}, 
then kK, C U. Hence 
u(z) > 1 foraa. ze Kz. 
Let y be a convolution kernel and let { y- }-s9 be the corresponding family of mollifiers 
(see Definition 1.117). Then we can find u, = ux yi € Co°(Q), for n > 1, such that 


Un > 1 for a.a. z in a neighborhood of K 


and 
||Dun|lp —> ||Dullp. 


It follows that 
cap,(K,Q) = {\|DulB: we CX), uz) 1 
for all z in a neighborhood of Kk } 
> {||DullR: we CoQ), u(z) > 1 for all ze K}. 
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Then from the definition of cap, (A, Q) (see Problem 1.163), we conclude that equality 
must hold. 


Solution of Problem 1.163 
Evidently cap,(-, ©) is monotone (see Problem 1.160). So, we have 


cap,(U,Q) 2 sup {cap,(K,Q): K is compact and K C U}. (1.167) 
We need to show the opposite inequality. We may assume that 
sup {cap,(K, Q): K is compact and kK C U} < +00. 
Let {Kn}n>1 be an increasing sequence of compact subsets of U such that 
U K, =U. Using Problem 1.162, for every n > 1, we can find un, € CS°(Q) such 
that 
Un 2 1 on Ky, and ||Dunll2 < cap,(Kn,Q)+2 Vn. (1.168) 


Evidently the sequence {tn}n51 © W?(Q) is bounded (see Theorem 1.131). So, by 
passing to a subsequence if necessary, we may assume that 


Un —+ u in Wo"?(Q). (1.169) 
Then u(z) > 1 for almost all z € U and we have 
capp(U,Q) < ||Dull; 
< liminf |_Dug|[f < liminf eap)(Kn,®) 
< sup {cap,(K,Q): K is compact and K CU}. (1.170) 
(see Problem 1.160 and (1.169)). Using also (1.170), we finally conclude that 


cap,(U,Q) = sup {cap,(K, Q): K is compact and kK C Uy 


Solution of Problem 1.164 
First, note that for every a,b > 0 and \ € (0,1), we have 


(ato? < (= )\) "a tA PP. (1.171) 
To show (1.171), we use the convexity of the function (0,-++00) ++ x? and obtain 


((1—A)Aa + A(L— AJB)? << (1— AAP? + A(1 — POP. 
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Now, dividing both sides by (1 — A)?A?, we obtain (1.171). 
We fix u € W, ?(Q). From the Poincaré inequality (see Theorem 1.131), we have 


elu — AI < ||[Du—DAIP < J ((Dul+[ay? ae, (1.172) 
Q 


Using (1.171), for every A € (0,1), we have 
cxllulle < cx(L—A)* Plu — RIE + eA? PALE 


< (i= ay” f ((Dul + Dal)? dz +e." 
Q 
< (1— A)?-?P|| Dull? + (1 —d)'-PAMP DAI + PIA. (1.173) 


Therefore, for every A,6 € (0,1), we have 


||Dull, —cllull, = 4||Dullp + (1 — 6)||Dull — ellull 
> 4||Dullf + (1 — d)ex(1 — A)??? — o) lull 
—(1—d)P* P| DAIP — cg (1 — A)?P-P7AP PAIL. (1.174) 


(see (1.173)). Since c < c&, we can choose A, 6 € (0,1) such that 
(1—d)e,(1 —A)*P-? > «. 
Then from (1.174), we conclude that 
[Dalle — ellull, 2 Billull? — Bo, 


for some (1 > 0, 62 > 0. 


Solution of Problem 1.165 
We need to show that for every A € R, the sublevel set 


Ly = {we DQ): y(u) <r} 


is strongly closed. So, let {Un}ns1 C Ly be a sequence such that u, — u in 
L?(Q). By virtue of hypothesis (i), un € W1?(Q) for n > 1 and the sequence 
{Dun}nsi L?(Q;R%) is bounded. Therefore the sequence {Un}nsi © W1?(Q) is 
bounded and due to the reflexivity of W'?(Q) by passing to a suitable subsequence if 
necessary, we may assume that uy, —> @ in W1?(Q). Clearly @ = u. Also, hypothesis 
(ii) implies that 


p(u) < liminfy(un) < A, 


n-+00 
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so u € Ly and so Ly is closed in L?(Q). This proves that y is lower semicontinuous 
for the strong topology of L?(Q). 


Solution of Problem 1.166 

Consider a sequence {Un},51, CG Ly. By hypothesis {un}ys1 W?(Q) and it is 
bounded. Then the Rellich-Kondrachov embedding theorem (see Theorem 1.135) 
implies that at least for a subsequence, we can have 


Un, —> u in DPQ), 


sO 


y(u) < liminf (un) < A 


and thus u € Ly. This proves that L) is compact in L?(Q). 


Solution of Problem 1.167 

From Definition 1.126, we see that it is enough to prove the inequality for all 
u €CX%(Q). So, let u € C%(Q) and extend it to all of R% be setting u equal to 
0 outside Q. Without any loss of generality, we can choose a coordinate system such 
that n = e;. Then for every z € 2, we have 


sO 
Z1 


july? < Cf [Dauls22,---,20)] 5)? 


a 
< Ja tapt f |Da.u(s,22,....2v))P ds 
—a 


(by the Jensen inequality; see Problem 1.26). Integrating this inequality in 21, we 
obtain 


J lolen 20, ,2n)/Pae < (2a)? f [Dayuler,22,-.-52n)/P dar 
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Integrating in the other directions also, we conclude that 


ul2 << (2a)P|| 242. 


Solution of Problem 1.168 
From Problem 1.167, we know that for all u € CS°(Q) we have 


llullb < (2a)? Fl, < (2a)P||Dullf, 


sO 
lull, + Dull, < ((2a)? + 1)||Dullp. 


On the other hand, directly from the definition of the Sobolev norm, we have 


|Dullp < lull. 


Finally from the density of the embedding CS°(Q) 3 W?(Q) (see Definition 1.126) 
we conclude that the two norms are equivalent in W, er). 


Solution of Problem 1.169 
Recall that u € C([0,1]) (see Theorem 1.100) and so from the mean value theorem 
for integrals, we know that there exists € € [0,1] such that 


u(€) = | u(x) dx = @. 
0 


Then we have 


teal = ie) a(S] < | flu o)has Vx € (0,1) 
g 


(see Theorem 1.100), so 


1 
jax / lu'(s)|ds = |lw'lly- 
0 


Next, let {Un}asy © C1 ({0, 1]) be a sequence such that 


u_(z) > 0 Vae€ [0,1], n>1 
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and 
til = 1, Unliga ay =f Vue 
We have 
1 
in = | enlo)ae. 
2 
so 


It follows that 


||n — Un|loo 2 un(1) — Un 


W 
— 
| 
Sle 
<x 
3 
W 
— 


In addition, we have 


lh = / ul,(a) dx = t,(1)—ta(0) = 1. 


Therefore, we infer that 
sup Ju — Uo = 1. 
ué€ W4(0,1) 


I|u"lla = 1 


Finally arguing by contradiction suppose that the above supremum is realized by 
some function ug € W!:!(0, 1), ice., 


[uo — Uolloo = 1 and |luplli = 1. 


Without any loss of generality, we may assume that there exists x9 € [0,1] such that 


uo(xo) — Uo = 1. (1.175) 
Also, note that 
1 
Uo = [ (vole) ~ min uo) eel > oe = uo(Yo), (1.176) 
0 


for some yo € [0,1]. From (1.175) and (1.176), it follows that 


uo(xo) — uo(yo) 2 1. (1.177) 
On the other hand, from Theorem 1.100, we have 


1 


uo(e0) — uolvo) <_f lup(x)|ae = 1 
0 
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(recall that ||uo||1 = 1), so 
uo(zo) — uo(yo) = 1 


(see (1.177)), thus @ = uo(yo) and hence 


uo = minuo, 
[0,1] 


which contradicts (1.175). Therefore, the supremum is not realized. 


Solution of Problem 1.170 
The inequality 


1, 
lula < elfu'llp Vue Wo" (a, 6) 


follows from the Poincaré inequality (see Theorem 1.108) and Proposition 1.111. 
Let 
. i, 
7 = inf {|lu'lp: we Wo?(a,b), [lela = 1} 


and let {tn}asi © W, (a,b) be a minimizing sequence. Then from Theorem 1.108, 
we see that the sequence {un}ys1 © Wy (a,b) is bounded. So, passing to a subse- 


quence if necessary, we may assume that 
Un —> wu in W(a,b), ifl<p<+o0, 
or 
us, Ha! tn L™(a,b), if p= +00. 
Invoking Theorem 1.109(a), we have that 
Un —> u in C([a,b)) 
(recall that p > 1). Then we have 
I|u'lp < 7 and |jullp = 1, 


which implies that 77 is realized. 


Solution of Problem 1.171 
From Theorem 1.142, we know that g, ou € W!?(Q) for all k > 1. We have 
lgnou—ullh = / |k —ulPdz+ / |k + ul? dz 
{u>k} {u<—k} 
= / |u|? dz + / |u|? dz = / |u]>dz —> 0 
{u>k} {u<—k} {|u|>k} 


192 Chapter 1. Function Spaces 
(since |u|? € L1(Q)). For the gradients, we have 
(gow) —Dul <_f |gh(u) — 1p LDulP de 
Q 
= / |Du/?dz — 0 


{lu|>k} 


(see Theorem 1.142 and since |Du|? € L1(Q)). So, we conclude that g, ou —> u in 
WwiP(Q). 


Solution of Problem 1.172 
Let u € Wo” (Q). According to Definition 1.126, we can find a sequence 
{Un}ns1 © Ce?(Q) such that 


For every n > 1, we have 


a oe / Mea laae 
Q 


Passing to the limit as n — +00 and using the Lebesgue dominated convergence 
theorem (see Theorem 1.3.94), we obtain 


Solution of Problem 1.173 
Let u € Wy?(Q) and let {Un}asy G Ce°(Q) be such that 


Un —> u in Wy? (Q) 
(see Definition 1.126) and so 
ut —> ut in Wo?(Q) (1.178) 


n 


(see Problem 1.154 and its solution). Evidently, for each n > 1, the function u;* 


has compact support. So, using regularization with mollifiers { y- }-so (see Defini- 
tion 1.117), we can find a sequence {Ynkhe>1 C C&(Q), Ynk > 0 such that 


Unk —> ut in Wo?(Q) as k — +00 VYuol (1.179) 


1.3. Solutions 193 


(see Problem 1.157). Then (1.178) and (1.179) imply that there exists a nondecreasing 
sequence {k(n)},,, such that k(n) + +oo and 

Ynk(n) —> ut in Wo?(Q) as n —> +00. 
By hypothesis, we have 

A Grind) = Ah Gane) 20 Vad, 


sO 


Solution of Problem 1.174 
Let 9 = (—1,1) and consider the function 


(e\= 0 if «<0, 
es xz if «>O0. 


Evidently u € AC(—1,1) and the distributional derivative of u is given by 
Yoa{i it aso 
Let 3 € C™(—1,1) be such that 
\|u’ — W'llao < €. 
Hence, if x < 0, we have |W’(x)| < ¢, while if z > 0, then |¥/(x) — 1] < € and so 
v(x) > 1-—e. By continuity, we obtain 
v'(0) < € and W(0) > le. 


If e € (0,5), we have a contradiction. This shows that u € W1°°(—1,1) cannot be 
approximated in W!:°°(Q) by smooth functions. 


Solution of Problem 1.175 
According to Problem 1.168, we need to consider a truly unbounded set (that is, Q 
cannot be bounded in any direction). So, let Q = R% and consider 9 € C%(R) such 
that 3(z) = 1 if |z| <1, 0(z) =Oif |z|] > 2 and0< 0 <1. Let J;(z) = 9(Z) for all 
k > 1. Then assuming N < p, we have 

[Dx llp —> 0 


and 
ellp 2 AX (Be) —> +00. 
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So, the Poincaré inequality fails. 


Solution of Problem 1.176 
Let u € V. For every x € I we have 


(see Theorem 1.100). If p = 1 or p = +00, then we immediately get 
llullp < ellu'l[p. 


If 1 <p <-+too, then note that V is a closed linear subspace of W!?(a,b) and the 
only constant function in V, is the zero function. So, from Problem 1.138, we get 


llIlp < ellu'lp. 


Solution of Problem 1.177 
“(a) = (b)”: Let 3 € C&(RY) and let n € RY with |n| = 1. We have 


(Lip (uw) being the Lipschitz constant of u). Then from Theorem 1.21 (see also Propo- 
sition 1.6), we have that there exists a unique function nm, € L®(R%) such that 


[oe = = f nnd ae V¥0=ECrR”). 
RN RN 


Note that the left-hand side is linear in n. So, we can find & Ee LT (RY “RY ) such 
that 


sO 
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“(b) => (a)”: Let { y. }-s0 be a family of mollifiers (see Definition 1.117). We define 
Ue = U* Ye. Then ue € C(R™) and 


|Duelloo = ||(Du) * Gelloo < ||Dulloo Ve>0O. 
We have that 
Ue —> u in Li, (RY) as és, 0. 


So, we can find a sequence {én}, 51 € (0, +00) such that en, \, 0 and 
Ue, (Z) —> u(z) for aa. z€. 


Let D CRN be the Lebesgue null set outside which we have pointwise convergence. 
Let E = RN \ D. For z,x € E, we have 


|u(z) = u(x)| a mun Jue, ( 2) — Ue, (x)| 


< sup ||Due,llool2 -— #] < ||Dulloolz — al, 
n2 


so u|,, is Lipschitz continuous. 
Note that E is dense in RY (recall that \Y(D) = \\ (RX \ E) = 0). So, we 
conclude that u admits a Lipschitz continuous representative. 


Solution of Problem 1.178 
“+”: From Definition 1.116 and the Holder inequality (see Theorem 1.3 and 
Problem 1.27), we have 


|| ve Bee|=| | Peels | 24[L lle <cltly VRE {1...,N}, 


with c = ||Dullp. 
“<—=”: We consider functions &,: Co°(Q) — R for k € {1,..., N} defined by 


Using the Holder inequality, we see that this is a continuous linear functional on 
CS (Q) with the L?’-norm. The density of the embedding C®(Q) G L”’(Q), implies 
that € € L?’(Q)*. So, by Theorem 1.21, there exists unique h, € L?(Q) such that 


6 (8) = [rode V9e LO), 
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ow _ 


Q 


sO 


hyde VdEC™?(M), ke {l,...,N}, 


oO 


thus 
fu = —h € 19(Q) Vee {l,...,N} 


Solution of Problem 1.179 
We show that for all & € {1,...,N} and z £0 we have 


Pe (z) = o'(lal)f- (1.180) 


Let 0 € Co°(Br) and let ¢ > 0 be small. For all k € {1,..., N}, we have 


oO” = Oo” Oo’ 
[vihaz = / Udz, dz + [us dz 


Br Br\Be B 
= / ude [wa do+ [ugh dz 
Br\B-z OBe Bz 
= - [ foae+ f geod: i dz [ 9% 40 (1.181) 
Br Be Be OBe 


(by the Green theorem and o being the surface measure). Note that 2J,u® e€ 
Ozk Ozr 
L+(Br). So, we have 


lim Lodz = tim f uf dz = 0. 
E\0 kh E\ 0 hk 

B- Be 
Also, if wy_1 = o(OBr) (oc = H*~! is the (N — 1)-dimensional Hausdorff (surface) 
measure), then 


I2| 


| 7 ud do| < wn_1||9loe* ty(e) — 0 ase \, 0. 
OBe 
So, if in (1.181) we pass to the limit as e \, 0, then we have (1.180) from which it 


follows that |Du(z)| = |y’(|z|)|. From this inequality, we deduce at once the claim of 
the problem. 
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Solution of Problem 1.180 
Evidently uy, —> 0 in L®(Q), hence in L?(Q) too. Also, we have 


ae = Vn(1—y)"cos(nz), Fin = —n(1 — y)"sin(nz), 


sO 


sup | |Dun(a, y)|? dx dy < +00. 
n>1 é 


Since H'(Q) is a Hilbert space, we infer that for the original sequence {Un}nsir We 
have 


Solution of Problem 1.181 

Evidently the set BY 9 L4(Q) is convex. So, by the Mazur theorem (see Theo- 
rem 1.5.58), to establish the claim of the problem, it suffices to show that the set 
Bi 1 L4(Q) is strongly closed in L4(Q). So, let {Un}nsi © Bi L4(Q) be a sequence 
such that u, —> u in L7(Q). Passing to a subsequence if necessary, we may assume 
that un(z) —> u(z) for u-almost all z € 2. If p = +00, then |u(z)| < 1 for p-almost 
all z € and so u € Bp NL4(Q). If 1 <p<-+ov, then by the Fatou lemma (see 
Theorem 1.3.95), we have 


i Sates A a 6 

Jul =f timing fun? du < timint fund <1 
Q Q 

so u € BY L4(Q). This proves that the set BY M L4(Q) is closed in L4(Q). 


Solution of Problem 1.182 
Evidently the set C C L'(Q) is bounded since 


sup ||ul]1 < sup |[Al]1 < +o. 
UEC hekE 


Also, since by hypothesis the set E C L!(Q) is uniformly integrable (see the Dunford— 
Pettis theorem; Theorem 1.28), given ¢ > 0, we can find 6 > 0 such that 


if A € } with p(A) < 6, then fin du <eforallhe E. 
A 
From the definition of C, it follows that 


if A € } with p(A) < 6, then fiw du <e for allueC. 
A 
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Then from Problem 1.6, we conclude that the set C C L'(Q) is uniformly integrable. 


Solution of Problem 1.183 
Let h € L?’(Q) (where 5 + 7 = 1). Then using Problem 1.53(a) and the Vitali 
convergence theorem (see Theorem 1.20), we have 


[uray — [utdy 


1e) Q 
Since h € L’(Q) is arbitrary, it follows that 
Un —> u in LP(Q). 


Since by hypothesis we have ||un||, — ||ul|p, we can use the Kadec-Klee property 
(see Corollary 1.26) and conclude that 


Solution of Problem 1.184 
From the weak lower semicontinuity of the norm functional in a Banach space (see 
Proposition 1.5.56(c)), we have 


ullp < liming llenlly 


so ||Un||p — |lul|p (use the hypothesis), thus u, —> u in L?(Q) (see Corollary 1.26). 


Solution of Problem 1.185 
From Problem 1.21, we have 


[Item llx — [leella — [lem = eella | —> 0. 


Since by hypothesis ||u,||; —> ||ul|1, it follows that |]u,, — ui||/1 — 0. 
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Solution of Problem 1.186 


No. To see this, let up(t) = NX) 1,4); for all t € [0,1]. Then {un},s1 © I+(0,1) and 


Un(t) —> 0 for almost all t € [0,1], However, ||un||1 = 1 for all n > 1. 


Solution of Problem 1.187 

We know that, if the set U C R is open, then U can be written as a countable union of 

open intervals. Hence { u(t) dt = 0. If A C R is a Lebesgue measurable set, exploiting 
U 


the regularity of the Lebesgue measure (see Definition 1.4.9), we can find a sequence 
of open sets {Un}nsi © 2% such that A C U, and A(U;,) —> (A) (where 2 is the 
Lebesgue measure on R). Then from the Lebesgue dominated convergence theorem, 


[vat — [uae 
A 


Un 


we have 

so 
i udt = 0 VY ACR measurable. 
A 


Let Az = {t€R: ut(t) > 0} and A_ = {tER: u(t) > 0}. Both are Lebesgue 
measurable and we have 
/ bade 0 


A UA 


so A(A,U A_) = 0, hence u(t) = 0 for almost all t € R. 


Solution of Problem 1.188 
By Theorem 1.100 and by identifying each u, with its absolutely continuous repre- 
sentation, we have 


t 
eC a J unto)as eee iia 


sO 


|Un(t) — Un(T)| < [r) ds, 


T 
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hence the sequence {tn},51 © C ([0,1]) is equicontinuous. Since u,(t) —> u(t) for 


all t € (0,1), we can apply the Arzela—Ascoli theorem (see Theorem I.2.181) and have 
that 


Un —> u in C([0,1)), 


SO Un(t) —> u(t) uniformly on [0, 1). 


Solution of Problem 1.189 . 
Let {Un}nsi © W,(0, 1) be a minimizing sequence for 1. Exploiting the 0- 


1\|P 
homogeneity of the quotient ae we may assume that 
p 


lunllp = 1 Vnd1 and [ul \. Ot. 


Then it is clear that the sequence {Un},51 © Wo °(0,1) is bounded. So, by the 


Sobolev embedding theorem (see Theorem 1.109), we may assume that 
Un —> @ inWj(0,1) and u, —> % in C((0,1)), 
so ||@1||p = 1, hence @ 4 0. Since ui, “> @ in L?(0,1), we have 
[12 < timing eB = Th, 
so ||, |b = Dai || || = 1. Evidently, if we replace u by |%1|, we still have 
[| € WoP(0,1), [l@illp = 1, Wal = Ar. 


Therefore, we may assume that u(t) > 0 for all t € [0,1]. 


Solution of Problem 1.190 
“+”: We have 


Tr 


MCAT) < 1 fw a = 2 fw) dt —>+ 0 ast -— +00. 
0 


T T 


0 
“<—”: Fix any ¢ > 0. For 7 > 0, we have 


£ f u(t)at = i / u(t) dt ++ / u(t) dt 
(0) C-n[0,7] [0,7]\Ce 


a / u(t) dt +. (1.182) 
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If 1 < p< +on, then 


1 / u(t)dt < <1, XCeMlOvr)) ( / u(t)? dt), 


7 


C-N[0,7] R+ 


where : + 7 = 1 (using the Holder inequality (see Theorem 1.3 and Problem 1.27)), 
so 


T 


lim t fu(that < Ve>0 


(see (1.182)), thus 


If p = 1, then 


4Ie 
S 
G 
Q 
oS 
IN 
qe 
S 
Ss 
Q 
oo 
II 
sE 


C-N[0,7] Ry 


thus 


Finally, if p = +00, then 


1 / u(t)adt < C010) falc, 


C-N[0,7] 


sO 


Solution of Problem 1.191 
Continuity follows from the fundamental theorem of the Lebesgue calculus. Let 7 € 
C(I) and fix a,b € I such that supp? C [a, b]. We have 
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/ ete = [ ane ds) dt + | ( / u(s)8"(t) ds) dt 
TI a t to to 
= — [(fuso dt) i+ f(fuowe dt) ds 
= - fui foo dt) i+ fu fore dt) ds 


Solution of Problem 1.192 
Yes. For all t,7 € R, 7 < t, we have 


sO 


la(t)? — u(7)2] < 2( | u(s)?as)*(_f ul(s)?as)? (1.183) 


(by the Cauchy-Schwarz inequality). Since u € H1'(R), we have 


t t 
[ew — 0 and [eras — 0 ast— +00, 


T 


so lim u(t)? = 7 > 0 (see (1.183)). If 7 > 0, then we pick € € (0,7) and have 


t—+00 
u(t? > n-e Vt>M=M(e)>0. 


Therefore, we have 
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a contradiction to the fact that u € L?(R). 


Solution of Problem 1.193 
No. Let N = 3 and consider the function 


1 if |z = z0| < 5 a 
t(2) = { ee: £ ei a Se Vz € B,(zo). (1.184) 


Note that Ur| 5B,(29) = 0 and urlos, (29) = 1. Hence u, € Co( B,(zo)) and 0 <u, < 1. 
2 


(20 
Moreover, we have 


|Vur(z)| = gop < = V2 B,(z0)\ Bz(z0). (1.185) 
k 
For k > 1, let z, = | O and rz, = Zr. We set 
0 
tip (2) it 2E Br lee), BSA, 
u(z) = 4 0 if ze R*?\ U B,,(z), 
k>1 


with u,, as in (1.184) with r = rz. We have 


fee=v i wWedz < £3 R= YL < +0 
k>1e k>1 k>1 

R$ Br, (Zk) 

(recall that 0 < u,, <1). Also, we have 


[iouPas = Of WuyPae < Fn = ED < $00 
R3 


i= > > 
REN “Ceg) k>1 k>1 


(see (1.185)). Therefore, we infer that u € H'(R) and it is bounded. However 


|lz| = k —+ +oo and u(z,) = 1 VES 1, 


Solution of Problem 1.194 
Let u = aC) J udz with AN being the Lebesgue measure on RY. Let @ = u—W. 
Q 


From the Poincaré—Wirtinger inequality (see Theorem 1.132), we have 


lillp < callDulp Vue wr(Q), (1.186) 
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for some cy; = c;(Q) > 0. Then using the Minkowski inequality (see Theorem I.3.101), 
we have 


lull < [p+ [lp < ci Dullp+| f wae 
Q 
< o(|[Dullp +| f wae), 
Q 


with c= max{ci,1} > 0. 


Solution of Problem 1.195 

The inequality follows from the Sobolev embedding theorem (see Theorem 1.109). 
We need to establish the claimed value of c > 0. Since u € C (|a, }]), from the mean 
value theorem for integrals, we can find 7 € [a, b] such that 


b 
u(y? = gy f uls)Pds = sAallul (1.187) 


We have 


t 


b 
ult) = uln)+ fuls)as < Zegllule +f |u'(s)Las 


7 
< pellulle + Vo~alle!ll2 < e(llullz +[le'llz) Vt € [a,8), 


with ¢ = max { =, Vb — a} (see (1.187) and use the Cauchy—Schwarz in- 
equality). Since t € [a,b] is arbitrary, it follows that |lullo. < cellull, with 


c= max { j=, Vb — a}. 


Solution of Problem 1.196 
Note that 


1 
e(u)| = | / u(t) dt| < V2llulle < V2elu'll 
0 
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for some c > 0 (by the Cauchy—Schwartz inequality and the Poincaré inequality (see 
Theorem 1.108)), so € € W~1!?(0,1) = W,’7(0, 1). By the Riesz—Fréchet repre- 
sentation theorem (see Theorem I.5.100) there exists a unique h € Wy (0,1) such 


that 
1 1 


i ‘ul dt = [vat Vue W,’7(0, 1). 
0 0 
Assume momentarily that h is twice continuously differentiable. Then integrating by 
parts, we have 
1 1 
hi(1)u(1) — h'(0)u(0) — [ita a= [vat vue W22(0,1), 


sO 
1 
fare —nue) dt =0 VWueWw,”(0,1), 
0 
thus 
A(t) = 1 foraa.t€(0,1), h(0) = A(1) = 0, 
hence 


A(t) = 3(?-t) VteE (0,1). 


Solution of Problem 1.197 

Let p € (1, +00]. From the Sobolev embedding theorem (see Theorem 1.109), we know 
that B,(p) is relatively compact in L?(0,1). So, we need to show that it is closed 
in L?(0,1). To this end, let {un}ys1 © B,(p) be a sequence such that uy, —> u in 
L(0,1). Then the sequence {u;,},5, © L?(0,1) is bounded and so the sequence 
{Un}nsi W1(Q) is bounded and thus we have 


Un —> u in W'(0,1), 


sO 


|u|| < liminf|Jun|| < 1 
n—- +00 


and hence u € B,(p) which proves that B,(p) C L(0,1) is closed. 
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Now, let p = 1. We consider a sequence of functions {Un}js1 CG w?+(0,1) 
defined by 


0 if t€ [0,4], 
Un(t) = 4 n(t—35) if te (5,5+4), Vn2>1. 
1 if t€[5+4,]] 


We have |lup||1 < 5 and |lu/,||1 < 1 for all n > 2. Therefore {2tn}n>e C B,(1). Note 
that 2u, —> 3u in L'(0,1) with 


3 


Solution of Problem 1.198 
Let g € C!(R) be a function such that 


lot)| < 1, |p @| < ec VEER, 


1 if t>1, 

= . 1 
g(t) —— t if l¢| < 2? 
=f a2 =1, 


We set 
hn(t) = Lg(nu(t)) —¥ £€ (0,3). 
The chain rule (see Theorem 1.142) implies that 


hyn € WP(0,1) and hi,(t) = g'(nu(t))u'(t) for a.a. t € (0,1). 


Then we have 


WG) ah BG) = { a pee for a.a, t € (0,1). (1.188) 


Note that un € L°°(0,1) for all n > 1 (see the Sobolev embedding theorem; Theo- 
rem 1.109) and ||hy||o. —> 0. For every 3 € CS (0,1) we have 


1 1 
[tot at 7 — [iva Vn>1, 
0 0 
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Se) 
1 
[eva = 0 VvECS (0,1), 
0 

thus 

and hence 


Solution of Problem 1.199 
The hypothesis that u, —> u in L'(Q) implies that at least for a subsequence, we 
have 

Un(z) —> u(z) for paa.z Ee. 


Then we can use Problem 1.19 and conclude that for the original sequence, we have 
Un —> u in L(Q). 


Solution of Problem 1.200 

Let {Un}ns1 G C be a sequence such that u, —> u in L?(Q). By passing to a 
suitable subsequence if necessary, we may assume that un(z) —> u(z) for almost all 
z €Q. Then by the Fatou lemma (see Theorem 1.3.95), we have that u € £9(Q) and 
||u\|g < 1. Therefore u € C and so we have proved that the set C is closed in L?(Q). 


Solution of Problem 1.201 
Let JC R be a bounded interval and consider the sequence of functions {X;Un}ys1- 
Then 


(x; Un)(t) —> 0 for aa. t eR. 


So, using the Vitali convergence theorem (see Theorem 1.20), we have 


[mat — 0, 
R 
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so for every step function s € L”’ (R), we have 


/ sun dt —> 0. 
R 
But recall that step functions are dense in L”’ (R). So, we get 
[ievat —+ 0 VheL” (R), 
R 


thus up, —> 0 in L?(R). 


Solution of Problem 1.202 
Let 


G = [ue tro): [u90de> [node 
Q 


for all 9 € L1(Q), with hd € L'(Q), 8 > O}. 


We claim that C = C. Evidently, we have C' C C. So, let u € C and let N= L) Qe 
n2>1 
with 0, € ©, u(Qn) < +00 (recall that the measure space (Q, 4, 1) is o-finite). Let 


n 


Qe = AN{lA|<n}e UD Vas. 


Let A = {u < h} € Nand choose 0 = XQ ,4. Then J € L'(Q), 0 > O and hd € L1(Q). 


Since wu € C we have 
fume fray 


QnNA QnNA 
sO 


(h—u)dw < 0, 
QnNA 
thus 
WO OA) = 0 Yn 21, 


hence pi(A) = 0. From this, we get that u > h, so C =C. 
Now for every fixed 9 € L'(Q), with hd € L'(Q), 0 > 0, the set 


C(8) = {we LM(Q): | wWdu> | hddu} 
[roa | 
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is clearly w*-closed in L°(Q). Hence the set C = C= (| C(@) is w*-closed in L*(Q). 
0 


Solution of Problem 1.203 
Evidently Cp C L%°(Q) is bounded. Also, note that 


Co = {ue L™(Q): ushi}r {we LQ): —us —hy}. 


Using Problem 1.202, we see that the set Co is w*-closed. Hence from the Alaoglu 
theorem (see Theorem 1.5.66), we conclude that the set Co is w*-compact. 


Solution of Problem 1.204 


(a) Let v € L1(R%). We have 


/ re > | i aie, baie oy a ee ee yl tne. 


RN 


SO 


| / hnv dz — [rea =| [ fouldn —v)dz+ [& — E)uv dz| 
RN RN RN RN 
< |lullool]On * v — olla + [lelllool] (En — §)ulla- (1.189) 
From Theorem 1.118(b), we know that 
|On xv — vl, — 0. (1.190) 
Also, using the Lebesgue dominated convergence theorem, we have 


I(x — €)ulla — 0. (1.191) 


Returning to (1.189) and using (1.190) and (1.191), we obtain 


[ rove — [rea Vue LR), 


RN RN 


so hy > h in Tr (R), 
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(b) Let B = B,(zo) with z € RY, r > 0 and let y = XB (e0)" We set 
r+1% 


lig = Oy ® (Eqx) Vn2>1. 
From Definition 1.117, we know that 


n 


supp (hn = hn) Cc Bi (0) as By+1(20)°; 


80 hm = hon B,(zo). Then, we have 


[Min = hae = [ Vin = xhlae < [in = xh\ dz 


B B RN 
< [ion Gm — Sal de+ f |(Onx xu) ~ xu da 
RY RY 


<f MGe—Sxulde+ f neu) —xuldz — 0 


Solution of Problem 1.205 
Let u € L®(Q) and extend it to all of RY be setting it to be equal to 0 on RN \ Q. 
Denote this extension by %. Evidently @ € L®(R). Let 

On, = {z€Q: dist(z,dQ) > 2, |z| <n}. 
Let én = Xo, forn > 1 and = xq. Evidently €,(z) —> €(z) for almost all z € RN. 
Let {Vn}nsi © Cee (R) be a sequence of mollifiers and define 


he = Vege (Ew) Vn>l. 
We have that h, € CS°(R%) and from Problem 1.204, we have 


[lm —tlde — 0 VBCRY ball. 
B 


So, we can find a subsequence (depending in general on the ball B), such that 
hy(z) — U(z) for aa. ze B. 


Since RY = L) B,,(0), by a diagonal process, we obtain a subsequence {hp, }h>1 such 
n2>1 
that 


hn,(z) —> u(z) foraa. zeR, 
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Then for every v € L1(Q) and using the Vitali convergence theorem (see Theo- 


rem 1.20), we have 
J tnvode — [wae 
Q Q 


Ang “ou in Haat (0 


Since hn, € Co°(Q), we conclude that Co°(Q) is w*-dense in L%°(Q). 


thus 


Solution of Problem 1.206 
We know that 


Jel = sup { f udde BE L*(Q), ||Plloo < 1}. (1.192) 
Q 


From Problem 1.205 and its solution we know that for every 3 € L°(Q), we can find 
a sequence {hn},51 © Co°(Q) such that 


Rnlloo < l\S]loo Vnel and h, “> 9 in L&(Q). 


Then we have 


So, from (1.192), it follows that 


lu = sup{ f wde: 8 € CX(O), [lac < 1} 
Q 


Solution of Problem 1.207 
From the Fatou lemma (see Theorem 1.3.95), we have 


[udu < [imintun a < timint [un dy, 
Nn—-+00 n—-+00 
Q Q 2 
Se) 
dy = onan — [udu = g. (1.193) 
D 1e) 
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Using Problem 1.14, we have 
Tun —> 9u in Li(Q). (1.194) 


From (1.193) and (1.194), it follows that uy, —> u in L1(Q). 


Solution of Problem 1.208 
Consider the function y(x) = xlnz for all x > 0. This is a convex continuous 
function. Then from the Jensen inequality (see Problem 1.26), we have 


of f wan) = ( | wan) in( f way) = 0 < few) an = fuinudy. 


Q Q Q Q Q 


Solution of Problem 1.209 
Let v € L*°(Q; X) and let ¢ = 2||v||o0. Ifdo < § and ||w—v||o. < 6 with w € L™(Q; X), 
then ||wl|o. < c. Let « > 0 be given and let 6 = 6(€,c) > 0 be as postulated by 
condition UC. We may assume that 6 < do. If ||w — vlloo < 6, then 
lw(z) —v(z)llx < 6 WzEQ\D, (1.195) 
with D € ¥ such that p(D) = 0 (see condition UC). Also, we have 
max {||w(z)||x, u(x} < ¢ VzeQ\D, (1.196) 


with D’ € ¥ such that pu(D’) = 0. So, if we consider D = DUD", then y(D) = 0 and 
both (1.195) and (1.196) hold. Using condition UC, we have 


|u(z, w(z)) — u(z, v(z))|ly < € VzeEO\ (D LL, 


with (D) = 0, so 
|Nu(w) — Nu(v)lloo < & 


thus the map v +> N,,(v) is continuous from L*°(Q;X) into L~(Q;Y). 
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Solution of Problem 1.210 


Let c > 0 and let E, = {x € X: ||z||x <c}. The separability of X implies that we 
can find a countable dense subset E! C E,. We define 


&,5(2) = sup |lu(z,) — u(z, v)|ly 
ave ks 
lz —vl|x <6 
= sup _—_|lu(z, x) — u(z, v)|ly, 
z,veE Et 


Iz -vllx <6 
so €..5 is U-measurable. 


Arguing by contradiction, suppose that condition UC (see Problem 1.209) is not 
true. Then we can find « > 0 and c > 0 such that for all n > 1 and all p-null sets 
D €™ we have 


Let Sn = {zEQ: &.,1 (2) >} for alln > 1. Then S, € D and p(Sp) > 0 for all 
n > 1. So, we can find G,, € © with u(G,) > 0 and z,, wy € FE, such that 
u(z,%n) —u(z,Wn) S> é Vz€Gnr, ||tr—Unllx < =. 
Without any loss of generality, we assume that 
w(Gasi) < Ha(Gn) Vn 1. 
Let Gi, =Gn\ U Ge ©. These sets are pairwise disjoint and (G',) > 0. We 


k>n+1 
define 


x(z) 0 if zeN\ UG, 


{i if zeGi n2=1, 
n2>1 
In if z€Gi, ne {l,...,m—1} 
wn if zEGi nem 
0 if zeQ\ UG, 


n2>1 


Then ||z(z) — wm(z)||x < 4 on Q, but |lu(z,2(z)) — u(z,wm(z))|ly > e on U Gh, 
n>1 


Wm(Z) Vmo2>i. 


which contradicts the continuity of Ny. 
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Chapter 2 


Nonlinear and Multivalued Maps 


2.1 Introduction 


2.1.1 Compact, Completely Continuous, and Proper Maps 


Definition 2.1 

Let X and Y be two Banach spaces, let D C X be a set, and let f: D— Y bea 

map. 

(a) We say that f is compact, if it is continuous and maps bounded subsets of D to 
relatively compact sets (i.e., if B C D is bounded, then f(B) C Y is compact). 
We denote the set of all compact maps f: D — Y by K(D;Y). If D= X, then 
wegen LeU XG Y ) = LX PRICY). 

(b) We say that f is completely continuous, if for every sequence {Un}n>1 C D 


such that un —» u € D in X, we have f(un) —> f(u) in Y (i.e., f maps weakly 
convergent sequences in D to strongly convergent sequences in Y ). 

(c) We say that f is a finite rank map, if f(D) lies in a finite dimensional subspace 
of Y. We denote the set of all finite rank maps f: D —> Y by Ky(D;Y). If 
D=X, then we set £Ly(X;Y) = L(X; VY) 1 K¢(X;Y). 

(d) We say that f is a weakly compact map, if it maps bounded sets in D to rela- 
tively weakly compact subsets of Y (that is, if B C D is bounded, then f(B)” CY 
is weakly compact). We denote the set of all weakly compact maps f: D —> Y 
by Kel DsY ). Jf D = X, then we set Lic(X5Y) = LAY) Boge (XY )- 


Remark 2.2 

Evidently we have K(X;Y) C K(X;Y). A completely continuous linear operator 
A: X —+Y is sometimes called Dunford—Pettis operator. Clearly the completely 
continuous maps are continuous. 
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Proposition 2.3 
If X and Y are two Banach spaces and K € £L.(X;Y), 
then K is completely continuous. 


The converse of this result is not in general true. 


Proposition 2.4 

If X is a reflexive Banach space, D C X is nonempty closed and f: D—Y is 
completely continuous, 

then f € K(D;Y). 


Combining Propositions 2.3 and 2.4, we infer the following. 


Corollary 2.5 
If X is a reflexive Banach space, Y is a Banach space and K € L(X;Y), 
then K € £L.(X;Y) if and only if K is completely continuous. 


The next theorem presents a useful approximation property that compact maps 
have and explains why those maps are the right class to extend the finite dimensional 
theory. 


Theorem 2.6 

If X and Y are two Banach spaces, D C X is a bounded closed set and f: D—->Y 
is a map, 

then f € K(D;Y) if and only if f is the uniform limit of finite rank maps 


Remark 2.7 
In fact given € > 0, we can find a finite rank map f;: D — Y such that 


If(u)-fe(Wlly <e WueD 


and 
f-(D) © conv f(D). 


Compact maps exhibit a nice extension property, which is a consequence of the 
following theorem, which generalizes the well-known Tietze extension theorem (see 
Theorem I.2.138). 


Theorem 2.8 (Dugundji Extension Theorem) 

If X is a metric space, Y is a locally convex space, D C X is a nonempty closed set, 
and f: D—Y is a continuous map, 

then there exists a continuous map f: X —> Y such that 


nxn n 


fin = f and F(X) © conv f(D). 


Using the above theorem together with the Mazur theorem on the convex hull of 
compact sets (according to which the convex hull of a compact set in X is relatively 
compact; see Theorem I.5.86), we have the following result. 
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Theorem 2.9 

If X and Y are two Banach spaces, D C X is a nonempty closed and bounded set 
and f € K(D;Y), 

then there exists f © K(X;Y) such that 


n n 


flo = f and F(X) © conv f(D). 
The space £,(X;Y) is closed and so 


EFOGY) Cony: 


In general this inclusion can be strict. 


Definition 2.10 
A Banach space Y is said to have the approximation property (the AP for short), 
if for every Banach space X we have 


CO = AY 


Remark 2.11 
The Hilbert spaces and the Banach spaces co = {@ = {ur},51 : Uk —> O} and IP 
(with p € [1,+00)) have the AP. 


Theorem 2.12 (Schauder Theorem) 

If X andY are two Banach spaces and K € L(X;Y), then 
(a) K €L£.(X;Y) if and only if K* € L.(Y*; X*); 

(b) K €Lf(X;Y) if and only if K* € Le(¥*; X*). 


The next notion is important because it restricts the size of the solution set of an 
operator equation of the form f(u) = y. 


Definition 2.13 
Let X and Y be two Hausdorff topological spaces and let f € C(X;Y). We say that 
f is proper, if for every compact set C CY, the set f~'(C) C X is compact. 


This notion is related to the coercivity of f which is important in variational 
analysis. 


Proposition 2.14 

If X andY are two Banach spaces and f € C(X;Y), 

then the following conditions are equivalent: 

(a) f is proper. 

(b) f is a closed map (i.e., maps closed sets in X to closed sets in Y ). Moreover, if 
X andy are finite dimensional, then the above conditions are also equivalent to 
the following one: 

(c) f is coercive (i.e., || f(u)||y —> +00 as ||ul|x —> +00). 


In some special cases for maps between infinite dimensional Banach spaces, coer- 
civity implies properness. 
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Proposition 2.15 

If X andY are two Banach spaces, f € C(X;Y) is coercive (i.e., || f(u)||y —> +oo 
as ||ul|x —+ +00) and at least one of the following conditions holds: 

(i) f = g+h where g is proper and h is compact; or 

(it) X is reflexive and f is completely continuous (see Definition 2.1(b)), 

then f is proper (see Definition 2.13). 


The notions of compactness and properness are related as follows. 


Proposition 2.16 
If X is a Banach space, D C X is a bounded closed set and f € K(D;X), 
then I, — f is proper (I, being the identity on X ). 


Now we turn our attention to the space £,.(X;Y) and in particular to the spectral 
properties of such operators. 


Proposition 2.17 
If X and Y are two Banach spaces, 
then L.(X;Y) furnished with the operator norm is a Banach space 


Definition 2.18 
Let X be a complex Banach space and let A € L(X). The spectrum o(A) of A is 
defined by 

o(A) = {AEC: Al, —A is not invertible}. 


The set C \ a(A) is called the resolvent set of A and it is denoted by o(A). Also, 
the operator R(A) = (AI, — A)~! is called the resolvent of A. 


Remark 2.19 

If we insist on real Banach spaces, then some important results of the spectral theory 
fail. For this reason we consider complex Banach spaces. For example, the next result 
is no longer true, if X is a real Banach space. 


Proposition 2.20 

If X is a complex Banach space and A € L(X), 

then o(A) 4 0 and in particular o(A) is a nonempty compact subset of {A EC: 
|Al < ||Alle}- 


Definition 2.21 

Let X be a complex Banach space and let A € L(X). 

(a) We say that \ € C is an eigenvalue of A, if there isu € X, u #0 such that 
(AI, — A)(u) =0. Then u is an eigenvector corresponding to the eigenvalue X. 
The subspace (AI, — A)~1(0) is the eigenspace corresponding to the eigenvalue 
rv. The set of all eigenvalues of A is called the point spectrum of A and is 
denoted by oy(A). 
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(b) If X € o(A) \ op(A) and R(AL, — A) is not dense in X, then we say that is in 
the residual spectrum of A. 


Remark 2.22 
The reason that we single out the residual spectrum is that it does not occur for a 
large class of operators, for example, for self-adjoint operators on a Hilbert space. 


Theorem 2.23 

If X is an infinite dimensional complea Banach space and A € £L,(X), then 

(a) o(A) is a countably compact set (see Definition I.2.88) with 0 as the only possible 
limit point; 

(6) 0(A) = op(A) U {0}; 

(c) if X € o,(A) \ {0}, then the eigenspace corresponding to X is finite dimensional 
and 

dim ker (AI, — A) = codim R(AL, — A) 


(recall that codim R(AI, — A) = dim (X/rar a A)))- 
xX 
We can expand (c) in the above theorem. 


Proposition 2.24 

If X is a Banach space, A € £L.(X) and X is a nonzero scalar, then 
(a) ker (AI, — A) is finite dimensional; 

(b) R(AL, — A) is closed and R(AI, — A) = ker (AI*% — A*)+; 

(c) ker (AI, — A) = {0} if and only if R(AL, — A) = X; 

(d) dimker (AI,, — A) = dimker (AI%, — A*). 


Remark 2.25 

Statement (c) says that AJ, — A is injective if and only if it is surjective. This is 
a well-known fact for operators between finite dimensional spaces. So, according to 
this statement, the equation 


(AL, — A)(u) = y 
has a solution for every y € X if and only if the equation 
(AI, — A)(u) = 0 


admits only the trivial solution. In this form, the result is known as the Fredholm 
alternative theorem. 


For compact self-adjoint operators defined on a separable Hilbert space, we have 
the following result. 


Theorem 2.26 (Spectral Theorem) 
If H is an infinite dimensional separable Hilbert space and A € L.(H), 
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then there exists an orthonormal basis {en}n>1 of H consisting of eigenvectors of A 
such that for every u€ H we have 


A(u) = So Xe (u, €x) pp Ck: 


k>1 


with rx, being the eigenvalue corresponding to ex, and (-,-);, denoting the inner product 
of H. 


Definition 2.27 

Let H be a Hilbert space and let A € L(A). 

(a) We say that A is normal, if AA* = A* A; 

(b) We say that A is unitary, if A* = A! (i.e, AA* = A*A = I,,); 

(c) We say that A is projection, if A? = A and it is an orthogonal projection, 
if it is a projection and R(A) = (ker A)+. 


Proposition 2.28 

If H is a complex separable Hilbert space and A € £L.(H) is normal, 

then there exists an orthonormal basis {€n}nd1 of H consisting of eigenvectors of A 
such that for every u € H, we have 


A(u) = So (u, Ek) py ek, 


k>1 


with A, being the eigenvalue corresponding to e, and (-,-)_, denoting the inner product 
of H. 


Definition 2.29 

Let X and Y be two Banach spaces and let L € £L(X;Y). We say that L is a Fred- 
holm operator, if ker L is finite dimensional and R(L) = L(X) is finite codimen- 
sional (that is, dim(Y/pz)) < +00). The number i(L) = dimker L — dim(Y/a,z)) 
is called the index of L. The set of Fredholm operators L: X —+ Y is denoted by 
Fred (X;Y). 


Remark 2.30 
If L € Fred (X;Y), then R(L) CY is closed. Moreover, we have 


X = kerLOV 


and L],, is an isomorphism of V onto L(X). Fred (X;Y) is an open subset of £(X; Y) 
and the map L + > i(L) is continuous (hence, it is constant on each connected 
component of Fred (X;Y)). Finally every L € Fred (X;Y) is invertible modulo finite 
rank operators, that is, there exists T € L(Y;X) such that both LoT—TJ, and 
ToL—TI,, are finite rank operators. 


Finally we introduce a notion that allows us to go beyond compact maps. 
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Definition 2.31 
Let X be a Banach space and let B be the family of bounded subsets of X. 
(a) The Kuratowski measure of noncompactness a: B —> Rx is defined by 


a(C) = inf {d >0: C can be covered by a finite number 
of sets of diameter < d}. 


(b) The Hausdorff measure of noncompactness 3: B —> R, is defined by 


B(C).. = inf {r >0: C can be covered by a finite number 
of balls of radius ae 


Let D C X, let Y be another Banach space and let f: D —> Y be a continuous 

and bounded (i.e., maps bounded sets to bounded sets) map. In what follows by yx 

(respectively yy ) we denote either a or B on X (respectively on Y ). 

(c) We say that f is a k-set-Lipschitz map, if for every bounded set C C D we 
have 


yw(f(C)) < kyx(C). 
(d) We say that f is a k-set contraction, if it is k-set Lipschitz with k <1. We 
denote by SC;,(D;Y) the family of all such maps. 


(e) We say that f is a condensing, if for every bounded set C C D with yx(C) > 0, 
we have yy(f(C)) < yx(C). We denote by S(D;Y) the family of all such maps. 


Proposition 2.32 

If X is Banach space and y: B —>+ Rx is either a or B, then 

(a) 7(C) =0 if and only if C is compact (regularity); 

(b) y¥(AC) = |Alq(C) for all A € R and y(Cy + C2) < y(C 1) + y(C2) (seminorm); 
(c) if Cy C Co, then 7(C1) < y(C2) (monotonicity); 

(d) y(C, UC2) = max{y(C1), y(C2)} (semiadditivity); 

(e) ¥(C) = y(conv C) and 7(C) = 7(C). 


Another measure of noncompactness that we will use is related to the weak topol- 
ogy on X. 


Definition 2.33 
Let X be a Banach space and let B be the family of bounded subsets of X. The weak 
measure of noncompactness €: B —+ |0,+00) is defined by 


€(C) = inf{e>0: there exists a w-compact set DC X 
such that C C D+ eB}, 


where By ={uEX: |lullx < 1}. 


The properties of € are similar to those of a and £. 
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Proposition 2.34 

If X is a Banach space and €: B —+ Ry is the weak measure of noncompactness, 
then 

(a) €(C) = 0 af and only if C” is w-compact; 

(b) (AC) = |AJE(C) for all X € R and €(C1 + C2) < (C1) + €(C2); 

(c) if Cc; é Co, then &(C}) < &(C); 

(d) (C1 U C2) = max{€(C1), €(C2)}; 0 

(e) &(C) = €(convC) and €(C) = €(C ). 


2.1.2 Multifunctions 


Throughout this section, we will use the following notation for certain hyperspaces. 
So, let X be a Hausdorff topological space. We define 


P(X) = {ACX: Ais nonempty and closed} 
PX) = {A CX: Ais nonempty and compact } 
P(X) = Py(X)U {0}. 


Moreover, if X is a normed space, then 


Pye(X) = {A € P(X) : Ais convex} 
Pre(X) = {A € P, (X): Ais convex} 
Pipe X) = {A CX : Ais nonempty, w-compact and convex } 
Pap (X) = {A C X : Ais nonempty, bounded, closed (and convex) }. 


Definition 2.35 

Let X and Y be two sets, let F: X —+ 2” \ {0} be a multifunction and let D CY. 
We define 

(a) The weak inverse image of D under F is the set 


F-(D) = {we X: F(uNDFO}. 
(b) The strong inverse image of D under F is the set 
FY(D) = {ue X: F(u) CD}. 


Using these notions, we can define some continuity concepts for multifunctions 
between two Hausdorff topological spaces. 


Definition 2.36 

Let X and Y be two Hausdorff topological spaces and let F: X —> 2° be a multi- 

function. 

(a) We say that F is upper semicontinuous at uo © X (usc at xo for short), if 
for every open set V C Y such that F(uo) CV, we can find U € N(ug) (the 
filter of neighborhoods of ug), such that F(u) CV for allu ec U. We say that F 
is upper semicontinuous (usc for short), if it is upper semicontinuous at any 
ue xX. 
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(b) We say that F is lower semicontinuous at up € X (Isc at xo for short), if for 
every open set V CY such that F(ug) AV 490, we can find U € N(uo), such 
that F(u)AV £0 for allu ec U. We say that F is lower semicontinuous (Isc 
for short), if it is lower semicontinuous at anyue X. 

(c) We say that F is continuous (or Vietoris continuous) at uo © X, if it is 
both upper and lower semicontinuous at up. We say that F is continuous (or 
Vietoris continuous) if it is continuous at anyu Ee X. 


These definitions lead to the following alternative descriptions of the above con- 
tinuity notions for multifunctions. 


Proposition 2.37 

If X andY be two Hausdorff topological spaces and F: X —> 2” is a multifunction, 

then the following statements are equivalent: 

(a) F is upper semicontinuous. 

(b) For every closed set C CY, the set F~(C) is closed in X. 

(c) Ifx € X, {tahaes is a net in X, 4 —> x, V CY is an open set such that 
F(a) CV, then there exists ag € J, such that for alla € J, a > ag we have 
Bia) Gy, 

(d) For every open set U CY, the set F*(U) is open in X. 


Proposition 2.38 

If X andY be two Hausdorff topological spaces and F: X —+ 2” is a multifunction, 

then the following statements are equivalent: 

(a) F is lower semicontinuous. 

(b) For every closed set C CY, the set F*(C) is closed in X. 

(c) Ifx € X, {tahaes is a net in X, Lg —> x, V CY is an open set such that 
F(z) AV 49, then there exists ag € J, such that for alla € J, a > ao we have 
F(ta)ANV #9. 

(d) Ifxe X, {tahaes is a net in X, ty — x andy € F(x), then for everyae J 
we can find Yq € F(xq), such that ye —y ny. 

(e) For every open set U CY, the set F~(U) is open in X. 


Proposition 2.39 

If X andY are two Hausdorff topological spaces and F: X —> 2 is a multifunction, 

then the following statements are equivalent: 

(a) F is continuous. 

(b) For every closed set C CY, the sets Ft(C) and F~(C) are both closed in X. 

(c) Ifx eX, {tahaes is a net in X, ty —> x, V,W CY are open sets such that 
F(x) CV and F(x) NW #49, then there exists ag € J, such that for alla € J, 
a> ao we have F(aq) CV and F(ta) NW #9. 
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Definition 2.40 
Let X and Y be two Hausdorff topological spaces and let F: X —> 2” be a multi- 
function. The graph of F is the set 


GrF={(@,y)EexxY: yEeFi(a)}. 


We say that F is closed, at up € X, if for every net {(%a, Ya) acs C Gr F such that 
(La; Ya) —> (0, Yo) in X x Y, we have yo € F(xo). We say that F is closed, if F 
is closed at every x € X (that is, Gr F C X x Y is closed). 


Proposition 2.41 

(a) If X and Y are two Hausdorff topological spaces with Y being regular and 
F: X —+ P;(Y) is an upper semicontinuous multifunction, 
then F is closed. 

(b) If X is a complete metric space, Y is a Hausdorff topological space with topology 
T, F: X —>+ P,(Y) is an upper semicontinuous multifunction and there is a 
metrizable topology 7 of Y such that ™% CT, 
then F is continuous on a residual set (that is, on the complement of a set of 
first Baire category). 


For multifunctions with compact values, we can drop the regularity condition 
on Y. This is a consequence of the following proposition. 


Proposition 2.42 

If X and Y are two Hausdorff topological spaces and F: X —+ 2° \ {0} is a multi- 
function, 

then F is Py(Y)-valued and upper semicontinuous if and only if for every net 
{(La; Ya) sacs C GrF such that tg — & in X, {yahacs has a limit point in F(x). 


With this result, we can have a version of Proposition 2.41(a) in which the regu- 
larity of the space Y is no longer required. 


Proposition 2.43 

If X and Y are two Hausdorff topological spaces and F: X —+ P,(Y) is an upper 
semicontinuous multifunction, 

then F is closed. 


Now we introduce a metric structure on the range space Y and for every y € Y, 
we examine the function « +— disty(y, F(2)). 


Proposition 2.44 

If X is a Hausdorff topological space, (Y,d,,) is a metric space and F: X —+ 2° \ {0} 
is a multifunction, 

then F is lower semicontinuous if and only if for every y © Y, the function 
xt disty(y, F(x)) is upper semicontinuous (as an R+-valued function). 
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There is no corresponding result for upper semicontinuous multifunctions. We 
only have the following result. 


Proposition 2.45 

If X is a Hausdorff topological space, (Y,d,,) is a metric space and F: X —+ 2° \ {0} 
is a locally compact multifunction (i.e., for every x € X, we can find U € N(x) such 
that F(U) € Py (Y)) and for every y € Y, the function x +—> disty(y, F(x)) is lower 
semicontinuous, 


then F is upper semicontinuous. 


If on Y we introduce linear structure, then there is another important functional 
that we can associate with a multifunction F: X —+ 2° \ {0}, namely the support 
function. 


Definition 2.46 
Let Y be a normed space, Y* its topological dual and D C Y a nonempty set. The 
support function of D, 70,: Y* —+* R= RU {+oo} is defined by 


where by (-,-) we denote the duality brackets for the pair (Y*,Y). 


Proposition 2.47 

If X is a Hausdorff topological space, Y is a normed space furnished with its weak 
topology and F: X —+ 2° \ {0} is an upper semicontinuous multifunction, 

then for every y* € Y*, the function x +> ore) (y*) is upper semicontinuous. 


To have the converse of the above proposition, we need to strengthen the condi- 
tions on the multifunction F’. 


Proposition 2.48 

If X is a Hausdorff topological space, Y is a normed space and F: X —> Pyure(Y) 
is a multifunction such that for all y* € Y*, the function x > Try 0) is upper 
semicontinuous, 


then F is upper semicontinuous from X into Y equipped with the weak topology. 


In the presence of a metric structure on Y, we can have a pseudometric structure 
on the hyperspace 2”. 


Definition 2.49 
Let (Y,d,,) be a metric space and let C,D € 2” be two sets. We define: 
(a) h*(C, D) =supdisty(c, D) (the excess of C over D). 

cEeC 


(b) h(C,D) = max {h*(C,D),h*(D,C)} (the Hausdorff distance of C from D). 
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Remark 2.50 

Evidently h is a generalized pseudometric on 2° (that is, h is a pseudometric that 
can also take the value +00). Moreover, h(C,D) = 0 if and only if C = D and so 
P;(Y) U {0} is a generalized metric space, with Q an isolated point. Then we call h 
the Hausdorff metric. The Hausdorff metric h is not a topological construction, 
that is, the Hausdorff metric topology on P(Y) is not determined by the topology 
of Y. It is easy to check that 


hA(AC, AD) = |AlA(C, D) VAER 
and if Y is a normed space, then 
h(C, + C2, D1 + D2) < h(Ci, D1) + h(C2, De) 
and 
A(AC] + (1 — A)C2,AD1 + (1 — A)D2) < AA(Cy, D1) + (1 — A)A(C2, Do), 
for all A € [0,1]. Therefore, we have 
h(conv C,conv D) < h(C,D). 
The same inequalities are also valid for h*. Also, note that 


h*(C,D) = sup (dist(y, C) — dist(y, D)) 
yeY 


and is Y is a normed space and C,D € P,,,(Y), then 
AN(C,D) = sup{oo(y") — p(y"): Ily"llk < 1} 


An immediate consequence of Definition 2.49 are the following two useful expres- 
sions for the Hausdorff metric h. 


Proposition 2.51 
(a) If (Y,d,) is a metric space and C,D € 2” \ {0}, 
then h(C, D) = sup |disty (y, C) — disty(y, D)|; 
yeY 


(b) If Y is a normed space and C,D € Py5-(Y), 
then h(C,D) = sup |o,(y*) —o,(y*)| (the Hérmander formula). 
Ily*l|<1 
(c) If Y is a normed space and C CY is a nonempty, convex set 
then for everyv © Y, we have 


disty(v,C) = sup { (v*,v) —a¢(v*): v* EY*, |lu* ||. <1} 


(see Problem 3.88). 


2.1. Introduction 229 


(d) If Y is a Banach space andC CY, 
then C € Pwre(Y) if and only if the map v* > o,(v*) is m(Y*, Y)-continuous 
with m(Y*,Y) being the Mackey topology. 


Assuming extra structure on Y, we can say more about the metric space 
(Pr(Y), h). 


Proposition 2.52 

(a) If (Y,d,,) is a complete metric space, 
then (P;(Y),h) is a complete metric space too. 

(b) Py (Y) is a closed subset of (Pr(Y),h) and if (Y,d,) is a separable metric space, 
then so is (Pr(Y),h). 

(c) If Y is a normed space, 
then Pre(Y) © Pype(¥) and Py(Y) C Po¢(Y) are all closed subsets of the metric 
space (Pr(Y), h). 


Using these metric notions, we can introduce new continuity concepts for a mul- 
tifunction F’, in general distinct from those of Definition 2.36. 


Definition 2.53 

Let X be a Hausdorff topological space and let (Y,d,) be a metric space. 

(a) A multifunction F: X —+ 2° \ {0} is said to be h-upper semicontinuous 
at xp € X (h-use at xo for short), if the function x ++ h*(F(zx),F(xo)) is 
continuous at zo. We say that F is h-upper semicontinuous (h-usc for short), 
if it is h-upper semicontinuous at every x © X. 

(b) A multifunction F: X —+ 2¥ \ {0} is said to be h-lower semicontinuous 
at to € X (h-lse at xo for short), if the function x ++ h*(F (ao), F(2)) is 
continuous at x9. We say that F is h-lower semicontinuous (h-lsc for short), 
if it is h-lower semicontinuous at every x © X. 

(c) A multifunction F: X —+ 2¥ \ {0} is said to be h-continuous at xo € X, if it 
is both h-lower and h-upper semicontinuous at x9 € X (that is, the multifunc- 
tion function F: X —+ (2° \ {},h) is continuous at xo). We say that F is 
h-continuous, if it is h-continuous at every x € X. 


How are these continuity notions related to those introduced in Definition 2.36? 


Proposition 2.54 

If xX is a Hausdorff topological space, (Y,d,) is a metric space, and 
F: X —> 2° \ {0} is upper semicontinuous, 

then F is h-upper semicontinuous. 


Proposition 2.55 

If X is a Hausdorff topological space, (Y,d,) is a metric space, and 
F: X —+ 2¥ \ {0} is h-lower semicontinuous, 

then F is lower semicontinuous. 
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In general the converse implications are not true (see Problem 2.67). For compact 
valued multifunctions, the situation is better. 


Proposition 2.56 

If X is a Hausdorff topological space, (Y,d,.) is a metric space, and F: X —>+ P,(Y) 
is a multifunction, then 

(a) F is upper semicontinuous if and only if F is h-upper semicontinuous. 

(b) F is lower semicontinuous if and only if F' is h-lower semicontinuous. 

(c) F is continuous if and only if F is h-continuous. 


Now we turn our attention to the fundamental question of the existence of a 
continuous selection. 


Definition 2.57 

Let X and Y be two Hausdorff topological spaces and let F: X —+ 2° \ {0} be a 
multifunction. A continuous selection (or selector) of F is a continuous function 
f: X —Y such that f(x) € F(x) for allxane X. 


We have the following existence result. 


Theorem 2.58 (Michael Selection Theorem) 

If X is a paracompact space, Y is a Banach space and F’: X —+ Py,(Y) is a lower 
semicontinuous multifunction, 

then F admits a continuous selection. 


When X is a metric space (thus also a paracompact space) and Y is a separable 
Banach space, we can produce a whole sequence of continuous selectors of F’ which 
is dense in F(x) for all x € X. 


Proposition 2.59 

If X is a metric space, Y is a separable Banach space and F': X —+ P;,(Y) is a 
lower semicontinuous multifunction, 

then there exists a sequence {frtns1 of continuous selectors of F' such that 


In general Theorem 2.58 is optimal in the sense that the hypotheses of the theorem 
cannot be relaxed. However, if Y is a separable Banach space, then we can enlarge 
the range space of F’. 


Proposition 2.60 

If X is a paracompact, perfectly normal topological space (see Definitions I.2.142 and 
I.2.137), Y is a separable Banach space, and F: X —+ 2° \ {0} is a lower semicon- 
tinuous multifunction with convex values such that for all x € X either int F(x) 40 
or F(a) is finite dimensional, 

then F admits a continuous selection. 
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So far, we have focused on the topological properties of multifunctions. Next we 
turn our attention to the measure theoretic ones. 


Definition 2.61 

Let (0,3) be a measurable space, X a metric space and F: Q —> 2* a multifunction. 

(a) We say that F is measurable, if for every open set U C X, we have F~(U) € © 
(see Definition 2.35(a)). 

(b) We say that F is graph measurable, if Gr F © & x B(X) (B(X) being the Borel 
o-field of X ). 


Remark 2.62 
The domain of F is defined to be the set 
domF = {weQ: Fw) #9}. 
Evidently, if F is measurable, then dom F’ € %. So, when dealing with measurable 
multifunctions Ff’, we can always assume that dom F = QQ. 


The next theorem summarizes what is known about the measurability of multi- 
functions with closed values. 


Theorem 2.63 

Let (Q,%) be a measurable space, (X,d,) a separable metric space and 

F: Q —+ Py(X) is a multifunction. We consider the following properties of F: 

(1) F-(D) €% for every D € B(X) (B(X) being the Borel o-field of X). 

(2) F-(C) €& for every closed set CX. 

(3) F is measurable (see Definition 2.61(a)). 

(4) For every x € X, the function w —> dist(x, F(x)) is U-measurable. 

(5) F is graph measurable. 

We have the following relations among the above properties: 

(a) (1) => (2) => (3) <> (4) = 6). 

(b) If X is o-compact, then (2) <== (3). 

(c) If % is complete (that is, & = % (X being the universal o-field; see Definition 
I.4.45)) and X is complete, then (1) <= > (2) <=> (8). 


Now we pass to the problem of existence of selections. In this case we look for a 
measurable selections. 


Theorem 2.64 (Kuratowski-Ryll Nardzewski Selection Theorem) 

If (Q,%) is a measurable space, X is a Polish space and F': Q —+ Pr(X) is a mea- 
surable multifunction, 

then F admits a i-measurable selection. 


Remark 2.65 

In fact we can be slightly more general and instead assume that X is a separable 
metrizable space (that is, we drop the completeness hypothesis on X) and that F' has 
complete values. 


We can improve the above selection theorem (compare with Proposition 2.59). 
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Theorem 2.66 

If (Q,%) is a measurable space, X is a Polish space and F: Q) —+ Ps(X) is a mul- 

tifunction, 

then the following statements are equivalent: 

(a) F is measurable. 

(b) There exists a sequence of %-measurable selectors { fp: Q — X}n>1 of the mul- 
tifunction F such that 


Fw) = {fa)}no1 Wwe. 


This result leads to the following improved version of Theorem 2.63. 


Theorem 2.67 

Let (Q,%) be a measurable space, (X,d,) a separable metric space and 
F: Q —+ Py(X) a multifunction. We consider the following statements: 

(1) F-(D) €% for every D € B(X) (with B(X) being the Borel o-field of X). 

(2) F-(C) €% for every closed set CC X. 

(3) F is measurable (see Definition 2.61(a)). 

(4) For every x € X, the function w ++ dist(x, F(w)) is H-measurable. 

(5) There exists a sequence { fn: Q — X}n>1 of -selectors of F such that 


F(w) = {fr)}nz1 Vwe 2. 


(6) F is graph measurable. 

We have the following relations among the above properties: 

(a) (1) => (2) => (3) => () = ©). 

(b) If X is complete (that is, X is a Polish space), then (3) <=> (4) <=> (5). 

(c) If X is o-compact, then (2) <= > (3). 

(d) If is complete (that is, & =D (3 being the universal o-field)) and X is a Polish 
space, then all properties (1) to (6) are equivalent. 


In Theorem 2.64 (see also Theorem 2.66), we require that F' has closed values. 
We have a second measurable selection theorem for multifunctions which need not to 
be closed valued. 


Theorem 2.68 (Yankov-von Neuwmann—Aumann Selection Theorem) 

If (Q,%) is a complete measurable space (that is, S = 5 (3 being the universal 
o-field)), X is a Souslin space and F: Q —+ 2* \ {0} is a graph measurable multi- 
function (see Definition 2.61), 

then F admits a Si-measurable selection. 


Remark 2.69 

Recall that a Hausdorff topological space X is said to be Souslin, if there is a Polish 
space Y and a continuous surjection from Y onto X. For locally compact spaces, the 
notions of Souslin space and Polish space coincide. A separable Banach space with 
the weak topology is a Souslin nonmetrizable space. Similarly, if X* is the topological 
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dual of a separable Banach space and we furnish X* with the w*-topology (denoted 
by X*.), then X%. is a Souslin nonmetrizable space. In fact the above theorem can 
be strengthened by saying that there is a whole sequence { fatndi of %-measurable 
selections of F such that F(w) C {fn(w)}ns1 for all w € 2. 

The notion of decomposability which we will introduce next formally resembles 
that of convexity and is important in the theory of measurable multifunctions. 


Definition 2.70 

Let (Q,%, 4) be a o-finite measure space, X a separable Banach space, L°(Q;X) = 
{u: Q —+ X : u is X-measurable} and D C L°(Q;X). We say that the set D is 
decomposable, if for every triple (A,21,72) € & x Dx D, we have 


Mit PX era eD: 


Remark 2.71 
Since x,- = 1 — x,, we see that the notion of decomposability reminds us that of 
convexity. Only now the coefficients instead of scalars are functions. 


Decomposable sets are closely related to measurable multifunctions. 


Theorem 2.72 

If (Q,%,) is a o-finite measure space, X is a separable Banach space and the set 
DC L?(Q; X) (with 1 < p < +00) is closed, 

then the set D is decomposable if and only if there exists a unique measurable multi- 
function F: Q —> P(X) such that 


D = Sh = {we LP(Q;X): uw) € Fw) p-ae.}. 


Theorem 2.73 

If (Q,%, 4) is a finite nonatomic measure space (see Definition I.3.40), X is a Banach 
space and D C L?(Q;X) (with 1 < p< +co) is a nonempty, decomposable and w- 
closed set, 

then D is convex. 


The next theorem is another remarkable consequence of decomposability and is a 
basic tool in variational analysis. 


Theorem 2.74 

If (Q,%,p) is a o-finite measure space, X is a separable Banach space, 
h: x X —+R=RU {+00} is measurable, F: Q —> 2* \ {0} is graph measur- 
able, E(u) = f h(w,u(w)) dw for all u € LP(Q;X) (with 1 < p < +00) and it is 


Q 
defined (maybe +00) for all u € S*, and there exists up € SP, such that €(ug) > —00, 
then 


sup €(u) = / sup h(w, x) du. 


ues ° reF(w) 
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Definition 2.75 

Let (Q,%, 4) be ao-finite measure space, X a separable Banach space, and F': Q) —> 
2* \ {0} a multifunction. We say that F is L?-integrably bounded if 1 < p< +00 
or simply integrably bounded if p = 1, when there exists h € L?(Q) such that 


|F(w)| = sup |lzllx < h(w) forp-aawenQ. 
ce F(w) 


Theorem 2.76 

If (Q,%, 1) is a o-finite measure space, X is a separable Banach space and F': Q) —> 
P;(X) is a graph measurable and integrably bounded multifunction, 

then the set Sp = {u € L1(Q;X): uw) € Fw) for p-a.a. w EQ} is nonempty, 
w-compact, and convex if and only if 


F(w) € Proke(X) for p-a.a.w En. 


Decomposability leads to a continuous selection theorem for nonconvex valued 
multifunctions (compare with Theorem 2.58). 


Theorem 2.77 

If (Q,%, 4) is a o-finite measure space, V is a separable metric space, X is a sep- 
arable Banach space, and F': V —+ Py (L'(Q; X)) is lower semicontinuous and has 
decomposable values, 

then F admits a continuous selection. 


Let T = [0,6] (a bounded closed interval in R) and let X be a separable Banach 
space. We introduce the following weaker norm on the Lebesgue—Bochner space 
TAF EX 


Definition 2.78 
The weak norm ||-||w on L1(T; X) is defined by 


0<t<t’<b 


t! 
[ul = sup | fs) ds|| Vue LP; X). 
t 


Remark 2.79 
An equivalent way to define the weak norm is to set 


t 
I|ullw = sup | [ us) as, Vue LT; X) 
0<t<b 


We want to compare the weak topology on L'(T; X) with the weak norm topology. 
To do this, we introduce the following notion. 
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Definition 2.80 

We say that the set E C L'(T; X) has property U, if 

(a) E is uniformly integrable; 

(b) for every e > 0, we can find Kz € Py(X) such that for every u € E there exists 
a measurable set Ty,< CT with A(T \ Tue) < € (A being the Lebesgue measure on 
R) such that u(t) € Ke for allt € Ty. 


Remark 2.81 
If E C L'(T; X) has property U, then EF is relatively w-compact in L'(T; X). 


Proposition 2.82 
eves I(T; X) has property U, 
then the w-topology and ||-||w-topology coincide on E. 


Definition 2.83 

Let Y be a Polish space and let F: T x Y —+ Pyp-(X) be a multifunction. We say 
that F is an h-Carathéodory multifunction, if 

(a) for every y € Y, the multifunction t-—> F(t, y) is measurable; 

(b) for almost allt € T, the multifunction y'—> F(t, y) is h-continuous; 

(c) for every C € P,(Y), we can find yo € L1(T) such that 


|F(t,y)| = sup |lzllx < ge(t) foraateET, allyEC. 
xe F(t,y) 
Given a nonempty compact set K C C(T;Y), letT: K —> Poke (3 (T; X)) be defined 
by 
Let CS} (respectively CSY,) denote ‘2 set of selectors of T (ree of ext Tl’) 
which are continuous from K into (L1(T;X),||-||w) (usually denoted by L1,(T; X)). 


Theorem 2.84 
If F:T x Y —+ Pyore(X) is an h-continuous Carathéodory multifunction and 
K CC(T;Y) is a compact set, then 

Cs = O5% Cele 


ext 


Definition 2.85 

Let (Q,%, u) be a o-finite measure space, X a separable Banach space and F': Q —> 
2* \ {0} a multifunction with S} #0. The set-valued integral of F (or Aumann 
integral of F') is defined by 


f Ferd = 1 oe we spl. 


Next we introduce some convergence notions for sets and multifunctions, which 
arise often in variational analysis. 


236 Chapter 2. Nonlinear and Multivalued Maps 


Definition 2.86 

Let (X,dy) be a metric space, A € Pp(X) and {An},51 © P(X) @ sequence of sets. 

We say that the sequence {An}a>1 converges to A in the Hausdorff sense, denoted 

by An A or h-tim A, = A if h(An, A) — 0, with h being the Hausdorff metric 
nN—-+00 

on Py(X) (see Definition 2.49(c)). 


Remark 2.87 
This mode of set-convergence is actually convergence in the metric space (Pr(X), h). 


Definition 2.88 
Let X be a Hausdorff topological space with + denoting the topology of X. Let 
{An}noi © 2* \ {M}. We define 


Tliminf A, = {¢ EX: x= Flim ry, Ln € An, NS 1}, 
n— +00 n— +00 

T-limsup A, = {x EX: s=Tlim g,, tn, € An,» Mm <2 < eens 
n—-+oo k-++00 


We call Tim inf A, the t-Kuratowski limit inferior of the sequence {An}. 
n—-+00 ie 
and Tlimsup A, the T-Kuratowski limit superior of the sequence {An}ns1- If 
n—>+00 
A=T lim inf An = T-limsup Ay, then we say that A is the r-Kuratowski limit of 
n—-+00 


the sequence {An},5, and we write A= Tim A, or An A. 
n—+00 
Remark 2.89 


Evidently t- lim inf An © tlim sup A, and the inclusion can be strict. If X is a metric 
n+ -+00 


space with to d,,, then we drop the letter 7 and have 


liminf A, = {Zz EX: im dist(x, A,) = =}, 


n—- +00 
limsup A, = {x EX: in inf dist(z, An) = =O}. 
n—-+00 +00 


Moreover, if X is a first countable space (see Definition 1.2.24), then 


eats = {) U An. 


re k>1n>k 


Note that in general if the topology 7 is clear from the context, for notational sim- 
plicity we drop the letter 7. This mode of convergence is useful in the context of 
locally compact spaces, but exhibits serious problems if X is an infinite dimensional 
Banach space. For this reason in the next definition, we mix the topologies. 


Definition 2.90 
Let X be a Banach space. By w (respectively s) we denote the weak (respectively 
strong) topology on X. Let {An}nsy © 2* \ {M} be a sequence. We say that the 
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sequence {An},, converges to A in the Mosco sense, denoted by Ay, = A, if we 
have 


A = s-liminf A, = w-—limsup Ay. 
N00 n—-++00 


Remark 2.91 
Evidently we have that A, . Aif and only if Ay, Kw A and An a A, 


This mode of set convergence is more effective in the context of reflexive Banach 
spaces. 


Definition 2.92 
Let (X,d,) be a metric space, A € Pr(X) and let {An}ns1 © P(X) be a sequence. 
We say that the sequence {An}na>1 converges to A in the Wijsman sense, denoted 


by An ses A, if we have 
dist(z, An) —> dist(z, A) Vae xX. 


Remark 2.93 
From Proposition 2.51(a), it is clear that, if A, ans A, then A, J, 


Definition 2.94 
Let X be a Banach space, A € Pr-(X) and let {An}ns1 © Pre(X) be a sequence. We 
say that the sequence {An}, converges weakly (or scalarly) to A, denoted by 


An —> A, if for all x* € X*, we have 
o4,(a*) ro, (2") 
(see Definition 2.46). 


Remark 2.95 
From the Hérmander formula (see Proposition 2.51(b)), we see that for a sequence 


{An}asi © Pfe(X), if An “+ A, then Ay “> A. 


Recall that a sequence in L'(Q), which converges weakly but not strongly, oscil- 
lates wildly around its weak limit (see Problem 1.1). For vector-valued functions, we 
have an extremality condition which prevents such a behavior. 


Proposition 2.96 

If (Q,%, 4) is a finite measure space and {Un}ns1 C L1(Q;RY) is a sequence such 

that Up, —> u in L1(Q;R%) and u(w) € ext {conv limsup {un(w)} } for almost all 
n—++0o 

weEQ, 

then Un —> u in L1(Q;RY). 


The next proposition elaborates further the above result. 
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Proposition 2.97 

If (Q,%, 4) is a finite measure space, u € L'(Q;RY), {Un}ns1 C 11(0;R%) is a 
sequence such that Uy, —> u in L1(Q;RY) and there exists a measurable multifunction 
F: Q —+ P;,(R%) such that: 

(i) dist(un(w), F(w)) —> 0 for p-almost all w € QO; 

(it) u(w) € ext F(w) for p-almost allw €Q, 

then Un —> u in L1(Q; RY). 


2.1.3. Maximal Monotone Maps and Generalizations 
A function u: R —> R is said to be nondecreasing if 
Sh SS a(S) wy): 


Unfortunately this definition involves the order of R and so it cannot be extended to 
maps between Banach spaces. However, we can define alternatively the monotonicity 
of u, by saying that 


(x —y)- (u(x) —u(x)) > 0 Va,yeER. 


This definition avoids the order structure of R and can be easily extended to maps 
from a Banach space X into its dual X* by replacing the product with the duality 
brackets for the pair (X*, X). 

So, let X be a Banach space, X* its topological dual and let (-,-) denote the 
duality brackets for the pair (X*, X). Consider the map A: X D D(A) —> 2%". 
Here 

D(A) = {cE X: A(z) #0} (the domain of A). 


Also, 
Gr A={(a,a*) € X x X*:a* € A(x)} (the graph of multifunction A). 


Based on the initial remark, we make the following definitions. 


Definition 2.98 
Let X be a Banach space and let A: X D D(A) —> 2*” be a multivalued map. 
(a) We say that A is monotone, if 


(uX—v",u—v) > 0 V (u,u*), (v,v") € Gra. 
(b) We say that A is strictly monotone, if 
(u*—v*,u-—v) > 0 V (u,u"),(v,v") € GrA, uf v. 
(c) We say that A is strongly monotone, if 
(u*—v*,u—v) > cellu—ov||% V (u,u*), (v, vu") € Gr A, 


with some c > 0. 
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(d) We say that A is uniformly monotone, if there exists a continuous function 
0: Ry —> Ry which is strictly increasing, 0(0) = 0, U(t) —> +co as t + +00 
and 


(u"—v",u-v) 2 V(|lu-vllx)|lu-ollx VV (u,u*), (v,u") € Gr A. 
(e) We say that A is coercive, if D(A) is bounded or D(A) is unbounded and 


inf ||u*||, —> +00 as |lullx 4 +00, ue D(A). 
u*EA(u) 


(f) We say that A is strongly coercive, if D(A) is bounded or D(A) is unbounded 


and 
inf (u* yu) 
(u,u*)EGr A 


Ilullx 


> +00 as |lul|x + +00, u € D(A). 


Remark 2.99 
From the above definition it is clear that we have 


strong monotonicity 


uniform monotonicity 


strict monotonicity 


monotonicity 
and also 


uniform monotonicity 


4 


strong coercivity 


a 


coercivity. 


The next definition identifies a subclass of monotone maps which is central in the 
theory and in applications. 


Definition 2.100 
Let X be a Banach space and let A: X D D(A) —> 2%" be a monotone map. We 
say that A is maximal monotone, if 


[(u* —v*,u—v) 20 V (u,u*) € GrA] => (v,v*) € Grd. 


Remark 2.101 
The above definition says that A is maximal monotone if and only if Gr A is maximal 
with respect to inclusion among the graphs of monotone maps. 
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Definition 2.102 
Let X be a Banach space and let A: X D D(A) —> 2*” be a map. We say that the 
map A is locally bounded at u € D(A), if there exist @ > 0 and M > 0 such that 


|u*||k < M Vv" € A(v), ve D(A) NB, (u). 


We say that A is bounded, if it maps bounded sets in X ™ D(A) to bounded sets in 
X*. Also, if CCX andueéC, then we say that u is an absorbing point of C, if 


xX = LJrxC-w). 


A>0 


Remark 2.103 
If intC # 0, then every interior point is absorbing. However, the set C can have 
absorbing points even if int C = 0. 


Proposition 2.104 

If X is a Banach space, A: X D D(A) —> 2*° is a monotone map, and u € D(A) 
is an absorbing point of D(A), 

then A is locally bounded at u. 


Proposition 2.105 

If X is a Banach space, A: X D> D(A) —> 2%" is a maximal monotone map and 
int D(A) 4 0, 

then Ale ies is upper semicontinuous from X with the norm topology into X* with 
the w* -topology. 


Proposition 2.106 
If X is a Banach space and A: X > D(A) — 2*" is a maximal monotone map, 
then for every u € D(A), the set A(u) C X* is nonempty, convex, and w*-closed. 


Combining Propositions 2.104 and 2.106, we obtain the following result. 


Corollary 2.107 

If X is a reflexive Banach space, A: X D D(A) —>+ 2%” is a maximal monotone 
map, and u € D(A) is absorbing, 

then A(u) is nonempty, convex, and w-compact. 

In particular if D(A) = X, then A has values in Pype(X*). 


The next result is a partial converse of Proposition 2.105. 


Proposition 2.108 

If X is a Banach space, A: X D D(A) —> 2%" is a monotone map with 
D(A) =X, has w*-closed and convex values and for every u,h € X, the multifunction 
t+ A(u+th) is upper semicontinuous from [0,1] into X* with the w*-topology, 
then A is maximal monotone. 
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Remark 2.109 
If A is upper semicontinuous from X with the norm topology into X* with the w*- 
topology, then the previous proposition holds. 


Definition 2.110 
Let A: X —> X* be a single valued map with D(A) = X. 
(a) We say that A is demicontinuous, if for any sequence {n}ns1 GC X with 


In —> x, we have A(zn) als A(z). 
(b) We say that A is hemicontinuous, if for any x,h € X, the mapt+—> A(a + th) 
is continuous from |0,1] into X* with the w*-topology. 


As a consequence of Proposition 2.108, we have 


Corollary 2.111 
If X is a Banach space and A: X —+ X* is a monotone and hemicontinuous map, 
then A is maximal monotone. 


Definition 2.112 
Let X be a Banach space. The map F: X —> 2*" defined by 


F(x) = {ae X*: (a*,x) = ||| = lle" |IF} 
is called the (normalized) duality map on X. 


Remark 2.113 
As a consequence of the Hahn—Banach theorem (see Corollary 1.5.26), we have that 
D(F) = X. Moreover, F has closed and convex values. 


The duality map is essentially dependent on the norm of X. In fact, two equivalent 
norms on X need not generate the same duality map. The next proposition shows 
that the geometry of X and X™* is crucial concerning the properties of F. 


Proposition 2.114 
(a) If X is a reflexive Banach space and X* is strictly convex (see Definition I.5.168 
and Remark I.5.169), 
then F is single valued, bounded, odd, demicontinuous, and maximal monotone. 
(b) If X is a reflexive Banach space and both X and X* are strictly convex, 
then F is strictly monotone. 
(c) If X is a reflexive Banach space and X* is locally uniformly convex, 
then F is continuous. 
(d) If X* is uniformly convex, 
then F is uniformly continuous on bounded sets. 


Remark 2.115 
The Troyanski renorming theorem is a basic tool in the theory of maximal monotone 
maps (see Theorem I[.5.192). We recall that this theorem says that every reflexive 
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Banach space X be can equivalently renormed so that both X and X* are locally uni- 
formly convex and have Fréchet differentiable norms. Note that equivalently renorm- 
ing X and X* does not affect important properties of the map A, such as maximal 
monotonicity and coercivity (simple or strong). 


Using the duality map, we can have a criterion for the maximality of a map 
A: X D D(A) — 2*"” 


Theorem 2.116 

If X is a reflexive Banach space with X and X* both strictly convex (see Definition 
1.5.168 and Remark I.5.169) and A: X D D(A) —> 2*” is monotone, 

then A is maximal monotone if and only if R(A + F) = X*. 


Maximal monotone operators are very useful because they exhibit remarkable 
surjectivity properties. 


Definition 2.117 
Let X be a Banach space and let A: X D D(A) —+ 2*" be a multivalued map. We 
define A~!: X* D D* —+ 2% by setting 


Gr Av! = {(2*,2) € X* x X: (a,2*) € GrA}. 


Using this notion, we have the following criterion for the surjectivity of a maximal 
monotone map. 


Theorem 2.118 
If X is a reflexive map and A: X D> D(A) — 2*" is maximal monotone, 
then A is surjective if and only if A~' is locally bounded. 


Evidently, if A is coercive (see Definition 2.98(e)), then A~! is locally bounded. 
So, from Theorem 2.118 we deduce the following fundamental surjectivity result for 
maximal monotone maps. 


Theorem 2.119 

If X is a reflexive Banach space and A: X D D(A) —> 2*° is maximal monotone 
and coercive, 

then A is surjective. 


Corollary 2.120 

If X is a reflexive Banach space and A: X D D(A) —> X* is monotone, hemicon- 
tinuous and coercive, 

then A is surjective. 


In finite dimensional spaces, we can drop the monotonicity requirement. 
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Proposition 2.121 

If X is a finite dimensional Banach space and A: X D D(A) —> Py,(X*) is upper 
semicontinuous and strongly coercive (see Definition 2.98(f)), 

then A is surjective. 


The surjectivity results lead to some useful single-valued approximations of a 
maximal monotone map. These approximations are more useful in the context of 
pivot Hilbert spaces (a Hilbert space is pivot, if it is identified with its dual). 


Definition 2.122 
Let H be a pivot Hilbert space (i.e., H* = H) and let A: H D> D(A) —> 2” bea 
maximal monotone map. For every \ > 0, we define 


JK = (1, +A)! (the resolvent of A) 
A, = ¥(1, - Ji) (the Yosida approximation of A). 


Proposition 2.123 

If H is a pivot Hilbert space, A: H D D(A) —> 2" is a maximal monotone map 

and \ > 0, then 

(a) D(J#) = D(Ay) = H. 

(b) Js is nonexpansive (i.e., Lipschitz continuous with Lipschitz constant 1). 

(c) Ay(z) € A(Je(ax)) for all x € H. 

(d) A, is monotone and Lipschitz continuous with Lipschitz constant i. 

(e) \|Ay(2)llz < ||A°(x)|le for all x € D(A), where A°(x) € A(x) is the unique 
element of A(x) with smallest norm. 

(f) fim Aa (x) = A(x) for all x € D(A). 


SEAN ut . A _ : ; 
(g) D(A) is conver and a J< (2) = proj (2) for allx € H (here Proj denotes 


the metric projection on the closed convex set D(A)). 


Remark 2.124 
If x ¢ D(A), then ||A)(x)|| 47 —> +oo and A\,0. 


Perturbation results for maximal monotone operators are important in applica- 
tions. We start with two results in Hilbert spaces. 


Theorem 2.125 

If H is a pivot Hilbert space (i.e, H* = H) and A: H D D(A) — ae 
B: H D D(B) — 27 are two maximal monotone maps such that D(A) D(B) 40 
and 


0 < (y, By(2)) 4 ¥ (ag) S Gra, AS 0, 


then A+ B is maximal monotone. 
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Theorem 2.126 
If H is a pivot Hilbert space (i.e, H* = H) and A: H D D(A) — 2%, 
B: H D D(B) — 2" are two mazrimal monotone maps such that 


0 € int (D(A) — D(B)), 
then A+ B is maximal monotone. 


For maps defined on a reflexive Banach space with values in its dual, we have the 
following result. 


Theorem 2.127 
If X is a reflexive Banach space and A: X > D(A) —> 2x", B: X D D(B) — 2° 
are two maximal monotone maps such that 


int D(A)N D(B) 4 90, 
then A+ B is maximal monotone. 


Remark 2.128 

Since int D(A) — D(B) C int (D(A) — D(B)), we see that the hypothesis of Theo- 
rem 2.126 is weaker than that of Theorem 2.127. Note that 0 € int (D(A) — D(B)) 
can happen even if int D(A) = int D(B) = 0. 


Next we pass to generalizations of the notion of maximal monotonicity. 


Definition 2.129 

Let X be a reflexive Banach space and let A: X —> 2*" be a multifunction. We say 

that A is pseudomonotone, if 

(a) D(A) =X and for every x € X, A(x) © Puke(X); 

(b) A is upper semicontinuous from every finite dimensional subspace of X into X* 
with the weak topology; 


(c) if t, —> « in X, x* € Alay) for alln > 1 and limsup (x*, x2, — x) < 0, then 
n—- +00 


for each v € X, we can find y*(v) € A(x) such that 
* _ < limi * = ; 
(u"(v),2— 0) < liming (eh, 25 — 0) 


Remark 2.130 
A completely continuous map A: X —+ X* is pseudomonotone. Also, if X is finite 
dimensional, then any continuous operator 4: X —>+ X* is pseudomonotone. 


Definition 2.131 

Let X be a reflexive Banach space and let A: X D D(A) —> 2%” be a multifunc- 
tion. We say that A is generalized pseudomonotone, if for every sequences 
{Zr}ns1 SX; {Titus GC X* such that zp “ya in X and «* —“> x* in X* with 
x € A(x) for alln > 1 and limsup (x*, tp, — x) < 0, we have 


n—-+00 


x € A(x) and (x7 ,an) —> (a*,2). 
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Proposition 2.132 
If X is a reflexive Banach space and A: X —> 2*" is a pseudomonotone map, 
then A is generalized pseudomonotone. 


There is a version of the converse to this proposition. 


Proposition 2.133 

If X is a reflexive Banach space and A: X —+ Pr,(X*) is a bounded and generalized 
pseudomonotone map, 

then A is pseudomonotone. 


Proposition 2.134 

If X is a reflexive Banach space and A: X D D(A) —> Py-(X*) is a maximal 
monotone map with D(A) = X, 

then A is pseudomonotone. 


The property of pseudomonotonicity is preserved by addition. 


Proposition 2.135 

If X is a reflexive Banach space and A,, Ag: X —+ 2*” are two pseudomonotone 
maps, 

then A; + Ag is pseudomonotone. 


Pseudomonotone maps exhibit remarkable surjectivity properties and for this rea- 
son are important in applications. 


Theorem 2.136 

If X is a reflexive Banach space and A: X —> 2*" is a pseudomonotone and strongly 
coercive map (see Definition 2.98(f)), 

then A is surjective. 


A notion closely related to pseudomonotonicity and to generalized pseudomono- 
tonicity is that of an (S)4,-operator, which is particularly useful in the application of 
variational methods. In particular it is the right property to check the Palais-Smale 
condition for a functional y € C!(X) (see Definition 5.45(a) in Chap. 5). 


Definition 2.137 
Let X be a reflexive Banach space, C C X a nonempty subset and let A: C —> X* 
be a map. We say that A is an (S),-map, if for every sequence {Un}y>1 GC such 


that t, —> x in X and limsup(A(rn), tn — 2) <0, we have tn —> x in X. 
n—>+00 


The next proposition summarizes some basic properties of (.S'),-maps. 


Proposition 2.138 
Let X be a reflexive Banach space and let C C X be a nonempty subset. 
(a) If A: C —> X* is an (S)4-map and X > 0, 

then XA is an (S),-map too. 
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(b) If A,B: C —+ X* are two (S),-maps and one of them is also demicontinuous, 
then A+ B is an (S)4-map too. 

(c) If A: C —+ X* is an (S)4-map and B: X —+ X* is a monotone map, 
then A+ B: C — X* is an (S)4-map. 

(d) If A: C —+ X* is an (S)+-map and B: X —+ X* is a completely continuous 
map, 

then A+ B: C — X* is an (S)+-map. 


2.1.4 Accretive Maps 


So far we have considered maps from a Banach space X into its dual X*. Now, we 
focus on maps from X into itself and introduce the notion of accretive maps. Such 
operators are closely related to the generation theory of semigroups of operators 
(linear and nonlinear alike). 


Definition 2.139 

Let X be a Banach space and let A: X D D(A) —> 2* be a multivalued map. 

(a) We say that A is accretive, if for every (x,u),(y,v) € GrA we can find 
a* € F(x — y) such that (x*,u—v) > 0 (where F: X —> 2*” is the normalized 
duality map; see Definition 2.112). 

(b) We say that A is maximal accretive, if its graph is maximal with respect to 
inclusion among the graphs of all accretive maps. 

(c) We say that A is m-accretive, if R(I, + A) =X. 

(d) We say that A is dissipative (respectively m-dissipative), if —A is accretive 
(respectively m-accretive). 


Remark 2.140 

If H is a pivot Hilbert space (ie., H* = H), then F = I,, and A is accretive if 
and only if A is monotone. Moreover, the notions of maximal accretivity and m- 
accretivity coincide and correspond to maximal monotonicity (see Definition 2.100 
and Theorem 2.116). 


Proposition 2.141 
If X is a Banach space and A: X D D(A) —+ 2* is a multivalued map, 
then A is an accretive map if and only if 


je —y+A(w—o)Ix > lle—yllx VA>0, (2,u),(y,v) €GrA. 


In analogy to Definition 2.112, we introduce the following single-valued approxi- 
mation of the identity and of the map itself. 
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Definition 2.142 
Let X be a Banach space and let A: X > D(A) —+ 2% be an accretive map. For 
A> 0 we define 


Da) = (UyePAAy@), 
Axe) = 50, -A)@), 
D(A,) = Dy = RU, +A), 
JAGa)) = int al 


As an easy consequence of Proposition 2.141, we have 


Proposition 2.143 
If X is a Banach space and A: X D D(A) —> 2% is a multivalued map, 
then A is accretive if and only if for every X > 0, Jy is single-valued and nonexpansive, 
Le 
I|Ja(z)- A@Wllx < |le@-yllx Va,yeD). 
Moreover, for any accretive map A: X D D(A) —> 2*, we have 
(a) Ay: RU, + AA) — X is single-valued, accretive and Lipschitz continuous; 
(b) Ay(u) € A(J,(u)) for all ue RI, +A); 
(c) l|Ax(u)llx <_ inf Jolx for all ve D(A) Ry + AA); 
veAly 


(d) ue Jy(u) =u for allu € D(A) (0 RU + AA)). 


Proposition 2.144 
If X is a Banach space and A: X > D(A) — 2* is an m-accretive map, 
then A is maximal accretive and R(I, + AA) = X for all A > 0. 


Definition 2.145 
Let X be a Banach space and let A: X D D(A) —+ 2* be a multivalued map. The 
minimal section of A is the map A°: X D D(A°) —+ 2* defined by 

AX(x) = {we A(z): |lullx = |A(x)|}- 


Proposition 2.146 

If X is a reflexive and strictly convex Banach space, the dual X* is strictly convex too 
(see Definition I.5.168 and Remark 1.5.169) and A: X D D(A) —> 2* is maximal 
accretive, 


then D(A°) = D(A) and A® is single-valued. 
The importance of A® is illustrated by the next theorem. 


Theorem 2.147 
If X is a Banach space with uniformly convex dual X* and A,B: X 2 D — o* 
are two m-accretive maps such that 


A°(2)N Bir) 40 VaeeED, 
then A= B. Hence, if Ao = B°, then A= B. 
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The next theorem is analogous to Theorem 2.125. 


Theorem 2.148 

If X is a Banach space with uniformly conver dual X* and A: X D> D(A) — aaa 
B: X D D(B) — 2% are two m-accretive maps such that: 

(i) D(A)N D(B) £9, 

(it) (F(By(2)),y) > 0 for all (x,y) € GrA and A> 0, 

then A+ B is m-accretive. 


As we already mentioned m-accretive maps are related to the generation of con- 
traction semigroups of operators. 


Definition 2.149 

Let X be a Banach space and let {S(t)}is0 C L(X). We say that the family {S(t)}is0 
is a Co-semigroup, if the following is true: 

(a) 5(0) = Ty, 

(b) S(t +7) = S(t) 0 S(r) for all t,r > 0 (semigroup property), 

(c) for everyx EX, S(t)x — x ast 0. 

If \|S(t)||c < 1 for allt > 0, then {S(t)}i50 is called a contraction semigroup. 


Definition 2.150 
Let X be a Banach space and let {S(t)}is0 be a Co-semigroup. The infinitesimal 
generator of the semigroup is a linear operator A defined by 


A(z) = lim S@?-® ve D(A), 


with D(A) ={xeEX: ee pee exists}. 


Proposition 2.151 

If X is a Banach space and {S(t)}i50 is a Co-semigroup with infinitesimal opera- 
tor A, 

then A is closed and densely defined. 


Remark 2.152 
If A € £(X), then A is the infinitesimal generator of 


s(t) = et = SOG 


k>0 


For an unbounded linear operator A to be the infinitesimal generator of a Co- 
semigroup, the precise conditions are provided by the following theorem. 


Theorem 2.153 (Hille-Yosida Theorem) 
Necessary and sufficient conditions for a linear unbounded operator A on a Banach 
space X to be the infinitesimal generator of a Co-semigroup satisfying that 


IS(H\le < Me* Vt>O, 
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for some M >1 andw > 0, are 

(a) A is closed and densely defined; 

(b) (AL, — A)! exists for \ > w; 

(c) JAIL, -A)"|le < oye for A >a, m2 1. 


Remark 2.154 
The family of the operators R(A) = (AI, — A)~! for \ > w is called the resolvent 
of A. 


Proposition 2.155 
If X is a Banach space and {S(t)}iso G L(X) is a contraction semigroup with 
infinitesimal generator A, 
then for anyx € X, 
S(tj¢ = lim (I, -—4A) "x2 = lim (#R(%))"z. 


nN— +00 


We can have also nonlinear semigroups. 


Definition 2.156 

Let X be a Banach space and let C C X be a nonempty subset. A family of nonlinear 
maps {S(t): C —+ C}is0 is said to be a semigroup of nonexpansive maps on 
C, if 

(a) ||S(t)x — S(t)yllx < \lz — yllx for allt > 0, x,y € C; 

(b) S(t +7) = S(t) 0 S(r) for all t,r > 0 (semigroup property), 

(c) 8(0) =o, 

(d) Sa =z for everyxEC. 


Remark 2.157 
The map (t,x) ++ S(t)x is jointly continuous from Ry x C into C. 


The main generation theorem for nonlinear semigroups reads as follows. 


Theorem 2.158 
If A: X D D(A) — 2% is an m-accretive operator, 


then for every x € D(A), 


S(t)e@ = lim (1, +4A) "a 


n—-+00 


exists uniformly int on compact sets in Rz, {S(t)}is0 is a semigroup of nonexpansive 
maps and for each x € D(A) andt > 0, we have 


|S(t)a—2l|x < tA(@)| 


(see Definition 2.142). Moreover, if X and X* are both uniformly convex and 
ug € D(A), then 
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(a) the map t+ S(t)uo is right differentiable on Ry = [0,+00) and we have 


4 S(t)uy = AS(thuy Vt>0; 


(b) the map t +> ||AS(t)uo||x ts nonincreasing on Ry and the map t+—> AS(t)uo 
is right continuous at every t > 0; 

(c) £5S(t)uo = AS(t)uo exists and is continuous on Ry except for a countable set of 
point. 


Definition 2.159 

Let X be a Banach space. 

(a) A nonlinear semigroup {S(t): C —+ C}iso0 of nonexpansive maps on C is said 
to be compact, if for every t > 0, S(t) is compact. 

(b) A nonlinear semigroup {S(t): C —+ C}is0 of nonexpansive maps on C is said to 
be equicontinuous, if for every bounded set B C X, the family {S(-)u: « € BS 
is equicontinuous at every t > 0. 


Remark 2.160 

Recall that 5(0) = I,. So, if in Definition 2.159(a), S(t) is compact for all t > 0, 
then the set C' imbeds compactly in X. In particular, if C = X, then X is finite 
dimensional. 


Proposition 2.161 
If X is a Banach space and A: X D D(A) —+ 2* is accretive, 
then for alla € X and all X, > 0, we have 


(resolvent identity). 


Remark 2.162 
Using the resolvent identity we see that J, is compact for all \ > 0 if and only if it 
is compact for some A > 0. 


2.1.5 Miscellaneous Results 


Theorem 2.163 

If X is a Banach space and CC X, 

then C is relatively compact if and only if there is a sequence {Un}ns1 C X converging 
to the origin such that C C Conv {Un}n>1- 


Theorem 2.164 
A set K Cp is relatively compact if and only if it is bounded and the limit lim Un 
N+ +00 


exists uniformly for {Un}ns1 ek. 
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Theorem 2.165 (Lyapunov Convexity Theorem) 

(a) If (Q,%) is a measurable space, X is a finite dimensional Banach space and 
m: % —> X is a vector measure which is nonatomic, 
then the set m(X%) C X is compact and convex. 


(b) If (Q,%) is a measurable space, X is a Banach space with the RNP and m: &: —> 
X is a vector measure which is nonatomic and of bounded variation, 
then the set m(X) C X is compact and convex. 


The Lusin theorem (see Theorem 1.3.77) says that an R-valued Borel function is 
actually continuous outside a “small” set. Below we provide an abstract version of 
this result for maps with values in a separable metric space. 


Theorem 2.166 (Lusin Theorem II) 

If X is a Polish space, Y is a separable metric space, f: X —> Y is a Borel 
measurable function and p is a finite Borel measure on X, 

then for every e > 0, we can find a compact set Ke C X such that u(X \ Kz) < € and 
flix, i8 continuous. 


Remark 2.167 
Recall that every finite Borel measure on a Polish space is Radon (see Theorem I.4.12). 


Proposition 2.168 

If (Q,%, pu) is a finite measure space and D is a family of &-measurable R4-valued 

functions, 

then there exists a unique (modulo p-a.e. equality) “i-measurable function 

h: Q— Ry such that: 

(a) f(w) < h(w) for p-almost all w EQ and all f € D; 

(b) if g: Q —> Ry is X-measurable and f(w) < g(w) for p-almost all w € Q and 
f €D, then h(w) < g(w) for u-almost allw €Q. 


Moreover, there exists a sequence {fn}n>1 CD such that 


hw) = supfr(w) for p-a.a.w EQ. 
ne>1 


Finally, if D is upward directed (that is, if fi, fo € D, then there exists fe D such 
that fi < f and fo < f), then the sequence {fntn>1 can be chosen to be increasing. 
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2.2 Problems 


Problem 2.1* 

Let X and Y be two Banach spaces and let A: X —+ Y be a linear map such that 
for each bounded sequence {un},51, © X, the sequence {A(un)},51 G Y admits a 
strongly convergent subsequence. Show that A € £,.(X;Y). 


Problem 2.2* 

Suppose that X and Y are two Banach spaces, D C X is a nonempty subset and 
{ fa: D — Yh}aes is a net of compact maps (i.e., {fataesy GC K(D;Y)) such that 
fa —> f uniformly on bounded subsets of D. Show that f €¢ K(D;Y). 


Problem 2.3* 

Suppose that X is a Banach space, D C X is a nonempty bounded and closed subset, 
and f: D —> X is a compact map. Suppose that given « > 0, we can find uz € D 
such that |lue — f(ue)||x <¢. Show that f has a fixed point in D, i.e., there exists 
v € D such that v = f(v). 


Problem 2.4** 

Let X and Y be two Banach spaces and let A € £.(X;Y). Show that: 
(a) the subspace A(X) C Y is separable; 

(b) if A(X) is of second category in itself, then A € L/(X;Y). 


Problem 2.5** 

Let X and Y be two metric spaces and let f € C(X;Y). Show that the following two 

conditions are equivalent: 

(a) Every sequence {un},5,; © X such that f(un) —> y € Y admits a subsequence 
{tn,}k>1 such that un, —> ue X. 

(b) f is a closed map and for every y € Y, the set f~'(y) C Y is compact. 


Problem 2.6** 
Let X and Y be two metric spaces and suppose that f € C(X;Y) satisfies one of the 
equivalent properties (a) or (b) of Problem 2.5. Show that f is proper. 


Problem 2.7** 
Let X and Y be two metric spaces with X being compact. Show that every function 
f € C(X;Y) is closed and proper. 


Problem 2.8** 
Let {On}ns1 CR be a sequence such that J, —> 0 and let K: I? —+ I? be the linear 
operator defined by 


K(u) = {9ntn}n>1 Vu={In}no1 © r, 


Show that K € L,(I). 
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Problem 2.9* 
Suppose that X is a Banach space, A € £.(X) and A? = A (that is, A is a projection; 
see Definition 2.27(c)). Show that A € Ly(X). 


Problem 2.10* 
Suppose that X is a Banach space, D C X is a nonempty closed and bounded subset, 
and f: D —> X is acondensing map (that is, f € S(D)). Show that I, — f is proper. 


Problem 2.11*** 
Let X be an infinite dimensional Banach space and let By = {ue X: |lul|x = 1}. 
Show that a(B,) = 2 and 8(B;) = 1. 


Problem 2.12** 
Suppose that X is a Banach space, B is the family of bounded subsets of X, 
{Cr}nd1 C B is a decreasing sequence of sets (ie., Crii C Cy, for all n > 1), 


and lim y(C,) = 0, where y = a or y = 8. Show that the set () Cy is nonempty 
Nn—-+00 n>1 
and compact. 


Problem 2.13** 

Suppose that X is a reflexive Banach space, Y is a Banach space, A € £,(X;Y), and 
C C X is a nonempty, bounded, closed, and convex set. Show that the set A(C) C Y 
is compact. 


Problem 2.14” 
Suppose that X and Y are two Banach spaces, A € £,(X;Y) and L € L(Y; X). Show 
that AL € £.(Y) and LA € £,(X). 


Problem 2.15** 
Let X and Y be two Banach spaces and let A € £(X;Y). Suppose that there exists 
c > 0 such that 

|A(wlly = cllullx  VueXx. 


Show that A is compact if and only if X is finite dimensional. 

Problem 2.16** 

Let X be a Banach space and let A € £,(X) \ £Ls(X). Show that 0 € A(OB;) (recall 
that OB; =—{ee X > llele—1h): 


Problem 2.17* 
Let S': 1? —> I? be the forward shift operator, i.e., 


Bi seen) = (0), téy, tip, s+) Vv {Un}n>1 E P, 


Evidently S € L(I?). Is S compact? Justify your answer. 
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Problem 2.18** 

Suppose that X and Y are two Banach spaces, A € £(X;Y) and A is also contin- 
uous from X with the weak topology into Y with the strong topology. Show that 
AEL £(X ye 


Problem 2.19” 
Let X be a reflexive Banach space and let A € £,(X). Show that there exists ug € X 
with ||uol|x < 1 such that ||A]|c = || A(uo)|Lx- 


Problem 2.20** 
Find a Banach space X and A € £(X) such that A is not compact but A? is. 


Problem 2.21*** 
Let H be a Hilbert space and let A € £(H). Show that the following properties are 
equivalent: 
(a) AE L(A). 
(b) For every orthonormal basis {ea}acy of H and « > 0, the set 
{a edz | (Alea), €a) x | 2 e} 


is finite. 
(c) There is a sequence {An},5, C £¢(H) such that ||[A — A,||c — 0. 


Problem 2.22** 
Let (S,%1,u) and (T,%2,€) be two finite separable measure spaces and _ let 
K € L?(T x S$). Consider the integral operator L: L?(') —> L?(T) defined by 


L(u)(t) = [Ke s)u(s) du VteT. 
S 


Show that L is compact. 


Problem 2.23** 
Let h € C ((0,1]), h 40 and let A: C ([0,1]) —> C([0,1]) be defined by 


A(u)(t) = h(t)u(t) VYueC (0,1), t€ (0,1). 


Show that A is well defined, linear, continuous but not compact. 


Problem 2.24** 
Show that /' is embedded continuously in /? and examine if the embedding is compact. 


Problem 2.25** 
Let X be a reflexive Banach space. Show that every A € £(X;1') is compact. 


Problem 2.26*** 
Show that the space £,(I?) is not reflexive. 
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Problem 2.27 

Let X and Y be two Banach spaces with X of infinite dimension and let A € £.(X;Y). 
Show that there exists a sequence {Un},51; G X such that |lun||x =1 for alln > 1 
and ||A(un)||y — 0. 


Problem 2.28** 
Let X be a reflexive Banach space and let A € L(co; X). Show that A is compact 
(recall that 


qQ = {{tnhn>1 : {Un}n51 is a real sequence such that u, —> o} 


with the norm ||{Un}ysilleo = sl |Un|)- 


NZ 


Problem 2.29** 

Suppose that X and Y are two Banach spaces, A € £.(X;Y) and R(A) C Y is 
closed. Show that A € Ly(X;Y). In addition, if dimker A < +00, then X is finite 
dimensional. 


Problem 2.30** 
Let X and Y be two Banach spaces and let A € Lye(X;Y) (see Definition 2.1(d)). 
Show that R(A) is closed if and only if R(A) is reflexive. 


Problem 2.31*** 

Let X and Y be two Banach spaces and let A € £(X;Y). Show that the following 

four properties are equivalent: 

(a) A is weakly compact (see Definition 2.1(d)). 

(b) A*(X**) CY. 

(c) A*: Y*. —> Xj, is continuous (here by Y,*. we denote the space Y* furnished 
with the w*-topology and by X%,, the space X* furnished with its w-topology). 

(d) A*: Y* —+ X* is weakly compact. 


Problem 2.32*** 
Let X and Y be two Banach spaces and let A € £(X;Y). Show that A € £.(X;Y) 
if and only if there exists a sequence {u7,},5, C X* such that ||u;,||x+ —> 0 and 


|A(u)|ly < sup|(tn,u)| Vuex 


n> 


Problem 2.33** 
Let X be a reflexive Banach space and let f: X —> X* be a coercive map satis- 
fying the condition: “for any sequence {un},>, G X such that up, “+ u in X and 


lim (f(un) — f(u), un — u) = 0, we have that u, —> u in X.” Show that f is 
N+ +00 
proper. 


Problem 2.34** 
Let X and Y be two Banach spaces and let A € £(X;Y). Show that A € £,(X;Y) 
if and only if A factors with compact factors through a closed subspace of cp. 
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Problem 2.35** 
Let X be a Banach space and let A € L(co, X). Show that A € Ly (co, X) if and 
only if A € £L.(co; X). 


Problem 2.36** 

Suppose that X is a reflexive Banach space, Y is a Banach space, A € £,(X;Y), 
CC X is a nonempty, bounded, closed, and convex set and y € Y. Show that there 
exists ug € C such that 


| A(uo) — ylly = inf ||A() — ylly- 


Problem 2.37 
Let X and Y be two Banach spaces and let A € £(X;Y). Show that A € L¢(X;Y) 
if and only if A* € £Lf(Y*; X*). Moreover dim R(A) = dim R(A*). 


Problem 2.38** 

Let Y be a Banach space and let A € L(I'; X). Show that A is weakly compact if and 
only if the sequence {A(en)}n51 C Y is relatively w-compact (here {en}, , denotes 
the standard Schauder basis of /'). 


Problem 2.39** 
Suppose that X is a Banach space, {Unkns1 C X is a relatively w-compact sequence 
and A: 1! —> X is defined by 


Ale) = ye fat V@={In}ns1 € ie 
n2>1 


Show that A is weakly compact. 


Problem 2.40** 
Let X be an infinite dimensional Banach space and let A € L£,.(X). Show that 
0 € ofA). 


Problem 2.41** 
Let A € £(L7(0,1)) be defined by 


A(u)(t) = tu(t) V te [0,1]. 
Show that o, = 0) (that is, A has no eigenvalues) and [0,1] C o(A). 


Problem 2.42** 
Let H be a Hilbert space and let A € L(H) be self-adjoint. Show that: 
(a) |Allc = sup (A(u),u) py; 
\|ul| <1 
(b) all eigenvalues of A are real and eigenvectors corresponding to distinct eigenvalues 
are orthogonal. 
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Problem 2.43** 
Suppose that H is a Hilbert space, A € L(H) is a self-adjoint operator and  € C. 
Show that  € o(A) if and only if 
inf |\(AZ, — A)(u)lla = 0. 

\lul|a=1 
Problem 2.44** 
Suppose that H is a Hilbert space, A € £(#) is a self-adjoint operator and 

m= inf (A(u),u)y, and M = sup (A(u),u);,. 


[eel =1 [ell p=1 
Show that o(A) C [m, M] and m, M € o(A). 


Problem 2.45* 
Suppose that X is a Banach space and A € £(X) is such that A#0, AAT, and A 
is a projection (see Definition 2.27(c)). Show that o,(A) = o(A) = {0, 1}. 


Problem 2.46** 
Suppose that X is a Banach space, A € L(X) and € € C \ {0}. Assume that the 
series )> €—(™+) A" (uw) converges for every u € X. Show that € € (A). 
n>0 
Problem 2.47** 
Let X = L(0,1) with 1 < p< +o and let A: X —> X be defined by 


A(u)(t) = fo) ds Vte (0,1). 


0 
Show that A € £,(X) and find o(A) and o,(A). 


Problem 2.48** 
Let H be a Hilbert space and let A € L(A) be a self-adjoint isomorphism of H which 
is positive (ie., (A(u), u),, > 0 for all u € H). Show that 


(u,h) = (A(u), A) Vu,he H 
defines a new inner product on H and |u| = (u, u)2 is an equivalent norm on H. 


Problem 2.49% 

Let X and Y be two Banach spaces and let L € L(X;Y). Suppose that 
T,S € L(Y; X) are such that LoT = I, + K and Sol =1,+K with K and 
K compact operators. Show that L € Fred (X;Y). 


Problem 2.50* 
Let X and Y be two Banach spaces, L € Fred (X;Y) and K € £,(X;Y). Show that 
L+K € Fred (X;Y) and i(K) =i(L+ K). 
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Problem 2.51** 

Let X be a Hausdorff topological space and let y: X — R bea function. Show that: 

(a) ¢ is a lower semicontinuous function if and only if the multifunction ut E,(u) 
is upper semicontinuous (where E(u) = {A € R: y(u) < A}); 

(b) » is an upper semicontinuous function if and only if the multifunction 
ut— E,(u) is lower semicontinuous. 


Problem 2.52** 

Let X and Y be two Hausdorff topological spaces and let F: X —> 2” \ {@} be a 
multifunction with connected values which is upper semicontinuous or lower semicon- 
tinuous. Show that F’ maps connected sets to connected sets. 


Problem 2.53* 
Let X and Y be two Hausdorff topological spaces and let F: X —+ 2° \ {0} be a 
multifunction. We introduce the multifunction F': X —+ Ps(X) defined by 


F(u) = F(u) VueXx. 


Show that F is lower semicontinuous if and only if F is lower semicontinuous. 
Is the result true for upper semicontinuous functions? Justify your answer. 


Problem 2.54** 

Suppose that X is a Hausdorff topological space, Y is a normed space and 
F: X —+ 2¥ \ {0} is a lower semicontinuous multifunction. Show that the multi- 
functions u+— conv F'(u) and u+—> tonv F'(u) are both lower semicontinuous. 


Problem 2.55* 

Suppose that X is a Hausdorff topological space, Y is a Banach space and 
F: X —+ P,(Y) is an upper semicontinuous multifunction. Show that the multi- 
function u+— conv F’(u) is upper semicontinuous too. 


Problem 2.56** 

Let X and Y be two Hausdorff topological spaces and let F: X —+ 2 \ {0} be a 

multifunction. Show that: 

(a) if F is P,(Y)-valued and upper semicontinuous and Kk € P,(X), then 
F(K) € P,(Y); 

(b) if F: X —+ 2” \ {0} is closed, G: X —+ P;(Y) is upper semicontinuous and 
F(u) 1 G(u) #0 for all ue X, then X 3 u+-> A(u) = F(u)NG(u) € 2” \ {0} 
is upper semicontinuous. 

(c) Is the intersection of two lower semicontinuous multifunctions necessary a lower 
semicontinuous multifunction? Justify your answer. 


Problem 2.57** 

Let (X,d,) be a metric space and suppose that y € C(X) is in the closure of 
{dist(-,E): E € Pr(X)} for the topology of pointwise convergence. Assume that 
D={xEX: v(x) =0} 490 and for each u € X we have dist(u, D) < y(u). Show 
that y(-) = dist(-, D) 
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Problem 2.58** 
Let (X,d,) be a metric space and let {Cn},5, C P(X) be a sequence such that 


Cy, > C € P(X). Show that 


C= (U&=NU NG. 


meln>m e>O0melnem 
where (C,)- = {ue X: dist(u,C,) < e}. 


Problem 2.59** 
Let (X,d,) be a metric space and let K C (Py(X),h) be compact. Show that the 


set LJ) CC X is closed. 
CEek 


Problem 2.60** 
Let (X,d,) be a metric space and let F be the family of finite subsets of X. Show 
that F is dense in (P7(X),h) if and only if X is totally bounded. 


Problem 2.61* 
Suppose that X, Y, and V are three Hausdorff topological spaces, py: X x Y —> V 
is a continuous map, and M: X —+ 2” \ {Q} is a lower semicontinuous multifunction. 
We set 

F(u) = y(u, M(u)) Vue X. 


Show that w+ F(u) is lower semicontinuous form X into 2” \ {Q}. 


Problem 2.62* 
Suppose that X, Y, and V are three metric spaces, y: X x Y —> V is a continuous 
map, and M: X —> P,;(Y) is an upper semicontinuous multifunction. We set 


F(u) = y(u, M(u)) Vue xX. 
Show that u+—> Fu) is upper semicontinuous form X into P,(V). 


Problem 2.63* 
Let (X,d,) be a metric space and suppose that (P(X), h) is compact. Show that X 
is compact. 


Problem 2.64** 

Suppose that X and Y are two Hausdorff topological spaces, y: X x Y — R* = 
R U {+00} is a lower semicontinuous function and F: X —+ 2° \ {0} is a lower 
semicontinuous multifunction. Let 


v(u) = sup (u,y) 
yeF(u) 


(the value function). Show that v: X —+ R* is lower semicontinuous. 
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Problem 2.65** 

Let X and Y be two Hausdorff topological spaces and let F: X —+ Py(Y) be a 
multifunction which is closed (see Definition 2.40) and locally compact (see Proposi- 
tion 2.45). Show that F' is upper semicontinuous. 


Problem 2.66** 
Suppose that X and Y are two Hausdorff topological spaces, py: X x Y — Risa 
continuous function, and F': X —> P;(X) is a continuous multifunction. We define 
vu) = sup g(uy) VueX, 
yeF(u) 
S(u) = {ye F(x): v(u)=o(u,y)} VueXx. 


Show that v: X —> R is continuous and S: X —+ P;,(Y) is upper semicontinuous. 


Problem 2.67* 

Show that in general a lower semicontinuous multifunction need not be h-lower semi- 
continuous and an h-upper semicontinuous multifunction need not be upper semicon- 
tinuous (cf. Propositions 2.54 and 2.55). 


Problem 2.68* 
Suppose that X is a Hausdorff topological space, (Y,d,.) is a metric space, and 
F: X —+ P;(Y) is an h-upper semicontinuous multifunction. Show that F is closed. 


Problem 2.69% 

Suppose that X is a Hausdorff topological space, (Y,d,.) is a metric space and 
F: X —> 2 \ {} is an h-upper semicontinuous multifunction. Show that for every 
y € X the function ut > y,(u) = disty (y, F(u)) is lower semicontinuous. 


Problem 2.70** 
Let (X,d,.) be a complete metric space and let F: X —> P,(X) be a multifunction 
such that 

h(F(u),F(v)) < kd, (u,v) Vu,v eX, 


with k > 0. For any compact set K C X, we set Re(K) = U F(u). Show that: 


ucek 
(a) Re(K) € P(X); 
(b) Rr: P(X) — P(X) is Lipschitz continuous with Lipschitz constant k (on 
P,,(X) we consider the Hausdorff metric corresponding to d, ). 


Problem 2.71** 

Suppose that X and Y are two Hausdorff topological spaces, F: X —> 2¥ \{}isa 
lower semicontinuous multifunction, and G: X —+ 2¥ \ {0} is a multifunction with 
open graph. Suppose that 


F(u)NG(u) #40 Vuex. 


Show that the multifunction u+—+ F(u)M G(u) is lower semicontinuous. 
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Problem 2.72** 
Let X be a paracompact, perfectly normal topological space, let Y be a Banach 
space, and let F: X —+ 2” \ {0} be a lower semicontinuous multifunction with 
convex values. Show that for every r > 0, there exists a continuous map h: X —> Y 
such that 

disty (h(u), F(u)) < r Vue x. 


Problem 2.73** 

Suppose that X is a compact Hausdorff topological space, Y is a locally convex vector 
space, and F: X —+ 2* \ {0} is a multifunction with convex values. Assume that for 
every y € Y, the set F~({y}) = {we X: y € F(u)} is open. Show that there exists 
a continuous map f: X —> Y such that f(u) € F(u) for all u € X. 


Problem 2.74** 
Let X and Y be two Banach spaces and let A € L(X;Y) be surjective. Show that 
there exists a continuous map f: Y —> X such that A(f(y)) =y for allyeY. 


Problem 2.75* 

Suppose that X is a paracompact space, Y is a Banach space, C € P(X) and 
F: X —>+ P;,(Y) is a lower semicontinuous multifunction. Show that any continuous 
selection of F'|., can be extended to a continuous selection of F’. 


Problem 2.76* 

Suppose that X is metric space, y: X —> R is an upper semicontinuous function 
and w: X —-+ R is a lower semicontinuous function such that y(u) < v(u) for all 
u € X. Show that there exists a continuous function f: X —> R such that 


y(u) < flu) < w(u) Yue x. 


Problem 2.77** 

Suppose that X is a Hausdorff topological space, Y is a topological vector space, 
F: X —+ 2° \ {0} is a lower semicontinuous multifunction, y € C(X;Y) and U is 
an open neighborhood of the origin in Y. Assume that 


H(u) = F(u)n(y(u)+U) 4 O Vue X. 
Show that the multifunction u+—- H(w) is lower semicontinuous from X into Y. 


Problem 2.78** 

Suppose that X is a Hausdorff topological space, Y is a topological vector space, and 
F,G: X —+ 2* \ {0} are two lower semicontinuous multifunctions. Show that the 
multifunction X > ut-—+ H(u) = F(u) + G(u) € 2” \ {0} is lower semicontinuous. 


Problem 2.79** 
Let X be a paracompact space and let Y be a normed space. We say that a multi- 
function F: X —+ 2” \ {0} is almost lower semicontinuous (a-lsc for short), if 
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for every ¢ > 0 and every u € X, there exists U € N(u) (where N(u) is the filter of 
neighborhoods of uw) such that 


() Fw). # 

u’EU 
(recall that F(u')- = {ye Y: disty(y, F(u’)) < ¢)}). Show that, if F is an almost 
lower semicontinuous multifunction and has convex values, then for every ¢ > 0 there 
exists f. € C(X;Y) such that disty (f-(u), F(u)) < ¢ for all u € X. 


Problem 2.80% 

Suppose that X is a paracompact space, Y is a Banach space, F: X —+ Py,(Y) is 
a lower semicontinuous multifunction_and (u,y) € Gr. Show that there exists a 
continuous selector f of F' such that f(u) = y. 


Problem 2.81* 

Suppose that X and Y are two Hausdorff topological spaces, D C X is a set and 
F: X —> 2” \ {0} is a multifunction which is lower semicontinuous on D \ D. Show 
that F(D) C F(D). 


Problem 2.82% 

Show that the Cartesian product of two lower semicontinuous multifunctions is lower 
semicontinuous. Is this also true for upper semicontinuous multifunctions? Justify 
your answer. 


Problem 2.83*** 

Suppose that (X,d,,) is a metric space, Y is a Banach space and F': X —> 2” \ {@} 
is an upper semicontinuous multifunction with convex values. Show that for every 
€ > 0, we can find a locally Lipschitz function fz: X —> Y such that 


f-(X) © convF(X) and h*(Grf.,GrF) < «. 


Problem 2.84*** 
Suppose that X is a metric space, Y isa Banach space, W C_X is an open set, K C W 
is a compact set and F: W —+ 2” \ {@} is an upper semicontinuous multifunction 
with convex values. Show that for every € > 0, there exists an open neighborhood V- 
of kK and a locally Lipschitz function f.: V; —> conv F(K) with finite dimensional 
range such that 

f-(u) € F(KNB-(u)) + eB, Vue Vz. 


Problem 2.85** 

Suppose that X is a compact topological space and Ff: X —+ Py(X) is an upper 
semicontinuous multifunction. Show that there exists a nonempty closed set C' C X 
such that F(C) =C. 


Problem 2.86** 
Find a compact valued multifunction which is closed but not upper semicontinuous. 
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Problem 2.87** 

Let X be a Banach space and let K C X be a nonempty set which is boundedly 
compact (respectively boundedly w-compact), i.e., for every r > 0, the set KB, is 
compact (respectively w-compact). Let 


proj, (u) = {hE K: |ju—hllx = dist(u, K)}. 


Show that the multifunction u+— proj,.(u) (known as the metric projection on 
kK) is upper semicontinuous from X into X (respectively from X into X, where Xy 
denotes the Banach space X furnished with the weak topology). 


Problem 2.88** 

Suppose that X is a Banach space, X* is its topological dual, F: X —> 2*° \ {O} is 
the duality map. Show that F is upper semicontinuous from X with norm topology 
into X*, (X%, denoting X* with the w*-topology). 


Problem 2.89** 
Let X be a metric space and let F': X —> P,(X) be a lower semicontinuous and 
closed multifunction with connected values. Show that F’ is continuous. 


Problem 2.90* 
Produce an upper semicontinuous multifunction with closed and convex values which 
does not have a continuous selector. 


Problem 2.91** 

Let T and X be two separable metric spaces which are Borel sets in their respective 
completions (that is, J and X are Borel spaces) and let F: T —+ Pr,(X) be a 
measurable multifunction with o-compact values. Show that for every closed set 
CC X, we have F-(C) € B(X). 


Problem 2.92* 

Suppose that (Q,X) is a measurable space, X is a Polish space and y: X —> Qisa 
map such that: 

(i) for every w € 2, y~!({w}) € Py(X); and 

(ii) for every open set V C X, y(V) € &. 

Show that there exists a N-measurable map f: 2 —> X such that y(f(w)) = w for 
allw EQ. 


Problem 2.93** 

Suppose that (Q, ©) is a measurable space, X is a separable metric space and F': 2. —> 
P,(X) is a multifunction. Show that F’ is measurable if and only if F~(C) € © for 
every closed set C C X. 


Problem 2.94** 

Suppose that (Q,%) is a measurable space, X is a separable metric space, and 
F: Q —+ P,(X) is a measurable multifunction. Show that for every compact set 
K CX, we have F-(K) €%. 
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Problem 2.95** 

Suppose that (Q, %) is a measurable space, X is a separable metric space, Y is a metric 
space, yp: Q x X —+ Y is a Carathéodory map (ie., for all u € X, the function 
w t— y(w,u) is S-measurable, while for every w € Q, the function u +> y(w,u) 


is continuous) and U C Y is a nonempty open set. Show that the multifunction 
F: Q —> 2* defined by 


F(w) = {uEX: y(w,u) EU}. 


is measurable. 


Problem 2.96** 
Let X and Y be two o-compact metric spaces and let F: X —+ 2° \ {0} be a closed 
multifunction. Show that F’ is measurable. 


Problem 2.97*** 

Suppose that (Q,) is a measurable space, X is a separable metric space and 

{Fn: Q —+ Pr(X)},,5, is a sequence of measurable multifunctions. Suppose that 

at least one of them is compact valued. Show that the map w+—> H(w) = ) Fn(w) 
no1 


is measurable. 


Problem 2.98** 

Suppose that (Q,%) is a measurable space, X is a Polish space, Y is a metric space, 
yp: 2x X —> Y is a Carathéodory map, U: Q —>+ P;(X) is a measurable multifunc- 
tion, and 


Gw) = y(w,U(w)) Ywend. 
Show that G: Q —> Y is measurable. 


Problem 2.99** 

Suppose that (Q,%) is a measurable space, X is a Polish space, F': Q —> P(X) is 
a measurable multifunction, and g: Q —> X is a U-measurable function. Show that 
there exists a S-measurable selector f of F’ such that 


dist(g(w), F(w)) = dx(g@),f@)) Vwed. 


Problem 2.100% 

Suppose that (9,5) is a measurable space, X is a o-compact metric space, and 
F: Q —+ P(X) is a multifunction such that F~(K) € & for every K € P,(X). 
Show that F’ is measurable. 


Problem 2.101*** 

Suppose that (Q, ©) is a complete measurable space, X is a Polish space, Y is a 
o-compact Polish space, and F’: Q —> Py(X x Y) is a multifunction. We define the 
multifunction G: Q x X —+ P;(Y) by setting 


G(w,u) = {yEY: (u,y) € F(w)} V (w,u) €Qx X. 


Show that F’ is measurable if and only if G is measurable. 
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Problem 2.102* 

Suppose that (Q, 4) is a complete measurable space, X is a separable Banach space 
and F’: Q —+ 2* \ {@} is a graph measurable multifunction (see Definition 2.61(b)). 
Show that for every u* € X*, the map 


Wr Op,,(u") = sup (u",u) 
ue Fw) 


is -measurable. 


Problem 2.103*** 

Suppose that (Q,%) is a measurable space, X is a separable Banach space, and 
F: Q —+ Pore(X) is a multifunction. Show that F' is measurable if and only if for 
every u* € X*, the map w+—> ¢,,,,.(u*) in &-measurable. 


Problem 2.104** 

Suppose that (0,4) is a complete measurable space, X is a Souslin space 
y: Ox X —+ R* is a jointly measurable function and F: Q —> 2* \ {@} is a graph 
measurable multifunction. We define 


mw) = ous p(w, u) Vwen. 


Show that m: Q —> R* is /-measurable. 


Problem 2.105** 

(a) Suppose that (2,4) is a measurable space, X is a separable Banach space 
and F': Q —+ Pr(X) is a measurable multifunction. Show that multifunctions 
w+— conv F'(w) and w+—> Conv Fw) are both measurable. 

(b) Suppose that (Q,) is a complete measurable space, X is a separable Banach 
space and F: Q —>+ 2* \ {0} is a graph measurable multifunction. Show that 
the multifunction w +> tonv F'(w) is measurable. 


Problem 2.106% 
Suppose that (9,5) is a measurable space, X is a separable Banach space, and 
u: Q —> X and eg: Q —+ (0,+00) are X-measurable functions. Show that the 
multifunction 

Q5w + Bywy(uw)) ={ye X= |ly—ulw)|lx < ew)} 
is measurable. 
Problem 2.107** 
Suppose that (Q,) is a measurable space, X is a compact metric space, and 
yp: Q x X — R is a Carathéodory function (see Problem 2.95). Show that the mul- 
tifunction F: Q —+ 2* defined by 

F(w) = {uE xX: v(w,u) = 0} 


is measurable. 
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Problem 2.108** 

We suppose that (0, &) and (7,7) are two measurable spaces with © being complete 
(ie., & = U; see Definition 1.4.45), X is a Souslin space, F: Q —> 2* \ {0}, and 
G: Q —+ 2" \ {0} are two graph measurable multifunctions, h: Q x X —> T is a 
(X x B,7)-measurable map and 


h(w,F(w))NGw) #40 Vwed. 
Show that there exists a i-measurable selector f: Q — X of F' such that 
h(w, f(w)) € Gi) Ywen. 


Problem 2.109* 

Suppose that (Q,%) is a complete measurable space, X is a Polish space and 
{Fy Q —> P7(X)} is a sequence of measurable multifunctions. Show that the 
multifunctions 


n2>1 


wt > Giw) = U Fi(w) and w+ > H(w) = () F,(w) 
n2>1 no>1 


are both measurable. 


Problem 2.110** 

Suppose that (Q,%, 2) is a o-finite measure space, X is a separable Banach space 
and F: Q —+ 2* \ {0} is a multifunction with Gr F € ¥,, x B(X) (=), being the p- 
completion of U; see Definition 1.4.45). Show that for 1 < p < +00, we have S?. 4 0 
(see Theorem 2.72) if and only if 


inf |lullx < Jw) for waa. w EQ, 
ue F'(w) 


with 0 € LP(Q),. 


Problem 2.111** 

Suppose that (Q,%, 4) is a complete o-finite measure space, X is a Polish space and 
{Fn: O — Pe X)} is a sequence of measurable multifunctions. Show that the 
multifunctions 


n2>1 


w > liminf F,(w) and w +> limsup F,(w) 
n+ -+00 n—+00 


(see Definition 2.88) are both measurable. 


Problem 2.112** 

Suppose that (Q,™%,/) is a o-finite measure space, X is a separable Banach space 
and F: Q —+ 2* \ {0} a graph measurable multifunction such that $2 4 @ with 
1 <p< oo. Show that we can find a sequence {fr}ns1 es oa such that 


F(w) © {fr)}ns1 for p-aa.w EQ. 
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Problem 2.113** 

Suppose that (Q, 4, ) is a o-finite measure space, X is a separable Banach space, 
F:Q —+ Py(X) a graph measurable multifunction such that S2 #4 0 with 
l<p<+o, {fr}n>1 C S%, is a sequence such that 


Fw) = {fr(w)}nsi for p-aa.w Ee Q 


(see Problem 2.112), f € S% and e > 0. Show that there exists a finite U-partition 
{A1,..., Az} of Q such that 


| 
= Se alle < 
k=1 


Problem 2.114** 

Suppose that (0, %, jz) is a o-finite measure space, X is a separable Banach space and 
F,G: Q. —+ P(X) are two measurable multifunctions such that S?,S2, 4 0 with 
some 1 <p < +00. Set H(w) = F(w) + G(w). Show that S?, = $%4+ S&. 


Problem 2.115** 

Suppose that (Q, 4, ) is a o-finite measure space, X is a separable Banach space, 
F:Q —+ 2% \ {0} a graph measurable multifunction such that S?2 4 @ with 
1<p<-+too. Show that 


= oP _ oP 
conv Sr = Sawer: 


Problem 2.116** 

Suppose that (Q, 4, ) is a o-finite measure space, X is a separable Banach space, 
F:Q —+ 2*\ {O} a graph measurable multifunction such that Se. # 0 with 
1<p<-+oo. Show that Sp = St. 


Problem 2.117*** 

Suppose that (Q,5,,) is a o-finite nonatomic measure space, X,Y are two Ba- 
nach spaces with Y having the RNP (see Definition 1.45), D C L?(Q;X) (with 
1 < p< +oo) is a decomposable set (see Definition 2.70) and T € L£(L?(Q; X);Y). 
Show that the set T(D) C Y is convex. 


Problem 2.118*** 

Suppose that (Q, 5, ) is a o-finite nonatomic measure space, X is a Banach space, 
DC L*(Q;X) (with 1 < p < +00) is a decomposable set which is w-closed. Show 
that the set D is convex. 


Problem 2.119** 

Suppose that (Q, 4, 4) is a o-finite nonatomic measure space, X is a separable Banach 
space, and F': Q —+ 2* \ {@} is a graph measurable multifunction, such that S?, A 
0 (with 1 < p<-+oo). Show that a = S$? __, (here by w we denote the weak 
topology on the Lebesgue—Bochner space L?(Q; X)). 
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Problem 2.120** 

Suppose that (Q,%, jz) is a o-finite measure space, X is a separable Banach space and 
F,G: Q —+ 2* \ {0} are two graph measurable multifunction, such that S?, = S?, for 
some 1 < p< +00. Show that F'(w) = G(w) for p-almost all w € 2. 


Problem 2.121** 

Suppose that (Q,%,) is a o-finite measure space, X is a separable Banach space, 

and F: Q —+ 2* \ {} is a graph measurable multifunction. 

(a) Suppose that S% (with 1<p<-+oo) is nonempty and closed. Show that 
F(w) € Pr(X) for p-almost all w € . 

(b) Suppose that jz is nonatomic and S®, (with 1 < p < +00) is nonempty, closed, 
and convex. Show that F(w) € Pyc(X) for p-almost all w € . 


Problem 2.122** 
Suppose that (Q, %, jz) is anonatomic, o-finite measure space, X is a separable Banach 
space and F: Q —+ 2* \ {0} is a graph measurable multifunction with $} 4 0. Show 
that the set cl { Fdu C X is convex (see Definition 2.85). 

Q 


Problem 2.123% 
Suppose that (Q,™%,/) is a o-finite measure space, X is a separable Banach space 
and F’: Q —+ Pyrc(X) is a graph measurable and integrably bounded multifunction. 
Show that [ F(w) dw € Puke(X). 

Q 


Problem 2.124* 
Suppose that (Q,%, jz) is a o-finite measure space, X is a separable Banach space and 
F:Q —+ 2* \ {0} is a graph measurable multifunction with S} 4 0. Show that 


ae) = i Crey(h*w))du VY E L(05 XE). 
Q 


Problem 2.125** 

Suppose that V is a Polish space, X is a separable metric space, uw: B(V) —> Risa 
finite Borel measure on V and F': V —+ P(X) is a measurable multifunction. Show 
that for every « > 0, there exists a compact set K- C V with y(V \ Ke) < © such that 
F|,,, is closed. 


Problem 2.126** 

Suppose that V is a Polish space, X is a separable metric space, uw: B(V) —> Risa 
finite Borel measure on V and F': V —> P(X) is a measurable multifunction. Show 
that for every € > 0, there exists a compact set Kz C V with u(V \ K-) < € such that 
F\|,. is lower semicontinuous. 


Problem 2.127* 
Suppose that (Q,%) and (7,7) are two measurable spaces, X is a separable metric 
space and F: Q x T —+ P(X) is a & x T-measurable multifunction. Fix to € T and 
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let uo be a U-measurable selector of F'(-,to). Show that given « > 0, we can find a 
x x T-measurable selector f of F' such that 


n~n 


dy (f(w,to),uo(w)) < e Vwednd. 


Problem 2.128* 

Suppose that (Q,%) is a complete measurable space, X is a Souslin space and 
F: Q —+ 2% is a graph measurable multifunction. Show that for every D € B(X), 
we have F~(D) € &. 


Problem 2.129** 

Suppose that (Q, X) is a complete measurable space, X is a Polish space and F': Q. —> 
2* \ {9} is a graph measurable multifunction. Show that the multifunction w +> 
OF (w) is measurable and w +—> int F'(w) is graph measurable (where OF (w) denotes 
the boundary of F'(w)). 


Problem 2.130** 
Suppose that (Q,%, jz) is a o-finite measure space, X is a separable Banach space and 
F: Q —+ 2* \ {0} is a graph measurable multifunction with open values such that 
Si, #0. Show that for every set A € X, the set Jf Fdu C X is open. 

A 


Problem 2.131** 

Suppose that (Q, 4, 4) is a finite measure space, X is a separable Banach space and 
F: Q —+ 2* \ {0} is a graph measurable multifunction such that Sh 4 0, F(w) is 
convex for all w € 0 and 


int F(w) A 0 for p-aa we. 
Show that 
int [Pau = fine Pau VAEX. 
A A 
Problem 2.132** 
Suppose that (Q,%,) is a finite measure space, X is a Banach space and 


D CL1(Q;X) is a bounded and decomposable set. Show that D is uniformly in- 
tegrable. 


Problem 2.133** 
Let T = [0,b] and let F: T —> P,,(R%) be a graph measurable and integrably 
bounded multifunction. For every t € T we set 


V(t) = i Riayas. 
0 


Show that V: T —> Pyc(IR™) is h-continuous and continuous and the set C’Sy of 
continuous selectors of V is nonempty and compact in C(T;R%). 
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Problem 2.134* 
Let X be a Banach space and let {An},31 © 2* \ {} be a sequence of sets. Show 
that for every u € X, we have 

lim sup dist(u, An) < dist(u, s—liminf A,). 

n— +00 N+ +00 
Problem 2.135% 
Suppose that X is a Banach space, C C X is a nonempty, w-closed set such that 
for every r > 0, we have CN B, € Pyp(X) (where B, = {ue X: |lul|x <r}) and 
{An}nsi © 2* \ {} is a sequence of sets such that A, C C for all n > 1. Show that 
for every u € X, we have 

dist(u, w—lim sup A,) < liminf dist(u, A,). 

n— +00 N+ +00 

Problem 2.136% 
Suppose that X is a reflexive Banach space, A € Pre(X), {Antnsi © Pre(X) is a 


sequence such that A, ™, A and {Un}nd1 C X is a sequence such that u, —> u in 
X. Show that dist(un, An) —> dist(u, A). 


Problem 2.137** 
Suppose that (Q,%) is a measurable space, X is a o-compact metric space and 
{Fy : OQ. — Py(X)} is a sequence of measurable multifunctions with 


limsup Fr(w) 4 @ Vwen. 
N—++00 


n2>1 


Show that the multifunction w > H(w) = limsup F;,(w) is measurable. 
n—--+00 
Problem 2.138% 
Suppose that X is a Banach space, A € 2* \ {0}, {An}nsi © 2* \ {9} is a sequence 
such that 
lim sup dist(u, An) < dist(u, A) Vue X. 


N—-+00 


Show that A C s—liminf Ap. 
n—++00 


Problem 2.139** 
Assume that X is a Banach space, C € Pyx(X) and {An}nsi1 CS 2* \ {)} is a sequence 
such that A, C C for all n > 1. Show that w-limsup A, 4 @ and 


Nn—-+00 


Ow -lim sup An (u*) > lim sup On, (u*) Vv us — en 


n—-+>+too n—-+oo 
Problem 2.140* 
Suppose that X is a Banach space, A € 2* \{} and {An}nsi © 2* \ {9} is a sequence 
such that 
limsupa, (u*) < o,(u*) Vu" eX", 
n> +oo 


Show that w-lim sup A, C conv A. 


Nn—-+00 
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Problem 2.141*** 
Suppose that (Q, 4, 1) is a o-finite measure space, X is a Banach space, h € L?(Q; X), 
{Rn}nsi C L?(Q; X) (with 1 < p < +00) is a sequence such that hy = Shin DP (OX) 
and 

hn(w) € G(w) © Pw(X) for p-aa. we. 


Show that 
h(w) € tonv w—limsup {h,(w)} for p-aa.w € 2. 
N+ +00 
Problem 2.142*** 
Suppose that (Q, 4, jz) is a o-finite measure space, X and Y are two separable Banach 
spaces and F: Q x X —>+ Py,(Y) is a multifunction such that: 
(i) for all u € X, the multifunction w +> Fw, wu) is graph measurable; 
(ii) for p-almost all w € Q, the multifunction u +—> F(w,u) has a graph which is 
closed in X x Yy (where Y,, denotes the Banach space Y with the w-topology); 
(iii) F(w,u) C G(w) for p-almost all w € Q, all u © X with a graph measurable and 
integrably bounded multifunction G: Q —> Pure(Y). 
Show that Siw) # @ for any v € L1(Q; X). 
Problem 2.143* 
Suppose that (Q,%, 4) is a o-finite measure space, X is a separable Banach spaces, 
and {hn}as1 © L+(Q; X) is a sequence which is uniformly integrable and such that 


{hin(W) }noo1 © Pyop(X) for p-aa.w EM. 
Show that the sequence {hn}js1 C L+(Q; X) is relatively w-compact. 
Problem 2.144* 
Suppose that (,%, jz) is a finite measure space, h € L1(Q), {hn}nsi © D(Q) isa 
sequence such that h, —> h in L!(Q) and assume that at least one of the following 


conditions holds: 
(i) h(w) < lim inf Ayn(w) for p-almost all w € Q; or 


(ii) limsuph,(w) < h(w) for p-almost all w € 2. 
N—++00 

Show that hy —> h in L1(Q). 

Problem 2.145** 


Show that in general for a sequence {An}, 51, C P(X) in a Banach space X, the set 


w-lim sup A, need not be closed or weakly closed. 
N—++00 


Problem 2.146* 
Let X be a Banach space and let {An},,5, © Prce(X) be a sequence such that 


Anyi CG An (respectively Ani; D An) Vn>1. 


Show that A, “5 () An (respectively Ap, a U An). 
no1 n21 
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Problem 2.147** 
Suppose that (Q, , jz) is a o-finite measure space, X and Y are two separable Banach 
spaces and F: Q x X —> 2” \ {} is a multifunction such that: 

(i) F is measurable on 2. x X; 

(ii) for y-almost all w € Q, the multifunction u+—> F'(w, wu) is lower semicontinuous; 
(iii) there exists € € L'(Q) such that 


|F(w,u)| = sup |lylly < €(w) forpaaweEQ, allue xX. 
ye F (wu) 


Show that the multifunction h +> Srv. n(.)) 18 lower semicontinuous from EA+(0;X) 
inte te (O: ¥ ), 


Problem 2.148* 

Let X be a Banach space and let A: X D D(A) —>+ 2*° be a monotone 
map with D(A) #4 0. Show that there exists a maximal monotone extension 
A: X D D(A) —> 2** of A (that is, a maximal monotone map A: X D D(A) —> 
2*" such that Gr A C Gr A). 


Problem 2.149** 

Let X be a Banach space and let A: X D D(A) —> 2** be a maximal monotone map. 
Show that Gr A is closed in Xy x X* and in X x Xj}. (here Xu (respectively Xj.) 
denotes the Banach space X (respectively X*) furnished with the weak (respectively 
weak*) topology). Can we say that Gr A is closed in X,, x X*.? Justify your answer. 


Problem 2.150* 
Suppose that T = (0,b), H is a Hilbert space, and ua € H. We define 
A: L?(T; H) > D(A) — L?(T; H) by 


A(u) = fu Vue D(A) = {ue W'?(T; HH): u(0) = uo} 
(see Problem 1.104). Show that A is maximal monotone. 


Problem 2.151** 

Let X be a finite dimensional Banach space and let A: X —> X* be a monotone 
map with D(A) = X which is also hemicontinuous (see Definition 2.110(b)). Show 
that A is continuous. 


Problem 2.152** 
Let X be a Banach space and let A: X —> X* be a monotone map with D(A) = X. 
Show that A is demicontinuous if and only if it is hemicontinuous. 


Problem 2.153* 

Let Q C R% be a bounded open set with a Lipschitz boundary 09, 1 < p < +00 and 
let a: RN —+ R% be acontinuous and monotone map satisfying the following growth 
condition 


Ja(y)| < c(+lyP*) VyeR®, 
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for some c > 0. For every u € Wy’?(Q), let A(u) = —diva(Du). Show that 
A: Wo? (Q) — W-1P'(9) = Wo? (Q)* (where nes a = 1) is bounded (that is, 
maps bounded sets to bounded ones), continuous, and maximal monotone. 


Problem 2.154** 
Let Q C R% be a bounded open set with a Lipschitz boundary 0, 1 < p < +00 
and let a: RY —+ R™ be a continuous and monotone map satisfying the following 
conditions 

Ja(y)| < c+|yP*) VyeR®, 


for some c > 0 and 
(a(y), ¥) pn 2 cy? Vv ¥y € RY, 


for some €> 0. Let g € W~1”"(Q) = Wo'?()*. Show that there exists u € Wy” (Q) 
such that 
—diva(Du) = g in W71(Q). 


Problem 2.155% 

Let X be a reflexive Banach space and let A: X D D(A) —> X* bea linear monotone 
map. Show that the map A is maximal monotone if and only if Gr A is maximal among 
all linear monotone subsets (graphs) of X x X*. 


Problem 2.156** 
Let X be a reflexive Banach space and let A: X —> X* be a linear demicontinuous 
monotone map. Show that A € £(X; X*). 


Problem 2.157** 

Let X be a Banach space and let A: X D D(A) —> 2*” be a monotone map which 
is lower semicontinuous at @ € D(A) C X into X*. (where X*. denotes the space 
X* furnished with the w*-topology). Show that A(w) is a singleton. 


Problem 2.158*** 
Let X be a separable Banach space and let A: X D D(A) —>+ 2*” be a maximal 
monotone map with int D(A) 4 9. Show that the set 


T = {ue D(A): A(u) is not a singleton} 
is of first category. 


Problem 2.159** 
Show that the duality map of a Banach space X is linear if and only if X is a Hilbert 
space. 


Problem 2.160*** 

Suppose that X is a reflexive Banach space, A: X D D(A) —> 2*° is a monotone 
map, and C is a closed convex set such that D(A) C C. Show that there exists a max- 
imal monotone map A: X D D(A) —> 2** such that Gr A C Gr A and D(A) CC. 
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Problem 2.161** 

Let X be a reflexive Banach space with X and X* both locally uniformly convex 
(which is always possible thanks to the Troyanski renorming theorem; see Theorem 
1.5.192 or Remark 2.115) and let A: X D D(A) —> 2%" be a maximal monotone 
map. Show that for every u € X and for every > 0, there exists unique u, € D(A) 
such that 0 € AA(uy) + F(uy — wu). 


Remark. According to this problem, for every 4 > O we can define the map 
Jy: X —+ D(A) by setting 


J(u) = Uv E€ D(A) 
and then the map A),: X —> X* by setting 
A,(u) = -5F(uy—u) = 5F(u—w). 


The map J) is called the resolvent of A and A) is called the Yosida approz- 
imation of A. They are extensions to Banach spaces of the items introduced in 
Definition 2.122. 


Problem 2.162** 
Suppose that X is a reflexive Banach space, A: X D D(A) —> 2*” is a maximal 
monotone map, {(Un,U;,)}ns1 G GrA is a sequence such that un “sy uin X and 


WwW . 
ux —> u* in X* and assume that 


lim sup (uy, — Up, Un — UR) < O or limsup(uy,—u*,un—u) < 0. 
n,k—+00 n—>-+oo 


Show that (u, u*) € GrA and (ux, un) —> (u*,u). 

Problem 2.163*** 

Let X be a reflexive Banach space with X and X* both locally uniformly convex. 
Show that for every \ > 0, the Yosida approximation A,: X —> X* (see the Re- 


mark after Problem 2.161) is everywhere defined, single valued, monotone, bounded, 
demicontinuous and satisfies 


A)(u) € A(J,(u)) Vuex 
and Jy: X —> D(A) is continuous. 


Problem 2.164** 
Let X be a reflexive Banach space with X and X* both locally uniformly convex and 
let A: X D D(A) —> 2*" be a maximal monotone map. Show that 


Ay(u) —> A°(u) in X* asX\,0 Vue D(A), 
with A°(u) € A(u) such that 


AQ » = inf alee 
|A%u) xe = inf lw"llx 
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(the minimal section of A) and 

J(u) — u nX asr\,0 Vu € conv D(A). 
Problem 2.165** 


Let X be a reflexive Banach space and let A: X D D(A) —> 2*" be a maximal 
monotone map. Show that D(A) and R(A) are both convex. 


Problem 2.166** 


Let A: RY —> R% be a surjective monotone map. Show that | ee |A(u)| = +00. 
u|—+00 


Problem 2.167* 
Let A: RY —+ R% be a monotone map on B,+- = {ue RY: |u| <r+e} (where 
r,€ > 0). Show that the set A( B,) C RY is bounded. 


Problem 2.168** 
Suppose that T = (a,b), H is a Hilbert space, ug € H and A: L?(T;H) D D(A) 
L?(T; H) is defined by 

A(u) = fu Yue D(A), 


with D(A) = {ue W!?(T; H): u(0) = uo} (see Problem 1.104). Find the resolvent 
J} (see Definition 2.122). 


Problem 2.169** 
Let X be a reflexive Banach space and let A: X —> X* be an everywhere defined 
uniformly monotone and hemicontinuous map. Show that A is surjective. 


Problem 2.170** 

Suppose that X is a reflexive Banach space and A: X D D(A) —> 2*” is a bounded 
map (that is, A maps bounded sets to bounded sets) which satisfies the following 
condition: if {(Un,Un)}ns1 G Gr A is a sequence such that up “suin X, ut “> u* 
in X* and limsup(u*,un—u) < 0, then (u,u*) € GrA. Show that A is upper 


n—>+oo 
semicontinuous from every finite dimensional subspace of X into X¥, (where Xj, 


denotes the space X* furnished with the w-topology). 


Problem 2.171** 

Suppose that X is a reflexive Banach space and A: X D D(A) —> 2%" and 
C: X D D(C) —> X* are two monotone maps with D(C) = X. Assume that the 
map ut+— (A+ C)(u) is maximal monotone. Show that A is maximal monotone. 


Problem 2.172** 
Suppose that (Q,%,) is a o-finite measure space, H is a Hilbert space, 
A: HD D(A) — 2” is a maximal monotone map with (0,0) € GrA and 


276 Chapter 2. Nonlinear and Multivalued Maps 


A: L?(Q; H) D D(A) — L?(9;H) is the realization of A on the Hilbert space 
E?(Q; H), that is, 


A(u) = {h € L?(Q;H): h(w) € A(u(w)) for waa. w € OQ} 


for all u € D(A) = {vu € L?(Q; HH): S4(W()) # 0}. Show that A is maximal monotone 


and find its Yosida approximation Ae for A > 0. If u(Q) < +00, then we can drop 
the requirement that (0,0) € Gr A. 


Problem 2.173% 
Given two maximal monotone maps A and C which are defined everywhere, is it true 
that R(A+C) = R(A) + R(C)? Justify your answer. 


Problem 2.174** 

Suppose that (Q,%) is a complete measurable space, X is a separable reflexive Ba- 

nach space and for every w € 9, the map A(w): X D D(A(w)) —> 2*° is maximal 

monotone. Show that the following two properties are equivalent: 

(a) The multifunction w+ Gr A(w) is measurable from 2 into Py (X x X*). 

(b) For every u* € X*, the map w ++ (A(w) + F)~1(u*) is S-measurable from Q 
into X. 


Problem 2.175** 
Suppose that (Q, 4) is a complete measurable space, X is a separable reflexive Banach 
space and 

{A(w): X D D(AWw)) = Dw) 3 2*"}uc9 


is a family of maximal monotone maps satisfying property (a) (or equivalently prop- 

erty (b)) in Problem 2.174. Show that: 

(1) for every E € B(X), we have D“(F)={w EQ: Diw)NLEFO} ED; 

(2) for every u € X, the multifunction w+— A(w)(u) is measurable from 2 into X*; 

(3) for every u € X, we have Q(u) = {we N: we D(w)} € B and the minimal 
section map w+ A°(w)(u) (see Problem 2.164) is ©-measurable from Q(wu) into 
xX*. 


Problem 2.176** 

Suppose that X is a reflexive Banach space, A: X D D(A) —> 2*” is a maximal 
monotone surjective map with D(A) = X and C C X is a nonempty, closed, and 
convex set. Show that the set A(C) C X™* is closed. 


Problem 2.177** 

Suppose that X is a strictly convex (see Definition I.5.168 and Remark I.5.169), 
reflexive Banach space with a strictly convex dual X*, A: X D D(A) —> 2*" and 
C: X D D(C) — 2*" are two maximal monotone maps such that D(A) M D(C) 4 0. 
Show that for every h* € X™*, the set of solutions {u,},s9 of the equations 
h* € (A+C)+F)(uy) remains bounded in X as A \, 0. 
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Problem 2.178** 

Let X be a Banach space and let u,y € X. Show that the following two properties 
are equivalent: 

(a) |lullx < |jw+Ay||x for all A > 0. 

(b) There exists u* € F(u) such that (u*,y) > 0. 


Problem 2.179** 

Suppose that X is a reflexive Banach space with a strictly convex dual X* (see 
Definition 1.5.168 and Remark I.5.169), F: X —+ X* is the duality map, C C X is 
a nonempty and convex set and uo € C. Show that ||uo||x = inf, ||w||x if and only if 


(F(uo), Uo) < (F (uo), u) V wee. 


Problem 2.180* 

Suppose that X is a reflexive Banach space with both X and X™* being strictly 
convex, A: X D D(A) —>+ 2*° is a maximal monotone multifunction, {Anknoi CR 
and {Un}ns1 © X are two sequences such that 


Xn —> 0, Un —> wu in X and Ay, (un) “> y* in X* 


and 
lim sup (A),,(un) — Arm (tm),Un —Um) < 0. 


n,m— +00 


Show that (u,y*) € Gr A and 


lim sup (A),,(Un) — Ay,, (Um), Un — Um) = 0. 
n,m— +00 


Problem 2.181*** 

Suppose that X is a strictly convex reflexive Banach space with a strictly convex 
dual X* (see Definition 1.5.168 and Remark 1.5.169), A: X D D(A) —> 2*” and 
C: X D D(C) —> 2*" are two maximal monotone maps such that D(A) M D(C) 4 0. 
Show that if for every 4 > 0, u, € X is the unique solution of the operator inclusion 


h® € (A+C\4+F)(uy) 
and {C)(uy)},s0 C X* is bounded as \ \, 0, then h* € R(A+C+4+F). 


Problem 2.182* 
Let X be a reflexive Banach space and let A: X D D(A) —> 2*" be a maximal 
monotone map. We set 


(with inf@ = +00). Show that the function m: X —> R = RU {+00} is lower 
semicontinuous. 
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Problem 2.183** 

Suppose that X is a reflexive Banach space, A: X D D(A) —> 2*" and 
C: X D D(C) —> X* are two monotone maps such that D(C) = X, R(A+C) = X* 
and (A+ C)~! is continuous. Show that A is maximal monotone. 


Problem 2.184** 
Let X be a Banach space and let F be its duality map. Show that X is reflexive if 
and only if R(F) = X*. 


Problem 2.185* 

Let X be a locally uniformly convex Banach space with a strictly convex dual X* (see 
Definition I.5.168 and Remark I.5.169). Show that the duality map F: X —> X™ is 
of type (S)+ (see Definition 2.137). 


Problem 2.186** 
Suppose that X is a reflexive Banach space, A: X —+ X* is a demicontinuous map 
of type (S),, and kK: X —>+ X* is a compact map. Show that the map T: X —> X* 
defined by 

T(u) = (A+ K)(u) YVuex 


is generalized pseudomonotone (see Definition 2.131). 


Problem 2.187** 

Suppose that X is a reflexive Banach space, A: X —+ X™* is a generalized pseu- 
domonotone map with D(A) = X and kK: X —+ X* is a map which is sequentially 
continuous from X, (where X,, denotes the Banach space X furnished with the 
weak topology) into X;, (where X*, denotes the Banach space X* furnished with the 
weak topology) and such that the function u +> y(u) = (K(u),u) is sequentially 


in X, (A+ K)(un) > u* in X* and limsup ((A + K)(un), un — u) < 0. Show that 
n—>+00 
u* € (A+ K)(u). 


weakly lower semicontinuous. Let {tn}, 5, G X be a sequence such that up, “ou 


Problem 2.188% 
Suppose that X is a reflexive Banach space, 4: X D D(A) —> 2*” is a generalized 
pseudomonotone map and C' C X is a nonempty, bounded, and weakly closed set. 
Show that the set 

A(C) = {u* € X*: u* € A(u) for some u € C} 


is strongly closed in X*. 


Problem 2.189** 
Let H be a Hilbert space and let K: H —> H be a compact map. Show that the 
map u+— u+ K(u) is generalized pseudomonotone. 


Problem 2.190** 
Let X be a reflexive Banach space and let kK: X —>+ X* be a compact map. Is K 
necessarily generalized pseudomonotone? Justify your answer. 
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Problem 2.191* 

Let X be a reflexive Banach space and let A: X —> X* be a monotone map which 
is sequentially weakly continuous. Show that the function u+—~> y(u) = (A(u),u) is 
sequentially weakly lower semicontinuous. 


Problem 2.192*** 
Let © C R® be a bounded open set with a Lipschitz boundary and let 
G:Qx RN —> R satisfies: 
(i) for all y € RY, the function z > G(z, y) is measurable; 
(ii) for almost all z €Q, the function y ++ G(z,y) is C!, strictly convex and 
G(z,0) = 0; 
(iii) there exist @ € L*(Q) and 1 < p < +co such that 


IVyGz, yl < @(z)(1 + |ylP™*) 


for almost all z € 9 and all y € RY; 
(iv) we have 
(VyG(z,¥); Wen < pG(z,y) 
for almost all z € Q and all y € RY; 
(v) there exists cp > 0 such that 


colyl? < pG(z,y) 


for almost all z € 9 and all y € RY. 
Let a(z,y) = VyG(z,y) and let A: W1?(Q) —> W1?(Q)* be the nonlinear map 
defined by 


(A(u),h) = [ (ale, Du(a), DAG) an dz Vuhew(Q). 
Q 


Show that A is maximal monotone and of type (S)+. 


Remark. If G(z,y) = G(y) = alyl? for all y € R® with 1 < p< +oo, then 
a(y) = |y|?~?y for all y € R% and so A corresponds to the p-Laplacian differential 
operator with Neumann boundary condition. 


Problem 2.193** 
Suppose that H is a Hilbert space, A: H D D(A) —> 2” is a maximal monotone 
map, and C: H D D(C) — H is a monotone map with D(C) C H closed and 
satisfies 

|IC(u)-CMllx < kllu-ylla Vuye D(C), 


for some k € (0,1). Show that the map w+ > (A+ C)(u) is maximal monotone. 
Problem 2.194* 


Let X be a reflexive Banach space and let A: X —> X* be a demicontinuous map of 
type (S);. Show that A is pseudomonotone. 
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Problem 2.195** 

Let X be a reflexive Banach space and let A: X —> X* be a demicontinuous, strongly 
coercive (see Definition 2.98(f)) and bounded map which is of type (S),. Show that 
A is surjective. 


Problem 2.196** 
Let 2 C R% (with N < 3) be a bounded open set and let A: Hé(Q) —+ H71(Q) = 
Hj(Q)* be defined by 


N 
(A(u),h) = [Linu Deule)yA) dz V u,h € Hg(Q). 
Q k=1 


Show that A is completely continuous. 


Problem 2.197*** 

Let H be a Hilbert space and let A: H D> D(A) —> H be a linear operator (not 
necessarily bounded) which is monotone (positive) and symmetric. Show that A is 
self-adjoint if and only if A is maximal monotone. 


Problem 2.198** 

Suppose that H is a Hilbert space, A: H D D(A) —> H and T: HD D(T) A 
are two linear monotone operators such that A is self-adjoint and A C T (ie., 
Gr AC GrT). Show that A= T. 


Problem 2.199* 
Let X be a Banach space with a strictly convex dual X* and let A: X D D(A) —> 2* 
be a maximal accretive map. Show that for every u € D(A), we have A(u) € Prc(X). 


Problem 2.200** 

(a) Let X be a Banach space and let A: X D D(A) —> 2* be a maximal accretive 
map. Show that Gr A C X x X is closed. 

(b) Let X be a Banach space with locally uniformly convex dual X* and let 
A: X D D(A) — 2* be a maximal accretive map. Show that Gr A is closed 
in X x Xw (where X,, denotes the Banach space X furnished with the weak 
topology). 


Problem 2.201** 

Let X be a uniformly convex Banach space with a uniformly convex dual X* and let 
A: X D D(A) —> 2* be an m-accretive operator. Show that for all u € D(A) we 
have 


fim Aa(u) = A%(u) and lim A°(Jy(u)) = Au). 
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Problem 2.202** 

Let X be a reflexive Banach space with uniformly convex dual X* and let 
A: X D D(A) — 2* be a maximal accretive map, which is locally bounded. Show 
that A is upper semicontinuous from X into X (where X,, denotes the Banach space 
X furnished with the weak topology). 


Problem 2.203** 

Suppose that X is a Banach space, u: R —> X is a map which is almost everywhere 
weakly differentiable and the map t +> ||u(t)||x is almost everywhere differentiable. 
Show that for almost all t € R, we have 


lle@llxgllulx = (uw) Vut © F(u(t)). 


Problem 2.204* 
Let X be a Banach space and let A: X —> X be a continuous accretive map such 
that D(A) = X. Show that A is m-accretive. 


Problem 2.205** 

Let X be a reflexive Banach space with a uniformly convex dual X* and let 
A: X —>+ Py,(X) be an accretive map which is upper semicontinuous from X into 
Xw (where X,, denotes the Banach space X furnished with the weak topology). Show 
that A is maximal accretive. 


Problem 2.206* 

Suppose that X is a uniformly convex Banach space with uniformly convex dual X*, 

C C X is a nonempty and closed set and {S(t): C —+> C},50 is a semigroup of nonex- 

pansive maps (see Definition 2.156) with infinitesimal generator A and which has the 

following property: “if {Un}ns1 C D(A) is a sequence such that |]u,,||. + +-oo, then 

|| A(un) ||x > +00.” Show that for every u € D(A), we have sup ||S(t)ugl|x < +00. 
>0 


a 


Problem 2.207* 

Suppose that X is a Banach space, A: X D D(A) —+ 2* is an m-accretive map and 
{S(t): D(A) —> D(A)}:i50 is the semigroup of nonexpansive maps generated by A 
(see Theorem 2.158). Show that for every u € D(A) and t > 0, we have 


t 
|S(tu—aullx < 2 / \S(r)u— ullx dr. 
0 


Problem 2.208% 

Suppose that X is a Banach space, A: X D D(A) —> 2* is an m-accretive map 
and {S(t): D(A) —> D(A)}:i50 is the nonlinear semigroup of nonexpansive maps 
generated by A (see Theorem 2.158). Show that for every u € D(A), every t > 0 and 
every A > 0, we have 


|S@)u—ullx < (2+ 5) llu- A(w)|Lx 
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and 


t 
lu—A(ulllx < 2 (144) / |S(r)u — ullx ar. 
0 


Problem 2.209*** 

Suppose that X is a Banach space, A: X D D(A) —>+ 2* is an m-accretive map 

and {S(t): D(A) —> D(A)}:i50 is the nonlinear semigroup of nonexpansive maps 

generated by A (see Theorem 2.158). Show that the following two properties are 

equivalent: 

(a) The nonlinear semigroup {5(t)}:50 is compact (see Definition 2.159(a)). 

(b) For every \ > 0, the map J) is compact and {5(t)}i50 is equicontinuous (see 
Definition 2.159(b)). 


Problem 2.210** 

Let X be a Banach space and let A: X D D(A) —> 2* be an m-accretive map. Sup- 
pose that {un},,, C D(A) is a sequence such that u, —> u in X and A), (un) —>h 
with An \, 0. Show that (u,h) € GrA. Also show that if X is reflexive with lo- 
cally uniformly convex dual, then we may assume that A), (un) —> h (instead of 
A),, (Un) —> h). 


Problem 2.211** 

Let X be a Banach space and let A: X D D(A) —> 2* be an m-accretive map. 

Show that the following two properties are equivalent: 

(a) For every A > 0, J) is compact. 

(b) For every 7 > 0, the sublevel set L, = {u € D(A) : |lul|x + |A(u)| < 7} is rela- 
tively compact in X. 


Problem 2.212* 

Let £2,(IR) be the space of L?(R)-functions which are 27-period. We equip 
L3,,(R) with the norm |jul| = |luljo2qjll2 It becomes a Hilbert space. Let 
A: L2_(R) D D(A) — 12, (R) be defined by A(u) = u’ for every u € D(A), where 
D(A) = {ue L3,(R): wu’ € L3,(IR)}. Show that A is maximal monotone and it gen- 
erates a Co-semigroup {S(t)}i51 which is not compact. 


Problem 2.213** 
Suppose that X is a Banach space, (£,d,,) is a compact metric space, and 
F: E — Pyw*he (X*) is an upper semicontinuous multifunction from EF into X*. (with 
X;. being the Banach space X* furnished with the w*-topology) and 
u) = inf |v" lls Yue and = inf y(u). 

n(u) = ink ol n= inf y(w) 
Show that for every ¢ > 0, we can find a continuous map €: # —> X such that for 
every u € FE and every v* € Fu) we have 


E(ulx < 1 and (v*,é(u)) > ne. 
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Problem 2.214** 

Suppose that X is a reflexive Banach space, Y, Z are two Banach spaces with X 
being continuously embedded in Z and L € £,(X;Y). Show that for every ¢ > 0, 
there exists c- > 0 such that 


IZ@lly < ellullxt+elullz YueXx. 


Problem 2.215** 
Let 2 C R®% be a bounded domain with a Lipschitz boundary 09. Suppose that 


p € (1,.N) and q€ (1, X22). Show that for every € > 0, there exists c: > 0 such that 
N—-p 


llullzoaa) < €l|Dullp + cellullrm@) Vue W'r(Q). 


Problem 2.216** 

Suppose that X is a Banach space, X* is its topological dual, U C X is a nonempty 
open set and A: U —> 2**\ {} is a monotone map with convex and w*-closed values 
which is upper semicontinuous from X into X;. (by X*. we denote the Banach space 
X* furnished with the w*-topology). Show that A is maximal monotone. 


Problem 2.217** 

Suppose that X is a Banach space, X* is its topological dual, A: X —> 2*" \ {0} is 
a monotone, locally bounded map with convex values and Gr A is closed in X x Xj\. 
(by X;. we denote the Banach space X* furnished with the w*-topology). Show that 
A is maximal monotone. 


Problem 2.218* 
Let X be a Banach space and let A: X D D(A) —> 2*" be a strongly coercive and 
surjective map. Show that A7! is locally bounded. 
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2.3. Solutions 


Solution of Problem 2.1 
Evidently for each bounded set B C X, the set A(B) C Y is compact. We need 
to show that A is also continuous (see Definition 2.1(a)). Arguing by contradiction, 
suppose that A is not continuous. Then for each n > 1, we can find u, € X such 
that 

|Atun)Ily > nllunl[x- 


Then the sequence Vie es is bounded (it is on the unit sphere of X). But the 


sequence { A( is unbounded, a contradiction to the hypothesis. 


Teal) tno 


Solution of Problem 2.2 
Clearly f is continuous. Let B C D be a nonempty bounded set. Given ¢ > 0, we 
can find ap = ao(e, B) € J such that 


Ilfa(u) — fully < § Va2zao, we B. (2.1) 


We fix a € J, a >a. We have that f(B) C Y is relatively compact, in particular 
then totally bounded (see Definition I.1.70 and Theorem I[.1.71). So, we can find 
N = N(e, B) > 1 and y,...,yn € Y such that 


N 


fa(B) © LU Bs (un), (2.2) 


n=1 


where Bz (Yn) = {yeEY: |ly—ynlly < §}. Let ue B. We can find no € {1,..., N} 
such that 


I[fo(u) — Ynolly < § 
(see (2.2)), so 


[F(u) — Ynolly < Ilf(u) — faluyily + Ilfolu) -—Ynolly < g+5 = € 
(see (2.1) and (2.2)), thus 


N 
f(B) © LU Belun) 


(since u € B is arbitrary). This means that f(B) is totally bounded, hence relatively 
compact. We conclude that f € K(D;Y) (see Definition 2.1(a)). 
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Solution of Problem 2.3 
By hypothesis, for every n > 1, we can find u, € D such that 

|| — F(un)Ilx < Fz. (2.3) 
Since f is compact (see Definition 2.1(a)), passing to a subsequence if necessary, we 
may assume that f(u,) —> v € F(D). It follows that u, —> v (see (2.3)) and since 
D is closed, we have v € D. The continuity of f implies that f(un,) —> f(v). Hence 
v = f(v) with v € D. 


Solution of Problem 2.4 
(a) Let By, be the closed unit ball in X. We have 
A(X) = [J nA(Bi). (2.4) 
ne1 
But since A € L.(X;Y) (see Definition 2.1(a)), we have that the set A( B,) is 


compact, hence separable. It follows that (J nA(B1) is separable and so we 
n2>1 
conclude that A(X) is separable (see (2.4)). 


(b) Since A(X) is of second category in itself (see Definition 1.1.25), from the open 


mapping theorem (see Theorem I.5.47), we have that A(B1) is a neighborhood of 
the origin in (A(X), ||-||y). The compactness of A (see Definition 2.1(a)) implies 


that A(B,) is compact. So, (A(X), ||-||y-) is locally compact, hence finite dimen- 
sional (see Proposition I.5.9(a)). Therefore A € Lr(X;Y) (see Definition 2.1(c)). 


Solution of Problem 2.5 

“(a) => (b)”: Let {un}asi S f-'(y) be a sequence. Then f(un) = y for all 
n > 1 and so from property (a), we can find a subsequence {tn,}%>51 Such that 
Un, —?>ue€X. The continuity of f implies that f(un,) —> f(u) in Y. Hence 
y = f(u). Therefore u € f~!(y) and this shows that f~'(y) is compact. Let C C X be 
closed and let y € f(C). We can find a sequence {un},51 © C such that f(Un) — y 
in Y. According to property (a), we can find a subsequence {tn,}x>1 such that 
Un, —>ue€C (recall that the set C is closed). The continuity of f implies that 
f(un,) —> f(u) in Y, hence y = f(u) € f(C). This proves that f(C) is closed and 
so f is a closed map (see Proposition 2.14). 


Cyn = {up: k >n} for n > 1. Since f is closed, we have f(Cn) = f(Cn). Since 
f(un) — y, we have 


“(b) => (a)”: Let {un},5, G X be a sequence such that f(un) —> y € Y. Let 


n>1 no>1 
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So, if x € f-+(y), then 
f(z) € () f(C,). 


n>1 


Then the closed sets D, = f~'(y) A Cy for n > 1, are nonempty and have the finite 
intersection property (see Definition 1.2.80). The compactness of f~'(y) implies that 


FMACL) Cn) 4 O 
n>1 


(see and Theorem 1.2.81). So, there is a limit point of the sequence {un}, 1 which 
belongs in f—!(y). 


Solution of Problem 2.6 

Let C C Y be a compact set and let {un}ys1 © f-1(C) be a sequence. Since 
{f(Un)}ns1 © C, we can find a subsequence {un, }x>1 such that f(un,) — y € C. 
From property (a) of Problem 2.5, we know that we can find a subsequence 
{ttm fmol of {Un,}k>1 Such that up, —> v € X. The continuity of f implies 
that f(un,,,) —+ f(v) € C. Then y = f(v) € C and so v € f~1(C) which establishes 
the compactness of f~!(C’). Therefore f is proper (see Definition 2.13). 


Solution of Problem 2.7 

Let C C X be a closed subset. The compactness of X implies that C is compact 
too (see Proposition I.1.69(b)). Then from the continuity of f, we have that the 
set f(C) C Y is compact (see Proposition 1.1.74), hence closed too (see Proposi- 
tion 2.14(b)). Thus we have proved that f is a closed map (see Proposition 2.14). 
Also, for every y € Y, the set f~!(y) C X is closed (due to the continuity of f), 
hence compact in X (since X is compact; see Proposition I.1.69(b)). So, we have 
verified property (b) of Problem 2.5. Invoking Problem 2.6, we conclude that f is 
proper (see Definition 2.13). 


Solution of Problem 2.8 
Evidently K € L(I?). For every n > 1, we consider K;, € £,(I”) defined by 


Kyla) = (Ji 21, Vor, ..+,UnFn, 0,. ea) YVu= {In}n>1 ef, 
Since by hypothesis ?,, —> 0, given € > 0, we can find ng > 1 such that 
lv, <€ Var no: 
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We have 
1 


(K-Ka)(wlle = ( S> fag)? < ellulla2 Vneno, ve, 
k>n+1 
sO 


Ik - Kalle < € Vneno, 
thus kK, —> K and hence Kk € fel") (see Problem 2.2). 


Solution of Problem 2.9 

Let V = A(X) C X and consider A|,,: V — V. If vu € V, then we can find « € X 
such that v = A(x). Hence A(v) = A?(x) = A(x) = v. If follows that Al, = I,, 
which implies that V is finite dimensional (see Theorem 1.5.22). Therefore A € Lf(X) 
(see Definition 2.1(c)). 


Solution of Problem 2.10 

Let C C D be a compact subset and let E = (I, — f)~1(C). The continuity of 
I, — f implies that E is closed in X. Also, note that E C C+ f(£) and so from 
Proposition 2.32, we have 


WE) < (C+ f(E)) < WC)+7(F(E)) = vf(E))- (2.5) 
If F is not compact, then y(£) > 0 (see Proposition 2.32) and since y is condensing 
(see Definition 2.31(e)), we have 


VE) < YE). (2.6) 
Comparing (2.5) and (2.6) we reach a contradiction and so we conclude that EF is 
compact. This means that I, — f is proper (see Definition 2.13). 


Solution of Problem 2.11 

First let us show that a(B,) = 2 (see Definition 2.31). Note that by virtue of Proposi- 
tion 2.32(e), we may replace B; by OB; = {x € X:: ||z||x = 1}. From Definition 2.31, 
it is clear that a(0B,) <2. Suppose that a(0B,) < 2. This means that 


N 
dB, = UCh, 
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N N 
with diamC;, < 2 for all n € {1,...,N}. Since Uy Crh = U Cn, we may assume 
n=1 n=1 
that the sets C,, are closed. Let V be an N-dimensional subspace of X. Then 
N 


8BiNV = (J(CanV). 


n=l 


Therefore {CL NV,C2NV,...,Cn AV} is a closed cover of 0B, NV (the unit sphere 
of V) and so at least for one ng € {1,..., N}, the set C,,, OV must contain a pair of 
antipodal points. Thus we have 


= diam (Cag N V) < diam Cras 


a contradiction. This proves that a(B,) = 2. 
Next let us show that 6(B,) = 1. Again from Definition 2.31, we have 3(B,) <1 
Suppose that $(B,) = A < 1. Let ¢ > 0 be such that A+e < 1. From Definition 2.31, 


we know that we can find u4,...,un € X such that 
N 
By CS U Byi-(un) ee +(A +6) )By). 
n=1 n=1 


Then using Proposition 2.32, we have 
AX = 7(Bi) < (Ate)y(B1) = (Ate)rA < A, 


a contradiction. This proves that 6(B,) = 


Solution of Problem 2.12 

We do the solution for 7 = a and since 2 < a (see Definition 2.31), the result is also 
true for y = @. For each n > 1 choose un € Cy and let C = {Un}n>1- Since by 
hypothesis a(C;,,) —> 0, given ¢ > 0, we can find np > 1 such that 


a(Cn) < € VYn>no. (2.7) 
We have 


a(C) = a( {ua, nas 1 Uno f U {tip bang t4) 
= a( {tn }n>no+1) < a(Cro) <e 


(see Proposition 2.32, (2.7) and recall that the sequence {C;,},,5, is decreasing). Since 


€ > Ois arbitrary, we let ¢ \, 0 and obtain a(C) = 0, which means that C is compact. 
Therefore, by passing to a subsequence if necessary, we may assume that u,— u in 
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X. Evidently u € C,, for alln > 1 and so u € a C,,. Therefore a C,, is nonempty. 
no>1 n>1 


Moreover () C, is closed and 
n2>1 


n>1 
sO 


thus (]} C,, is compact. 
ne>1 


Solution of Problem 2.13 

We know that A(C) is compact. So, it suffices to show that A(C) C Y is closed. 
Let {Yn}n>i G A(C) be a sequence such that y, —> y in Y. We have y, = A(un) 
with u, € C for all n > 1. Since X is reflexive and C C X is bounded, by the 
Eberlein-Smulian theorem (see Theorem I.5.78) and passing to a suitable subsequence 
if necessary, we may assume that u, —> u in X. So, u € C’. But the convexity of 
C and the Mazur theorem (see Theorem I.5.58) imply that u € C = C. Also, since 
A € L(X;Y), we have that A € L(Xw;Yw) (here X~ and Y,, denote the Banach 
spaces X and Y with their weak topologies). Therefore A(uy,) > A(u) in Y. Recall 
that A(un) = Yn — y in Y. It follows that y = A(u) € A(C) and so A(C) CY is 
closed, hence compact. 


Solution of Problem 2.14 

Let {Yn}n>1 C Y be a bounded sequence. The continuity of LZ implies that the 
sequence {L(Yn,)},51 G X is bounded. Since A is compact, it follows that the se- 
quence {A(L(Yn)) }n>1 admits a strongly convergent subsequence and this shows that 
AL € £,(Y) (see Problem 2.1). Let {%n},5, G X be a bounded sequence. Since 
Ae L.(X;Y), the sequence {A(%n)},51 admits a strongly convergent subsequence 
{A(an,)}k>1- But then {L(A(xp,))}e>1 is strongly convergent too and so by Prob- 
lem 2.1, we conclude that LA € £,(X). 
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Solution of Problem 2.15 

Hypothesis on A implies that A is injective. Let V = A(X) CY. Then A: X —> V 
is bijective and so we can define A~!: V —+ X which is linear. Moreover, from the 
hypothesis on A, we have 


IA @Ix < Zllyly Vvyev, 
so 
A € £(V;X). 
If A is compact (see Definition 2.1(a)), then I, = A~'A € L,(X) (see Problem 2.14), 


hence X is finite dimensional (being locally compact; see Proposition I.5.9(a)). 
On the other hand, if X is finite dimensional, then every A € £L(X; Y) is compact. 


faa 


NS) GAY a: 


Solution of Problem 2.16 
We argue indirectly. So, suppose that the claim of the problem is not true. Then we 
have 


inf ||A ; 
inf IIA@Ix > 0 


So, we can find c > 0 such that ||A(u)||x > c|lu||x for all uw € X. From Problem 2.15, 
it follows that X is finite dimensional, a contradiction as A ¢ £L(X). This proves 


that 0 € A(OB}). 


Solution of Problem 2.17 
No. Let e€, be the standard n-th basis element of /?. Then |le,||,2 = 1 for alln > 1 
and 

|S(en) — S(em)||z2 = V2 Vnm>l1,n¥m. 
Therefore the sequence {S(€n)},51 has no convergence subsequence and consequently 
S ¢ L,(X) (see Definition 2.1). 


Solution of Problem 2.18 
The hypothesis on A implies that we can find uj,...,u7, € X* such that if 


V = {wexrx> |u| <1 forall k= 1.09}, 
then A(V) C BY ={yeY: |lylly < 1}. Then we have A] ,, = 0. Note that 


u*)—lo 
Led71O 


n 
() (ux)~+(0) is finite codimensional. So, we can write 
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with dim Z < +o0. Observe that A(X) = A(Z) and the latter is finite dimensional. 
Therefore A € £Lr(X;Y) (see Definition 2.1). 


Solution of Problem 2.19 
We know that 
|Allc = sup ||A(u)|lx. 
jullx <1 
From Problem 2.13, we know that the set A(B,) C X is compact. Since the norm 


functional is continuous, from the Weierstrass theorem (see Theorem 1.1.75), we know 
that we can find ug € X with ||uol| < 1 such that 


| A(uo)llx = sup ||A@)Ilx = |lAllc. 


Ilullx <1 


Solution of Problem 2.20 
Let X = /? with 1 < p < o and let {en}, be the standard Schauder basis of /?. 
Let A € L(I?) be defined by 
A(ut, U2,--+ .) _ (0, U1; 0, U3, 0, us5,.. ) Vv {Un}nd1 — [. 
Then A(egn—1) = €2n for all n > 1. Hence 
|A(en) — A(em)l2 = 2?  Wn,modd, n¥m, 
so the sequence {A(én)}n51 has no strongly convergent subsequence and thus A is 
not compact (see Definition 2.1(a)). 
On the other hand, 
A? (uy, U2,...)=A(0, ui, 0, ug, 0, u5,-..)=(0,0,...)  V {tn}nsi EP, 


that is, A? = 0 and so it is trivially compact. 
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Solution of Problem 2.21 

“(a) => (b)”: Suppose that the implication is not true. So, we can find an or- 
thonormal basis {ea }aey and € > 0 such that the set {a € J: | (A(ea),€a)y| >} 
is infinite. Thus, we can find an orthonormal sequence {én}n51 © {ea}aes such that 


|(Alen),en)y| 2€ Vane. 


The compactness of A (see Definition 2.1(a)) implies that we can find a subsequence 
{€n, tk>1 Of {en }n51 such that A(e,,) —> win H. By throwing away a finite number 
of elements of this sequence, we may assume that 


|A(en,) — ulin < § VEDI, 
sO 


| (Alene) ena )az — Wem dir] SU A(Cng) — ull engl zr 
= ||A(en,)-—ulla < § VWk2ol 


and so 
\(u,enal > § Vk>1. 


But this contradicts the Bessel inequality (see Theorem I.5.105(a)). 


‘ : > . ms ie ? 
‘(b) => (c)”: Let n > 1 and let Y be the family of all orthonormal sets {eg}acy in 
AT such that 

ede) St ees 


By property (b), J is finite. The family ¥ is partially ordered by inclusion. Let D C Y 
be a chain (that is, a linear ordered subset of Y). The union of the orthonormal set 
in D is still an element of VY and of course is an upper bound for D. Thus invoking 
the Kuratowski-Zorn lemma (see Theorem 4.120), we infer that Y has a maximal 
element {e€a}aez. Evidently L is finite. Let Y = span{ea}aerz. Then Y is finite 
dimensional and 


(At), Wal <q YueY, lula =1 


or otherwise {ea}aer U {u} € Y, which contradicts the maximality of {eg}acz. Let 
P, € £L(H) be the orthogonal projection on Y (see Definition 2.27(c)) and let u = 
(1, — Pn)x with « € H. We have 


| (AU, _ P,)x, (Ty a Py )&) xy | < 


n? 


sO 
| (Ly — Pn)Ay — Pn)t,2)_y| < 4 VaeédH, |lr|ly <1 


n 


(see Proposition I.5.161) and thus 


I|(Z 


A 


=PiAlle=Frllle <4 


n 
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The linear operator A, = AP, + P,A — P,AP, € L(A) has finite rank 
(ie, An € Ly(H); see Definition 2.1(c)) and from last inequality we see that 
IA - Anlle < 2. 


“(c) == (a)”: This implication follows from Problem 2.2 and Remark 2.2. 


Solution of Problem 2.22 
Evidently L € L(L*(S);L7(T)) and |Ll\c < ||K|lr2crxs)- Let {Un}n>1 be an or- 
thonormal basis for L?(T). For fixed s € S, we expand K(-,s) with respect to this 
basis. So, we have 
K(t,s) = S © un(t)hn(s). 
n2>1 


From the property of the Fourier coefficients, we have hy, € L?(S). Using the Parseval 
relation (see Theorem I.5.105(b)), we have 


/ixe Aids = 
T 


| 
= 
3 
— 
=~ 
as) 


n2>1 

Integrating over S, we obtain 

J fixesPagde = f itn(syP ay 

Ss T n2lg 
We define 

Krad, s) = S/ un(t)hin(s) 
n=1 

and 


Lala) = | Km(t s)u(s) ds Vue L(S). 
S 
We see that Lm € £;(L?(S); L?(T)) and we have 


|L—Lmlz < f [1K (s)—Km(t,s)Pdedg Vm 31, 
i 


so Lm —> L in £(L?(S);L?(T)). Thus operator L is compact (see Definition 2.1(a) 
and Problem 2.2). 
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Solution of Problem 2.23 
Note that hu € C'([0,1]) for any u € C([0,1]). So, A is well defined and of course 
linear. We have 
|A@Mlleqoay = sup |A(u)()| = sup [h(t)u(t) 
te [0,1] te [0,1] 
< |Alleqoapllelleqo.y)> 

so A € L(C ([0, 1]) ,C ([0, 1])). 

Suppose that A is compact (see Definition 2.1(a)). Then A(B,) C C([0,1]) is 
relatively compact (recall that By = {u € C (0,1) : lIleqo,1)) < 1}). Let 7 € (0,1) 
and let n > 1 be such that 1 <1. We define 


0 if 0<t<n-H, 
uUn(t) = ¢ n(t—n)+1 if n-2<t<n, 
1 it pe < 4, 


for all t € [0,1]. Then hu, € A( B;) for all n > o Since A( By) C C([0,1]) is rela- 
tively compact, by the Arzela—Ascoli theorem (see Theorem I.2.181) it is equicontinu- 
ous (uniformly since [0,1] is compact). So, for every ¢ > 0, there exists 6 = d(€) > 0, 
such that for all t,s € [0,1] with |t — s| < 6, we have 


h(t) Un( | <€ Yul 


We can find n, > 1 puck that + -~ < min{n, 6} for all n > n-. For t =n — 1. 5S =, we 
have that |t — s| = 4 <6 and 30 


Jan — 4)un(n—2)—Alm)un(n)| < ¢€ Vn>n 


From the definition of {un}, 5, it follows that |h(7)| < ¢ for alle > 0. Let e \ 0 to 
conclude that h(7) = 0 for 7 € (0,1). From the continuity of h, we have h(0) = h(1) = 
0, that is, h = 0, a contradiction to our hypothesis. Therefore A(B,) C C ((0, 1]}) is 
not relatively compact which means that A is not a compact operator. 


= h 


>on 


Solution of Problem 2.24 
Let u = {Un}nsi € l'. We have 


lulle = (S22)? < Slam = llelle- (2.8) 


no1 no1 
This shows that l' is embedded continuously into /?. Let i denote the embedding 
operator. From (2.8) we see that ||7||¢ < 1. On the other hand, if e, = (1,0,0,...), 
then 
1 = |[e(er)ll2 < [lellcllealla = [elle 
and so we conclude that ||i||¢ = 1. 
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Let {en}, 51 be the complete Schauder basis for 1’. We have 


{€n}n>1 = {t(€n) bn>1 C i( Bi) 


(where B} = {ue l': |julln < 1}), so i cannot be compact (see Definition 2.1(a) 
and Problem 2.1). 


Solution of Problem 2.25 

From the Schur property of 1! (see Remark 1.5.57), we know that a subset of J is 
relatively w-compact if and only if it is norm totally bounded (see Definition I.1.70). 
Since X is reflexive, the closed unit ball By = {u € X : |lul| < 1} is w-compact. 
We know that A is weak-to-weak continuous. Hence A(B,) C I' is w-compact (see 
Proposition 1.2.82), thus by the Schur property mentioned above, the set A( Bj) is 
relatively norm compact. This implies that A is compact. 


Solution of Problem 2.26 
In the space 


co = {{un}nsi: {Un}ps1 is a real sequence such that un, —> 0} 
we consider the norm ||{tn},sylleo = sup|un|. Given 0 = {Un},s1 € co, from 


Problem 2.8, we know that Ay(u) = {UnUn}y 1 for every u = {Un}nsi € Pisa 
compact linear operator. Consider the map €: co —> £,(I?) defined by 


E(0) = Ay V0 € co. 
Clearly € is linear and for 0’, 3 € co, we have 


|| Av — Avlle = sup ||Ag(u) — Av(u)|le 
Ilull;2<1 
1 
= sup ( CA Bn)?uz) 2 
Jullj2<1 n>1 
1 
< 0 -Vleo( sup So un)? = [18 - Alco, 
elli2<1 St 
so £ € L(co; £-(1)). 
We claim that it is an isometry. To see this, it is enough to check that if ||V||., = 1, 
then ||Ay||c = 1. To this end note that, if |)u||2 = 1, then 


L i 
Av@lle = (Soo un)? < WPlleo( So un)? = Wlleollulle = 1, 


n2>1 n2>1 
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so ||Ag||c < 1. On the other hand, given ¢ > 0, choose ng such that |J;,.| > 1—e 
(recall that ||0||-, = 1). Let en, € [2 be the standard basic element. Then Ag(en,) = 
Ono€no and so 
||Av(eno)llz = |Pnol > 1—e. 

Let ¢ \, 0 to conclude that ||Ay||c > 1. 

Thus we have shown that ||Ay||c = 1. This proves that € is an isometry. So, 
co is isometrically isomorphic to a subspace of £,(I?). Since co is not reflexive, we 
conclude that £,(/?) cannot be reflexive. 


Solution of Problem 2.27 
We argue indirectly. So, suppose that the conclusion of the problem is not true. Then 
we can find c > 0 such that 


|A@lly 2 cllulx WueXx. 


Since A is compact, Problem 2.15 implies that X is finite dimensional, a contradiction 
to our hypothesis. 


Solution of Problem 2.28 
We know that A* € £(X*;cé). Since X* is reflexive and c§ = I', from Problem 2.25, 
we infer that A* is compact. Then Theorem 2.12 implies that A is compact. 


Solution of Problem 2.29 

Let V = R(A). Then V is a Banach space and A: X —+ V is surjective. So, 
by the open mapping theorem (see Theorem I.5.47), we can find c > 0 such that 
cBY C A(Bi) (where BX = (ue X: |lullx <1) and BY =(ueV: |lully <1)). 
Since A is compact, we have that BY is relatively compact and so V is finite di- 
mensional (being locally compact). This means that A € Lf(X;Y). Let Z be a 
topological complement of ker A (i.e., Z is closed and X = ker A® Z). Then A= Al, 
is bijective from Z onto R(A). So, dim Z = dim R(A) < +00 (as proved earlier). 
Therefore we conclude that the Banach space X is finite dimensional. 


Solution of Problem 2.30 
“+”: Suppose that R(A) C Y is closed. Then by the open mapping theorem (see 
Theorem I.5.47), A is an open map from X onto V = R(A). Therefore, A(B;) isa 
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relatively w-compact set which contains an open neighborhood of the origin (namely 


the set A(By‘)). Therefore the set By ={veV: |lully <1} is w-compact. So, by 
Theorem 1.5.73, the space V is reflexive. 


“<=”: Recall that every reflexive subspace of Y is closed. 


Solution of Problem 2.31 
“(a) = > (b)”: Let 


By = {ue X: lux <1} and Bp = {he X™: |[hllxe <1}. 


=u" 2K 
From the Goldstine theorem (see Theorem I.5.70), we know that Bs = Bs , with 
w™ being the w*-topology on the space X**. Recall that A** € L(X%%;Y."*), where 
Xj (respectively Y,**) denotes the space X** (respectively Y**) furnished with the 
w*-topology. Also, the w*-topology of Y** restricted to Y, is the w-topology of Y. 


‘WwW 


Therefore, since A is weakly compact (see Definition 2.1(d)), we have A( By) Cy, 
w* aR 
hence A( Be = A( Bs ) CY from which we conclude that A(X**) CY. 


“(b) => (c)”: Let y% ", 0 in Y* and let h € X**. By hypothesis A**(h) € Y, so 
we have 

(A* (ya) hb) = Yor: A™(h)) —> 0 
and thus A*(y*) —» 0 in X*. This prove the continuity of A*: Y*. —> X%*. 
“(c) == (d)”: From the Alaoglu theorem (see Theorem I.5.66), we know that 
By = {ye Y= lly" 
that A*(By ) C X* is w-compact, which means that A* is weakly compact. 


y« < 1} is w*-compact. So, by hypothesis (c), we have 


“(d) = > (a)”: From the implications established thus far, we have that 
A*™*: X*\ —> Y;** is continuous. Therefore the set A* (By ) C Y** is w-compact. 
The space Y is strongly closed in Y** and so by the Mazur theorem (see Theorem 


1.5.58), it is also weakly closed in Y**. It follows that the set A**( BS iy oy 
is w-compact and since w* C w on Y**, we infer that the set A** (BS Jay ey 
is w*-compact. We know that 

A(By) = A™(By) C A™(BY NY 
and the w*-topology of Y** restricted on Y is the w-topology of Y. 


So, we have that the set A( B; ) C Y is relatively w-compact, hence A is a weakly 
compact operator. 
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Solution of Problem 2.32 

“—»”: Assume that A € L£,.(X;Y). From Theorem 2.12 we have that 
A* €L£,(Y*;X*). Therefore A*(By ) C X™* is relatively compact (recall that 
By = {y* €Y*: |ly*lly- <1}). So, we can find a sequence {un }ns1 G X* such 
that ||u*||x*« —> 0 and A*(B, ) C conv {ur }ns1 (see Theorem 2.163). For each 
u € X, we have 


|ACw)ly = sup | (y*, A(u)) | 
llv*llye <1 
= — sup__|(A*(y"),u) | < sup| (up, u) |. 
lu*llve<1 n>I 


“<—”: Consider T € £L(X;co) (see Problem 2.28), defined by 
Tu) = {(uh,u) Fass: 


Let h = {|lutllx-},5, € co. We have that T(B;) C [—h,h] (here by [—h, h] we 
denote the order interval in co determined by +h). The order interval [—h,h] is 


compact in co (see Theorem 2.164). Therefore T( Bt) C cp is relatively compact. 
Let V = T(X) and define the operator L: V —> Y by 


This operator is well defined. Indeed, if T(u) = T(x), then 
(ux,u—xz) = 0 VY ge 1, 
so 


|A(u) — A(@)|ly < sup| (un,u—2)| = 0, 


nol 


thus A(u) = A(x). Moreover, note that 


ILTu)lly = llA@lly < sup] (un, | = IP@)llco: 


n> 


so L € £L(X;Y). Since A( By) S17 B;)) and the latter is relatively compact in 
Y, we conclude that A € £.(X;Y). 


Solution of Problem 2.33 

Let CC X* be a compact set. We need to show that the set f~!(C’) C_X is compact. 
To this end let {Un}ns1 C F-!(C) be a sequence. For every n > 1, let hn = f(un) € 
C’. Since C' C X* is compact, passing to a subsequence if necessary, we may assume 
that hy, —+ h in X*. The coercivity of f implies that the sequence {uUn},5, © X 
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is bounded. Because X is reflexive, by the Eberlein-Smulian theorem (see Theorem 
1.5.78), passing to another subsequence if necessary, we may assume that uy, su 
in X. We have 


(f (un) _ f(u), Un = u) = (lig Pig Ung u) > 0, 


so, from the property of f, we have u, —> u in X. Thus the set f~!(C) is compact, 
hence f is proper (see Definition 2.13). 


Solution of Problem 2.34 
“==>”: By Problem 2.32, we can find a sequence {u7,},51 C X* such that uj, — 0 
in X* and 
|A@w)lly < sup (un u)| WueXx. (2.9) 
Ne 


We can assume that uy #0 for every n > 1 and define 


i = un Vn>1. 


1 
Wer | 2 


4 
Then ||y*||x* = ||uz,||2 —> 0. So, we can define the linear operator T: X —+ co by 
setting 


Ti) = Ag, test Vue x, 


Note that 
Nee SU sy |S Sule Ve, 
for some c > 0, thus T € £L(X; co). 

Moreover, Problem 2.32 implies that T € £.(X; co). We set V = T(X) and clearly 
we have T € £.(X;V). We consider the linear operator L: T(X) —> Y defined by 
L(T(u)) = A(u). Note that, if T(u) = T(v), then (u%,u—v) = 0 for all n > 1 and 
so from (2.9), we have that A(w) = A(v), hence L is well defined. Moreover, we have 


ILP@lly = TA@)lly < sup] (un 4) | < lym | < elP()lleo 


Ne 


1 
with ¢ = sup |lu*||? (see (2.9) and recall the definition of T), so L € L(T(X);Y). 
ne>1 


Therefore L has a continuous extension L on V = T(X) C co. Clearly A= LoT. 


“<=”: This is an immediate consequence of Problem 2.14. 
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Solution of Problem 2.35 

From Problem 2.31 we know that A: co —> X is weakly compact (see Defini- 
tion 2.1(d)) if and only if A*: X* —> c} =I! is weakly compact. From the Schur 
property (see Remark 1.5.57), it follows that A*: X* —> I‘ is weakly compact if and 
only if it is compact. Invoking the Schauder theorem (see Theorem 2.12) we conclude 
that A*: X* —> I' is compact if and only if A: co —> X is compact. 


Solution of Problem 2.36 
Let {Un}nsi G C be a minimizing sequence, i.e., 


|A(én) — ylly —> inf ||A(a) — gly. 


From Problem 2.13 we know that the set A(C) C Y is compact. So, we can find 
a subsequence {Un, }e>1 Of {Un}ys1 and uo € C such that A(un,) —> A(uo) in Y. 
Then 

|| ACen.) — ylly — ||A(uo) — ylly, 


sO 
A(ug) — = inf |/A(u) —ylly. 
|A@wo) = ylly = inf A) — gly 


Solution of Problem 2.37 
Suppose that A € Ly(X;Y) and let n = dim R(A). Let {v1,...Un} be a basis of 
R(A). For every u € X, we can write 


oS 
— 
~ 
A 
I 
Pe 
rans 
> 
— 
S 
wa 
S 
> 


(2.10) 
k=1 


The coefficients (wu) are uniquely determined and clearly &, are linear functions of 
u, which are bounded since 


Ie(u)| < el[A(u)lly < elAllcllullx 


for some c > 0. Therefore, we can find vz € X* for k = 1,...,n such that €(u) = 
(uz, u). Hence (2.10) becomes 
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For any y* € Y* we have 


(A*(y"),u) = (y*,A(u)) = D7 (up, u) (y*, eK) 
k=1 


n 
(0 Wen) vi, u 
k=1 


This is true for every u € X. Therefore 


n 
=) (Y", Uk) Ube 


k=1 
so R(A*) is spanned by {vj,...,u;,}. This shows that A* € L,/(Y*;X*) and 
dim R(A*) < dim R(A). 
In the above argument we replace A by A* and obtain 
A™ € £Le(X;Y) and dimR(A™) < dim R(A‘*). 
Hence 
dim R(A**) < dim R(A). 

But recalling that A is a restriction of A**, we conclude that dim R(A) = dim R(A*). 


Solution of Problem 2.38 a Fi 
Let C = {A(en): n 21}. Then C € A(B,) (where B, = {ue l’: |lulln < 1}). 
1 


So, if A is weakly compact (see Definition 2.1(d)), the set A( Bi ) is relatively weakly 
compact, hence the same is true for C. 

Conversely, suppose that C' C Y is a relatively w-compact set. Let u = {Un}n>1 € 
I be such that |ju||a <1. Let 


= (C9) Vn21. 


Then {hn},51 C conv C and the latter is w-compact since the set C' C Y is relatively 
w-compact (see Theorem 1.5.86). We have 


hn = A(> trex) — Alu) im, 
k=1 


7 pl 
so A(u) € convC and thus A( B, ) € conv C, which implies that the set A( B, ) is 
relatively w-compact. Therefore we conclude that A is weakly compact. 
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Solution of Problem 2.39 
Note that there exists M > 0 such that ||u,||x < M for all n > 1. So, the series 


>! Un is norm convergent in X for each x = {@n}ys1 © I’. Therefore A € £(I'; X). 
n2o1 
We see that 

Alen) = fg Vn2>1. 


Therefore, we can apply Problem 2.38 to conclude that A is weakly compact (see 
Definition 2.1(d)). 


Solution of Problem 2.40 
Arguing by contradiction, suppose that 0 ¢ o(A) (see Definition 2.18). Then A is 
invertible and so by setting 


lu] = |A@MIx VYuex 


we have defined an equivalent norm on X, whose open unit ball is A(B,). But this is 
relatively compact. Therefore (X, |-|) is locally compact, hence X is finite dimensional 
(see Proposition I.5.9(a)), a contradiction. 


Solution of Problem 2.41 
Let \ € C and assume that for some u € L?(0,1) we have 


(A—t)u(t) = 0 for aa. t € (0,1). 


Thus u(t) = 0 for almost all t € (0,1) and so \ ¢ o,(A) (see Definition 2.21). 
Next, let A € [0,1] and let ¢ > 0 be such that 


Ate] C [0,1] or AeA CY 


To fix things, we assume that [A,\ +] C [0,1] (the analysis being analogous when 
the second inclusion holds). We define 


él + if te [Ate], 
0 if te[0,1\ Ate. 


We have 
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and so Ue € aBe = {ue L7(0,1): |lull2=1}. Then 


A+e 
NAL, — A)(ue)I3 = 4 i Oe «, 
r 
so 
(M21) ~A)(ue) 40 in 17(0,1) ase\,0. 
This implies that AJ, , a A is not invertible. Indeed, otherwise we would have 


lucll2 = WAL 264) — AY AL — A)(ue)lle 
< || (AZ L2(0,1) A) Wcll AL, L2(0,1) — A)(ue)|l2 — 0 ase \, 0, 


a contradiction to the definition of uz. So \ € o(A) (see Definition 2.18) and thus 
[0, 1] € ofA) 


Solution of Problem 2.42 
(a) Let u € H be such that |/u||q7 <1. We have 


(Au), Wil < ||A(u)llzllull < Allcllellir, 


so 
sup |(A(u),u)y| < |Alle. (2.11) 
Wlull <1 
Now, let €= sup |(A(u),u),|. We have 


ell <2 
(AW), Wal < €llulli; Vue i. 


For u € H \ {0}, we introduce \ = (WAGollar 2 2 and set y = ¢A(u). We have 


Ileal x 


Au 


me 


<s8 


(u), A(u)) 7 = (AQu), xA(u)) , = (AQU), 9) x 

(AQu + y), Aut ¥) 47 — (AQu—y), Au y)i1) 

(Aw + yllz + Au — yl) 

(\lAullzr + Mull) = 3€O7 elle + 52 ACF) (2.12) 
(from the polarization identity since A is self-adjoint and from the parallelogram 


law; see Remark 1.5.94). From the definition of \ > 0, we see that Allul|q_ = 
+ ||A(u)||z- Therefore 


IN SNH Os 


NIB AI Ale 


0 = (Allull —2A(u)Ila)’, 
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so 
lulz + 32 A@ lz = 2llullzl|A(@)|lz- 
Using this equality in (2.12), we obtain 


|A|zr < Ellul AC) lla, 


so 
|A@wlla < €llulla 
and thus ||Al|c < €. From this and (2.11), we conclude that 


|Allc = sup (A(u),u)z- 
lular <1 


Since A is self-adjoint, for every u € H, we have that (A(w), uv), € R. Let be 


an eigenvalue of A with eigenfunction u (see Definition 2.21). We have 
(A(u),u)y = (Au,u)y = Allullzr, 
so 


= (A(u),t) ER. 


2 
Wleell gr 


Thus, every eigenvalue of A is real. 


Next, let A,u be two distinct eigenvalues with corresponding eigenvectors 


u,v € H \ {0}, respectively. Then 

A(u) = Au and A(v) = pv. 
We have 
and 


(A(u),v) 7 = (uAlv))y = w(u,v) yg 


(since A is self-adjoint), so 


A-W (Gn = 9, 


thus (u,v) ;, = 0. This shows that eigenvectors are orthogonal. 


Solution of Problem 2.43 
“>”: Let A € a(A) (see Definition 2.18). 


It suffices to show that if a | (AI,, — A)(u)||# > 0 then the operator XI, 


is invertible. So, suppose ae 


inf [ly — A)(w)lln = © > 0. 


Ill = 


—A 
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Then 
WAT, -A)(w)ila > clula Vue dk. (2.13) 


From (2.13) it is clear that AJ,, — A is injective. So, if we show that AJ,, — A is 
also surjective, then by the Banach theorem (see Theorem I.5.48), we would have 
that AI,, — A is invertible. We show surjectivity of AJ,, — A in two steps. First 
we show that (AI,, — A)(H) is dense in H and then we show that (AJ,, — A)(H) 
is closed. 

To show that (AI,, — A)(H) is dense in H, we argue indirectly. So, suppose that 
(AI,, — A)(H) is not dense in H. Then we can find h € H \ {0} such that 


(QL, -—A)(u),h), = 0 Vued. 
Exploiting the fact that A is self-adjoint (see Definition I.5.108(b)), we have 
(QI, — A)(u),h),, = (u, OL, -—A)(h)),  Vued, 


sO 
(XI, — A)(h) = 0, with h £0, 


thus A is an eigenvalue of A (see Definition 2.21. But from Problem 2.42(b), we 
know that all eigenvalues of A are real. Hence \ € R and so 


n 


(AL, — A)(h) = 0, with h 40, 


which contradicts (2.13). This proves the density of (AI,, — A)(H) in H. Next 
we show that (AI, — A)(H) C H is closed. So, let {un}, 51 C H be a sequence 
such that 

(AI, — A)(un) — h. 


From (2.13), for all n,m > 1, we have 
¢llun —Um|la < ||(AZ, —A)(un-—Um)|lz —? 0 asn,m— +00, 


SO {Un}ns1 C H is a Cauchy sequence. Thus, we have un, —> u in H for some 
u € H. From the continuity of AJ,, — A, it follows that 


(Al, — A)(tn) —> (AI, — A)(u) in F, 


so h = (AI,, — A)(u) and thus h € R(AI,, — A). This proves that R(AI,, — A) is 
closed. Therefore R(AI,, — A) = H. 


“<—": Tf \ € (A), then (AI,, — A)~! € £L(H) and for u € OBj, we have 


1 = llulle = |IAZ, — A) OAL, — A)(u)|la 
< WOT, - All Al, — A)(u)llz 
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(where 0B, = {he H: |lhllq =1}), so 


WAL, — Ag < OL, -A@Iln Vue OBy. 


Solution of Problem 2.44 
From Problem 2.42(b) we know that o(A) € R. Let J > 0. We will show that 
M-+0 ¢€o0(A). According to Problem 2.43, it suffices to show that 


inf |\((M+9%)I,,—A)(w\la > 0. 


[eel] x =1 
For u € H, with |lu||~z = 1, we have 
((M+0)u—A(u),u)yp = (M+) - (A(u),u) py (2.14) 
> (M+09)-M =98>0 (2.15) 
(recall that ||w||~7 = 1 and see the definition of 7). Also we have 
(M+ 0)u— Alu), wa < [((M + 0), — A)(u)|le- (2.16) 
From (2.14) and (2.16) it follows that 


0< 0 <_ inf ||((M+0)1, — A)(u)lla, 


lull 7=1 


so M + 0 ¢ o(A) (see Problem 2.43). 
In a similar fashion, we show that m—v ¢ o(A). Therefore o(A) C [m, M]. 
Next we show that M € o(A). Note that (A+ VI,,) = 0(A)+0 and so by replac- 
ing A by A+ VI,,, we may assume without only loss of generality that 0 <m< M. 
Then by virtue of Problem 2.42(a), we have 


|Allc = M. (2.17) 


According to Problem 2.43, it suffices to show that i ‘ |( M1, — A)(u)||z = 0. 
ulla= 
Let {Un}ns1 G H be a sequence such that |/un||”7 = 1 for all n > 1 and 


(A(un); Un) —> M = |Alle (2.18) 
(see (2.17)). We have 


0 


x 


(MI, — A)(un)|l% = (Mun — Aun), Mun — A(un)) x 
M? ||\Un|\7 — 2M (A(un), Un) + ||A(un) llr 
2M? —2M (A(un), Un); —> 0 


x 
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(since A is self-adjoint and using (2.18)), so 


inf (MI, — A)(u)lle = 0. 


lel 7=1 


and thus M € o(A). 
Similarly we show that m € o(A). 


Solution of Problem 2.45 
Let Y = A(X) and V = (I, — A)(X). Then Y and V are nontrivial closed vector 
subspaces of X and X = Y @V. If y € Y and v € V are both nonzero, then 
A(y) =y and A(v) = 0, so 0 and 1 are eigenvalues of A (i-e., {0,1} C op(A); see 
Definition 2.21). 

Next let X€ C \ {0,1}. Ifue X, then u=y+u with yc Y,ve€V (ina unique 
way). Then 


(AI, — A)(u) = Au- A(u) = (A- Ly +Av. 


So, if (AI, — A)(u) = 0, then (A— 1)y = 0 and Av = 0. Since A ¢ {0,1}, we see that 
y =v=0andsou=0. This proves that AI, — A is injective. 
Also, if u=y+v with y ¢ Y,v € V, then for s = 4 + $ we have 


(Aly — A)(a) = 4, 
so AI, — A is surjective and thus AJ, — A is invertible (from the Banach theorem; 


see Theorem [.5.48). Thus o(A) C€ {0,1} and so o,(A) = o(A) = {0,1} (see Defini- 
tions 2.18 and 2.21). 


Solution of Problem 2.46 
Let 


and 


Ladd) = Soe) Anu) Vue x, m21. 


n=0 
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Clearly Lm € £(X) and Ly,(u) —> L(u) in X. Then by the uniform boundedness 
principle (see Corollary 1.5.40), we infer that L € £(X). For each u € X, we have 


_ -— ji = % —(n+1) gn 
(1, —A)L(u) = lim (Ely ADs TY A"(u)) 
= 7 n a n+1) qn+l 
= tin ema) reer 
_ vlna (u—€& We) APT) 


By hypothesis lim €—("+)) 4™+1!(y) = 0. Therefore it follows that 
m—--+0o 


(éL, — A)L(u) 


I 
= 


In a similar fashion we show that 


L(€I, — A)(u) = u. 


From the two last relations we conclude that (7, —A)~' = L € £(X), hence € € 0(A) 
(see Definition 2.18). 


Solution of Problem 2.47 
Evidently A is well defined and linear. Also, by the Hélder inequality (see Theorem 1.3 
and Problem 1.27), we have 


|A(u)(t)— A(u)(7)| << [t= 71?"llullp V4.7 € (0,1) 


(with = ++ 7 = 1). If 1 < p< +o, then p’ < +00 and so we can apply the Arzela— 
Ascoli theorem (see Theorem I.2.181) and conclude that A € £,(X). 

If p = 1, then p’ = +00 and then we apply the Kolomogorov—Riesz theorem (see 
Theorem 1.29) to conclude that A € £,(X). 

Next we determine o(A) and o,(X) (see Definitions 2.18 and 2.21). First we show 
that 0 ¢ o,(A). To this end, assume that A(u) = 0. Then 


1 


Ju 5)Xia4(8)ds = 0 Va,be [0,1]. 
0 


Exploiting the density of simple functions in L?(0,1) (with 1 < p < +00), we con- 
clude that u = 0. 
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Also, let X # 0 and u € C([0,1]). We set h = (AI, — A)+(u). Then 
t 
y(t) = [ h(s) ds satisfies 
0 


y € C'(0,1]) andy! = (AL, — A)“*(u), 


so 
Ay’ — A(y') = Ay’-—y = u, with y(0) =0 


and thus ; 
A(t) = fu(t) — ef e-ru(s) ds. 
0 


Exploiting the density of C'((0,1]) in L(0,1) (with 1 < p < +00), we conclude that 
the last relation is in fact valid for all wu € L?(0,1). Therefore \ ¢ a(A) and so 


o(A) = {0} and o,(A) = 0. 


Solution of Problem 2.48 
Since A is an isomorphism, we see that 0 ¢ o(A) (see Definition 2.18). Then from 
Problem 2.43 we have 


cll ul|2, < (A(u), u) py Vued, (2.19) 


for some c > 0. Therefore (A(u),u) > 0 for all u 4 0 and it follows that (-,-) is a 
new inner product on H. 
1 
Let |u| = (u,u)?. Then 


Jul? < ||Allellul Yue A. (2.20) 
From (2.19) and (2.20) it follows that 
cllulliz < |ul? < |lullcllulli Yue, 


so ||-||~ and |-| are equivalent norms on H. 


Solution of Problem 2.49 . . 
Note that ker L C ker (So L) = ker (J, + K) and ker (J, + K) is finite dimensional 
(see Proposition 2.24). Also, we have 


R(L) D R(LoT) = R(L, +K) 
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and R(I, + K) is finite codimensional, hence so is R(L) (see Proposition 2.24). This 
shows that L € Fred (X;Y) (see Definition 2.29). 


Solution of Problem 2.50 
We can find T € £(X;Y) such that 


bef =Iy+hKy ond Vol = J,+ Ky, 
with Ky, € £.(Y;Y) and K2 € £.(X; X) (see Remark 2.30). Then we have 


(L+K)oT = L+h4+K oT, 
To(L+Kk) = I,4+Kko+Tok. 


Since Ay + KoT€L.(Y;Y) and Ko+ToK € L,.(X;X), from Problem 2.49, we 
infer that L+ K € Fred (X;Y). Then consider the map [0,1] t+ L(t) =L+tk. 
From the first part of the solution, we have that L(t) € Fred(X;Y) for all t € [0, 1]. 
Moreover, from Remark 2.30, it follows that i(L) =i(L+ K). 


Solution of Problem 2.51 


(a) “= >”: Let y be a lower semicontinuous function and let V C R be an open set. 
According to Proposition 2.37(d) we need to show that the set E}(V) is open 
(where ES (V) ={ue X: E,(u) CV}). Let u € ES(V). Then the inclusion 
E,(u) C V means that V D (A, +00) for some A < y(u). The lower semicontinu- 
ity of y implies that we can find a neighborhood U of u such that ’ < y(h) for 
allh € U. Then E,(h) C V for all h € U and so we conclude that u+—+ E,(u) 
is upper semicontinuous. 


“<=”: Since Ey, is upper semicontinuous, for every A € R, the set 


Ej ((A,+00)) = {ue X: Ey(u) € (A, +00)} 
= {uEeX: plu) >A} 


is open. This means that y is a lower semicontinuous function. 

(b) “=>”: Let y be an upper semicontinuous function and let V C R be an open 
set. In this case, we need to show that EZ(V) = {ue X: Ey(u)NV FO} is 
open (see Proposition 2.38(e)). Let u€¢ E5(V). Then the relation Ey(u)NV 40 
means that we can find A € V such that y(u) < A. In fact the openness of V 
implies that we can always choose A € V such that y(u) < A. Then the upper 
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semicontinuity of the function y implies that we can find a neighborhood U of 
u such that y(h) < X for all h € U. Hence E,y(h) NV ¥ O for all h € U. This 
implies that the set EZ (V) is open, therefore E., is lower semicontinuous. 
“<=”: Since Ey is lower semicontinuous, for every \ € R, the set 


EZ ((—00,A)) = {ue X: Ey(u) (—00, A) 4 9} 
= {we X: y(u) <A} 


is open. This means that y is an upper semicontinuous function. 


Solution of Problem 2.52 
First we consider the case of F’' being lower semicontinuous (see Definition 2.36(b)). 
So, let C C X be a connected set and let Vj, V2 C X be two open sets such that 


F(C) CVUM, F(C)AY 4% and F(C)NV, £ @. (2.21) 
We need to show that F(C)NVi A V2 4 @. To this end, suppose that 
CONF (VY) F (Ve) = 0. (2.22) 


Since F’ is lower semicontinuous, the sets F~ (Vi) and F’~(V2) are both open and 
from (2.21) we infer that 


CC F-(V,)UF-(\), CAF(V;) £0 and CNF(Ve) #0. (2.23) 


Combining (2.22) and (2.23), we see that we have a contradiction to the connectedness 
of C. Therefore (2.22) cannot happen and so we have 


COE (VYU)AF (Va) # 0. 
Let u€ CN FO (Vi) 7 F (V2). We have 
F(u) CVU, F(u)nNVY £0 and F(uynve £ 0. 
So, from the connectedness of F'(w) we infer that 
F(u)AUnVe # O, 


so F(C)NViN V2 4 0, which proves the connectedness of F'(C). 
When F is upper semicontinuous, then the proof if similar, working this time 
with a “disconnection” consisting of closed sets. 
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Solution of Problem 2.53 
Note that for every nonempty open set V C Y we have 


F(u)AV 490 ifandonly if F(u)NV FO. 


Therefore F is lower semicontinuous if and only if F' is lower semicontinuous (see 
Definition 2.36). 

For upper semicontinuous multifunctions the result is not true. To see this, let 
X = Y =R and consider the multifunction 


F(u) = (u-1,u4+1) VueR. 
Then 
F*((-1,1)) = {0} 
(see Definition 2.35(b)) and so F’ is not upper semicontinuous. On the other hand, 
F(u) = [u-ljut] YueR 
and for every y € R 


u-l—-y if y<u-l, 
gy(u) = disty(y,F(u)) = 0 if u-l<y<u+l, 
y—(ut+1) if u+l<y. 


Clearly y, is lower semicontinuous. So, Proposition 2.45 implies that F' is upper 
semicontinuous. 


Solution of Problem 2.54 
Let V CY be an open set and let y € conv F(u) 9 V. Then we have 


n 
y= So NVR é.¥, with y1,.--,Yn € F(u), Mije og Ane [0,1], 
k=1 


Let ¢ > 0 be small such that 
Be(y) = {y'€Y: lly’ —ylly <e} CV. 


Note that F'(u) M Be(yx) 4 O for all k € {1,...,n}. Then since F is lower semicon- 
tinuous, we can find U, € N(u) (N(u) being the filter of neighborhoods of u) such 
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that for every u’ © Ux, we have F(u’)N Bze(yr) 4 9, with k € {1,...,n}. We set 


U = () Ux. For every wu’ € U, let y, € F(u’)N Be(y,) and set y’ = D> Apy,. Then 
k=1 k=1 


n nm 
ll’ —glly = || Sore —-Wlly < do Agllve—vally < ¢, 
k=1 k=1 


so y’ € conv F(u’) NV and thus the set conv F~(V) is open. Hence u+—> conv F(u) 
is lower semicontinuous. 

Then using Problem 2.53, we conclude that u+— conv F'(u) is lower semicontin- 
uous too. 


Solution of Problem 2.55 

Since F' has compact values, for every u € X we have conv F'(u) € Py-(Y) (by the 
Mazur theorem; see Theorem 1.5.86). Then by virtue of Proposition 2.56(a), it suffices 
to show that F' is h-upper semicontinuous (see Definition 2.53(a)). So, suppose that 
{®ahsacs C X is a net such that x. —> x in X. Then 


h* (conv F'(uq), conv F(u)) < h* (Fug), F(u)) 


(see Remark 2.50), so using the h-upper semicontinuity of F' (see Proposition 2.56(a)), 
we have 

h* (conv F(u), conv F(u)) “30. 
Thus the multifunction wu +—> tonv F(u) is h-upper semicontinuous, hence upper 
semicontinuous too. 


Solution of Problem 2.56 


(a) Let {yahaes C F(K) be a net. Then ya € F (ua) for all a € J with some net 
{uataey C K. The compactness of K implies that we can find a subnet {ug}ge7 
of {ua}aey Such that ug —> ue K. Note that {(ug,yg)}aer C GrF. Invoking 
Proposition 2.42, we infer that {yg}ge, admits a cluster point in F(u) C F(K). 
This proves the compactness of the set F'(I). 

(b) According to Proposition 2.37, it suffices to show that for every closed set C CY, 
we have that the set H~(C) = {ue X: H(u) NC £9} is closed in X. To this 
end, let {uatacs C H~(C) be a net such that ua — u in X. Let 


K = {u}Uf{ua: aE J} © Pr(X). 
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From (a) we have that G(K) € P,(Y). Let yo € H(ua) NC. Then {yataes C 

G(Jc) and so we can find a subnet {yg}ger of {yataes Such that yg — yin Y. 

Since the set C C Y is closed, we have that y € C. Also, using Proposition 2.43, 

we see that the multifunction u—> F(u)NG(u) is closed, hence y € F(u)1G(u). 

Therefore y € H(u) 1 C and so u € H-(C). This shows that H~(C) C X is 

closed, hence the multifunction H is upper semicontinuous (see Proposition 2.37). 
(c) No. To see this, let X = Y = [0,1] and consider the multifunctions 


+: n>1 if uO, 
ayy = ih if u=O0, 

7 (0,1) \{4: n>2} if uA0, 
a ae if u=0. 


Both multifunctions are lower semicontinuous and 


NG) = {Io} je wea 


which is not lower semicontinuous (see Proposition 2.38) because for the closed 
set C = {1} C X, the set F*(C) = (0,1] C Y is not closed. 


Solution of Problem 2.57 

Evidently, it suffices to show that y(u) < dist(u,D) for all u € X. Arguing by 
contradiction, suppose that we can find wu € X such that dist(u,D) < y(u). Let 
€ = y(u) — dist(u, D) > 0 and choose h € D such that 


d,(u,h) < dist(u,D) + §. 
From the hypothesis concerning y, we can find EF € Py(X) such that 
lp(h) —dist(h,£)| < 3 and |p(u) —dist(u, E)| < §. 


We have 


x 


p(u) dist(u,E)+ 3 < d,(u,h) + dist(h, £) + § 
dx (u,h) + ph) + = 


d, (u,h) + > < dist(u,D) +e 


x 


(since h € D), which contradicts the definition of ¢. We conclude that 


y(u) = dist(u, D) Vue X. 
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Solution of Problem 2.58 
The hypothesis that C, “Co (see Definition 2.86) implies that given ¢ > 0, we can 
find np = no(e) > 1 such that 


CG & (Ce amd Gy oC. Yn>no. (2.24) 


From the second inclusion in (2.24), we have that 


Ciremene” 


n>Nno 


so 
U On Cc Cre, 
n>Nno 
thus 
() Ucn S Ce =Ve>d 
melnem 
and hence 


Co Ca G (2.25) 


(since C € Pr(X)). From the first inclusion in (2.24), we obtain 


ee py) (\Gie (2.26) 


e>0m>ln>m 


Finally let u € () U ff) (Cn)e. This means that for every « > 0, we can find 
e>O0meSln>m 
mo = mo(e) > 1 such that for all n > mo we have u € (Ch)e C ( U Cn) + Since 
n>mMo 
€ > 0 is arbitrary, we infer that 


sO 


1 U (re S 1) U &. (2.27) 
meln>m 


316 Chapter 2. Nonlinear and Multivalued Maps 


Solution of Problem 2.59 
Let y € X\( U Cc). Then for every C € K, y € X \C and so dist(y, C) = mc > 0. 
CEeK 


This means that h({y},C) > mc > 0. Consider the function €: (Pr(X),h) —> Ry 
defined by 
€(D) = A({h},D) VDE Py(X). 


This function is continuous and so inf € is attained. Therefore 
h({y},C) >e> 0 VYCeEK, 
for some € > 0. This means that y ¢ ( U C)., so 
CeEek 


dist(y, U C) > 0. 
CEek 


Since y€ X\( U C) is arbitrary, we conclude that the set U C is closed. 
Cek Cek 


Solution of Problem 2.60 
“<>”: Let F is dense in (P;(X),h). Note that if C € Pr(X) and F C X is finite, 
then F is an e-net for the set C' if and only if C C F;. Therefore, if h(F’,C) < < (see 
Definition 2.49), then F’ is an e-net for C. Let 

Br(C,¢) = {D € Py(X) : h(D,C) < e} é 


If B,(C,e) 1F 4 O for all ¢ > 0, then C is totally bounded (see Definition I.1.70). 
In particular this is also true if C = X. 


“<—”: Since X is totally bounded, every C' € P(X) is also totally bounded. There- 
fore, for every C € Py(X) and every € > 0, we can find F € F such that C C F,. 
We can also have F' C C., because if this inclusion is not true, then we can find 
u € F such that dist(u,C) > ¢. This implies that CM B-(u) = 0 (recall that 
B.(u) ={ue X: d,(u,u) < e}) and so F’ = F \ {u} is still an e-net for C' and so, 
we can replace F' by F’. Then h(F,C) < ¢ and so F is dense in (Pr(X), A). 


Solution of Problem 2.61 
Let {vataey C X be a net such that uy — u in X and let v = F(u). According to 
Proposition 2.38(d), in order to establish the lower semicontinuity of the multifunction 
F, we need to find vg € F(uq) for all a € J such that vy —> v in V. From the 
definition of F’ we have that 


v = p(u,y), with ye M(u). 
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Since by hypothesis M is lower semicontinuous, we can find y, € M(uaq) for aE J 
such that yz —> y in Y (see Proposition 2.38). The continuity of y implies that 


Solution of Problem 2.62 


According to Proposition 2.37, it suffices to show that for every closed set C C Y, the 
set F-(C) ={ue X: F(u) NC £9} is closed. To this end, let {un},5, C F” (C) be 
a sequence such that u, —> uin X. From the definition of F’, we can find y, € M(un) 
such that y(un, yn) € C for all n > 1. Note that yn € M({u} U {un : n > 1}) and 
from Problem 2.56(a), we know that M({u}U {un : n > 1}) € P,(Y) and so we 
can find a subsequence {Yn,}x>1 Of {Yn}n>1 Such that yn, —> y in Y. Invoking 
Proposition 2.43, we have that y € M(u). Also, the continuity of y, implies that 


p(Unz,Yn,) <> vl(uy)EC inV. 


Since y € M(u), it follows that u € F~(C) and so F’(C) is closed. This implies the 
upper semicontinuity of the multifunction F’. 


Solution of Problem 2.63 

Let {Un}ns1 G X. For each n > 1, let Cr = {un} € P(X) for n > 1 and since by 
hypothesis (P(X), h) is compact, we can find a subsequence {Cr, }k>1 Of {Cr}nst 
and a set C € Py(X) such that 


h{Cn,,C) —> 0 
(see Definition 2.49). Given ¢ > 0, we can find kp = ko(e) > 1 such that 
Cec, i. and Cy, oC; VRS ko. (2.28) 


Note that (Ch, )-¢ = Be(un,). Hence diamC < 22, so C = {u} (ie., C is singleton), 
thus 
Un, © B-(u) Vk>ko 


(see (2.28)) and so un, —> u in X. This proves the compactness of X. 
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Solution of Problem 2.64 

We need to show that for every \ € R, the set L, = {ue X: v(y) < A} is closed (see 
Definition 1.2.46). So, let {wahaeys C Ly be a net such that ua — u in X. Given 
any € > 0, we can find y € F'(u) such that 


v(u) —E < y(u,y). (2.29) 


The lower semicontinuity of F’ implies that we can find ya € F(ua) for a € J such 
that y. — y in Y (see Proposition 2.38). We have 


(ta, Ya) < vie) <A Vaed, 


sO 
plu, y) < lim inf y(ua, Ya) < A 
acd 


(since y is lower semicontinuous), thus v(u) — € < X (see (2.29)). 
Since € > 0 was arbitrary, we let « \, 0, to conclude that u(u) < A, so u € Ly and 
thus Ly is closed. We conclude that v is a lower semicontinuous function. 


Solution of Problem 2.65 

Let {(Ua,Ya)}aes © Gr F be a net and assume that ua. — u in X. Since F is locally 
compact, we can find U € N(u) (where V (wu) is the filter of neighborhoods of w) such 
that F(U) € P,(Y). We can find ag € J such that ua € U for all a > ap. Then 
{Yata>ao C Y is relatively compact, hence {ya }qey has a cluster point in F(U). We 
can find a subnet {yg}ger of {ya}acy and y € F(U) such that yg —> y in Y. Note 
that {(ug,yg)}eer7 C GrF and since ug — u in X, yg —> y in Y and F is closed, 
we have (u, y) € Gr F, that is, y € F(u). So, invoking Proposition 2.42, we conclude 
that F is upper semicontinuous. 


Solution of Problem 2.66 
From Problem 2.64 we already know that v is lower semicontinuous. So, it suffices 
to show that v is upper semicontinuous. To this end, for every 4 € R, let 


Ux, = {uEX: v(u) >A}. 


We need to show that U) is closed (see Definition 1.2.46). So, let {uataes GC Ux bea 
net and assume that wa. — u in X. Since y is continuous and F' is P;,(Y )-valued, 
for every a € J, we can find ya € F(uq) such that 


V(Ua) = Y(UasYa) > ». (2.30) 
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Invoking Proposition 2.42, we can find a subnet {yg}ger of {ya}acy and y € F(u) 
such that yg —> y in Y. Then the continuity of y implies that 


y(ug,ys) —> (uy) < v(u), 


sO 


A < v(u) 


(see (2.30)), thus wu € Uy and hence U) is closed. This proves that v is also upper 
semicontinuous, therefore it is continuous. 
Clearly S' is P,(Y)-valued. For every u € X, let 


G(u) = {ye Y:v(u) = y(u,y)}. 


The continuity of v and y implies that G is closed (see Definition 2.40). We have 


S(u) = G(u)n F(u). 


Invoking Problem 2.56(b), we conclude that S is upper semicontinuous. 


Solution of Problem 2.67 
Let X = [0,1] and Y = R%. Consider the multifunction F: X —> 2 \ {0} defined by 


Fu) = {Gut): tO: 


Clearly F' is lower semicontinuous (see Proposition 2.38(d)), but F' is not h-lower 
semicontinuous (see Definitions 2.53(b) and 2.49(b)). 

Next, let X = [0,1] and Y = R. Consider the multifunction F: X —> 2* \ {0} 
defined by 


[0,1] if we 0,1), 
a) = { (0,1) if w=1. 
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Clearly F' is h-upper semicontinuous (see Definitions 2.53(a) and 2.49(b)). How- 
ever, note that F’*((—1,1)) = {1} (see Definition 2.35(b)) and so F' is not upper 
semicontinuous at 1 (see Definition 2.36(a) and Proposition 2.37). 


Solution of Problem 2.68 
Let {(ta,Ya)}aes C Gr F be a net and assume that (ue, Ya) —> (u,y) in X x Y. We 
have 

disty (Ya, F(u)) < h*(F (ua), F(u)) — 0 


(see Definitions 2.53(a) and 2.49), so disty(y, F(u)) = 0, thus y € F'(u) and hence F 
is closed (see Definition 2.40). 


Solution of Problem 2.69 
We need to show that for every A > 0, the set 


Ly(y) = {wEX: gy(u) <A} 


is closed. To this end, let {wa}aes C Ly(y) be a net such that wu. —> u in X. For 
every Ug € F'(ua) we have 


disty (y, F'(u)) vy (Y; Va) + disty (ve, F(u)) 


vy (Ys Vo) + h*(F(ue), F(u)) 


(see Definition 2.49), so 


thus 
Yy(u) < A+h*(F(ua), F(u)) 


and from the h-upper semicontinuity of F’, we get 
Py(u) < A. 


This means that u € L)(u), which proves that the set L)(w) is closed. Hence the 
function u+— yy(u) is lower semicontinuous. 
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Solution of Problem 2.70 
(a) This is a consequence of Proposition 2.56(a) and Problem 2.56(a). 
(b) From the definition of the Hausdorff metric (see Definition 2.49), we have 
h*(Rr(K), Rr(K’)) = sup inf dy (h,y) 
h€Rr(K) ye Rr(K’) 
= sup. inf h*(h, F(v)) = sup inf h*(F(u), F(v)) 


hE Rp(K) VER uck veEk’ 
< sup inf h(F(u),F(v)) < ksup inf d,(u,v) = kh*(K,K’). 
uck vEk' uck vEk' 


In a similar way, we show that 
h*(Rp(K"), Re(K)) < kh*(K', K). 


Hence 
h(Rr(K), Re(K')) < kh(K, kK’) 


(see Definition 2.49). 


Solution of Problem 2.71 

Let V C Y be an open set. We need to show that (F.1G)"(V) C X is open 
(see Proposition 2.38). So, let u € (FN G)-(V) and y € F(u)N G(u) NV. Then 
(u,y) € GrGn(X x V). Since by hypothesis GrG C X x Y is open, we can find 
Ui(u) € N(u) and Vi(y) € N(y) (where N’(u) and NV(y) are the filters of neighbor- 
hoods of u in X and y in Y respectively) such that 


U, (2) Xx Vi(y) C Gran (Xx Xx Vi: (231) 


Note that F(u) A Vi(y) 4 @ and recall that F’ is lower semicontinuous. So, we can 
find U2(u) € N(u) such that 


Fiw)aVi(fy) 40 Vu €Ud(u). (2.32) 
We set U(u) = Uy(u) MU2(u) € N(u). Then for all u’ € U(u) we have 
F(w)AVi(y) £4 0 and U(u)xVi(y) © GrGn(X xY) 
(see (2.31) and (2.32)), so 


Fiv’)\nGiu)nv #40 Vu €U(u), 
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thus the set (FN G)~(V) C X is open and hence u+— (£1 G)(u) is lower semicon- 
tinuous. 


Solution of Problem 2.72 
Consider the multifunction H: X —>+ 2° \ {0} defined by 


H(u) = F(u), = {ye Y: disty(y, F(u)) <r} Vue X. 


Evidently H has convex and open values. We claim that H is lower semicontinuous 
(see Definition 2.36(b)). To this end, let {uataey GC X be a net such that ug — u 
in X and let y © H(u). If y € F(u), then exploiting the lower semicontinuity of F 
(see Proposition 2.38) we can find yy € F(uq) for a € J such that ya — y. Clearly 
Ya € H(uq). If y ¢ F(u), then we can find v € F(u) such that ||v — y|ly <r. Let 
Va € Fue) be such that va — v (again this is possible due to the lower semiconti- 
nuity of F’). Then we can find ag € J such that 


va -—ylly <r Vata, 


so 
disty (y, F(ua)) < 7 Ya>ago, 


thus y € H(ua) for all a > ap and hence H is lower semicontinuous (see Proposi- 
tion 2.37). Invoking Proposition 2.60 (note that int H(u) 4 @ for all u€ X), we can 
find a continuous function h: X —> Y such that 


h(u) € H(u) Vue X, 


sO 


Solution of Problem 2.73 

Recall that a compact Hausdorff space is paracompact (see Definition I.2.142 and 
Theorem I.2.144). Also, the collection {F ({y})},cy is an open cover of X. The 
compactness of X implies that we can find a finite set {y1,...,yn} C Y such that 
{F- ({yi}),.-., Ff ({yi})} is an open cover of X. The paracompactness of X implies 
that there is a continuous partition of unity {s1,...,s,} subordinate to this finite 
open cover (see Definition I.2.146 and Theorem I.2.147). Let 


flu) = So se(u)ye. 
k=1 
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Then f is continuous. If sz(u) # 0, then u € F({yz}) and so yz € F(u). The 
convexity of the values of F' implies that f(u) € F(u) for all ue X. 


Solution of Problem 2.74 
Let G: Y —+ 2* \ {0} be the multifunction defined by 


Gly) = Ay) = {ue X: Alu) =y}. (2.33) 


Since A € L(X;Y) is surjective, by the open mapping theorem (see Theorem 1.5.47), 
A is open. For every open set V C X, we have that the set G-(V) = A(V) CY is 
open. So, by Proposition 2.38, G is lower semicontinuous. Also, from (2.33) it is 
clear that G has values in Pr,(X). We can apply the Michael selection theorem (see 
Theorem 2.58) and find a continuous map f: Y —>+ X such that 


fy) «© Gy) Vyey, 


sO 


Solution of Problem 2.75 = 
Suppose that f: C —>+ Y is a continuous selection of F|,. Let F: X —+ Py-(Y) be 
the multifunction defined by 


a - (u) if wEC, 
oe) = oO if we xX \C. 


Clearly F is lower semicontinuous (see Proposition 2.38(d)). Also, it has values in 
Prc(Y). So, we can apply the Michael selection theorem (see Theorem 2.58) and 
conclude that there exists a continuous selection f: X SY oF. Evidently f 
extends f on all of X. 


Solution of Problem 2.76 

For every u € X, let F(u) = (y(u), v(u)) C R. We claim that F is lower semicontinu- 
ous. Indeed, let u, —>+ uin X and let y € F(u). Exploiting the upper semicontinuity 
of y and the lower semicontinuity of w, we see that we can find nop > 1 such that 


y € (p(un), P(un)) Vn2 no, 
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so F' is lower semicontinuous. Applying Proposition 2.60, we obtain a continuous 
selection f: X —>R of F. Then y(u) < f(u) < Y(u) for all ue X. 


Solution of Problem 2.77 

According to Proposition 2.38, we need to show that for every open set V C Y, the 
set H-(V)={uEX: H(u) NV £0} C X is open. So, let yo € H(ug) VV. Then 
yo € (p(uo) +U) NV. Thus there exists an open symmetric neighborhood W of the 
origin in V such that 


yotW+W C (¢(uo) +U) NV, 


soyotW CV. 

Let D = y~!(y(uo) + W). Since ¢ is continuous, we see that D C X is open and 
ug € D. 

Next, we will show that 


ytWw C p(u)+U VueD. (2.34) 
To prove this, let w € W and ue D. Then 
h = (uo) —y(u) € W. 


Since yo +W+W C y(uo) + U, we can find w € U such that yo +w+h= y(up) +4 


and so 2 
yotwu = p(u)t+u € vl(u) +, 


which proves (2.34). Since yo € F(uo)M (yo + W), we have uo € F (yo + W) and 
since F' is lower semicontinuous, we have that the set F (yo + W) is open. Let 


E = DNF (yt+W). 
Then F is an open neighborhood of ug. If u € E, then 
H(u)NV = F(uyn(p(u)+U) av 
> F(u)N(y(u) +U)N (yo + W) 
= F(u)Nwt+W) 4 oO 


(see (2.34) and recall that yo + W C V), so H is lower semicontinuous. 


Solution of Problem 2.78 
We consider the multifunction T: X —+ 2¥*¥ \ {0} defined by 


T(u) = F(u) x G(u) Vue X. 
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Let Vi x Vo C Y x Y bea basic open set. Then 
PMs) =F (M)NG (i), 
so [~(V, x V2) C X is open (since both F' and G are lower semicontinuous) and thus 
T is lower semicontinuous. Let y: Y x Y —> Y be defined by 
e(y.y2) =M+y Vywey. 
We know that y is continuous. Then we have H = yoT!. It is easily seen that the 


composition of two lower semicontinuous multifunctions is lower semicontinuous too. 
Therefore H is lower semicontinuous. 


Solution of Problem 2.79 
Given ¢ > 0, for every u € X, we can find V,, € V(u) such that 


() Fe 4 0. 
uwEVy 
The collection {V,,}uex is an open cover of X. Since X is paracompact (see Definition 
1.2.142), there is a locally finite refinement {Wj }j<7 of {Vu}uex (see Definition I.2.146 
and Theorem I.2.147). For each j € J, let uj © X be such that W; C V,,. Also, 
let {€j}je7 be a corresponding continuous partition of unity subordinate to {Wj} je 
(see Definition I.1.111). For every j € J, we choose yj € {) F(u’)- and then define 


uleWw; 
= Sy 
jE 
Clearly f- € C(X;Y) and since F' is convex valued, we have 
f-(u) € convF(u), = Flu); Vue xX. 


fe: X — Y by setting 


Solution of Problem 2.80 
Let F: X —+ Pyc(Y) be the multifunction defined by 
~ _ fadyp if w=a, 
i { F(a) if wu. 
It is easy to see that F is lower semicontinuous (see Proposition 2.38) and has values in 
P;-(Y). So, we can apply the Michael selection theorem (see Theorem 2.58) and find 


a continuous function f: X —+¥ such that f flu ) € F(u) for all u € X. Evidently f 
is a continuous selector of F such that f f(a =a. 
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Solution of Problem 2.81 

For ug € D, we have F(ug) C F(D) C F(D). Suppose that ug € D\ D and 
let y € F(ug). For each open set V C Y containing y, we have that F-(V) C X 
is an open set containing uo (see Proposition 2.38). Since uo € D, we can find 
u€DNF-(V). Then F(u) 1V 4 @ and so F(D) NV 4 Q. This shows that 


y € F(D) and so we conclude that F( D) C F(D). 


Solution of Problem 2.82 
See the solution of Problem 2.78 for the Cartesian product of two lower semicontin- 
uous multifunctions. The statement is not true for upper semicontinuous multifunc- 
tions. To see this let X = Y = R and consider the multifunction F: R —> 2® \ {0} 
defined by 

F(u) = (-1,1) VueR. 
Let H: R —+ 2RxR \ {0} be the multifunction defined by H = I, x F. Clearly 
I, and F are upper semicontinuous multifunctions. On the other hand, if 
B, = {he R?*: |h| <1}, then (I, x F)(0) C By. However, we cannot find a 
neighborhood U of 0 in R such that (J, x F)(U) C Bi. Therefore the map 
ut— H(u) = (u, F(u)) is not upper semicontinuous. 


Solution of Problem 2.83 

We fix « > 0. Because F' is upper semicontinuous, for every u € X, we can find 
6 = d(e,u) € (0,5) such that, if uw’ € Bs(u) = {u’ eX: d,(u',u) < 6}, then 
F(u') C F(u) + Bi, where By = {y € Y: |lylly < e} (see Proposition 2.54). The 
family {Bs(u)}uex is an open cover of X. Recall that a metric space is paracompact 
(see Definition 1.2.142 and Theorem I.2.144). So, we can find a locally finite refine- 
ment {Uataes of {Bs (w)}uex (see Definition [.2.146 and Theorem I.2.147). There 


exists a locally Lipschitz partition of unity {Ea }ae z subordinate to this cover {Ua haces 
(see Definition I.1.111). For each a € J, we choose (Ua, Ya) € Gr FM (Ua x Y) and 
define 
feu) = So kalulyn VueXx, 
acd 
Since the cover {Ua}acz is locally finite, f- is well defined and locally Lipschitz. 
Moreover, it is clear that 


f-(u) € conv F(X) Y we X. 


Next, we fix u € X. Recalling that {Ua}aey is locally finite, we have that 
0 < €,(u) for all a € J(u) C J with J(u) finite. For every a € J(u), let ug € X 
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be such that Ug C Bea (ta), with dg = 6(€,Uaq) > 0. Let 8 € J(uq) and set 
4 
6g =max{dqg: a € J(u)}. Then ua € Bs, (ug) and so U, © B5,(ug). Hence for 
a 


every a € J(u), we have 
Yo € F(Ua) © F(Ug) + § Bi. 
Since the latter set is convex, we have 
fe(u) € F(Ug) + 5Pr. 
Thus we can find yg € F(ug) such that || f-(u) — yglly < § and so 
dy ((U, fe(u)), (was ¥e)) = dx (us ua) + \lfe(u) — yelly < ¢, 


so (u,fe(u)) € GrF + eB,. Since u € X is arbitrary, we conclude that 
h*(Gr fe, Gr F’) < € (see Definition 2.49). 


Solution of Problem 2.84 

We keep the notation from the solution of Problem 2.83. The family {B5(u)} ex 
is an open cover of the compact set K. So, we can find a finite subcover 
{B5,(u1),.--; Bs, (Um)} with 6; = di(€,ui) > 0 for 7 € {1,...,m}. We can find a 
locally Lipschitz partition of unity {&,...,&n} subordinate to this finite subcover 
(see Definition I.1.111). Also, let y; € F(u;) for i € {1,...,m} and define 


feu) = S°&(uy Vueve =) Ba, (ui). 
i=1 i=1 


Then f-: Vi —> Y is locally Lipschitz and f-(u) € conv F(K) 1M Y-z with 
Y- = span {y1,..-,Y%m}, hence f: has a finite dimensional range. As in the solution 
of Problem 2.83, we see that 


fe(u) € F(KOB.(u)) +eBi Vue Ve. 


Solution of Problem 2.85 
Let X1 = F(X) and Xn41 = F(X,) for all n > 1. From Problem 2.56(a), we 
know that for each n > 1, the set X, is compact. Also, since X; C X, we see that 


Xni1 © Xp for alln > 1. Let C= () Xn. Since {Xn}ns1 has the finite intersection 
n>1 
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property (being decreasing; see Definition I.2.80 and Theorem I.2.81), it follows that 


C# ). We have 
FIC). [) FCa) S| eet = C 
no1 no1 

(setting Xo = X). Suppose that uo € C \ F(C). Note that C' is closed, hence 
F(C) C X is closed too (see Problem 2.56(a)). Recall that a compact space is regular. 
So, we can find open sets U;,U2 C X such that 

uo € Vi, F(C) C Up and U,;NUs = F. (2:35) 
Since F is upper semicontinuous, we have that the set Ft(U2) C X is open (see 
Proposition 2.37) and C= () Xn C F*(U2). We have 

n>1 


X\ F*(U2) © (J (X\ Xn). (2.36) 
n>1 
The set X \ F*(U2) C X is closed, hence compact. From (2.36), it follows that we 
find a finite subcover of the open cover {(X \ Xn)}n>1- 50, we can say that 


X\Ft(U2) ¢ Ul CO). 


so Z 
() Xn © FU), 
n=1 

thus 

Xn C Ft(U2) Vn>m 
hence 


Kee = FG) GU Vn>m 


and so C C U2. But uo € C and uo ¢ U2 (see (2.35)), we reach a contradiction. 
Therefore, we conclude that F'(C) = C. 


Solution of Problem 2.86 
In the light of Problem 2.65, we need to consider a noncompact domain. So, let 
X =Y =R, and consider the multifunction defined by 
_ f {0} it “y= 0. 

a { (0,uJU{2} if u>0. 
Evidently, for every u > 0, we have F'(u) € P,(Y). Also Gr F is closed. But F is not 
upper semicontinuous at 0. Indeed, note that F(0) C [0,1), but F*({0,1)) = {0} 
which is not open in Y = R,. Therefore F is not upper semicontinuous (see 
Proposition 2.37). 
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Solution of Problem 2.87 
We will consider the boundedly w-compact case. The other case can be established 
similarly. First note that for every u € X, we have proj,(u) 4 0. Indeed, let 
{hn}nsi G K be a minimizing sequence, that is, 

Ju — An|lx Ny. dist(u, K). (2.37) 
From (2.37) we see that the sequence {hy}, C K is bounded. So, we can find r > 0 


such that {hntnsi C KMB,. Since K is by hypothesis boundedly w-compact, we 
have that the sequence {hn},5, C X is relatively w-compact. So, by the Eberlein— 


Smulian theorem (see Theorem I.5.78), passing to a subsequence if necessary, we may 
assume that h, —> h € KO B,. Exploiting the weak lower semicontinuity of the 
norm functional (see Proposition 1.5.56(c)), we have 
|u — Allx < liminf |lu —hyllx, 
n—++00 
sO 
lu — Allx = dist(u, K) 
(see (2.37) and recall that h € K’), thus h € proj, (u) and hence proj, (u) 4 0. 

Now let C C X be a w-closed set. According to Proposition 2.37, we need 
to show that the set proj, (C) = fu EX: proj, (uyncF Q} is closed. So, let 
{Un}ns1 © proj,(C) be a sequence such that un, —> u in X. We have that 
proj, (un) IC FO for all n > 1. We can find hy, € C such that 


dist(un,K) = |lun — hyllx Vn 2 1. (2.38) 


We know that 

dist(u,, kK) —> dist(u, kK). (2.39) 
From (2.38) and (2.39), it follows that the sequence {hn},5, C AMC is bounded. So, 
there exists r > 0 such that {hntast C KMB,. Because K is boundedly w-compact, 


invoking the Eberlein Smulian theorem and by passing to a suitable subsequence if 
necessary, we can have 


hn —> h € KNCNB, 
(since C' is w-closed). Also, the weak lower semicontinuity of the norm functional 
(see Proposition 1.5.56(c)) implies that 
lu —Allx < liminf ||un — hallx, 
N—++00 
so 
lu —Allx = dist(u, K) 

(see (2.38), (2.39) and recall that h © KC), thus u € proj, (C) and hence proj, is 
upper semicontinuous from X into Xj. 
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Solution of Problem 2.88 
Note that F is closed from X into X*.. Indeed, let {(tua,us,) baer C GrF be a net 


such that ug —> u in X and u% “", u* in X*. Then || eal|x —> |lul|x and 
lIuall = lull? = (wa,te) —> (u*,u), 


sO 
lleall& = (u*,u) < lu*lx-llullx (2.40) 


On the other hand, the weak* lower semicontinuity of the norm functional of X* (see 
Proposition I.5.65(c)) implies that 


‘i x < i i : » = ii 1 = r Z 
llu"Ix* < liminf |ualix« = liminf|luallx = |lullx (2.41) 
From (2.40) and (2.41) it follows that 


lu"Ix« = llullx = (u",u), 


so u* € F(u) and hence F is closed. 

From the definition of F (see Definition 2.112) and the Alaoglu theorem (see 
Theorem 1.5.66), we see that F is locally compact from X into X;%.. So, invoking 
Problem 2.65, we conclude that F is upper semicontinuous from X into X*.. 


Solution of Problem 2.89 

Since F' is compact valued, according to Proposition 2.56(a), it suffices to show that 
F is h-upper semicontinuous (see Definition 2.53(a)). Arguing indirectly, suppose 
that F is not h-upper semicontinuous. Then we can find a sequence {un},51 CX 
with wu, —> uin X and e > 0 such that 


F(un) Z F(u)+eBi Vn>1. (2.42) 
From (2.42) it follows that we can find hy € F(un) such that 
dist(hn, F(u)) > € Vn2>1. 


Since F’ is lower semicontinuous and compact valued, it is also h-lower semicontinuous 
(see Proposition 2.56(b)). So, we can find ng € N such that 


F(u) C F(un)+eBi Vn no. (2.43) 
Let h € F(u). From (2.43) we see that we can find hyn € F(un) for n > no such that 


lm —hllx <€ Wn2n0, 
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so 

dist(hn, F(u)) <¢€ Wn>no. (2.44) 
Recall that F' has connected values. Then the continuity of the map 
yt— dist(y, F(u)) on F(u,) for n > no, together with (2.43) and (2.44) imply that 
there exists hi, € F(un) such that 

dist(hi,, F(u)) = « Yn >no (2.45) 
(the Bolzano theorem; see Theorem 1.1.90). So, we have that 

{Pahang & Flu) +eBi € P(R%). 


By passing to a subsequence if necessary, we may assume that 
hi —> h’ in RY, 
But (un, hi,) € Gr F and the latter by hypothesis is closed. So h’ € F(u). On the 
other hand, from (2.45), we have 
dist(h’, F(u)) = € > 0, 
so h’ ¢ F(u), a contradiction. Therefore F’ is h-upper semicontinuous, hence 
continuous. 


Solution of Problem 2.90 
Let X = Y = R and consider the multifunction F’: R —+ Py,-(R) defined by 
—1 if u<0O, 
F(u) = [-1,1] if u=0, 
1 if u>O 
(the sign multifunction). Clearly F' is upper semicontinuous (see Definition 2.36(a)) 
but does not have a continuous selector. 


Solution of Problem 2.91 

From Theorem 2.63, we know that Gr F € B(T x X). Let T and X be the metric 

completions of T and X respectively. Since by hypothesis T and X are Borel spaces, 

we have GrF € B(T x X). Let Ce P(X) and let C be the X-closure of C. Then 

C=CNX. We have 
F(C) 


{teT: F(t)NC#O 
{teT: FONE 40} 
= proj, (Gr Fn (T x C)) € BX) 


(by the Yankov-von Neumann—Aumann projection theorem; see Theorem I.4.65). 
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Solution of Problem 2.92 
Consider the multifunction F: Q —> 2* defined by 

FW) = g"({w}) = {ue X: y(u) =o}. (2.46) 
Therefore by hypothesis (i), F’ has values in Pr(X). Also, if V C X is open, then 

F-(V) = {fweEeQ: F(ww)nV 4G} = Y(V) € YX, 
so F' is measurable (see Definition 2.61). Invoking the Kuratowski-Ryll Nardzewski 
selection theorem (see Theorem 2.64), we can find a S-measurable map f: Q—> X 
such that 
fw) € Fw) YVwend. 

From (2.46) we see that y(f(w)) =w for allw E2. 


Solution of Problem 2.93 
“+”: Let CC X be a closed set and let U = X \C. We know that U is an F;,-set. 
In particular, we have 
U = Oren with C, = {x EX: dist(x,C) > 1} Vn>1. 
n2>1 

We have 2 

FC) =O. FU) = OP") Gn) (2.47) 

n2>1 

It is easy to see that we always have 


LRGs € FG). (2.48) 
n>1 n>1 
We will show that the opposite inclusion also holds. Arguing indirectly, sup- 
pose that we can find w € Ft( U Cp) such that F(w)NCe AO for all n> 1. 
n>1 


Let un € F'(w) nce for all n > 1. Since F(w) € Py(X), we may assume that 
Un —> u € F(w) CU. We know that uy € CS for all n > 1. Hence we have 


dist(un,C) < 2 Yn21 


and so dist(u, C) = 0, therefore u € C, a contradiction. So, the inclusion in (2.48) is 
in fact an equality of the two sets and we have 


F*+(UG) = Ur*G) = U@\r@) ex 


n>1 n>1 n2>1 


(since F’ is measurable), thus F’~(C) € & (see (2.47)). 


“<—”: This follows from Theorem 2.63(a). 
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Solution of Problem 2.94 

Since X is a separable metric space, it can be viewed as a dense subset of a compact 
metric space Y (in fact, X is homeomorphic to a subset of the Hilbert cube [0, 1]N 
which is compact by the Tichonov theorem; see Theorem 1.2.91). Let G: Q — P,(Y) 
be defined by 


Gw) = Fe) Vwen. 
Then for every compact set K C X, we have 
FU(kK) = {weQ: Fw)nk £9} 
{wEQ: Gwynxnk £9} = G(K). 


Since G is compact valued in Y and measurable, from Problem 2.93, we have that 
G- (Kk) € X and so F-(K) €%. 


Solution of Problem 2.95 
We know that ¢ is jointly measurable. Let C C X be a closed set and let {un},51 © C 
be a sequence dense in C’. We have 


F-(C) = {we: Fww)ncF#o} 

{wEQ: yp(w,u) € U for some u € C} 
{wEQ: plw,un,) € U for some no > 1} 
= LU wean: p(w,tun) EU} € & 


n2>1 


(since U is open and y(w,-) is continuous), so F’ is measurable (see Theorem 2.63(a)). 


Solution of Problem 2.96 
Since X and Y are two o-compact metric spaces, both are separable and 


xX = U C, with C, C X compact for all n > 1, 
n>1 

Y = U Km with Ky, C Y compact for all m > 1. 
m2e1 


Let D CY be aclosed set. We have 


F-(D) = (LU) proj, ((Cn x (DN Km)) NGrF). 


nym21 
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Since F’ is a closed multifunction (see Definition 2.40), we have that the set 
(Ca * LOG) TIGrk XY 


is compact for all n,m > 1. Recall that proj, is continuous. Hence the set 
proj, ((Cn x (DA Km)) 9 GrF) is compact for each n,m > 1, thus a Borel set. 
Therefore F’~(D) C X is a Borel set and so F’ is measurable (see Theorem 2.63(a)). 


Solution of Problem 2.97 

Without any loss of generality, we may assume that H(w) 4 0 for all w EQ. First 
we assume that all the multifunctions F,, are compact valued. We start by show- 
ing that the map w +> Ho(w) = Fi(w) NM Fe(w) is measurable. To this end, let 
P(w) = F\(w) x Fo(w). Note that for every set DC X x Y, we have 


P-(D) = F, (proj, D) NM Fy (proj, D), 


with proj, (respectively proj, ) being the projection on the first (respectively second) 
factor of the product space. So, if D C X x Y is an open set, then P~(D) € © as 


P-(D)={w € 0: F,(w) N proj, D FO} {w € 0: Fw) N proj,D £9}, 


since the projections are open maps and F}, Fo are by hypothesis measurable multi- 
functions (see Definition 2.61(a)). So, P is measurable and compact valued. 
Let Ag C X x X be the diagonal set, that is 


Ao = {(uu): uEX}. 
For every closed set G C X x X, we have 
AO). = {weo: Pw) N Aan ¢ oh ex 


(see Problem 2.93), so Hz is measurable (see Theorem 2.63). 
By induction, we see that the multifunction 


w+ Hnw) = [{) Few) 
k=1 


is measurable for every n > 1. For every w € 2, we have 


h*(H,(w),H(w)) = sup dist(u, H(w)) 
u€ HA, (w) 


(see Definition 2.49). Since Hn(w) € P,(X), we can find un € Hy(w) such that 


h*(Hy(w), H(w)) = dist(un, H(w)) Vue 1. 
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Note that {un}nsi © Fi(w) € P,(X). Passing to a subsequence if necessary, we may 
assume that u, —> u in X. Evidently u € H(w) and so 


h*(Hn(w),H(w)) — 0, 
” dist(u, Hn(w)) —> dist(u, H(w)) YweEQ, ue xX. 


Since H,, is measurable, the map w +—> dist(u, F,(w)) is S-measurable for every 
n > 1, hence the map w +> dist(u, H(w)) is X-measurable for every u € X. This 
implies the measurability of H, when all multifunctions F;, are compact valued. 

Now, assume that at least on F, is compact valued. Let X be the metrizable 
compactification of X oval that X being separable, is homeomorphic to a subset 
of the Hilbert cube [0, 1]N). Let F,: 2 —> P,(X) be defined by 


F,(w) = FrWw) VWwend 
(the closure in x ). From the first part of the solution we have that, if 


(\ Fw) Wwe, 
n2>1 


then H is measurable. Since Ing = FE. for some no > 1, it follows that H = Hi and 
so H is measurable. 


Solution of Problem 2.98 
From Theorem 2.66, we know that there is a sequence {hy:—> X},,5, of &- 
measurable selectors of U such that 


Uw) = {hnW)}nsi Vued. 
Let V CY be an open set. Then 
GU(V) = {wEe: y(w,U(w))nV FO} 
= U {w: p(w, hn(w)) € V} (2.49) 


n2>1 


(due to the continuity of y(w,-)). But y being Carathéodory, is jointly measurable. 
Hence, for every n > 1, the map w+ > y(w,hn(w)) is X-measurable. Therefore 


{wEQ: vlw,hn(w)) eV} € = U ied, 
so G~(V) € & (see (2.49)) and hence G is measurable (see Definition 2.61(a)). 
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Solution of Problem 2.99 
Let 


G(w) = fu € F(w): d,(g(w),u) = dist(g(w), F(w))}. 


Since F' is P;,(X)-valued we see that G(w) € P,(X) for all w € Q. Also, let 
p(w, u) ae dy (gw), u) — dist(g(w), F(w)). 


The measurability of F and the “-measurability of g imply that y(w,u) is a 
Carathéodory function. Let 


In(w) = {we xX: p(w,u) < 4}. 


From Problem 2.95 we know that L, is measurable, hence the multifunction 
wt L,(w) = Ln(w) is measurable. Problem 2.97 implies that the multifunction 
wt L,(w)M F(w) is measurable and P,(X)-valued for every n > 1. Once again 


Problem 2.97 implies that the multifunction w+ G(w) = ()} (Ln(w)N F(w)) is 


n>1 


measurable and P,(X)-valued. Apply the Kuratowski-Ryll Nardzewski selection 
theorem (see Theorem 2.64), to find a =-measurable function f: 2 —> X such that 


fw) € Gw) Vwed, 


fw) € Fw) and dist(g(w), F(w)) = d,(g(w), f(w)) Ywend. 


Solution of Problem 2.100 
Since X is o-compact, we have 


X = (J) Kn with K,€ P(X) Wn. 
n>1 


Let C C X be aclosed set. Then 


nol no1 


(since CN Ky € Py(X) for all n > 1), so F is measurable (see Theorem 2.63(a)). 
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Solution of Problem 2.101 
“+”: Let F' be measurable. According to Problem 2.100, it suffices to show that 
for every kK € P,(Y), we have G-(K) € © x B(X). Note that 
G(K) = {(wu)EQx X: Giw,u)nk £-O} 
{(w,u) €Qx X: there exists y € Y 
such that (u,y) € F(w)(X x K)}. 
Let Ox = {wEQ: F(w) A(X x K) 4}. Since F is measurable, we have Ox € ¥ 
(see Theorem 2.63). Let H: Q% —+ P7(X x Y) be defined by 
H(w) = F(w)n(X x K) Vw € Ox. (2.50) 
Then we have 
GrH = GrFnN(Qx Xx K) € Ux BX) x B(Y) 


(see Theorem 2.63), so H is measurable (again by Theorem 2.63). Thus Theorem 2.66 
implies that we can find (2 MQ, )-measurable maps 


fn: 0K —>X and gn: Qn — Y Vne2l1, 


such that 
Hw) = Toho nn Vee. 


Let Dx = {(w,u) EN xX: ue {fn(w) bast}: 

We will show that G”(K) = Dx. From the definitions of the two sets, we see 
that 

Coe =. De 

Next let (w,u) € Dx. Then we can find a subsequence { fn, (Ww) }e>1 Of {fn() bast 
such that fn,(w~) —>+ u in X. We consider the corresponding subsequence 
{9n,(W) fe>1 Of {9n(W)}ns1- From (2.50) we see that {gn,(w)}k>1 G K and so, 
passing to a further subsequence if necessary, we may assume that gn,(w) — ye K 
in Y. Therefore (u, y) € H(w), hence (w,u) € G (Kk). This shows that Dx C G (Kk) 
so we get G (K) = Dx. 

Note that 


De = {(wuseQxX: inf dx(u, fa(w)) = 0} E Ux BX), 


so G (Kk) € © x B(X) (as G-(K) = Dx) and thus G is measurable (see Prob- 
lem 2.100). 
“<——”: Let G be measurable. Note that 
GrF = GrG € =x BX) x BY) = =x BUX x Y). 
So, by Theorem 2.63(a), F is measurable. 
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Solution of Problem 2.102 

From the Yankov-von Neumann—Aumann selection theorem (see Theorem 2.68 and 
Remark 2.69), we can find a sequence {f,: — X},., of &-measurable selectors 
of F’ such that ~ 


F(w) © Thn@)ing1 Ye. 


Then 0 ,,,) (u*) = sup (u*, fr(w)) for all w € © and so the function w ++ o,,,,(u*) is 
2 


y-measurable for every u* € X* (see Corollary 1.3.69). 


Solution of Problem 2.103 

“—+”: By the Mazur theorem (see Theorem 1.5.58), the values of F are in Py.(X). 
So, according to Theorem 2.66, we can find a sequence {f,:Q —> X},51 of & 
measurable selectors of F' such that 


F(w) = Lint ysn Vweo. 


Then for every u* € X*, we have 


Pres ll 2 = sup (u", fn(w)) , 


n>1 


so the map w+—+ @,,,,. (u*) in U-measurable (see Corollary 1.3.69). 


‘es Let By = {u* © X*: |lu*||x« <1}. Since X is separable, the set 5 
furnished with the relative w*-topology is compact (by the Alaoglu theorem; see 
Theorem 1.5.66) and metrizable “ Theorem 1.5.85). Note that 


By 
= Unb, 
n2>1 


hence X;. (the space X* furnished with the w*-topology) is separable. Then X* 
is separable in all topologies + such that (X*)* = X. In particular then this is the 
case for T = m(X*, X) (the Mackey topology on X* for the pair (X*, X), i.e., the 
strongest, locally convex topology 7 on X* for which we have (X*)* = X). Since 
F is Pykc(X)-valued, the function u* + o,,,,..(u*) is m-continuous (see Proposi- 
tion 2.51(d)). From Proposition 2.51(c), we know that for all u € X, we have 


dist(u, F(w)) = sup { (u*,u) =F ay, *): |lu*|lx* < Lh 
So, if {untnsi S zB is an m-dense sequence, then 


dist(u, F(w)) = es ( (uu) = Fw) (u;,)), 


NZ 
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thus the map w +—> dist(u, F(w)) is H-measurable and hence F' is measurable (see 
Theorem 2.63(a)). 


Solution of Problem 2.104 
Let A € R. Then, m(w) < if and only if there exists u € F'(w) such that y(w,wu) < A. 
Therefore, we have 


{w EQ: mw) <A} = proj, ({(w,u): yv(w,u) <A}NGrF). 


The joint measurability of y, the graph measurability of Ff’ and the Yankov—von 
Neumann—Aumann projection theorem (see Theorem 1.4.65) imply that 


proj, ({(w,u): pw,u) <A}NGrF) e L=5 
(since © is complete), so 
{wEQ: mWw)<A} eu VAER 


and thus the map m: (2 —> R* is U-measurable (cf. Proposition 1.3.63). 


Solution of Problem 2.105 


(a) From Theorem 2.66, we know that there exists a sequence { fn: Q —> X},, 5, of 
&i-measurable selectors of F’ such that 


Fw) = {fn(w) Fast Vweo. 


Also, let 
A = {{rebess : Tr €Q, rz, > O and all but a finite number 
equal zero and x Th= 1}. 
k>1 
Let 


i {h:Q— Xx: h(w) = So rnfn(w) for allw € 
n2>1 


with {Tr}nsi € a}. 


Note that the set A is countable, hence so is I and each h € [ is a -measurable 
selector of w+ conv Fw). Moreover, for every w € 2, we have 


Iw) = tonvF(w), 
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so the multifunction w +— I'(w) is measurable (see Theorem 2.66) and thus the 
multifunction w +—+ tonv F'(w) is measurable. 
Since for every nonempty open set U C_X, we have 


conv F(w)NU # @ ifand only if convF(w)NU F 9Q, 
so it follows that the multifunction w+—> conv F'(w) is measurable too. 


(b) This is proved as the measurability of w > conv Fw) in part (a), using this 
time the Yankov-von Neumann—Aumann selection theorem (see Theorem 2.68). 


Solution of Problem 2.106 
Let {tn}n 51 be a sequence which is dense in the open unit ball of X. Let 


hn(w) = u(w) + o(w)ty, YweEQ, n2=1 
Then for each n > 1, the map w+—> h,(w) is -measurable and 
Bow) (uw)) = (hn) ns Vue Q, 


w)(u(w)) is measurable (see Theorem 2.66) and thus 


so the multifunction w +—+ By.) 
the multifunction w+— B,,,)(u(w)) is measurable. 


Solution of Problem 2.107 
For every n > 1, let 


F,(w) = {ue X: |p(w,u)| < 4}. 


Problem 2.95 implies that for each n > 1, the eee x wt—> F,,(w) is measur- 


able, hence so is the multifunction w ++ Fr(w) = {we X: |y(w,u)| < ae Note 
that 

() Fr) 

n>1 


so, invoking Problem 2.97, we conclude that F’ is measurable. 


Solution of Problem 2.108 
Let T(w) = {ue F(w): h(w,u) € G(w)}. By hypothesis [(w) 4 @ for all w € 2. 
Also, let ho: Q x X —> 0] x T be defined by 


ho(w,u) = (w,h(w,u)) V (w,u) Ex X. 
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Clearly ho is (& x B(X),& x T)-measurable (see Definition [.3.53). We have 
Grl = GrFnhp'(GrG). 


Since ho is measurable and F’, G are both graph measurable (see Definition 2.61(b)), 
we have 


Grt € © x B(X). 


So, we can apply the Yankov-von Neumann—Aumann selection theorem (see Theo- 
rem 2.68) and find a %-measurable function f: 2 —+ X such that 


f(w) € Tw) YVwed, 


f(w) € F(w) and h(w, f(w)) € Gi) Vwen. 


Solution of Problem 2.109 
Let U C X be an open set. Then 


GU) = {fweQ: U(Rw)nv) 49} = URW) € &, 


n2>1 n>1 


so the multifunction w+—+ G(w) is measurable. 
The multifunction H has closed values and 


GrH = ()GrF, € x B(x), 
n2>1 


so the multifunction H is measurable (see Theorem 2.67). 


Solution of Problem 2.110 
“5”: Obvious. 


“<—”": From the Yankov-von Neumann—Aumann selection theorem (see Theo- 
rem 2.68 and Remark 2.69), we can find a sequence {fn: 2 —+ X},5, of Up 
measurable selectors of F’ such that 


Flw) © Taps, Vw. 


Then 


m(o) = inf |lullx = inf [Lfaw)llx Yue 2, 
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so the map m is ,-measurable and hence m € S% (asm < ¥). Let ¢ € L?(Q)4 with 
é(w) > 0 for all w € 2 and consider the multifunction 


A.(w) = {ue Fw): |lullx < mw) +e)}. 


Then Gr H, € Sy, x B(X). 

So, we can find a }-measurable map f: 2 —> X such that f(w) € H-(w) for 
pi-almost all w € Q (see the Yankov-von Neumann—Aumann selection theorem; Theo- 
rem 2.68). Since 


lf(w)\lx < m(w)+e(w) for paa we Q, 


we conclude that f € S%, (recall that m+e € S%.) and so SZ #0. 


Solution of Problem 2.111 
From Remark 2.89 we know that 


Ai(w) = lim inf Fi, (w) = {ueXx: dim dist(u, Fn(w)) =O}, 
(2.51) 
H,(w) = limsupF,(w) = {we X: liminfdist(u, F,(w)) = 0}. 
n—>+00 n> +00 
(2.52) 


Both multifunctions are closed valued (see Remark 2.89). For every n > 1, the 
function 
gn(w,u) = dist(u, Fn(w)) V (w,u) € Xx X 


is a Carathéodory function, hence jointly measurable (i.e., © x B(X)-measurable). 
Therefore 


hi(w,u) = liminfy,(w,u) and hy(w,u) = limsup yp(w, u) 
n—++00 n—+00 


are both © x B(X)-measurable. From (2.51)-(2.51), we have 


Gr; = {(w,u)EeQx xX: hjy(w,u) = hy(w,u) =0} € Ux BCX), 
Gro, = {(w,u)Ee€QxX: hi(w,u) =0} € Ux BX), 


so H; and H, are both measurable multifunctions (see Theorem 2.67). 
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Solution of Problem 2.112 

By the Yankov-von Neumann—Aumann selection theorem (see Theorem 2.68 and 
Remark 2.69), we can find a sequence {9m} 51 Of &-measurable selectors of F’ such 
that 


F(w) © {9m()}ms1 for p-aa.we Q. 


Since the measure space is o-finite, we can find a sequence {Qn }nd1 C ¥ of pairwise 
disjoint sets such that u(Q,) < +oo for alln > 1 and Q= U Oy. Let h © Sand 


n2>1 
define 
Crmn = {WEQ: kK-1< gm(w) < k} NO) 
and 


Then, we have 


Solution of Problem 2.113 
Let 6 € L1(Q) be such that 6(w) > 0 for all w € and 


[oan < 2 
fe) 


Let {Cr}nsi G & be a sequence of pairwise disjoint sets such that Q = NU ( U Cn) 
no1 
with N being p-null and 


I|f(w) — Frwy < 6) VweCy. 


As 


> / I Fie() [2 dy 


kG, 
< 2 1S f lite) - F(w)|I% du + 2? 1S flit) IP. du 
k>1G, E16, 


< wtf 5(o)qu et fF w)l dy, 
{) Q 
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we see that series )> f || fi(w)||K du is convergent. Let N € N be such that 
k>1Cy 


3 / Wfelw)I du < 8% 
kK>N+16, 


and 


a leer au = 


k>N+1G, 
We define the finite %-partition of Q by setting 


Ay = GiU( LU Ce) and Am = Cn VICM<N. 
k>N+41 


We have 


N 
IF— Doxa filly < fous > 2" Ue ZI + lbxo, felB) < 
k=1 Q 


k>N+1 


Solution of Problem 2.114 
According to Theorem 2.66, we can find two sequences {fn:0—> X}, 5, and 
{9Im: Q —+ X},,5, of U-measurable selectors of F and G respectively such that 


Fw) = {fr)}ns1 and GWw) = {gmW)}ms1 VweQ. 
We have 


H(w) = {fn©) + 9m) bnmo1 


so the multifunction H is measurable and P;(X)-valued (see Theorem 2.66). 
Note that since H is closed valued, then S?, is closed. So, we have 


SR+S2 C St. (2.53) 


We need to show that the opposite inclusion also holds. To this end, let h € S?, and 
é > 0. According to Problem 2.113, we can find a finite -partition {Aj,...,A;)} of 
Q and positive integers n1,...,nj and mj,,...,m, such that 


I 
Ih So x4, me tInwlly < & 
k=] 


sohe Sh + oe Thus, we have 
Se © Sh4+ 86. (2.54) 


From (2.53) and (2.54) we conclude that S%, = S% + S72. 
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Solution of Problem 2.115 
Clearly a. 


Onv 


p is closed, convex and so we have 


Sony Ge) ar (2.55) 


Suppose that the inclusion in (2.55) is strict. So, we can find h € S2__,, \ conv Sf. 
The strong separation theorem for convex sets (see Theorem 1.5.29) implies that we 
can find h* € L?(Q;X)* = L” (OQ; X%*.) (with - + 7 = 1; see Theorem 1.47) such 
that 


gp (R") < (heh) (2.56) 


conv 


(see Definition 2.46), where by (-,-) we denote the duality brackets for the pair 
(LP (0; Xx.) , LP(Q; X)), ie, 


(Hen) =f (h*(w), bw) x dy 
Q 


where by (-,-) we denote the duality brackets for the pair (X*, X). We have 


conv SP, a fes?, 

= sup fr (e),fe)y du =f sup (h),u) de 
fese u€F(w) 

= Jems (w))du = J nous h(a 


(see Theorem 2.74 and (2.56)), which contradicts the fact that h € S?__,,. This 
proves that in (2.55) we have equality. 
Solution of Problem 2.116 
Since SF C LP(Q; X) is closed, we have 
Sh C SE. (2.57) 


Let f € St and for every n > 1 we define 


Va(w) = {ue Fw): lu Flw)llx <2}. 
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By modifying V,(w) on a p-null set, we may assume that V,(w) 4 @ for all w € 2. 
Note that, if p(w, u) = |ju—f(w)||x, then vy is a Carathéodory function, hence jointly 
measurable and we have 


GrV, = {W,u)EQxX: vlw,u) <A}nGrF, 


so GrV, € =x B(X). Invoking the Yankov-von Neumann—Aumann selection theorem 
(see Theorem 2.68 and Remark 2.69), we can find a sequence { fn: Q — X}, 5, of 
y-measurable functions such that 


fr(w) € Vn(w) for p-aa.w EQ, all n> 1, 


so 
lfn(w) — fx < 4+ for waa we, alln>1 


n 


and fn € Sh for all n > 1, thus 
fn(w) — f(w) for p-aa.w EQ. (2.58) 


We have 
lfn()|Lx < ||f@)||x +1 for waa. we, alln > 1, (2.59) 


with f € L?(Q;X). Because of (2.58) and (2.59) and the Lebesgue dominated con- 
vergence theorem, we have 


fa — f mD(Q;X), 


so f € SP. hence we have equality in (2.57). 
F 


Solution of Problem 2.117 
By working on each component of 2 of finite y-measure, we see that we may assume 
that p is finite. Let f,g € D and define m: % —> Y by setting 


mA) =T(x,(f-9) VAEX. 


We show that m is a vector measure (see Definition 1.43). To this end, let 


{An},s1 G U be a sequence of pairwise disjoint sets and let A = LJ An. We 
a ne1 
set Cl, = Us>n4i Ax € &. From the linearity of T, for every n > 1, we have 


mA) = T(xa(f-9)) = TODD xa, (f -9) + xe, (Ff -9)) 
k=]. 


n 


= SOT (x4, (fF -— 9) +T Xe, (Ff - 9); 


k=1 
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Ilm(A) -—S° TO, (F - Dl = |lm(4) — $5 m(An)|ly 
k=1 k=1 
= Tx, (f -a))lly- (2.60) 


But C, \, @ and so 
Xe, (f -—g) —> 0 im 1(Q;X). 


Then the continuity of T implies that 
IT(Xo,(F - ly — 9, 


so m is a vector measure (see (2.60) and Definition 2.70). 

If (A) = 0, then y,(f — g) = 0 and so m(A) = 0. This implies that m < pu. 
Moreover, the nonatomicity of 4 implies that m is nonatomic (see Definition 1.3.40). 
Note that 


Im(Ally = ITOaF—Mlly < [Tlelalf—gDllera.xy- (2.61) 
If 
w(A) = / fw) -gw)Rau  VAES, 
A 


then J is a measure on (Q, X) of bounded variation and from (2.61) we have 
i 
Im|(Q) < [!Tcv(Q)” 


(see Definition 1.43), so m is a vector measure of bounded variation. 

Therefore, so far we have that m: % —> Y is a nonatomic vector measure of 
bounded variation. Because Y has the RNP, we can apply the Lyapunov convexity 
theorem (see Theorem 2.165) and infer that m(X) C Y is convex and compact. Then 
the set 


U To.(f-9) +70) = U Tolf-9))+T@) 


Aex Aex 
is convex. Using the linearity of 7’, we have 
T(xa(f—9))+T(9) = TXaf + Xs09): 


The decomposability of D (see Definition 2.70) implies that x, f + x,-g € D for all 
Aé®, so 


U Toaf+XxXa9) © TW). 
Aex 


It follows that for all A € [0,1], we have 


TAf+(—A)g) € TD), 
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Solution of Problem 2.118 
By working on each component of 2 of finite z-measure, we see that we may assume 
that p is finite. Let h € conv D. Then 


h = SoAnfe, with Ax € [0,1], SoA, =1, fe € D for k € {,...,n}. 
k=1 k=1 
Recall that L?(Q;X)* = L” (OQ; X*.) (with ree 7 = 1; see Theorem 1.47) and 
let (-,-) denote the duality brackets for this dual pair. Let U,,(h) be a basic weak 
neighborhood of h defined by 


Uw(h) = {g € L9(Q;X): | (ug,g—h)| <e for all k € {1,...,m}}, 


with m > 1, uz € L”’ (Q; X*.) for all k € {1,...,m} and e > 0. We consider the 
continuous linear map T': L?(Q; X) —> R™ defined by 


T(h) = ((uk,h) ,--.,(ut,,h)). 


m) 
From Problem 2.117 we have that T(D) is convex (no closure is needed since in finite 
dimensional Banach spaces the Lyapunov theorem is exact; see Theorem 2.165). 
Therefore, we can find f € D such that T(f) = T(h) and so DN Uw(h) 49. Hence 
h € D” = D (since by definition D is w-closed). Then we conclude that D = conv D. 


Solution of Problem 2.119 

Note that the set spe remains decomposable (see Definition 2.70). Also, it is w- 
closed. Hence according to Problem 2.118 it is convex. Also, from Problem 2.115, we 
Therefore 


=w 
convo, © SE: (2.62) 


But by the Mazur theorem (see Theorem I.5.58), a convex set is closed if and only if 
it is w-closed. So, from (2.62) it follows that see = conv S?., thus 


= gP 


conv F’° 


—_ ap _ ap 
have conv Sp = Si5 p- 


WwW 


Sh 


Solution of Problem 2.120 
We argue indirectly. So, suppose that H(w) = F(w) \ G(w) is not empty on a set of 
positive u-measure. Then 


A = domH = {weEQ: H(w) FO} © Ly. 
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Since H: A —+ 2% \ {Q} is graph measurable (see Definition 2.61(b)), form the 
Yankov—-von Neumann—Aumann selection theorem (see Theorem 2.68), we can find a 
“i4-measurable map h: A —> X such that 


h(Ww) € H(w) for p-aa.weA 


(here 4 = UA). Since p is o-finite, we can find a sequence {Qn },51; C © with 


[W(Qn) < +oo for all n > 1 such that Q= LU Q,y. Also for every m > 1, let 
n2>1 


Am = {we A: m—1< hw) <m} € (Y,)a. 


We set Cmn = AmNQn. Then A= (J Cin. Since p(A) > 0, we can find m,n > 1 


nyme1 
such that u(Cmn) > 0. Let f € S% and let 0 = Vel Need = S®. (by decom- 
posability; see Definition 2.70) but 0 ¢ Se, a contradiction to the hypothesis that 
Ss. =S-. 


Solution of Problem 2.121 


(a) From Problem 2.116 we have S% = a — St. Invoking Problem 2.120, we infer 
that 
F(w) = F(w) for waa. w €Q, 
hence F(w) € P(X) for y-almost all w € . 
(b) From the Mazur theorem (see Theorem I.5.58) and Problem 2.119, we have 


$= 3 = 5 


conv F’ 


so 
F(w) = convF(w) for paa we 


(see Problem 2.120) and thus F(w) € Py-(X) for p-almost all w € Q. 


Solution of Problem 2.122 
Let T € L(L1(Q; X); X) be defined by 


T(h) = [re du Whe L(Q;X). 
Q 
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From Definition 2.85 we know that 


T(Sh) = [Peau 


Problem 2.117 implies that T(S}) is convex (note that in present case we do not need 
X to have the RNP, since the vector measure is from the definition of T in integral 
form). Therefore, we conclude that the set cl f F du C X is convex. 

Q 


Solution of Problem 2.123 
Recall that [ F(w) du = T(S), where T € £L(L1(Q; X); X) is defined by 
Q 


T(h) = [| h(w)du VhEe Sp 
! 


(see Definition 2.85). From Theorem 2.76, we have that 9} C L1(Q;X) is w-compact 
and convex. Hence 


T(Sh) =f Flw)du € Pote(X). 
Q 


Solution of Problem 2.124 
Let (-,-) denote the duality brackets for the pair 


(L* (0; Xh-) = L*(0; X)*, L*(Q; X)) 


(see Theorem 1.52). Also, by (-,-) we denote the duality brackets for the dual pair 
(X*,X). According to Definition 2.46, we have 


a (hk) = sup (ht, f) = sup f (hw), w))x du 


fest fesh 


II 
nM 
ra 

ue] 
> 
= 
= 
Se 

| 

Q 
a 
£ 

= 
= 
& 

Q 

= 


(see Theorem 2.74) 
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Solution of Problem 2.125 
We fix ¢ > 0 and let {tn}, GC X be a sequence which is dense in X. Let 


Qn(v) = dist(t,, F(v)) VueV,n21 


By the Lusin theorem (see Theorem 2.166), we can find compact sets K, C V with 
UV \ Kn) < 5m for all n > 1, such that y,|,, is continuous. Let Kz. = [) Kn. 

n2>1 
Evidently K- C V is compact and p(V \ Ke) < ¢. Also, for every n > 1, Ynlx, 
is continuous. Let {(Um;Um)}ms1 G Gr (Ke x X) be a sequence such that 
(Um,Um) —> (v,u). We fix 6 > 0 and choose n > 1 such that d,(Un,u) < 6. Then 
we can find mp = mo(n) > 1 such that 


Palin) = dst tn, Fey) = dz Gastin) < 0 Ym >mo. 


The continuity of Yn|,, implies that dist(u,, F(v)) < 6 and so dist(u, F(v)) < 26. 
Since 6 > 0 is arbitrary, we let 6 \, 0 and obtain dist(u, F'(v)) = 0, thus (v, uw) € Gr F 
(recall that F has closed values) and this proves that F|,. is closed (see Defini- 
tion 2.40). 


Solution of Problem 2.126 
Theorem 2.66 implies that there exists a sequence { fn: V —> X},,5, of Borel mea- 
surable functions such that 


Fv) = Thr@Ins1 Yue. (2.63) 


By the Lusin theorem (see Theorem 2.166), for every ¢ > 0, we can find a compact 
set Ke C V with w(V \ Ke) < € such that fn|,, is continuous for every n > 1 (see 
the solution of Problem 2.125). Then because of (2.63) for every closed set C C X, 
we have that the set 

FC) = flee 


n2>1 


is closed. Therefore F'|,,. is lower semicontinuous (see Proposition 2.38). 


Solution of Problem 2.127 
By Theorem 2.66 there exists a sequence {fn}, 5, of & x T-measurable selectors of 


F such that 
Fig) = {fn(w,t) basa VY (w,t) €Qx T. (2.64) 


For every n > 1, let 


= {weO: d,(uo(w), fr(w,to)) <e}. (2.65) 
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From (2.64) we have Q= LU Qn. Let 


n>1 
n-1 
D, = 2 and D, = On \ LJ De Vn>2. 
k=1 


We have {Dn} yy, CG &. We set 


= Sx) Vin lar; b): 


n2>1 


Then f is a & x J-measurable selector of F' and 


(see (2.65)). 


Solution of Problem 2.128 
By definition, we have 


F’(D) 


{wEQ: FwynDFo} 
= proj,(GrFN(Qx D)) € = 


(by the Yankov-von Neumann—Aumann projection theorem; see Theorem I.4.65). 


Solution of Problem 2.129 
Note that w +> F(w) and w +> F°(w) = X \ F(w) are both graph measur- 
able (see Definition 2.61(b)). Then from Problem 2.128 we see that they are 
measurable and then so are w +> F(w) and w +> F*(w). Therefore the map 
wt OF (w) = F(w) NM F°(w) is graph measurable and then since OF is closed val- 
ued, from Theorem 2.67(d), we conclude that w ++ OF (w) is measurable. 

Next note that int F(w) = F(w) \ OF (w), hence 


Gr (int F) = GrFN(GrdF) € Dx B(X) 


and thus w +—> int F'(w) is graph measurable. 
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Solution of Problem 2.130 

We may assume that A = 9. Also, let f € S}. Then by replacing F(w) by 
F'(w) — f(w), which is still graph measurable and open valued, we may assume that 
0€ F(w) for allw EQ. Let €r(w) = dist(0, F(w)°). Since F' is graph measurable 
(see Definition 2.61(b)), so is w —+ F(w)° which is closed valued, hence €p is ¥,,- 
measurable (see Theorem 2.67(a)). Note that p(w) > 0 for all w EQ. So, we can 
find e > 0 and A € © with (A) > 0 such that €r(w) > « for all w € A. This means 
that, if B-={weE X: |lullx <e} then 


A)Be © [rau Cc [Pau 
A Q 


(since 0 € F(w) for all w € 9), so the set f F dy C X is open. 
A 


Solution of Problem 2.131 

Without any loss of generality, we may assume that int F(w) 4 0 for all w EN. We 

fix A € X with (A) > 0 and we show that the set f int F dy is dense in [ F du. To 
A A 


this end let f € Sf and ¢ > 0. We introduce the multifunction H: 2 —> 2* \ {0} 
defined by 
H(w) = fu € int F(w) : || f(w) —ullx < xin} 
If p(w, u) = || f(w)—ul|x, then y is a Carathéodory function, hence jointly measurable 
and so 

Grd = Grint kp {(w,u) EQNxKX: v(w,u) < an} € b,x B(X) 
(see Problem 2.129 and recall that %,, stands for the j-completion of /). Invoking 
the Yankov-von Neumann—Aumann selection theorem (see Theorem 2.68) we can 
find a %-measurable map h: Q — X such that 

h(Ww) € H(w) for p-aa.w €. 

We have 

hw) € intF(w) and ||/f(w)—hWw)|lx < (Ay for praa.w é€Q, 


soh € Si,» (recall that f € S}) and 


| fv h()) dilly < 


so f int F'dy is dense in [rap 
A A 


From Problem 2.130, we know that f int Fd is open and convex in X. So 
A 


fim rau = int f int Pu = int [Fd 2 int [Pu (2.66) 
A A 
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On the other hand, the openness of { int F dy implies 
A 


imran C int [ru (2.67) 
A A 


From (2.66) and (2.67) we conclude that int [ Fdu = f int F dy for all A € &. 
A A 


Solution of Problem 2.132 
Let |D| = {||f()|lx : f € D} C L'(Q) and let h = esssup|D|. We know that we can 
find a sequence {fn}n>1 C D such that 


h(w) = sup ||fnr(w)|lx for p-aa.w EQ 
n>1 


(see Proposition 2.168). The decomposability of D (see Definition 2.70) implies that 
we can have {||fn(-)||x},51 to be increasing. Also, the boundedness of D and the 
Lebesgue monotone convergence theorem, imply that h € L'(Q),. Since 


|f(w)Ilx < h(w) for p-aa.w EO and all f € D, 


we conclude that D is uniformly integrable (see Definition 1.18). 


Solution of Problem 2.133 
From Theorem 2.76 we know that o. © Puke (LQ; RN )). Therefore 


V(t) = [Fou © (RY) vteT 
0 


(see Definition 2.85). For t,7 € [0,6] with 7 < t, we have 
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(see the Hérmander formula (Proposition 2.51(b)) and recall that F’ is integrably 
bounded; see Definition 2.75) with h € L1(T), so V is h-continuous, hence continuous 
too (since is Pyc(R )-valued; see Proposition 2.56(c)). 

The Michael selection theorem (see Theorem 2.58) implies that CSy 4 @. Let 
{tn}nsi © CSy be a sequence. Then we can find a sequence {fn},s1 C Sp such 
that 


t 
pie | tolo)as VieT nSi. 
0 


From Theorem 2.76 we know that by passing to a suitable subsequence, we may 
assume that 
fc => Ff Wie ER"), (2.68) 
with f € cee Since F' is integrably bounded, we have 
|F(t)| < h(t) for aa. te T, 


with h € Li(T). So, Se is uniformly integrable (see Definition 1.18). Moreover, 
using the Lusin theorem on h (see Theorem 2.166), we see that condition (b) of 
Definition 2.80 is satisfied. So, Sh has property U (see Definition 2.80) and then 
by Proposition 2.82, the weak topology and the ||-||-topology (see Definition 2.78) 
coincide. Let 


wey = [tow VteT. 
0 


Then v € CSy and we have 


teT 


em — vlloo = max len(t) — v(t)] = max| f Ufa(s) — £16) | 
0 


< ¢clf—flle Vn21, 


for some c > O (see Definition 2.78 and Remark 2.79). Because of (2.68) we 
have ||fn — fllw —> 0 and so ||v, — v||o. —> 0, which proves the compactness of 
CSy C C(T;RY). 


Remark. An alternative solution can be based on the Arzela—Ascoli theorem (see 
Theorem [.2.181). 


Solution of Problem 2.134 
If s-lim inf A, = 0, then dist(u, s-lim inf A,,) = +00 and the desired inequality holds. 


So, we assume that s—liminf A, 4 9. Let v € s—liminf A,. Then we can find 
n—-+00 n—-+00 


a sequence {Un}n>1 with un € An for all n > 1 such that vn —> v in X (see 
Definition 2.88). We have 


dist(u, An) < |lu—vnllx, 
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so 
lim sup dist(u, An)) < ||u—v|lx. (2.69) 


N—- +00 


Since v € s—liminf A, is arbitrary, from (2.69) we conclude that 
n—-+00 


lim sup dist(u, An) < dist(u, s-liminf A,). 
n—+00 n+ +00 


Solution of Problem 2.135 
Let u € X and let r = lim inf dist(u, A,). If r = +00, then the desired inequality 
N>+00 


holds. So, let us assume that r < +00. Let {Un},51 be a sequence such that vp, € An 
for alln > 1 and 


l|u — mllx < dist(u, An) + 2 Va oi. (2.70) 


We have {Un}nsi © COB (r+ijul|x+1) € Pwk(X). So, by virtue of the Eberlein-Smulian 
theorem (see Theorem I.5.78), passing to a subsequence if necessary, we have 


Un —> v in X and v € w-limsup Ap. (2.71) 
nN>+00 


Exploiting the weak lower semicontinuity of the norm functional (see Proposition 
1.5.56(c)), we have 


Ju — v|lx < liminf||u—vpllx < liminf dist(u, A) 
n—- +00 n—+>+oo 


(see (2.70)), so 


dist(u, w-limsup A,) < liminf dist(u, An) 
n—+00 n—+00 


(see (2.71)). 


Solution of Problem 2.136 
Because X is reflexive and A € Pr,(X), we can find v € A such that 


dist(u, A) = ||u—vllx. (2.72) 


Since by hypothesis A, els A, we can find v, € A, for all n > 1 such that v, — v 
in X (see Definitions 2.90 and 2.88). We have 


dist(un,An) < |lun — vnllx YVn>1, 
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so 
lim sup dist(un, An) < |lju—v||x = dist(u, A) (2.73) 


n—-+00 


(see (2.72)). On the other hand, from triangle inequality, we have 
dist(tn,An) < ||u— unl|x + dist(u, Ap) Vn? 1. (2.74) 


The hypothesis that A, cl A, the reflexivity of X and Problems 2.134 and 2.135 
imply that 
dist(u, An) —> dist(u, A). 


So, if in (2.74) we pass to the limit as n — +00, then 


dist(u, A) < liminf dist(un, An). (2.75) 


— +00 


From (2.73) and (2.75), we conclude that dist(u,, A,) —> dist(u, A). 


Solution of Problem 2.137 


From Remark 2.89, we know that the multifunction w+ H(w) = limsup F,,(w) is 
nN—++00 


P;(X)-valued. So, according to Problem 2.100, it suffices to show that for all K € 
P,(X), we have H~ (Kk) € &. Note that 


H(K) = VU) 


melk>i1nek 


(see Remark 2.87), where Ki = {ue X : dist(u, K) < +}. But for each n,m > 1, 
we have F, (Ki) € & (since F, is measurable; see Definition 2.61(a)). Hence 
H~ (kK) € X and so H is measurable. 


Solution of Problem 2.138 

Let u € A. Then from the hypothesis we have dist(u, A;,) —> 0 and this by virtue of 

Definition 2.88 implies that u € s—liminf A,. So, we conclude that A C s—liminf Ay. 
n—-+00 N—-+00 
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Solution of Problem 2.139 
Since A, C C € Pyx(X) for all n > 1, using the Eberlein—Smulian theorem (see 
Theorem I.5.78) and Definition 2.88 we conclude that w-lim sup A, 4 0. 


n—-+00 


Let h € w-limsup A,. Then we can find a subsequence {Ap, }k>1 of {An}as1 


Nn—-+00 


and hn, € An, for all k > 1 such that hy, —» h in X. For every u* € X*, we have 
("Ring ) S o4,,, (u") Vk>1 
(see Definition 2.46), so 


(u*,h) < limsup Tan, (u*) < limsupo, (u*), 


k—+00 n—+00 
thus 
Tinea (te ) <- inoue, (a): (2.76) 
n—>+oo n—-+oo 
On the other hand, given u* € X*, we can find hy, € A, such that 
a, (u*)—4+ < (u*,hn) Yul (2:77) 


(see Definition 2.46). We have {hn}ns1 G C € Pwr(X). The Eberlein-Smulian 
theorem implies that we can find a subsequence {hn, }n>1 of {hn}nsi such that 


hn, —> h in X., 


It follows that h € w-limsup A,. Then from (2.77) we have 


N— +00 
limsupo,,(U*) < Oy simsup ay (U*): (2.78) 
N—- +00 n—++o00o 
From (2.76) and (2.78), we conclude that 


*\) _ 4: * * * 
a em (u ) = limsupo, (u*) Vure xX*. 
n—++00 n—+00 


Solution of Problem 2.140 


Let h € w-limsup A,. Then we can find a subsequence {An, x51 of {An},,5, and 
n—++00 a 


hn, € An, for all k > 1 such that hp, “+h in X. For every u* € X* we have 
(u",hn,) —> (u",h), 


sO 


(a Ay o< Seu ea) a tu") 
n CO 


(see Definition 2.46), thus h € conv A and hence w-limsup A, C conv A. 


n—- +00 
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Solution of Problem 2.141 
From the Mazur theorem (see Theorem 1.5.58), we know that 


h(w) € conv U hn (w) Vk>1. 
nok 


So, for every k > 1, u* € X* andw €\ N with u(N) = 0, we have 


(ut, WC) Soy pggay (tt) = sup (une) 
sO 
(u*,h(w)) < limsup (u*,hn(w)) = 


* 
“tim eup {tn (12)} (UH) 
eae is oe n(Q)} 


(see Problem 2.139), thus 


h(w) € conv w-limsup {h,(w)} for waa.w EQ. 


n—- +00 


Solution of Problem 2.142 

Note that hypotheses (i) and (ii) do not imply the joint measurability of F' (see Hu- 
Papageorgiou [8, p. 227]). So, the conclusion cannot be deduced from the Yankov— 
von Neumann—Aumann selection theorem (see Theorem 2.68). Let v € L'(Q;X). 
We can find a sequence of simple functions {Sn},51 © L+(Q; X) such that 


|v(w) — 8n(w)||x —> 0 for p-aa.w EO 


(see Definition 1.35(b)). Then because of hypothesis (i) for every n > 1, the multi- 
function w+—+ F'(w, s,(w)) is graph measurable (see Definition 2.61(b)). So, we can 
apply the Yankov-von Neumann—Aumann selection theorem (see Theorem 2.68) and 
obtain hy, € Shen)! But from hypothesis (iii) (see Definitions 2.61(c) and 2.75) 
()) © S4 and the latter is w-compact in L1(Q;Y) (see Theo- 
rem 2.76). So, by passing to a suitable subsequence if necessary, we may assume that 
hyn —» hin L1(0;Y). From Problem 2.140, we have 


we know that Six 


,5n 


h(w) € conv w-limsup {h,(w)} 


n—>+oo 


C tonv w-lim sup F'(w, sp,(w)) 
n—+>+co 


C conv F(w,v(w)) = F(w,v(w)) for waa.w EO 


(see hypothesis (ii)), so h € Si ()) and thus Siw) #M. 


“,U 


360 Chapter 2. Nonlinear and Multivalued Maps 


Solution of Problem 2.143 

Let m denote the Mackey topology m(X*, X) on X* (i.e., the strongest, locally convex 
topology t on X* for which we have (X*)* = X). The space X¥, (i.e., the space X* 
furnished with the Mackey topology) is separable. Let {u7,},,5, C X* be an m-dense 
sequence. For every u,v € X, we set 


dx (u,v) = Pe. 
n2>1 
This is a metric on X and it can be easily verified that the d,.-topology is weaker than 
the weak topology and the two coincide on w-compact subsets of X (see Theorem 
1.2.84). 

Let H(w) = eC) ee € Pyp(X). Then H(w) = Pin(w)* for p-almost all w € 2 
and since Xq is separable, from Theorem 2.67 we infer that H is measurable into 
Xq. Then GrH € ©} x B(Xg) = © x B(Xy) = ¥ x B(X) and so we can apply 
Theorem 2.76 and have that Sh C L1(Q; X) is w-compact. Therefore the sequence 
{hn}asi © I+(Q; X) is relatively w-compact. 


Solution of Problem 2.144 

We do the solution when condition (i) holds. The solution is similar if condition (ii) 
holds. Let F(w) = [h(w),+00). Then F is a measurable multifunction from Q into 
Py-(R). We have 


distpy (hn(w), F(w)) = (h—hn)tT(w) — 0 for waa we 
(due to condition (i)). Also we have 
h(w) € ext F(w) for waa.weEQ. 
Therefore we can apply Proposition 2.97 and conclude that hy —> h in L1(Q). 


Solution of Problem 2.145 
First we show that the set w—lim sup A, need not be closed in X. Let X be a Banach 


n—-+00 


space with a separable dual X* (therefore, X is separable too; see Theorem 1.5.82). 
Let B} ={ueEX: |lullx <1} and $;=0B, ={ueEX: |lul|x =1}. We know that 
O€ cs; and since the weak topology on By is metrizable, we can find a sequence 
{Un}nsi C S$; such that u, —> 0 in X. Let A, = {u1,...,Un} for all n > 1. Then 
w-limsup An = {Un}n>1U {0} 
N—-+00 


and this set is not strongly closed. 
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Next we show that w-limsup A, need not be w-closed. To this end let X =I 


n—-+00 
and let A, = S; for alln > 1. Then w-limsup A, is not w-closed. Indeed, recall 
n—++00 
that 0 € Se but by the Schur property (see Remark 1.5.57) there is no sequence in 


S, w-converging to 0 and this implies that w—lim sup A, is not w-closed. 
N— +00 


Solution of Problem 2.146 
First we treat the “decreasing” case. Let A = (| A,. From Remark 2.89 we have 


n2>1 
that A = s—liminf A,. If w—limsup A, = 9, then A = @ and we are done. So, 
N00 n—-+0o 
assume that w-limsup A, 4 @ and let wu € w-limsup Ay. We can find a subsequence 
N—-F00 n—>-+0o 


{An tk>1 Of {An}ns1 and un, € An, such that un, "+ uin X. Since {An}ns1 18 
decreasing, we have u € () An, = [) An, hence u € A and so w-limsup A, C A. 


k>1 n>1 n—>+oo 
We conclude that 
An => (| An 
n2>1 
(see Definition 2.90). For the “increasing” case, we have 
slim inf Ay = Y An (2.79) 


(see Remark 2.89). The set (J A, is closed, convex, hence it is w-closed, which 
n>1 
implies that 


w-limsup A, C U An, 


n—-+00 


no1 
sO 


(see (2.79)). 
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Solution of Problem 2.147 
Let h € L1(0;X) and v € L1(0;Y). Then 


dist z1(9,7)(¥; S#(.,4(9)) = inf lv — yilna@y) 
YES B(..h(-)) 
= inf [ive - ve d =f inf v(w) — z|ly d 
sesh yy | Weve de = fg lehi ay led — ala 
7 / diate Fiona au (2.80) 
Q 


(see hypothesis (i) and Theorem 2.74). According to Proposition 2.44 it suffices to 
show that for every v € L1(Q;Y), the function h +> dist p1(a;v)(v, Si. n(.))) is upper 


semicontinuous. So, for every v € L'(Q;Y) and \ > 0 we need to show that the set 
Uy = {h e TO) : dist p1(9,v)(v, Sin) = \} 
is closed (see Proposition 1.2.54). To this end, let {hn}n51 C Uy be a sequence such 


that hn —> h in L'(Q;X). By passing to a suitable subsequence, we may assume 
that 


An(w) —> h(w) for pwaa.w EQ. (2.81) 
Then we have 
A x lim sup dist y1(9;7) (0, Si(..p, ())) 
n—-+00 use 
= limsup f disty (0(0). Shia (w))) de 
n—++00 oe 
Q 
< / ineeapcintto) ei tateniaa 
n—-+00 
< [ Aisty (ow), Plo, hw))) dn 


Q 
= dist z1(a,¥)(¥; SF..n(9)) 


(by the Fatou lemma, hypotheses (iii) and (ii), Proposition 2.44, (2.81), and (2.80)), 
so h € U)y and thus the function h -> dist 1(9,7)(Y; S#.n(9)) is upper semicon- 
tinuous on L'(Q;X). This proves that the multifunction h —> Sin) is lower 
semicontinuous from L1(Q; X) into L1(Q;Y). 
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Solution of Problem 2.148 
Let Y = {E: X D D(E) —> 2%": Eis monotone and GrAC Gr£}. Evidently 
Y #0. We introduce a partial order X on JY as follows: 


Exim €% Gre C Gh, 


for all F,, Eo € Y. Let C be achain in Y. The map with graph equal to L) Gr Ff isan 
EEC 

upper bound for C. Invoking the Kuratowski-Zorn lemma (see Theorem 4.120), w 

can find a maximal element A € ). Clearly then_ A: X D D(A) — 2%* is aa 


monotone (see Definition 2.100) and Gr A C Gr A. 


Solution of Problem 2.149 
Let {(ta,Ua)bacy G GrA be a net and assume that 


Ua —>u in X and ut —> u* in X*. (2.82) 


The monotonicity of A implies that 


W 
(=) 
<x 
S 

— 
M 
?) 
a 
> 


(us, — v*, Ua — Vv) 
(see Definition 2.98(a)), so 
(uX—v",u—v) > 0 V (v,u") € GrA 


(see (2.82)) and thus (u, u*) € Gr A (from the maximality of A; see Definition 2.100). 
This proves that Gr A is closed in Xy « X*. 

Similarly, we show the closedness of Gr A in X x Xj... 

For the second part of the problem, the answer is No. To see this, let X = I? 
(a Hilbert oe let C = B, and let po be the metric projection (that is, for any 
ué X,pc(u) ={heEC: |lu—Allp = Ant, |e —h'||2}). We know that pc is single 

le 

valued and nonexpansive (i.e., ||[pc(w) — pe(v)||2 < |lu — v||2 for all u,v € X) (see 
Proposition 1.5.99). We have that the map u+— (1, — pc)(u) is continuous and 
monotone (see Definition 2.98(a)), since 


(Ix — pe(u) — Ux — pe))(v),u = v) 
lu = vllz2 = Ipc (u) — po(w)|lellu — vile 
lu vliz — |lu—vllz = 0. 


2 
2 


Invoking Corollary 2.111, we infer that u+—+ (1, —pc)(u) is maximal monotone (see 
Definition 2.100). Let {en}, 5, be the standard orthonormal basis of X = I? and 
consider the sequence {Un}nst defined by un = €; + €2n for all n > 1. Then 


{ (tin; (1 — ee = Cte. 8) 
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and we have 
(lias (1 = Za) un) “5 (e1, (1 = 5) e1) 


(recall that e, “> 0). Note that (e,, (1 — 


+e) 


Solution of Problem 2.150 
Let u,v € D(A). We have 


= bf llutt) — o(e)fe at = 4(Ilu(b) — v)[lr — llu(0) — v(0)|l7z) 
= 5llu)—vb)lliz > 0, 


so A is monotone (see Definition 2.98(a)). 
According to Theorem 2.116, in order to show the maximality of A, it suffices to 
show that R(A + 1 ea) = L?(T;H). So, we fix h € L?(T;H) and consider the 


abstract Cauchy problem 


{ u(t) + u(t) =A(t) for aa. t eT, 


(0) = un, (2.83) 


Let g(t) = eh(t) for t € T. Evidently g € L?(T; H). We define 


a) = w+ f ols) ds. 
0 


We have y € W!°(T; H) C C(T; H) and y(0) = yo. Setting u(t) = e*y(t) for t € T, 
we have u/(t) = —ety(t) + ety'(t) = —u(t) + h(t). Therefore ue W!?(T; A), 
u(0) = uo and it solves (2.83). This then proves the maximality of A. 


Solution of Problem 2.151 
Let {Un}n>1 G X be a sequence such that u, —> u in X. The map A is lo- 
cally bounded (see Definition 2.102 and Proposition 2.104). Therefore the sequence 
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{A(Un)}ns1 G X* is bounded and so it has a cluster point h* € X*. The monotonic- 
ity of A implies that 
(h* — A(v),u—v) > 0 Vuex. 
Let v = ty + (1 —t)u with t € [0,1] and y € X. The hemicontinuity of A implies 
(h*—A(y)u-y) 20 VyeXx. (2.84) 


From Corollary 2.111, we know that A is maximal monotone (see Definition 2.100). 
So, (2.84) implies that h* = A(u). This means that for the original sequence, we have 
A(Un) —> A(u) and so we conclude that A is continuous. 


Solution of Problem 2.152 
“+”: Assume that A is demicontinuous (see Definition 2.98(a)) and monotone. It 
is clear from Definition 2.110, that A is hemicontinuous too. 


“<==”: Assume that A is monotone and hemicontinuous. Let {un},5,; G X be 


i 
a sequence such that u, —> u in X. Let ty = ||un — ull and for h € X, let 
hn =ut+t,h. We have 
(A(un),h) = 7 (A(Un),; Mn — Un) + 7 (A(un), Un — U) . (2.85) 


Note that the sequence {A(Un)}y51 G X* is bounded (see Proposition 2.104) and so 
we have 
7 (A(uUn), un —u) = (A(un), “=4-) — 0. (2.86) 


tn 
||un —ull 


Also, the hemicontinuity of A implies that 
A(hn) “+ A(u) in X*, 


7 2 (Allin); fin — tn) — (A(u),h) (2.87) 


From the monotonicity of A, we have 
(A(un), An — Un) < (A(hn), An — Un) Vn21, 


so 
tim sup 2 (A(tin); in — tin) < (Au), h) (2.88) 
n—+oo “” 

(see (2.87)). Returning to (2.85), passing to the limit as n > +o0 and using (2.86) 

and (2.88), we obtain 


lim sup (A(un),h2) < (A(w), A) VhEX, 


n—>-+00 
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(A(tin), 2h) —> (A(u), A) VhEex 


(see Proposition 2.104 and Problem 2.149), thus 
A(tn) > A(u) in X* 


and hence A is demicontinuous (see Definition 2.110). 


Solution of Problem 2.153 
For every u € Wy? (Q), we have that Du € L?(Q;R%) and so from the growth 
condition on a, we have 


a(Du(-)) € L(Q;R). 


From Theorem 1.140 it follows that —diva(Du(-)) € W71”'(Q). We denote this 
operator by A: Wy? (Q) —> W-1”"(Q) and we have 


Ai = iealoal i= / (a(Du),Dh)py dz Vhew*(Q) 
Q 
(since h|,,, = 0; see Definition 1.129). If EC Wy?(Q) is bounded, then 
the set {Du: u€ E} C L?(Q;RY) is bounded 
and so from the growth condition on a it follows that 
the set {a(Du): u € E} C L”’(Q;R) is bounded. (2.89) 


So, we have 


A(u),h)] = | / (a(Du), Dh)pw | < / la(Du)| |Dh| dz 
Q Q 


x 


ci||Dhllparx)  Vh € Wo?(Q), 


for some c; > 0 (see (2.89)), so the set A(E) C W—!’(Q) is bounded. 
Let {Un}nsi © Wo?(Q) be a sequence such that u, —> u in Wy? (Q). Then for 


all h € Wy’? (Q) we have 


|(A(un) — A(u),h)| < [ada — a(Du)| |Dh| dz 
D 


IX 


ja Dun) — a( Dull age llDAllzeoxw*) 
= |la(Dun) — a(Du)|l-2’ a,rxyllPllw2(a) 
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(see Theorem 1.131), so 
A(t) — AlwIhyy-a9"(a) < lla(Dun) — a(Du)Il py eazy: 
But by virtue of the Krasnoselskii theorem (see Problem 1.42), we have 
]a(Dun) — a(Du)llz»anm) — 0, 
so A is continuous. Finally for all u,v € Wo P(Q), we have 
Aa asa) = / Oi) 0 Di) Da Diy He 0 


Q 


(since a is monotone; see Definition 2.98(a)). Therefore A is continuous and 
monotone, thus according to Corollary 2.111, also maximal monotone (see Defini- 
tion 2.100). 


Solution of Problem 2.154 
Let A: Wo?(Q) —> W-1'(Q) be the nonlinear map defined by 


UG ph =eanied. he / (a(Du),Dh)pn dz VheW2?(Q). 
Q 


From Problem 2.153 we know that A is maximal monotone (see Definition 2.100). 
From the Poincaré inequality (see Theorem 1.131), we know that we can have 


1, 
lull = |Dullz-ary) Vue Wo?(Q). 
From the assumption on a, we have 
(A(u),u) allult ay pl 
Tee 2 Tp = “lly » 


so A is strongly coercive (see Definition 2.98(f)). Invoking Theorem 2.119, we 
conclude that there exists u € W; >(Q) such that A(u) = g. 


Solution of Problem 2.155 
“——”: This follows immediately from the definition of maximal monotonicity (see Re- 
mark 2.101). 


“<—”: Suppose that Gr A is maximal among all linear monotone graphs and sup- 
pose that it is not maximal monotone. Then according to Definition 2.100 there 
exists (u,u*) € (X x X*) \ GrA such that 


(u* —h*,u—h) > 0 V (h,h*) € Gra. 
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Then the linear space span (Gr AU (u,u*)) is a linear monotone graph extending 
Gr A, a contradiction to our hypothesis. So, A is a maximal monotone map. 


Solution of Problem 2.156 
Arguing indirectly suppose that A ¢ L(X;X*). Then we can find a sequence 
{Un}ns1 © X and ¢ > 0 such that 


Un —> 0 inX and |A(up)||x« > € Vno2i1. (2.90) 
Let th = —_ for all n > 1 and set hy = tnUn for all n > 1. Clearly 
|Jun|l & 
1 
[|Pnllx = llunllx —> 0. 


Hence by the demicontinuity of A, we have that A(h,) —» 0. Thus there exists 
M > 0 such that 
| A(hn)\|x* < M Vn21. (2.91) 


On the other hand, we have 
|AGan)Ilx* = tnllA(un)I|xe 2 tre Vn21 


(see (2.90)), so 


|| A(rn)Ilx* —+ +00, 


which contradicts (2.91). 


Solution of Problem 2.157 
We argue indirectly. So, suppose that we can find u*,v* € A(u), u* #4 v*. Then there 
exists u € X such that « = (u* — v*,u) > 0. Let 


tm = tttu Vn2>1. 


Then t,, —> U in X and because A is by hypothesis lower semicontinuous at U into 
X*«, for some big no > 1, we have that 


Sn = A(fin) OV {h* © X*: |(u* —h*,u)|<s} AO Wn>n0 


(see Definition 2.36). Let h, € S, for n > no. Then since A is monotone (see 
Definition 2.98(a)), we have 
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0 < (h 


— a=] =< 0 


for big n > 1, a contradiction. 


Solution of Problem 2.158 

From Proposition 2.105 we know that A is upper semicontinuous from int D(A) into 
X*» (where X;\. denotes the space X* furnished with the w*-topology). Moreover, 
from Propositions 2.104 and 2.106 and the Alaoglu theorem (see Theorem 1.5.66), 
we see that Al. , pray has nonempty, convex, and w*-compact values. Since X is 


separable, we can find a sequence {Un},5, G X which is dense in X. Then for 


u*,x* € X*, we set 
— 1 [(u* —v* Un) | 
dy.(u",v") = Dae rearorny 
n2>1 
This is a metric on X* and the topology it generates is weaker than the w*-topology. 
So, we can apply Proposition 2.41(b) and infer that the set 


{u € int D(A): A is not lower semicontinuous at u} 


is of first category. Then Problem 2.157 implies that the set I is of first category. 


Solution of Problem 2.159 
“——”: We assume that the duality map F is linear (see Definition 2.112). Then for 
all u,v € X, we have 


Jutolk = (F(utv),utv) = lull + F(u),v) + Flv), u) + [lolx 
(from the linearity of F), so 


lu + all + [lu — ll = 2 (Ileal + lll) - 


So, the space X satisfies the parallelogram law (see Remark 1.5.94), hence X must 
be a Hilbert space. 


“<=”: A Hilbert space has a differentiable norm and we can easily check that for all 


u,h € X, we have 
(F(u),h) = 9G llu+thlilico = og (ut thu t th) x |g 
= 14 (jul +2¢ (uh) x + PUAN) = (uh), 
I 


66.7 (a) =aand so F = Ty. 
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Solution of Problem 2.160 

Invoking the Troyanski renorming theorem (see Theorem I.5.192 or Remark 2.115), 
without any loss of generality we may assume that both X and X™* are locally uni- 
formly convex (see Definition I.5.168(b) and Remark I.5.169). As in the situation of 
Problem 2.148, using the Kuratowski-Zorn lemma (see Theorem 4.120), we can show 
that A admits a monotone extension A which is maximal in the class of all monotone 
maps with domain in C. We will show that A is in fact maximal monotone (see Def- 
inition 2.100). According to Theorem 2.116, it suffices to show that R(A+F) = X*. 
Let h* € X*. From Theorem 3.117, we know that there exists u € C such that 


(F(u) +v* —h*,v—u) > 0 V (v,v*) € Gr A. 
Since A has no monotone extension on C x X * we infer that 
if u € D(A) and h* — F(u) € A(u), then h* € A(u) + F(u). 


Since h* € X* is arbitrary, we conclude that R(A +F) = X* and so A is maximal 
monotone. 


Solution of Problem 2.161 
From Theorem 2.119 we know that there exists u, € D(A) such that 


0 € AA(u) + F(uy — v). 


We show that this solution u, € D(A) is in fact unique. So, suppose that 
Uy, Vv, € D(A) satisfy 


du, + F(u,—u) = 0, with ui € A(uy), (2.92) 
and 
V3 + F(vy = u) = 0, with V> E A(v). (2.93) 


From the monotonicity of A and F (see Proposition 2.114) and (2.92), (2.93), we 
have 


0 < Auy —v3,U, —V,) = (Flv, —u) — F(uy — u), uy — vy) = 0, 


(F(uy —u) — Flv, —u),uy— vw) = 0. (2.94) 


But F is strictly monotone (see Definition 2.98(b) and Proposition 2.114(b)). Then 
from (2.94) we infer that u, = vy, which proves the uniqueness of the solution. 
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Solution of Problem 2.162 
We do the solution under the assumption that 


lim sup (uy, — Up, Un — Uk) < 0. (2.95) 
n,k—+00 


The other case can be treated similarly. 
The monotonicity of A and (2.95) imply that 


lim sup (uy, — Ug, Un — Uk) = 0. (2.96) 
n,k—+00 


Let {(Um,Um)tms1 be a subsequence of {(ux, Uz) }k>1 C Gr A such that 
lit (ims Um) = raed (Uj, UR) = €. (2.97) 
Let Qaim = (ux — Us, Un — Um) and n= (ux, Un) — (ux, u) — (u*, Un) +€. We have 
Tam —> Nn asm — +00 


(see (2.96)) and 
Nn —> 2€ —2(u*,u) 


(see (2.97)). So, we can find an increasing (not necessarily strictly) sequence 
{n(™M)}m>1 Such that 


Mn(mjm —> 2€-2(u",u) asm— +00 (2.98) 
(see Problem I.1.175). But from (2.96) we have 
Mn(mym —> 0 as™m— +00, 
so € = (u*,u) (see (2.98)), thus 
(up,Un) —> (u™,u). 
The monotonicity of A implies that 
(u* —h*,u—h) > 0 V (h,h*) € GrA, 


so (u,u*) € GrA (since A is maximal monotone; see Definition 2.100)). 


Solution of Problem 2.163 
By definition 
A\(u) = $¢F(u—Jy(u)) Vue xX. 
So clearly A) is everywhere defined and single valued (see Proposition 2.114(a)). 
Moreover, from Problem 2.161, we see that 


A)(u) € A(J)(u)) Vuex. 
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Now, let u,v € X. We have 


(Ay(u)—A(v), u-v) = § (F(u—Jy(u)) Fu — Jy(v)), uv) 
x (F(u— J(u) — F(v — Jy(v)), u— A(u) — (v — A(v))) 
+ (Aj(u) — Ar(v), Ja(u) — Jr(v)) , 


with A)(u) € A(J)(u)) and Ay(v) € A(J)(v)). Therefore exploiting the monotonicity 
of A and F (see Proposition 2.114), we have 


(Ay(u) — Ay(v),u—v) 2 0, 


so Ay is monotone (see Definition 2.98(a)). 
For every (h,h*) € Gr A, from the monotonicity of A, we have 


(h*, J(u) —h) < (Ay(u); Ja(u) — h) 


= — (F(Ja(u) — u), Jy(u) — u) — § (F(Ay(u) — u), w— hh) (2.99) 
(recall that A,(u) € A(J,(u)) and see Problem 2.161), so 
l|Za(u) — ull < —A(h*, Jy(u) — hb) — (F(Ay(u) — u), wu — h) (2.100) 


(see Definition 2.112), thus 
I|x(u) — ullx < Allh*lLx* + lu — Alix, 


hence 
|Jr(u)ILx << ALA |Lx* + 2llullx + |Allx, 


that is, maps bounded sets to bounded sets). 
, it follows that A) is bounded too (see Defini- 


which proves that J) is bounded 
Since A(u) = $F (u — Jy(u 
tion 2.112). 
Next let {Un}ns1 C X be asequence such that u,, —> u in X and set yn, = Jy(Un) 
and y* = Ay(un) for alln > 1. Then 


YS ~~ 


\ye+F(yn—tm) = 0 Vn. (2.101) 


So, we have 


(F (Yn — Un) — F(ye — ur), Ue — Un) 
= (F(Yn — Un) — F(ye — Uk); Yn — Un — (Yk — UE) 
+A (Yh, — Vis Yn — Ye) Vn Sd. (2.102) 


Note that 


(F (Yn — Un) — F(Yp — Ux), Up — Un) —> 0 asn,k > +00 


(see (2.101)). Moreover, both summands in the right-hand side of (2.102) are non- 
negative (due to the monotonicity of F and A respectively). So, we obtain 


lim (Fa — ta) — Fe Ue): tn — Un — (Ye Ue) = OD, 


n,k—-+00 
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and 
lim (Yn — Yeo Yn — Ye) = 0. 


n,k—+00 


The boundedness of the maps J), A, and F implies that by passing to a suitable 
subsequence if necessary, we may assume that 


Ww 


Yn —> y in X, yX—> y* in X* and F(yn— Un) > ur Ee X*, 
Then Problem 2.162 implies that 
(y,y*) € GrA, Fl(y-u) = v* and rAy*4+F(y—u) = 0, 


sO 
y = J(u) and y* = Ay(u). 


Therefore 
Jy\(un) “> Jy(u) in X and Ay(un) “> Ay(u) in X*. 


The second convergence proves the demicontinuity of A). From the first convergence, 
Proposition 2.114 and the Kadec—Klee property, we have the continuity of J). 


Solution of Problem 2.164 
From the solution of Problem 2.163 (see (2.99)), with u = h, we have 


|Jx(u) — ullx < Allu*||x- V (u,u*) € Gr A, 


sO 
Ax(ulx« = xlJr(u) —ullx < lu" lLx 


(see Remark after Problem 2.161 and Definition 2.112), thus 
|Aa(u)[lx= < ||A°(wIlx-  VA>0. 


The reflexivity of X, implies that we can find a sequence Ay, \, 0 such that 


A, (u) “> y* in X*, (2.103) 
sO 
lly*llx* < Au) |Lxe. (2.104) 
Also since 
[Jan (u) —ullx < sup An|A(u) lL x- < +00, (2.105) 
nea1 


we may assume that 
F(Jy,,(u)—u) “> A* in X*. (2.106) 
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Then for all v € D(A) we have 

Fan (a) = ull << An (AP(v), Dan (U) — U) — (F(Ja, (U) — u), U2) 
(cf. (2.100) in the solution of Problem 2.163), so 


lim sup ||Ja,,(u) — ull < (h*,u—v) 
n—- +00 


(see (2.105) and (2.106)). Evidently this is true for every u,v € Conv D(A). Set 
u =v, to have 
Jy, (u) — u in xX, (2.107) 


From the monotonicity of A, we have 
0 < (w*— A), (u),w— Jy, (u)) V (w,w*)e€ Gra 
(as Ay, (u) € A(J),,(u)); see Problem 2.163) so 
0 < (w*—y*,w-—u) V (w,w*) € Gra 


(see (2.103) and (2.107)), thus y* € A(w) (since A is maximal monotone; see Defini- 
tion 2.100)), hence 


|A°u)Ilx* < Ily*llxs < A°(u)Il x 
(see (2.104)), which implies that 
|A°u)|Ix* = Ily*llxs < [A°(u)|Lx+ 


and so y* = A°(u). We conclude that A,(u) —> A°(w) as \\, 0 for all u € D(A). 


Solution of Problem 2.165 

Since the notion of maximal monotonicity is independent of the particular norms 
on X and X*, invoking the Troyanski renorming theorem (see Theorem I.5.192 or 
Remark 2.115) without any loss of generality, we may assume that both X and X* 
are locally uniformly convex (see Definition [.5.168(b) and Remark I.5.169). From 
Problem 2.164 we know that for every u € Conv D(A), we have 


Jy)(u) — u inX asr\,0. 


Recall that J\(w) € D(A). Therefore u € D(A). Hence D(A) = conv D(A) and thus 
the set D(A) is convex. 
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Note that R(A) = D(A~') and A~! remains maximal monotone (recall that 
A-l(u*) = {ue X: (u,u*) € GrA}). Therefore R(A) = D(A!) C X®* is con- 


vex too. 


Solution of Problem 2.166 
We argue indirectly. So, suppose that the conclusion does not hold. Then we can 
find a sequence {tn},5, C X and M > 0 such that 


|Un| —>+ +oo and |A(un)| < M Vino 1. 


We may assume that A(un) —> A* in RX. Set yn = ie] ~ for alln > 1. Then 


\yn| = 1 for all n > 1 and so we may assume that y, —> y in RY, |y| = 1. From the 
monotonicity of A, we have 


0 < (A(un)—A(h), 2 - pn VRERY, n 21, 


Jun] [un 


sO 
0 < (h*—A(h),ypn WheR. (2.108) 


Since by hypothesis A is surjective, for every n > 1, we can find vy, € R% such that 
A(Un) = ny. Then from (2.108), we have 


0 < (A°—Altn), pn Vn, 


so 
O< (h* — ny, Y)pn Vn21, 
thus 
niyl? < (h*,y)pw < |A*|lyl 
and hence 


nlyl < |A*] Vn, 


a contradiction since |y| = 1. Therefore lim |A(u)| = +00. 
|ul—+-Foo 


Solution of Problem 2.167 
Arguing by contradiction, let {Un}asi © C B, be a sequence such that un, —> u in RY 


and |A(un)| —> +00. Let y, = a “} for n > 1. Then |y,| = 1 for all n > 1 and so 


we may assume that y, —> y in R%, with |y| = 1. The monotonicity of A implies 
that 
0 


x 


A(un A(v Aly 
(aay age tn v) pn = (Yn ad un a v) an 
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for all v € B,+4- and all n > 1, so 
0 < (y,u-—v)pn Vu € Brte 


and thus 
(y, U) pn < (Y, U) pn Vu E Bre. _ 
Let v =u+ Sy. Then we reach a contradiction. So, the set A(B;) C RX is bounded. 


Solution of Problem 2.168 

From Problem 2.150 we know that A is maximal monotone (see Definition 2.100). 
So, Jj‘ can be defined (see Definition 2.122) and dom Jj‘ = L?(T; H) (see Proposi- 
tion 2.123(a)). Moreover, from the solution of Problem 2.150, we know that for every 
u € L2(T; H), if 


t 
v(t) = e tug + fu(s) ds Vt € (0, 8], 
0 


then v € W!?(T; H), v(0) = uo and u(t) = v(t) + v(t) for almost all t € T. Hence 
“= (1 + A)v, so JA(u) = v (see Definition 2.122 and Proposition 2.123). 


L2(T;H) 


Solution of Problem 2.169 
Since A is everywhere defined and uniformly monotone (see Definition 2.98(d)), we 
have 

(A(u) — A(v),u—v) > V(ju—vI)\u—v| Vu,ve X, (2.109) 
with a strictly increasing function ?: Ry —> R, such that 0(0) = 0 and 0(r) —> +00 
as r—>+oo. Then J-!: Ry, —>+ R, exists and it is strictly increasing too, with 
0-1(0) =0. Let 

u» = A(u) and vu = A(v) withu,vE X. 
Then from (2.109), we have 
AT (u*) — AT) Lx < 8 (ut — v* |e), 

so A! is continuous on R(A). Let Be = {u* © X*: |lu*|], <r}. Then for all 


u* € B* we have ; F f 
Aw )\Lx < O(r) + A O)ILx, 
so A! is bounded from X* into X. Since A is maximal monotone (see Corol- 
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Solution of Problem 2.170 

Let V be a finite dimensional subspace of X. Let u € D(A)NV and let U be a weakly 
open set in X* containing A(u). We need to show that A|*(U) = {ye V: A(y) CU} 
is open in V (see Definition 2.36). Arguing by contradiction, suppose that A\t(U ) is 
not open in V. Then we can find a sequence {un},,, GC V such that un —> u and 
A(un) NUS #90 for all n > 1. Let ux € A(un) NUS. The boundedness of A implies 
that the sequence {u*},,; © X* is bounded. Then the reflexivity of X (hence of X* 
too) and the Eberlein—Smulian theorem (see Theorem 1.5.78) imply that at least for 
a subsequence, we have u* —> u* in X*. Then 


(ur ,Un —Uu) —> 0, 


so (u,u*) € GrA (see the condition which is assumed on A). Also U® is w-closed 
in X*, hence u* € U°. Therefore u* € A(u) MU‘, a contradiction to the fact that 
A(u) C U. This proves the desired upper semicontinuity property of the map A. 


Solution of Problem 2.171 
Let u € X and u* € X* be such that 


0 < (u* —h*,u—h) V (h,h*) € Gr A. (2.110) 
Given v* € (A+ C)(v), we have 
vu = h*+C(v), (2.111) 
for some h* € A(v). Then we have 


(uv +C(u)—v*,u-—v) = (u* 4+ C(u) — h* —Clv),u-v) 
= (u*—h*,u—v)+(C(u)—C(v),u-—v) 2 0 (2.112) 


(see (2.111) and (2.110)). Because by hypothesis A+ C is a maximal monotone map 
(see Definition 2.100), from (2.112) we infer that 


u € D(A+C) and u*4+C(u) € (A+C)(w). 


This implies that u* © A(w) and so we have the maximal monotonicity of A 
(see (2.110)). 
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Solution of Problem 2.172 

The monotonicity of A is a direct consequence of the monotonicity of A. Then 
according to Theorem 2.116, in order to show maximality of A, it suffices to show 
that R(A+ I ) = L?(0;H). So, let h € L?(Q; AH) and exploiting the maximal 


L2(Q;H) 
monotonicity of A, set 

v(w) = (1, + A) (A(w)) Vwend. 
Evidently v is S-measurable. Also, by hypothesis (0,0) € Gr A, we have J/(0) = 0 
and so from Proposition 2.123(b), it follows that 

lu) lla < ||h(w)\]q for p-aa.w €Q, 
sov € L?(Q; H). Therefore R(A+I,,) = L?(Q; H) and we have proved the maximality 
of A. From the above argument it is clear that for every \ > 0, we have 

Iw) = Ful) Vue (0; H). 
Hence we infer that 

Ay(u)(-) = Aa(u()) Vue 170; H) 
(see Definition 2.122). Finally, if u(Q) < +00, then constant functions belong to 
L?(Q; H) and so from the fact that J/ is nonexpansive (see Proposition 2.123(b)), 


we have that v € L?(Q;H). So, in that case we can drop the requirement that 
(0,0) € Gr A. 


Solution of Problem 2.173 

No. We always have R(A + C) C R(A) + R(C) and the inclusion can be strict. For 
example, let H = R? and let A,C: R? —> R? be the operators that perform rotation 
by 5 and by —% respectively. Then R(A + C) = {0}, while R(A) + R(C) = R’. 


®) QQ ' 


Solution of Problem 2.174 

Without any loss of generality we may assume that both X and X™* are lo- 
cally uniformly convex (by the Troyanski renorming theorem; see Theorem I.5.192 
or Remark 2.115) and so the duality map F: X —> X* is a homeomorphism 
(see Proposition 2.114). Let €: X x X* —> X*x X be the map defined by 
&(u,u*) = (u* + F(u),u). Then € is a homeomorphism. For every w € 2, we have 


é(Gr A(Ww)) = Gr(AWw) +F)7. 
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Then property (a) is equivalent to saying that 


{(w,u*,u) EQx X* x X: u= (Aw) + F)7*(u*)} 
Ed x BUX") x B(X) = Ux B(X* x X), 


which is precisely property (b). 


Solution of Problem 2.175 
(1) Let E € B(X). Then E x X* € B(X) x B(X*) = B(X x X*). We have 


D-(E) = {wEQ: Dw)NEFO} 
={weEQ: GrAw)n(F x X*) ed} 


(see property (a) in Problem 2.174). 
(2) Let E* € B(X*). Then {u} x E* € B(X) x B(X*) = B(X x X*) and so 


{wEQ: A(w)(u)n E* 4 O} 
={weE: GrA(w)n ({u} x E*) 40} € Y, 


so the multifunction w+ A(w)(w) is measurable from 2 into X*. 
(3) Fix ue X. We have 


Q(u) = {weEQ: A(w)(u)nX* 4H}, 


so Q(u) € } (see part (2)). Then the multifunction w +> A(w)(u) is measurable 
form Q(u) into Pr.(X*). So, Theorem 2.66 implies the existence of a sequence 
{v7 Q(u) — X*},,5, of UN O(u)-measurable functions such that 


AW)(u) = {er)Ins1 Vwed. 


Then we have 
|A°w)(u) |e = inf [lnk Vw e Q, 


so the map w+—> || A°(w)(u)||x is & A O(u)-measurable. Note that 


Gr A®(-)(u) = {(w,u*) € A(u) x X*: u* € A(w)(u), 
Ju" [le = AP (w) (u) [lf 
€ (UNQ(u)) x B(X*) 


(see part (2)), so w+ A°(w)(u) is © M O(u)-measurable (since © is complete). 
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Solution of Problem 2.176 

Let {untns1 © A(C) be a sequence such that uy, —> u* in X*. We have that 
ux € A(un) with u, € C. Recall that A~! is maximal monotone (see Definition 2.100) 
from R(A) = X* (recall that A is surjective) onto X. Proposition 2.104 implies that 
the sequence tA rs is bounded. Hence the sequence {tn},51 G C is bounded 
and because X is reflexive, by passing to a suitable subsequence if necessary, we may 
assume that wu, —> u in X. Since the set C C X is closed and convex, it is also 
weakly closed (by the Mazur theorem; see Theorem I.5.58) and so u € C. Also, by 
virtue of Problem 2.149, we have that (u,u*) € Gr A and so finally u* € A(C). This 
proves that the set A(C’) C X™ is closed. 


Solution of Problem 2.177 
For any u € D(A)N D(C), the elements h\ € (A+C)+F)(u) for \ > 0, are bounded 
in A € (0, 1] since 

|Cx(@|k < |]C°@)|| 
(see the solution of Problem 2.164). Exploiting the monotonicity of the maps A and 
C) (see Problem 2.163), we have 


(lluallx — [l@lLx)? << (h¥ — hh, uy —@), 


sO 
lleall << ([]h* — hj lle + 21GlLx) Meallx + ([]h* — h3lle — [F@lLx) [lellx, 


hence the family {u,},s9 remains bounded in X as » \, 0. 


Solution of Problem 2.178 


“(a) = > (b)”: Let A > 0 and let uy € F(u+ Ay). We set hy = le We have 
ux jutAy Pe 
ella <u Aylle = SRE = (ngs + ay) 
= (hy,u) +A(hX,y) < llullx +A (hj, 9) - (2.113) 


Since ||h}||~ = 1, the net {h\},s0 admits a w*-cluster point h*, with ||h*||, < 1. Also, 
we have 
llullx < (h*,u) and (h*,y) > 0 (2.114) 


(see (2.113)). Therefore 
llullx < (h*,u) < |lullx 
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(see (2.114) and recall that ||h*||, < 1), so ||ul|x = (h*,u) and thus ||A*||, = 1. Then 


u* = |lul|h* € F(u) and (u*,y) > 0. 
“(b) => (a)”: For every \ > 0, we have 
lel = (uu) < (u*,u) + Aus y) = (u*,ut Ay) 
<_ |lu"llellu + Aull = llellcllu + AglLx, 


so ||ul|x < ||u + Ayl||x for all A > 0. 


Solution of Problem 2.179 
“>”: For every u € C and every 2 € [0,1], we have 


Iluollx < ||uo + ACu — uo) IL 


(recall that C is convex). Invoking Problem 2.178 and since F is single valued (see 
Proposition 2.114(a)), we have 


(F(uo),u-—uo) > 0 Vue, 
so (F(uo), uo) < (F (uo), u) for all wu € C. 


“.—”: We have 
lluoll = (Fluo), uo) < (Fluo), u) < |luollxljullx Vue, 


sO 


|wollx < |lullx Vuec. 


TA 


Solution of Problem 2.180 
From Problem 2.161, we know that 


(Jy,, (Un), Ar, (Un)) € Gra V 1, 


n2 
Note that the boundedness of the sequence {A),,(Un)}n51 G X* implies that 
[Jan (Un) — Unilx —> 0 
(see the solution of Problem 2.164). Hence Problem 2.162 implies that 
(u,y) € GrA and limsup (A), (un) — Ay,,(Um),;Un —Um) = 0. 


n,m—+oo 
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Solution of Problem 2.181 
From Problem 2.177 and the hypothesis, we know that we can find M > 0 and A* > 0 
such that 

WCr(ua)|le < Mo and |u|. < M  VAE(0,A*). (2.115) 


So, if An \, 0, then because of (2.115) and the reflexivity of X, we may assume that 


Crl(tn) = Cy,(u,) —> v* in X*, F(t) — g* in X* (2.116) 
and 
Un =U, —> u in X, (2.117) 
We have 
h* = up +Ch(un)+F (un) with u% € A(un) Vn>1. (2.118) 


For n,m > 1, we have 


(un _ Urs Un — Um) + (Cr(un) _ Cyl tha)s Un — is) 
+ (F(un) —F(um),Un —Um) = 0. (2.119) 


Because of the monotonicity of the duality map (see Proposition 2.114) and the 
monotonicity of A (by hypothesis), we have 


lim sup (Cp(tn) — Cm(tm),Un —Um) < 0. (2.120) 


n,m—+oo 
Then from (2.120) and Problem 2.180, we have 


(u,v*) € GrC and lim (Cy(un) —Cm(tm),;Un —Um) = 0. (2.121) 


n,M—-++0o 
From (2.119) and (2.121), it follows that 


lim (u* + F(un) — (uy, + F(um)),Un —Um) = 9, 


n,M—-+0o 


so 
limsup (F(un) — F(tum),Un —Um) < 0 (2.122) 


n,m—+oo 


(since A is monotone). From (2.122) and Problem 2.162, we infer that 


g = F(u) and lim (uy —Up,,Un—Um) = 0. (2.123) 


n,M— +00 


From (2.115) and (2.118), we see that the sequence {up}, 5, G X* is bounded and 
so, passing to a subsequence if necessary, we may assume that 


ux “> u* in X*. (2.124) 


n 
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Using (2.123), (2.124) and Problem 2.162, we have 
(u,u") € GrA. (2.125) 


Passing to the limit as n — +00 in (2.118) and using (2.121), (2.123) and (2.125), 
we obtain 
h* = u*+v"+F(u), 


with u* € A(u), v* € C(u). Therefore h* € R(A+C+F). 


Solution of Problem 2.182 
We need to show that for every A > 0, the sublevel set 


= {we X: mu) <A} 


is closed. To this end, let {Un}ns1 C Ly be a sequence such that u, —> u in 
X. Since A is maximal monotone (see Definition 2.100) for every n > 1, we have 
A(un) € Pr-(X*) (see Corollary 2.107). Since X* is reflexive (recall that X is re- 
flexive), we can find ux € A(un) such that m(un) = ||u* ||. for all n > 1. We have 
lus |x < A for all n > i and so by passing to a suitable subsequence if necessary, we 
may assume that ut > u* in X*. From Problem 2.149 we have (u, u*) € Gr A, from 
the weak lower semicontinuity of the norm functional (see Proposition I.5.56(c)), we 
have 
l|u*||k < liminf|luy ||, = liminfm(un) < A, 
n—+00 n—--+00 

so m(u) < A (since u* € A(u)), thus u € Ly and hence Ly is closed. This proves 
lower semicontinuity of m. 


Solution of Problem 2.183 
Let u € X and u* € X* be such that 


0 < (u*—h*,u—h) V (h,h*) € GrA. (2.126) 
From (2.126) and the monotonicity of C, we have 
0 < (u*+C(u) — (h* + C(h)),u V (h,h*) € Gr A. (2.127) 


—h) 
Let u* € X*,t > 0, ut = u* +C(u)+tv*, uw = (A+C)1(ut). Since R(A+C) = 
we can find yy € A(t) such that yf + C(uz) = uz. In (2.127) we choose h = uw; and 
h* = yf. Then 
0 < (u*,u—U). 
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But by hypothesis (A + C)~! is continuous. So, if t \, 0, then 
0 < (v*,u9—u) with u =(A+C)!(u* +C(u)). (2.128) 


Since v* € X* is arbitrary, from (2.128) we infer that uo = u. Therefore u* € A(u), 
which by virtue of (2.126) implies the maximal monotonicity of A. 


Solution of Problem 2.184 
“=>”: If X is reflexive, then By = {ue X: |lul|x <1} is w-compact. So, given 
u* € X*, we can find ug € By, such that 


(u*,uo) = sup{(u*,u) = llullx <1} = |lu* ls, 
so u* € F(|lu*||4uo) (see Definition 2.112), hence R(F) = X*. 


“<—”: Suppose that X is not reflexive Then B, is not w-compact and so by the James 
theorem (see Theorem I.5.74) we can find uj, € X* such that sup {(uj,u) : |lullx <1} 
is not attained. Then uj ¢ R(F) and so R(F) 4 X*. 


Solution of Problem 2.185 
From Proposition 2.114, we know that F is single valued. Let un, —> u in X and 
assume that 


lim sup (F(un),Un —u) < 0. (2.129) 
n—++00 
We have 
((lunllx — llullx)” < (Fun) — F(u), tn — u), 
so 


[|Unllx — llullx 


(see (2.129) and recall that u, —> u in X), thus u, —> u (by the Kadec-Klee 
property; see Corollary 1.26) and hence F is of type (9), (see Definition 2.137). 


Solution of Problem 2.186 
According to Definition 2.131 we consider a sequence {Un},5,C%X such 


that un “> u in X, T(un) “9 u* in X* and limsup (T(un),Un—u) <0. Since K is 
n—+o0o0 
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compact, the sequence {K(Un)},51 CG X* is relatively compact and so by passing 


to a suitable subsequence if necessary, we may assume that 
K(un) — v™ in X*. (2.130) 
Then we have 
A(tn) —> u*—o* in X*. 
Also 
(K(un),Un —u) —> 0 


(see (2.130)) and 
lim sup (A(un), tn —u) < 0 (2.131) 


N—-+00 


(from the choice of the sequence {un},,51), 80 
Un —> u inxX 


(since A is of type ($)4; see Definition 2.137 and (2.131)). Then we have 
K(un) —> K(u) (since K is compact, hence continuous too) and A(un) > A(u) 
in X* (since A is demicontinuous). Therefore v* = A(u) + K(u) = T(u) and we have 
that 

(Tun); Un) —> (T(u),u), 


that is, T is generalized pseudomonotone (see Definition 2.131). 


Solution of Problem 2.187 
Let T = A+K. By hypothesis we have that un, —> u in X, T(un) > u* in X* and 


lim sup (T(un),Un —u) < 0. (2.132) 


N—-+00 


From the hypothesis on K, we have that K(u,) 9» K(u) in X*. Then 


A(un) “> u*—K(u) in X*. (2.133) 
Also we have 
limsup (A(un),Un) = limsup ((T (un), Un) — (K (un), Un) ) 
n— +00 n—-+00 
< limsup (T(un), Un) — liminf (K (un), Un) 
n— +00 N00 


< (u* i K(u), u) 
(see (2.132) and use the semicontinuity of wy), so 
lim sup (A(un),Un —u) < limsup (A(un), un) — lim inf (A(u,), uv) 


n—-+oo n—+00 N+ +00 


< (u*— K(u),u) — (u* — K(u),u) = 0 
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(see (2.133)). But recall that A is generalized pseudomonotone. Hence from the 
above inequality and Definition of 2.131, it follows that A(u) = u* — K(u), so 
u* =(A+ K)(u). 


Solution of Problem 2.188 
Let {un }ns1 G A(C) be a sequence such that uy, — u* in X*. Then we have 


uy, € A(tn) with up, €C VYn>1. 


n 


The set C' is w-compact in X since the space X is reflexive. So, by the Eberlein— 
Smulian theorem (see Theorem I.5.78) we may assume that uy, —> u in X. We have 
u€C and 

im, (un, Un —Uu) = 0. 
Since A is generalized pseudomonotone (see Definition 2.131), we have (u, u*) € Gr A, 
hence u* € A(u) with u € C, which proves that the set A(C) C X is closed. 


Solution of Problem 2.189 
According to Problem 2.186, it suffices to show that the identity map I,, is of type 
(S)4 (see Definition 2.137). So, let {un}, C H be a sequence such that up, —> u 
in A and . 

lim sup (un, Un — U)y < O. 

n—+-+00 
So, using also the weak lower semicontinuity of the norm functional (see Proposition 
1.5.56(c)), we have 


luli; < liming |lun||7, < limsup |lun|lir < jullie, 
N00 n—>-+00 


thus ||up||~7 —> ||ul|~ and from the Kadec—Klee property in Hilbert spaces (see 
Corollary 1.26), we get un, —+> u. Therefore I,, is of type (S)4 and so we can use 
Problem 2.186 to conclude that the map u+—+> u+ K(u) is generalized pseudomono- 
tone (see Definition 2.131). 
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Solution of Problem 2.190 
No. Let X = H = [?. This is a Hilbert space and X* = H = I?. We consider the 
map K: 1? —+ I? defined by 


K(@) = (2-|lallz,0,0,...) V@={ug},., €P. 
Evidently K is of finite rank (see Definition 2.1(c)) and so it is compact (see Re- 


mark 2.2). Let tn = {uzZ}es1 = {One}e>1, with b,% being the Kronecker symbol, 
Le., 


i= {ot nee MEPL 
Then @,, € I? for alln > 1 and @, —> 7=O0inL2. Also 

KG.) = b=6,00....) me 
and 


However, h # K (wu) = (2,0,0,...) and so K is not generalized pseudomonotone 
(see Definition 2.131). 


Solution of Problem 2.191 
Let un —> u in X. The monotonicity of A implies that 


(A(u), Un —u) < (A(un), Un — u) Vaid 


so 
0 < liminf (A(un), un — u). (2.134) 


n—-+0o 


From the sequential weak continuity of A, we have 


lim inf (A(un),un, —u) = liminf (A(un), un) — (A(u), u) , 


n—>-+00 n—>+00 
so 
p(u) < liminf y(un) 


n—-+00 


(see (2.134)), thus y is sequentially weakly lower semicontinuous. 
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Solution of Problem 2.192 

The maximal monotonicity of A can be established similarly as in the solution of 
Problem 2.153. So, we need to show that A is of type (S)+ (see Definition 2.137). 
To this end, let {un}ys1 © W!?(Q) be such that 


Un —> u inW'?(Q) and limsup(A(un),un —u) < 0. (2.135) 
N—->-+00 


From (2.135) we have 
lim sup (A(un) — A(u),un —u) < 0. (2.136) 


n—-+00 


The monotonicity of A implies that 
lim inf (A(un) — A(u),un-—u) = 0. (2.137) 


n—>-+00 
From (2.136) and (2.137), we have 
lim (A(un) — A(u),Un —u) = 0. (2.138) 
Let 

En(z) = (a(z, Dun(z)) — a(z, Du(z)), Dun(z) — Du(z))pn - 
From the convexity of G(z,-), we have that a(z,-) is monotone (see Definition 2.98(a)) 


and so 
En(z) 2 0 foraa. ze, alln>1. 


Also, from (2.138), we have 
[oe dz — 0, 
Q 
so 
é, —+ 0 in L*(0). (2.139) 


From (2.139) and by passing to a suitable subsequence if necessary, we may assume 
that 


En(z) —> 0 foraa ze (2.140) 
and 
Ex(z) < k(z) foraa. zeEQ, (2.141) 
with k € L'(Q). From the convexity of G(z,-), we have 
(a(z,y),¥)pn 2 Glz,y) > Slyl|P foraa. zeQ, allye RY (2.142) 


(see hypothesis (v)). Using (2.140)—(2.142) and hypothesis (iii), for almost all z € Q 
and all n > 1, we have 
k(z) 2 &n(z) = (a(z, Dun(z)) — a(z, Du(z)), Dun(z) — Du(z))pw 
2 F ((Dun(z)|? + |Du(z)?) 
— (@(z)(1 + |Du(z)|P*)) |[Dun(z)| 
— (@(z)(1 + |Dun(z)|P~")) |Du(z)]. (2.143) 
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From (2.143) it follows that for all z € Q \ D with |D|y =0 (by |- | we denote the 
Lebesgue measure on RY’), the sequence {Dun(Z)}nsi © RY is bounded. Hence, by 
passing to a suitable subsequence if necessary (in general the subsequence depends 
on z € 2.\ D), we will have 


Dun(z) — n(z) in RX Viren). 


a(z, Dun(z)) — a(z,n(z)) Vz2€O\Dui, 


with D,; D D, |Di|n = 0. Passing to the limit as n — +00 and using (2.140)—(2.141), 
we obtain 


(a(z,n(z)) — a(z, Du(z)), n(z) — Du(z))pn = 0 Vz2€O\D,. (2.144) 


Since G(z,-) is strictly convex, we have that a(z,-) is strictly monotone. So, 
from (2.144) it follows that n(z) = Du(z) for almost all z € Q. So, by the Urysohn cri- 
terion for the convergence of sequences (see Problem I.1.3), for the original sequence, 
we have 

Dun(z) — Du(z) foraa. ze. (2.145) 


Let E C Q be a Lebesgue measurable set. Then from (2.143), using the Hélder 
inequality (see Theorem 1.3 and Problem 1.27) and the boundedness of the sequence 
{Dun}nsi L?(Q; RY) (see (2.135)), we have 


4 1 
@ f [Dual? de < co( f [Dal dz + ||” 4 (| \Dulp az)? 
E E EB 


+ (| \Dulr az)*") 


for some cy > (here + + = 1). So the sequence {|DunP basi © L+(Q) is uniformly 
integrable (see Definition 1.18 and Problem 1.6). 
This fact, (2.145) and the Vitali theorem (the extended dominated convergence 


theorem; see Theorem I.3.128 and Proposition 1.3.130) imply that 
|[Dunllp —> ||Dullp. (2.146) 


Recall that 
Dun —» Du in L?(Q;RX) (2.147) 


(see (2.135)). Since L?(Q;R%) is uniformly convex, it has the Kadec-Klee property 
(see Corollary 1.26). So, from (2.146) and (2.147) it follows that 


Dun —> Du in L?(O;RY). (2.148) 


390 Chapter 2. Nonlinear and Multivalued Maps 


On the other hand, from (2.135) and the Rellich-Kondrachov embedding theorem 
(see Theorem 1.135), we have 


Un —> u in LPO). (2.149) 


From (2.148) and (2.149) we conclude that wu, —> u in W'?(Q) and so we infer that 
A is of type (S)+. 


Solution of Problem 2.193 
According to Theorem 2.116, it suffices to show that R(A+C+1,,)=H. Let h € H 
and 

E(u) = (A+I,)\(h-C(u)) Wue D(C). 


We know that (A + J,,)~! is nonexpansive (see Proposition 2.123(b)). So, we have 
|Eu)-EWlla < kllu-yla = Vuye D(C). 


Since by hypothesis D(C’) C H is closed, we can apply the Banach fixed point 
theorem (see Theorem 1.1.49) and find v € D(C) such that E(v) = v. Then 
he (A+C+1,,)(v). Because h € H is arbitrary, we infer that R(A+C+I,)=H 
and so we conclude that A+ C is maximal monotone (see Definition 2.100). 


Solution of Problem 2.194 
Let {Un}ns1 G X be a sequence such that up, “> u in X and 


lim sup (A(un),Un —u) < 0. 


n—-+00 


Since A is of type (S)+ (see Definition 2.137), we have that u, —> u in X (see 
Definition 2.137). Because of the demicontinuity of A we have A(un) > A(w) in 
X*. Hence for every y € X, we have 


(A(u),u—y) < liminf (A(un), un — y) , 


n—- +00 


so A is pseudomonotone (see Definition 2.129). 
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Solution of Problem 2.195 
From Problem 2.194, we know that A is pseudomonotone. Then strong coercivity of 
A and Theorem 2.136 imply that A is surjective. 


Solution of Problem 2.196 
Let {Un}nsi © H4(Q) be a sequence such that u, “> u in Hd(Q). Since N <3, 


we have that Hj(Q) is embedded compactly in L“(Q) (see the Rellich-—Kondrachov 
embedding theorem; Theorem 1.135). So, we have u, —> u in L4(Q). We need to 
show that A(u,) —> A(u) in H~'(Q). Arguing by contradiction, suppose that the 
last convergence in H~1(Q) is not true. Then we can find ¢ > 0 and a sequence 
{Un}nsi © H}(Q) such that 

llPnllua@y < 1 and (A(un)— A(u),on) 2 € Yao 1, (2.150) 


From (2.150) we see that by passing to a subsequence if necessary, we may assume 
that vn —> v in H4(Q), so 


Un —> v in LA(Q). 
For alln > 1 and ke {1,...,N}, we have 


(sin Un)(Dgtin)Un — (sin u)(Dpu)un 
= (sinu, — sinu)(Dzun)vy, + (sin u)(Dgtin)(Un — Vv) 
+(sin u)(Dzun — Dzu)v + (sin u)(Dpu)(u — vn). (2.151) 


Using the mean value theorem, we have 
|sinu, —sinu| < |un — ul. 


Then invoking the generalized Holder inequality (see Theorem I.3.105), we have 


| f (sin uy — sin u)(Dptin) dz| < lun — ulla|| Deunlle|lunlla 
Q 


< clltin — ullallunllzecaylleallaacay, 


with c > 0, so 


[ou Un — Sinu)(Dgun)Un dz — 0. 
Q 
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Also, since v, > v in H}(Q) and Dyun “> Dyu in L?(Q), then 


[nw Drain) (em —v)dz — 0, 


Q 
[ow u)(Drun — Dgu)udz — 0, 
Q 
[on u)(Dyu)(v — Un) dz — 0. 
Q 


We return to (2.151), integrate over 2 (for every k € {1,...,N}) and obtain 
(A(un) 7 A(u), Un) =F 0, 


which contradicts (2.150). This proves the complete continuity of A (see Defini- 
tion 2.1(b)). 


Solution of Problem 2.197 

“——”: Suppose that A is self-adjoint (see Definition I.5.108(b)). According to Theo- 
rem 2.116, it suffices to show that R(A+I,,) = H. First we show that R(A + I,,) is 
dense in H. So, let h € R(A+1,,)+. Then 


(hu) + (h, Alu), = 0 Vue D(A), 


so 
(AW), =-=hdy  VueD(a) 
and thus h € D(A*) and A*(h) = —h. Since by hypothesis A is self-adjoint (i.e., 
A = A*), we have h € D(A) and A(h) = —h. The monotonicity of A implies that 
0 < (A(A),h)y = —(lhllz, 


soh=0 and so R(A+I,,) is dense in H. 
Next we show that R(A + I,,) is closed. To this end, let {hn},51 C R(A + I,) 
and suppose that h, —> h in H. Let {Un}nd1 C D(A) be such that 


hn = A(tn) + Un YVn2>1, (2.152) 


sO 
|| in — Url < Ibn — hmll az Y¥n,m2 1 


(see Proposition 2.123(b)), so {Un},51 C H is a Cauchy sequence and thus up, —> u 
in H. From (2.152), we have 


A(tn) — h-u in dd. 
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But A being self-adjoint, is closed and so A(u) = h—u, so h = A(u) + u, thus 
h € R(A+1,,) and hence the set R(A+I,,) C H is closed. We conclude that 
R(A+I1,,) = H and so A is maximal monotone (see Definition 2.100). 


“<—=”: Suppose that A is maximal monotone. First we show that A is densely 
defined (i.e, D(A) = H). So, let h € D(A)+. Then (h,u), = 0 for all u € D(A). 
Since A is maximal monotone, we have R(A+I,,) = H (see Theorem 2.116). Hence 
we can find u € D(A) such that h = A(u) + u. We have 

lulz < (A(u),u) + lull = (hu) = 0 


(recall that A is monotone), so u = 0 and thus h = 0. This shows that the operator 
A is densely defined. 

Since by hypothesis A is symmetric, we have A C A* (i-e., Gr A C Gr A*). There- 
fore, in order to have that A* is self-adjoint, it is enough to show that D(A*) C D(A). 
We fix v € D(A*). Since R(A+I,,) = H (from the maximal monotonicity of A), we 
can find u,z € D(A) such that 

A(u)+u = A*(v)+v and A(z)+z = v—-u. (2.153) 
Since A is symmetric, then so is A+J,, and we have 
(A*(v) +0, 2)q = (Alu) +4, 2)y 
= (AZ)+2,Wy = -4,U) yz (2.154) 
(see (2.153) and use the symmetry of A+ J,,). From the definition of the adjoint 
operator, we have 


(A*(v),2)y = (Al), U)p- 
It follows that 
(A(z) +2,v)y = (2,A°(v) +0) 
(z,A(Qu)+u)y = (v—4u,u)y 


(see (2.153), (2.154) and use the symmetry of A+ J,,), so ||v — ul|?;=0, thus 
v =u € D(A) and hence D(A*) C D(A). This proves that D(A) = D(A*), which 
shows that A is self-adjoint. 


(vu — u,v) 


Solution of Problem 2.198 

From Problem 2.197 we have that A is maximal monotone (see Definition 2.100). 
Since T is monotone and Gr A C GrT, we must have Gr A = GrT (see Remark 2.101) 
and so A=T. 
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Solution of Problem 2.199 
From Proposition 2.114(a) we know that the duality map F: X —+X* is single valued. 
The maximality of A (see Definition 2.139(b)) implies that 


A(u) = () {ve xX: (F(u—2),v—y) > 0} 
(x,y)€Gr A 


(recall that A is accretive; see Definition 2.139(a)). In this intersection, every set is 
closed and convex. Therefore A(u) € Prc(X). 


Solution of Problem 2.200 
(a) Let {(Un,n)}ns1 G GrA be a sequence such that up, —> u and vu, —> v 
in X. According to Definition 2.139(a), for every (x,y) € Gr A, we can find 

ht € F(un — x) such that 
(hr ,Un—y) > 0. (2.155) 


From Problem 2.88 we know that the duality map is upper semicontinuous 
from X into X;}. (where X%. denotes the Banach space X* furnished with 
the w*-topology). Then since K = {u,-—r%: n>1}U{u-—2z} € P(X), from 
Problem 2.56(a), we have that the set F(k) C X™* is w*-compact. Because 
{hn}nsi C F(A), we can find a subnet {ha }acs of {hn tn si such that hj, "Sh 
in X* and h* € F(u— 2x). From (2.155) we obtain 


(h*,v—2x) > 0 V (2, y) € Gra. 


The maximality of A implies that (u,v) € Gr A and so Gr A is closed in X x X. 

(b) Since the space X* is locally uniformly convex (see Definition I.5.168), it is also 
strictly convex (see Remark I.5.169). By Proposition 2.114, the duality map 
F: X —+ X* is single valued and continuous. Let {(ua,va)} C GrA bea 
net such that 


acd 
Ua —> u inX and va —> v inX. (2.156) 
For every (x,y) € Gr A, we have 
(F(a - ),Ya-y) 2 0, 


(F(u—z),v—y) > 0 


(see (2.156)) and thus (u,v) € Gr A (due to maximality of A). 
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Solution of Problem 2.201 

First note that X being uniformly convex, it is reflexive (see the Milman—Pettis 
theorem; Theorem 1.5.89). We will show that for every sequence {A}, Such that 
An \y 0, the sequence {A),,(u)},51 admits a subsequence strongly convergent to 
A°(u). By the Urysohn criterion for the convergence of subsequences (see Problem 
1.1.3), this implies that A)(u) —> A°(u) as A \, 0. 

From Proposition 2.143, we see that the sequence {A),(u)},51 CX is bounded. 
The reflexivity of X implies that the sequence {A), (u)},,., is relatively w-compact 
in X. Then the Eberlein-Smulian theorem (see Theorem 1.5.78) implies that we can 
find a subsequence {A),, (u)}a>1 of {A),, (u)} yy, Such that 


Ay, (4) —>+ uv in X, (2.157) 
From Proposition 2.143(b), we know that 
Ay, (u) € ACA, (u)) Veo 1, (2.158) 
From Proposition 2.143(d), we have 
Jy, (u) —>u in X, (2.159) 


Because A is m-accretive (see Definition 2.139(c)) it is also maximal accretive (see 
Proposition 2.144). So, from (2.157), (2.158), (2.159) and Problem 2.200(b), we have 
(u,v) € GrA. Then 

|A°(u)Ilx < llullx. (2.160) 


Also, we have 


llvllx < liminf Ay, (u)|lx < limsup||Ay,, (u)|lx < ||A°(u)|lx (2-161) 
k—-+00 k-+00 


(see Proposition 2.143(c)). From (2.160) and (2.161), we have ||v||x = ||A°(u)|[x. 
From Problem 2.199 we know that A(u) € Py-(X). Therefore v = A°(u) and so 


Aan, (lx — |A°(u)Ilx and A),,(u) > AP(u) in X, 


so 
Ay, Va) 3 A°(u) in X 


(by the Kadec-Klee property; see Corollary 1.26)). Using once more Proposi- 
tion 2.143, we have 


|A'(Dau))Ilx < llAa@u)ilx < ||A°(@lx = Yue D(A), A> 0. 
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Then the same argument as above, via the Kadec—Klee property, gives 


A°(Jy(u)) —> A®(u) as rA\0 Yue D(A). 


Solution of Problem 2.202 
We argue indirectly. So, suppose that A is not upper semicontinuous as claimed by 
the problem. Then we can find a weakly open set U C X such that 


At(U) = {ue D(A): A(u) CU} 


is not open in D(A) (see Proposition 2.37). This means that we can find 
u € D(A)N AT(U) and a sequence {tn},5, C D(A) such that vu, — u in X and 
Un € A(un) such that vp, ¢ U for all n > 1. By hypothesis A is locally bounded (see 
Definition 2.102). So, the sequence {Un },51 CG X is bounded and due to the reflexivity 


of X, by passing to a subsequence if necessary, we may assume that vy, “> v € X \U. 
Since (Un, Un) € Gr A for every n > 1, Problem 2.200(b) implies that v € A(u) C U, 
a contradiction. 


Solution of Problem 2.203 
For every t,s € R and every u* € F(u(t)), we have 


(u*,u(t)) = u(t) and (u*,u(s)) < |ju(4)|Lx|lu(s)|Lx. 
It follows that 
(u",u(s) —u(t)) < |lu(é)|Lx (lu(s)ILx — llu@)I|Lx) - 


Let t € R be a point of differentiability of ||u(-)|| and of weak differentiability of u. 
Dividing by s — ¢ and letting s > t, we obtain 


(u*,ul(t)) < llu@llxgllu@|lx as s > tt 


and 
(u*,u(t)) > lluilx$llu@|lx asst. 


So, finally we have 


da* uw) = ||e(t) || x $ llee(e) [Lx for a.a.t € T, all u* € F(u(t)). 
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Solution of Problem 2.204 
According to Definition 2.139(c), we need to show that for every h € X, the operator 
equation u + A(w) = h admits a solution u € X. 
Let 
A(u) = (I, + A)(u) +h WueXx. 


Evidently A is continuous accretive (see Definition 2.139) with D(A) = X. For fixed 
uo € X, we consider the following abstract Cauchy problem 


{ aot A(u(t)) = 0, (2.162) 
From Theorem 2.158, we know that problem (2.162) has a unique solution 
u € C1((0, +00); X). We have 
& (u(t +h) — u(t)) =A (u(t + h)) +A (u(t)) — u(t + h)+u(t) Vt>0, 
so 
llu(é+ hb) —uld)|lxHllu(e +h) —uld)lx < —llu(t+h)—ult\|k  VvVt>o 
(see Problem 2.203 and recall that A is accretive), thus 
u(t +h) — u(t)|lx < e *|lu(h) — uollx Vt>0. (2.163) 


Similarly, from the equation 


§ (u(t) — uo) = —A(u(t)) — ult) +h, 
we obtain 
l|u(t) — wollx-Gllu(t) — wollx 
<_ —|lu(t) — woll& + llu(t) — uollx (|| A(wo) |x + lluollx + llAlLx) , 


l|u(t) — wollx < (1 +e~*) (|A(uo)|lx + lluollx + []Allx)  Vt>0. — (2.164) 


From (2.163) and (2.164), we infer that lim u(t) =@€ X existsand lim “(t) = 
t—+00 t+00 


0 
Therefore, if in (2.162) we pass to the limit as t — +00, we obtain (J, + A)u=h, 
so R(I, + A) =X and thus A is m-accretive (see Definition 2.139). 
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Solution of Problem 2.205 
We argue by contradiction. So, suppose that A is not maximal accretive (see Defini- 
tion 2.139(b)). Then we can find (u,v) ¢ Gr A such that 


0 < (F(x—-t),y—%) V (2, y) € GrA. (2.165) 


The set A(v@) is nonempty, closed, and convex. Since v ¢ A(u), we can find h* € X*, 
h* £0 such that 
sup (h*,v) < (h*,v). 
ve A(@) 
The duality map F is monotone, continuous and coercive (see Proposition 2.114). 
So, Theorem 2.119 implies that R(#) = X*. Therefore we can find h € X such that 
F(h) = h*. So, we have 


(F(h),v) < (F(h),®) Vue A(u). (2.166) 


Set U = {ye xX: (F(h),y—v) <0}. Evidently U C X is weakly open and 
A(u) CU (see (2.166)). Let ¢ € (0,1) and let m% = w+th, % € A(u). By hy- 
pothesis A is upper semicontinuous from X into Xy. So, for t € (0,1) small, % € U. 
Then 

(F(h),%—v) < 0. (2.167) 


On the other hand, from (2.165), we have 
0 < (F(t, —t),0%—0) = t(F(h),% —%), 


so 
(F(h),t —%) 2 0, 


a contradiction to (2.167). This shows that A is maximal accretive. 


Solution of Problem 2.206 
Arguing indirectly, suppose that we can find ug € D(A) and a sequence 
{tn}n>1 © (0, +00) such that 


|Struollx =n Vane. 


Since t +> S(t)uo is continuous, we must have t, —>+ +oo. Then from the hypothesis 
of the problem, we have 
|| AS(tn)uollx —> +00. 
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On the other hand, from Theorem 2.158, we know that the map t +> || AS(t)uo||.x 
is nonincreasing, a contradiction. So, we conclude that sup ||S(t)uo||.. < +o. 


a 


Solution of Problem 2.207 
We have 


Is@u- + f s@uar|ly - 4] f (Su stra) rll, 
0 0 


t 


< +f \|Sery(ste- Ju) - S(r)al par < 3 f S(t— ru) dr 
0 0 


t 
2 +f S(e)u ullx ar (2.168) 
0 
(see Definitions 2.156(b) and (a)). Using the triangle inequality, we have 


|S(t)u-ullx < |[S(t)u- tf scryudrl + HI] f (S@u-w ar lls 
0 0 


x 


t 
2 / iStaa= ular 
0 


(see (2.168)). 


Solution of Problem 2.208 
From the triangle inequality, for every u € D(A), x € D(A), y € A(x) and t > 0, we 
have 


I|S(@ju — ullx |St)u— S@)allx + ||S@a — allx + lly — allx 


< 
< 2|lu—2\|x + tllyllx (2.169) 


(see Definition 2.156 and Theorem 2.158). In (2.169), we let x = J)(u) and y = A)(u) 
(recall that A,(u) € A(J,(u))). So, we obtain 


|S@)u—ullx < (2+ 5) llJau) — allx 
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(see Definition 2.142). For all x € D(A), all y € A(x) and all t > 0, we have 


t 


I|S(t)u—allx < Ju all +4 f (Sera 2 — dallx 
0 
—||S(r)u-2l|x)dr VA>O0. 


Choosing x = J(u) and y = A)(u), we obtain 


|S@)u— A(u)llx < |lu— Ja(u)|Lx 


+4 f (I8(r)u-allx = I1S(7)u— JNCw)lx) dr, 
0 


t 
|u— AaCulx < FIS(}u= ull +3 f Su = ule dr 
0 


and thus 


t 
lu—A(ulllx < 2 (144) / |S(r)u — ull dr 
0 


(see Problem 2.207). 


Solution of Problem 2.209 
“(a) == (b)”: Suppose that the nonlinear semigroup {5(t)}:50 is compact (see 
Definition 2.159(a)). From Remark 2.160, we know that {S(t)}:50 is equicontinuous. 
Recall that J,: X —> D(A) (see Definition 2.142). So, from Theorem 2.158, for all 
u € X, we have 

ISAM) — A(wilx < t|AVr(u))] < tAa(w)Ilx = xllu- A(u)Ilx 
(recall that A)(u) € A(J)(u)) and see Definition 2.142), so 


a S(t)J, = Jy uniformly on bounded subsets of X 
(see Proposition 2.143). But S(t)J, is compact. Hence so is the limit J). 
“(b) ==> (a)”: Suppose that for every \ > 0, the map J) is compact and {5(t)}i50 


is equicontinuous (see Definition 2.159(b)). From Problem 2.208, for all u € D(A), 
all t > 0 and all A > 0, we have 


» 
I A(S()u) — S(ullx < £ [Ise r)u— s(ehallx ar 
0 
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The equicontinuity hypothesis on {S(t)}:s0 implies that for every bounded set 
BC D(A), we can find a function €g: Ry —> R¥+ such that €p(r) —> 0 as r \,0 
and for all 7 > 0, all u € B, we have 


|S +7)u— S(t)ullx < (7) 
(see Definition 2.159(b)). So, for all u € B, we have 


|Z(S(t)u) — S(t)ullx < 4 sup Ex(r), 
r€(0,A] 


thus 


Jy(S(t)u) —> S(t)u as A \, 0 uniformly on bounded sets of D(A). 


But J, 0S is compact for every \ > 0. So, Problem 2.2 implies that S(t) is compact 
for all t > 0. 


Solution of Problem 2.210 
For every n > 1, we have 


Iu — Dr, (Un )ILx << [Jtu— tall + [lun + Jr, (Un) Ilo 
< |lu—aunllx + An||Ar, (un)ILx < [lu — unllx + Ac, 


for some c > 0 independent of n > 1 (see Definition 2.142 and recall that the sequence 
{A),, (Un) }nd4 C X is bounded), so 


l|u — Jy, (Un) |x —> 0. (2.170) 


We know that A), (un) € A(Jy,,(un)) for all n > 1 (see Proposition 2.143). 
From (2.170) and since Ay, (Wn) —> h in X, invoking Problem 2.200(a), we conclude 
that (u,h) € Gr A. The last part of the problem is a consequence of Problem 2.200(b). 


Solution of Problem 2.211 
“(a) ==> (b)”: From Proposition 2.143(c), we know that 


|Ax(u)llx = xllu- Aux <7 Vuely, A>0, 


so 
Ilu— Sa(uyllx < An, 
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thus 


uniformly on Ly. 


lim J = I 
raise cs 


Since by hypothesis J) is compact, it follows that J, | 1, 18 compact (see Problem 2.2) 
and so Ly is relatively compact in X. 


“(b) ==> (a)”: Let B C X be a bounded set. Then J)(B) is bounded for every 
\ > 0 (recall that J) in nonexpansive). For any u € X and A > 0, we have 
Irx(u)llx + IAGa(u))] < [a(e)ilxe + Aa) Ilex 
= |[Ja(u)|lx + xllu— Ja(u)llx. 


So, there exists 7 > 0 such that J)(B) C L,, hence J\(B) is compact in X. Since 
BCX is an arbitrary bounded set, we conclude that J, is compact. 


Solution of Problem 2.212 
To show the maximal monotonicity of A, it suffices to show that 


R(A+I ) = 12, (R) 


13 ,(8) 
(see Theorem 2.116). So, for every h € L3_(IR), we consider the periodic problem 
u(t) + u(t) = h(t) for aa. t eT, 

2.171 

{ u(0) = u(2z). ei) 


It is well known that (2.171) has a unique solution u € W1?(0,27) (variation of 
constant formula). Therefore A is maximal monotone (see Definition 2.100). The 
Hille-Yosida theorem (see Theorem 2.153) implies that A is the infinitesimal gener- 
ator of the Co-semigroup defined by 


S(t)u(r) = u(t—7T) Vue L2 (R), t>0. 


so, for each t > 0, S(t) is an isometry and so it cannot be compact for t > 0. 


Solution of Problem 2.213 
Without any loss of generality, we may assume that 7 > 0. Let « € (0,7). If 
Bias = {vu* EX*: |lu*|l.k <n - ae then 


B,<OF(u) = 0 Wuek. 
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From the separation theorem for convex sets (see Theorem 1.5.29), we see that for all 
u € FE, we can find &, € X such that ||&,||x = 1 and 


(hY&,) < (vy) VATE BY g, v* € Flu). 
Then 
ye < (u", ea : 


The upper semicontinuity of F' implies that we can find an open neighborhood U(u) 
of u such that 
(u*,fu) > n-e Vu €U(u), v* € F(v’). 


Since the set F is compact and {U(u)}ueg is an open cover of FE, we can find a finite 
subcover {U(uz),...,U(um)}. Let {v1,...,Um} C X be such that 


|vellx = 1 and (v*,vz) > n—-e 


for all k € {1,...,m}, wu € U(u,) and v* € F(u). If Ay(u) = distp(u, OU(ux)), we 
define 


pe(u) = and E(u) = D7 we(u)or- 
k=1 


Solution of Problem 2.214 
We argue by contradiction. So, suppose that we can find ¢g > 0 and a sequence 
{Un}n>1 GX such that 


[LCun)Ily > €o|lUn|lx + 7l|unl|z. (2.172) 


Replacing u, with lee if necessary, we may assume that ||w,||x = 1 for all n > 1. 


Since X is reflexive, passing to a subsequence if necessary, we may assume that 
WwW ’ 
Un —> u inX, 
Xe) 
W . 
UU, —u inZ (2.173) 


(since the embedding X — Z is continuous). As L € £,(X;Y), from Proposition 2.3, 
we have 

L(un) — L(u) in Y. (2.174) 
From (2.172), we have 

llunllz < GllL(unlly, 
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so |lullz < 0 (see (2.173) and (2.174)), thus u = 0. So, we have L(u,) —> 0 in Y, 
while from (2.172), we have €9 < liminf ||Z(un)||y, a contradiction. This completes 
the solution of the problem. 


Solution of Problem 2.215 

Let X = W1P(Q), Y = L4(0Q), Z = LP(Q) and let L=y € L.(W1?(Q), L9(00)) 
(the trace map; see Definition 1.129). So, we can use Problem 2.214 and then given 
€ > 0, we can find @ > 0 such that for all u € W!(Q), we have 


llullza(an) < e((lullp + ||Dullp) + llullp = €llDullp + cellullp, 


with ec; =C:+e>0. 


Solution of Problem 2.216 
Let (v,v*) € U x X* and suppose that 


(v'—u*,v—u) > 0 V (u,u*) € Gra. (2.175) 


Suppose that v* ¢ A(v). Then by the strong separation theorem (see Theorem I.5.29 
and recall that A(v) is nonempty, convex, and w*-closed), we can find h € X \ {0} 
such that 

F(v) © {y* EX": (y*,h) < Ww", h)} = W. (2.176) 


The set W is w*-open. Since F’ is upper semicontinuous from X into X*., we can 


find a norm open neighborhood D of v such that A(D) C W (see Definition 2.36(a)). 
For t > 0 small we have v+ th € D and so A(v+th) C W. Returning to (2.175) and 
choosing (u, u*) = (v+ th, u*) with u* € A(v + th) we have 


0 < (* —u*,-th) = -t(v*-u",h), 


so 
(wh) < (w*,h) 


and thus u* ¢ W, a contradiction. So, v* € A(v) and this proves the maximal 
monotonicity of A (see Definition 2.100). 
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Solution of Problem 2.217 

First note that A has w*-closed values. Also, since A is locally bounded, by the 
Alaoglu theorem (see Theorem I.5.66), it is locally compact (see Proposition 2.45). 
So, we can use Problem 2.65 and infer that A is upper semicontinuous from X into 
Xj». Then we can invoke Problem 2.216 and conclude that A is maximal monotone. 


Solution of Problem 2.218 

Let u* € X* and let {u;},5, © X* be a sequence such that uy, —> u* in X*. Let 
Un € D(A) be such that ux € A(u,) for all n > 1. Since A is strongly coercive 
(see Definition 2.98(f)), we can find a function 7: Rz; —>+R with n(r) —> +00 as 
r —> +00 such that 


(Uns Un) 2 U(lunl[llunllx Vane, 
sO 
M\lun|lx) < |lUnlle Sa Vane, 


for some c, > 0, thus 
llnilx < ce Vnel, 


for some ¢2 > 0 and hence A~! is locally bounded at u* € X* (see Definition 2.102). 
Since u* € X* was arbitrary, we conclude that A7! is locally bounded. 
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Chapter 3 


Smooth and Nonsmooth 
Calculus 


3.1 Introduction 


In this chapter, X and Y are Banach spaces. 


3.1.1 Gateaux and Fréchet Derivatives 


Definition 3.1 


(a) A map y: X —Y is said to be Géteaux differentiable at u © X if and only 
if there exists A € L(X;Y) such that 


lim 2Utth)-e@) _ Ah) Whe X. 


t0 t 


Then A is called the Gaéteaux derivative of yp atu € X and it is denoted by 
/ 
Yalu). 


(b) A map yp: X —> Y is said to be Fréchet differentiable at u € X if and only 
if there exists A € L(X;Y) such that 


p(u+th)—y(u) = A(h) 4+ e(u, h) VheXx, 
with pat leCuhyly 9. Then A is called the Fréchet derivative ofp atuwE X 
> 


All x 
and it is denoted by y’(u). 


Remark 3.2 

Evidently, if y is Fréchet differentiable at u € X, then y is Gateaux differentiable at 
u € X, but the converse is not in general true. For this reason often Fréchet differ- 
entiable maps are called simply differentiable. Note that a function y is Fréchet 
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differentiable at wu € X if and only if 


lim i = ('(u),h) 


and the convergence is uniform for all h € X in a bounded subset of X. 


The relation between these two concepts of differentiability is given in the next 
proposition. 


Proposition 3.3 

If p: X — Y is Gateaux differentiable at all points in some neighborhood of u€ X 
and u-—+ Yq(u) is continuous as a map from X into L(X;Y), 

then p is Fréchet differentiable at u € X and y'(u) = yG(u). 


Example 3.4 

Let H be a Hilbert space and let y: H —> R be a function which is Gateaux differ- 
entiable at u € X. By the Riesz representation theorem, we know that there exists 
unique Vy(u) € H such that 


ya(u)(h) = (Vou), bh), Vhed. 
The element Vy(w) is called the gradient of y at u€ H. Note that Vy: H — H. 


Proposition 3.5 
If p: X —Y is Fréchet differentiable at ue X, 
then ~ is continuous atu Ee X. 


Remark 3.6 

The result is no longer true if the Fréchet differentiability at u € X is replaced 
by the Gateaux differentiability. We can find a map y: X —> Y which is Gateaux 
differentiable at u € X but is not continuous there. 


Equivalent renorming of X and Y does not affect Fréchet differentiability. 


Proposition 3.7 

If the spaces X and Y are equivalently renormed, 

then the differentiability of p: X —>Y atuE X is unaffected. 

In particular, if X and Y are both finite dimensional, then we may choose any pair 
of norms. 


Definition 3.8 

Let U C X be an open set, let p: X —> Y be a map which is Gateaux differentiable 
at every u € U and let the map U 3 ut yo (u) € L(X;Y) be continuous. Then we 
say that py € C1(U). 
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Proposition 3.9 

If UC X is an open set and y = (1, y2): U — Y1 x Y2 is a map, where Y1, Y2 are 
two Banach spaces, 

then p is Fréchet differentiable at u € X if and only if the coordinate maps p,: U — 
Yi and yo: U —>+ Yo are both Fréchet differentiable atu € X. 


Definition 3.10 

Let X1, X2 be two Banach spaces and let p: X1x Xz —> Y. For any t2 € X2 consider 
the map v1: X1 > uy +> (ur, U2) € Y. Suppose that y is Gateaux (respectively 
Fréchet) differentiable at u; © X. Then (y1)G(t1) (respectively y{,(t)) is called the 
partial Gdateaux (respectively Fréchet) derivative of p at (U1,U1) with respect to 
the first variable and it is denoted by 


(Yu, a(t, tz) (respectively ,, (1, G2)). 


Similarly we define the partial derivative of yp with respect to the second variable. 


Remark 3.11 
If yo(u1,t2) exists, then the partial Gateaux derivatives (¢/,,)q(U1,U2) and 
(1..)G@(t1, U2) exist and we have 


q(t, ti2)(h1,he) = (¥1,, a(t, ta)hi + (¢1,,)G (ti, ta) he. (3.1) 


Similarly for Fréchet differentiable maps. So, in particular if p € C!(X, x X2) (see 
Definition 3.8), then the partial derivatives exist and are continuous. 


Proposition 3.12 

If X1,X2 are two Banach spaces, yp: X, x Xz —+ Y is a map, (Y1,,)q@ exists in a 
neighborhood of (ti, %2) € X, x X_ and the map (Yu,): X1 x Xo —> L(Xo;Y) is 
continuous at (U1, U2), 

then Yo(t1, U2) exists and (3.1) holds. 

Moreover, if in addition y', (U1, U2) exists, then y(t, U2) exists too and 


y (1, t2)(hi,h2) = Py, (tr, Ha2)hi + Gy, (G1, t2)ho. 


Corollary 3.13 

If X,Y1,Y2 are Banach spaces, U C X is an open set and p = (1,92): U — Y is 
@ map (where Y = Yi x Yo), 

then y € C'(U;Y) if and only ify, € C!(U; Yi) and we. € C1(U;Y3). 


Remark 3.14 

Suppose that X and Y are finite dimensional with m = dim X and N = dimY. Let 
U C X be an open set and let y: U —> Y be a map. We fix a basis {e1,..., em} 
of X and a basis {v...,un} of Y. Partial derivatives provide a convenient way to 
represent the derivative of y in terms of R-valued functions. We have 


N 
= S eKvE 
k= 
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and then 


N 
$2 (u) = glue) = S>¥e(uyn = Vue RN, ie {1,...,m}. 
k=1 


Here there are mN R-valued partial derivatives Sek (uy) for k € {1,...,N} and 


i € {1,...,m}. We arrange these mN real numbers as an N x m-matrix by setting 
Batu) BEL Cu) gi(up(er) ---  @4(u)(em) 
Je(u) = 2 ee = a 
Gen(u) ... $e (u) giy(uj(er) --- ey (u)(em) 


This matrix is known as the Jacobian matrix of yp. Clearly Jy depends on the 
choice of the bases in X and Y. The Jacobian matrix for y at u € U can exist even 
if y is not Fréchet differentiable at u ¢ U. However, if y is Fréchet differentiable at 
u €U, then y’(u) € L(X;Y) is represented by Jy(u) with respect to the given bases 
in X and Y. Therefore, if y = y’(u)(w), then 


yi Pi(u(er) -- PL (u)(Em) wi 


YN yy (ujler) --- Py (u)(Em) Wm 
The mean value theorem is an important tool in Real Analysis. In the present 
more general context of vector valued functions, it takes the following form. 


Theorem 3.15 
If vy: [a,b] —+ Y is continuous and differentiable in (a,b) and we have 


Ivy <M Vce (a,b), 
then ||p(b) — la)lly < M(b— a). 
Another result very close to the classical mean value theorem is the following. 


Theorem 3.16 

If U C X is an open set, u,v € U are such that [u,v] C U (where [u,v] = 
{tu+(1—t)uv: t €[0,1]}) and y: U — R is a Fréchet differentiable function, 
then there exist U € (u,v) (where (u,v) = {tu+ (1—t)v: t € (0,1)}) such that 


y(v)—p(u) = (y'(@),v—u), 
with (-,-) denoting the duality brackets for the pair (X*, X). 


Remark 3.17 
If X = R™, then this result can be written as 
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Proposition 3.18 

If UC X is an open connected set, yp: U —> R is a Fréchet differentiable function 
and y'(u) = 0 for allu EU, 

then ~ is constant. 


Theorem 3.19 (Chain Rule) 
If UC X andV CY are open sets, Z is a third Banach space, p: U —> X 1s 
Gateaux differentiable atuc U, p(U) CV andw: V — Z is Fréchet differentiable 


at pu), 
theng=woyp:U —>+ Z is Gateaux differentiable atu € U and 


Ja(u) = V'(y(u)) o ge(u). 


Moreover, if yp is Fréchet differentiable at u, then so is g and 
g(u) = v'(y(u)) o v'(u). 


Remark 3.20 
If in the above proposition the spaces X and Y are finite dimensional, then 


Tyop(u) = Iy(p(u))Jo(u). 


Moreover, the composition of two C!-maps (see Definition 3.8) is a C!-map. 


Definition 3.21 
Let p: X —>R be a map. We say that u € X is a local minimum (respectively 
maximum) of ~ if there exists a neighborhood U of u such that 


plu) < vl(v) (respectively y(u) > y(v)) Vue. 


We say that u € X is a local extremum of vp if it is a local minimum or local 
maximum of p. 


Remark 3.22 
Clearly a global minimum (respectively maximum) is also local minimum (respectively 
maximum) but the converse is not true. 


Proposition 3.23 

If U CX is an open set, C CU is a conver set and py: U —> R is a map such that 
Y|_ has a local minimum at ue C and it is Gateaux differentiable at u, 

then po(u)(y — t) = 0 for ally € C. 


Remark 3.24 
Evidently, if u is a local maximum of »|,,, then the inequality of the conclusion holds 
in the opposite direction. 
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Proposition 3.25 

If U CX is an open set and yp: U — R has a local extremum at u € U and it is 
Gateaux differentiable there, 

then po(u) = 0. 


The next theorem examines what can be said about a map y, if y’(u) is invertible. 


Theorem 3.26 (Inverse Mapping Theorem) 

If U © X is an open set, p € C'(U;Y), up € U, y'(uo) is invertible and 
g'(uo)* € L(Y; X), 

then is a local homeomorphism, i.e., there exists an open set V C U contain- 
ing ug such that y|, is a homeomorphism onto p(V), an open neighborhood of 
Yo = y(uo). Moreover, there is possibly a smaller open set W C V containing uo 
such that y|5' € C'(p(W); X) and 


(ls Yt) = gut  Vuew. 
In fact y|;! is as smooth as 9, i.e, if p € C™(U), then ylj' € C™(y(W)). 
The above result has some interesting consequences in the finite dimensional case. 


Proposition 3.27 
If U CR™ is an open set, up CU, pe C1(U;RY) and yo = v(uo), 
then (a) ifm < N and rank y'(ug) = m, we can find neighborhoods Up of up and Vo 
of yo and a Fréchet differentiable map h: Vo —> R% such that 
(hoy)(u) = i(u) Vuelo, 
where i: R™ —> RN is the canonical injection, i.e., 


itis gta) See ea Oke tO) V tb = (Way 05m) eR”: 


(b) ifm > N and rank y'(uo) = N, we can find a neighborhood Up of up and a 
Fréchet differentiable map f: Ug —>U such that 


f(uo) =uo and (pof)(u) = p(u) Yuelo, 
where p: R™ —> RN is the canonical projection 
Piatti) = Ui aes tay) VS eee tig pe UR 


Next we examine the following problem. Suppose that X,Y, Z are Banach spaces 
and y: X x Y —> Z is such that y(uo, yo) = 0. Is it possible to find, at least locally, 
amap u+—+ y = h(u) such that y(u,h(u)) = 0? Here h should be continuous and 
even differentiable provided y itself is a regular one. Moreover, we want, at least 
locally, h to be the only map satisfying this. This is the content of the next theorem. 
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Theorem 3.28 (Implicit Function Theorem) 

If X,Y,Z are three Banach spaces, W C X x Y is an open set, (uo,yo) € W, 
y € C!(W;Z) with v(uo, yo) = 0 and py (uo, yo) € L(X;Y) is an isomorphism, 

then there exist open sets U C X,V CY anda Fréchet differentiable map h: U —> V 
such that uy EU, yw EV, UxV CW, 


yp(u,h(u)) = 0 YVueUu (3.2) 
and 
h'(u) = —yi(u,h(u))“*¢,(u,r(u)) Vue. 
Moreover, for every u€ U, h(u) is the only solution of (3.2) inV. 
Next we consider extrema of functions under constraints (side conditions). In this 
case one tries to reduce the problem to an unconstrained one by using the idea of 


Lagrange, that is, we incorporate in the cost functional the constraints and minimize 
without any constraints the functional 


Vu, ro, 9") = Aoe(u) + (y", A(u)) , 


where ¢ is the original cost functional, h is the constraint map and {Ao, y*} are the 
so-called Lagrange multipliers. 


Theorem 3.29 
If X,Y are two Banach spaces, up € X, U is an open neighborhood of ug and 
ye ClU),heCl(U;Y) with h(uo) =0 and R(y'(uo)) is closed and 


y(uo) = inf{y(u): we U, h(u) = 0}, 
then there exist \yg € R and y* € Y* not all zero such that 
Aoy’(uo) + h'(uo)*(y*) = 0 in X*. 
Moreover, if R(h'(uo)) = Y, then Ao # 0. 


Remark 3.30 

If Y = R, then the surjectivity condition in the last part of the above theorem, 
becomes a nondegeneracy condition, that is, h’(ug) # 0. In both cases we may 
assume that Ap = 1. 


Recall that if y: X —> Y, then y’(u) € L(X;Y). So, if we want to introduce a 
second order derivative, we need to consider the space £(X;£(X;Y)). Moreover, if 
we pass to even higher order derivatives, then we are faced with even more compli- 
cated spaces. We overcome this difficulty by identifying these spaces with spaces of 
multilinear maps. For this reason, next we briefly discuss multilinear maps. 
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Definition 3.31 

Let X1,...,Xn and Y be Banach spaces. A map A: X1 xX... xX Xyn—>Y is said to 
be multilinear or n-linear, if for every k € {1,...,n} and every family of vectors 
ux € X; fori Ak, the map 


ok ok ok ok 
Ke Uy HF AGG p+ +5 Upe_jy ey Us 044 ,) SY 


is linear. 
On the product space X = X, x... X Xn, usually we consider the norm 


[x = max lfuallx, VO = (tny-.-5tm) EX. 


We can characterize continuous multilinear maps, in a way analogous to the one 
used for linear operators. 


Proposition 3.32 

If X1,...,Xn and Y are Banach spaces and A: X1 x...X Xn —> Y is a multilinear 
map, 

then the following properties are equivalent: 

(a) A is continuous on X = X1 x... xX Xp. 

(b) A is continuous at the origin of X. 

(c) There exists c > 0 such that 


|A@)Ilx < elfuillx.---[lunllx,  VU= (ur,--.,Un) € X. 
Remark 3.33 
In what follows by £(Xj,...,Xn;Y) we denote the family of continuous multilinear 


maps from X = X, x... xX Xp, into Y. This is a normed space with norm 


|Allecxy) = sup {|A@)lly : @=(u1,..-,¢n) €X, lluellx, <1 
for all k € {1,...,n}}. 


Then ||Al|c(x;y) is the smallest constant ¢ > 0 for which Proposition 3.32(c) holds. 
As for the linear operators, we can easily check that (£(X;Y), ||- llevx:y)) is a Banach 
space. 


Now, let £1(X;Y) = £(X;Y) and inductively we define 
Lely) = DXA Y)) Veo 2. 


The next identification theorem makes possible the introduction of higher order 
derivatives. 


Theorem 3.34 
The spaces Ly(X;Y) and £L(X*;Y) are isometrically isomorphic. 
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Definition 3.35 
We say that the n-linear map A: X" —> X is symmetric, if for every permutation 
0 € Sp we have 


A(ur, sion th) = A(ug(1)>- ‘ pleo) Vo uy,...,Un € X. 


We denote the family of symmetric n-linear map by £L;(X";Y). Evidently this is a 
linear subspace of L(X";Y). 


Proposition 3.36 
L.(X";Y) is a closed subspace of L(X";Y) (hence a Banach space with the norm 


Il Ilepxnsyy). 


Proposition 3.37 
If UC X is an open set and yp: U — Y is a map, 


then y is (n + 1)-differentiable at uo € U (n > 1) if and only if p™ (the n-th 
derivative of ~) is differentiable at uo € U. In this case we have 


(yp)! (up)a(h1,...,2) = pT) (up)(h, Ai,..-, An) 
Vihihijei hue x 


Proposition 3.38 
If UC X is an open set and yp: U —+ Y is n-times differentiable at ug € U, 


then py (ug) € L(X";Y). 


Remark 3.39 
If X =R*, Y =R and y: RX — R is twice differentiable. then 


p?)(ug)(hi, he) = (Hyp(uo)hi, ho)pw V hi,ho ERY, 


2 
where Hyp(uo) = Co) eee This symmetric matrix is known as the Hes- 
sian matriz of vy at uo. 


Using the second derivative, we can have a necessary condition for a local mini- 
mum. Of course an analogous criterion holds for local maximum simply by replacing 


y by —-¢. 


Proposition 3.40 

If UC X is an open set, uy EU, p: U — Y is twice differentiable at up and uo is 
a local minimizer of , 

then p?)(ug)(h,h) > 0 for allh € X. 


Remark 3.41 
This is only a necessary condition for local minimum. It is not sufficient as the simple 
example of y: R — R, y(u) = u? at uo = 0 illustrates. 
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Definition 3.42 

(a) IfU C X and V CY are open sets and yp: U —> V is a map, then we say 
that y is a C*-diffeomorphism (k > 1), if y is bijective, p € C*(U;Y) and 
pte C(V;X). 

(b) If U C X is an open set, p: U —> R is differentiable at uo € U, then we say 
that up € U is a critical point of vp if y'(uo) = 0. 

(c) IfU CX is an open set, p: U — R is twice differentiable at uo € U and ug is 
a critical point of yp, then we say that uo is a nondegenerate critical point of 
y, if vp?) (ug) € Lo(X;R) = L(X;.X*) is a topological isomorphism. 


Next we recall a few basic facts about vector fields. 


Definition 3.43 

Let U C X be an open set. A continuous map F: U —> X is called a vector field. 
If F € C*(U;X), k > 1, then we say that F is a C*-vector field. If I is an open 
interval anda: I —>U is a differentiable map such that 


a(t) = F(o(t)) Vtel, (3.3) 


then we say that o is an integral curve of the vector field F. If o cannot be extended 
to an integral curve defined on open interval strictly containing I, then we say that a 
is a maximal integral curve of F. 


Remark 3.44 

From (3.3) it is clear that ¢ € C1(I; X) (note that Foc is continuous). Note that an 
integral curve o is simply a situation of the first order differential equation u’ = F'(u). 
So, if F is a C*-vector field, then o € C**!(T;.X). As we will see in the sequel, of 
special interest are locally Lipschitz vector fields. 


Since the vector field is time-independent, integral curves are translation invariant. 
In what follows T;, : R —> R is the translation function defined by 


Tio (t) = t—to. 


Proposition 3.45 

If F: U —> X is a vector field, 0: I —> U is an integral curve of F and to € R, 
then oo Ty, 18 an integral curve of F defined on I+to andooT;, is maximal if and 
only if o is maximal. 


The next theorem confirms the importance of locally Lipschitz vector fields. For 
such vector fields there is always a unique integral curve passing from a given initial 
condition. 


Theorem 3.46 
If F:U — X is a locally Lipschitz vector field, up € U and to € R, 
then there exists a unique maximal integral curve of F' satisfying o(to) = uo. 
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Remark 3.47 

If o is the unique maximal integral curve defined on J and satisfying o(to) = uo, then 
the unique maximal integral curve o satisfying o(t,) = uo is defined on I + (t; — to) 
andg =a0 Dee fie 


An easy case of interest is that of linear vector fields. So, let A € £(X) and let 
F(u) = A(u) Vue X. 
Evidently F is Lipschitz continuous. 


Proposition 3.48 

If o(t) =e'4 for allt ER, 

then o'(t) = e'40A = Ace’ for allt € R (i.e., o is global integral curve of the linear 
vector field F = A). 

Moreover, if u€ X, theenRItKH> et 
from ug at time tp = 0. 


Aug is the maximal integral curve of A passing 


Definition 3.49 
Let F: U —> X be a vector field. We say that up € U is an equilibrium point of 
F, if F(uo) =0. All other points of U are said to be regular. 


Remark 3.50 
If t) € R and up € U is an equilibrium point for F’, then the constant map 0: R —> U 
defined by o(t) = uo for all t € R is the maximal integral curve of F' passing from uo 
at time t = to. 


In what follows by o(t,to, uo) we denote the maximal integral curve of F’ such 
that o(to) = uo. By Lt u9 we denote the maximal time interval on which o is defined. 
Often we call o(-,to, uo) the flow of F through (to,uo). So, if F = A € L(X) (the 
linear vector field), then o is defined on R x R x X and it is given by 


Next we examine the dependence of the integral curve on the initial condition. 


Theorem 3.51 
If F:U —+ X is an M-Lipschitz vector field and 01,02 are integral curves defined 
on [to, ti] such that o1(to) = ud and oo(to) = u2, then 


llo1(t) — aa(t)||x < |lud — ull xe), 


Theorem 3.52 

If o(-,to, uo) is defined on [a,b] (a < b), 

then there exists a neighborhood V of ug such that for all yo € V, a(-,to, yo) ts also 
defined on {a, b]. 
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Proposition 3.53 
The flow (t,to,uo) + G(t, to, uo) is defined on an open set in R* x X and it is 
continuous there. 


Definition 3.54 

(a) A vector field F for which all maximal integral curves are defined on R is said 
to be complete. 

(b) If F:U —+ X is a vector field, then a C'-function y: U —+ R such that 
poo = constant for any integral curve o of F is said to be a first integral of 
F. 

3.1.2. Convex Functionals and Variational Inequalities 


Through this section X denotes a Banach space and R = RU {+00}. 


Definition 3.55 
Let yp: X —+R be a map. The effective domain of ¢ is the set 


domy = {we X: y(u) < +oo}. 
If domy #9, then we say that y is proper. The epigraph of p is the set 
epip = {(uA)EX xR: y(u) <A}. 
Given X € R, we introduce 
p= {ueX: vu) <r}, yy = {ue X: ou) >A} 


and the indicator function of C defined by 


; = 0 if wEC, 
tty) Se ies if uC. 


We say that yp is convex, if for all uj,u2 € domy and all X € [0,1], we have 
p(Au, + (1—A)uz) < Av(ui) + (1 — A)y(ur). 


We say that y is lower semicontinuous (or closed), if the set y* C X is closed 
for every XER. 


Remark 3.56 
We can have a local definition of lower semicontinuity and say that y is lower semi- 
continuous at uo € X, if 
y(uo) < liminfy(u) = sup inf 
UU) e>0 ||u—uoll x <e 
Of course y is lower semicontinuous if and only if it is lower semicontinuous at every 


ug © X. We say that y is upper semicontinuous (at uo € X), if —y is lower semi- 
continuous (at up € X). Clearly, pg: X —> R is convex if and only if epip C X x R 
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is convex. If vy is convex, then for every \ € R, the set y* is convex. The converse is 
not true as the simple example of the function y(u) = \/|u| for u € R illustrates. If 
CC X is closed (respectively convex), then i, is lower semicontinuous (respectively 
convex). By ['9(X) we denote the cone of proper, lower semicontinuous, and convex 
functions. 


Proposition 3.57 
LX R, then the following statements are equivalent: 
(a) is lower semicontinuous. 
(b) (uo) < liminf for all uo € X. 
uU—>U0 


(c) epiy C X x R is closed. 


Given a function y: X —> R, we can easily see that the closure of the epigraph 
is also epigraph of a function. This leads to the following definition. 


Definition 3.58 

Given a function yp: X —+R, the closure of p (respectively the convex closure of 
yp) is the function cle (respectively conv y) defined by epi (cl y) = epiy (respectively 
epi (conv y) = conv (epi y)). 


Proposition 3.59 
If yp: X —+R ts a map, 
then cly is the biggest lower semicontinuous function minorizing p and 


cly(ug) = sup inf g(u) = lim inf u). 
e>0 ||u-uollx <e EO ||u—uol| x <e 


The next theorem summarizes the remarkable continuity properties that convex 
functions have. 


Theorem 3.60 

If yp: X —>R is a proper convex function, 

then the following properties are equivalent: 

(a) v is bounded above in a neighborhood of ug € X. 

(b) — is continuous at up € X. 

(c) ~ is Lipschitz on some neighborhood of up € X. 

(d) intepip 490. 

(e) intdomy £0 and YJ... 40m, 1 locally Lipschitz. 
Moreover, if one (so all) of the above properties hold, then 


intepig = {(u,A)€X xR: ué intdomy, y(u) < A}, 
intdomy = {ue X: there exists \ € R such that (u, A) € int epi y}. 
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Definition 3.61 
Given a nonempty set C C X, we define the core of C' to be the set 


coeC = {ueX: for everyh eX with ||h||x =1, 
there exists to = to(h) > 0, 
such that u+th € C for allt € [0, tol}. 


Remark 3.62 

The core of C’ is in fact the set of absorbing points of C' (see Definition 2.102). We 
have that int C C coreC and the inclusion can be strict. In fact we can have int C = @, 
coreC' = C’. The core of C is also called the algebraic interior of C. If CC X 
is nonempty, closed, and convex, then 0 € coreC’ if and only if 0 € int C and if and 


only if C is absorbing (i.e., LJ nC = X). If X is finite dimensional and CC X is 
n2>1 
nonempty and convex, then core C’ = int C. 


Proposition 3.63 

If py: X —>R is proper, lower semicontinuous, and convex, 

then the following properties are equivalent: 

(a) ~ is continuous at up € X. 

(b) uo € int dom y. 

(c) uo € coredom y. 

In particular y is continuous (in fact locally Lipschitz) on coredom y. 


In finite dimensions the situation is simpler. 


Proposition 3.64 

If X is finite dimensional and y: X —> R is convez, 
then Yleoredomy @ Continuous (in fact locally Lipschitz). 

Moreover, if U CRN is an open convex set and { pn: U R }asa is a sequence of 
convex functions converging pointwise to yp, then y is also convex, the convergence 
is uniform on every closed bounded subset of U and the sequence { yn ast is equi- 


Lipschitz there. 


Definition 3.65 
Let yp: X —+R,u€domy andh€ X. The directional derivative of y at u in 
the direction h is defined by 


y'(u;h) = lim 


olutdh)—o(u) 
0 A 


when this limit exists. 


is nonde- 


If y is convex and u € coredomy, then the map \ +> eA =a) 


creasing on (0,-+00). So, we have 
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Proposition 3.66 

If yp: X —>R is proper, convex and u € coredom y, 

then the directional derivative y’(u;-) is everywhere finite and sublinear (i.e., is pos- 
itively homogeneous and subadditive). Moreover, if u is a point of continuity for y, 
then y'(u;-) is Lipschitz continuous. 


Remark 3.67 
Evidently, if y/(u;-) € X*, then y’(u;-) = yo@(u)(-) (the Gateaux derivative of y 
at wu). 


Since a point u € X of Gateaux differentiability of y belongs in the coredom y, 
invoking Proposition 3.63, we obtain the following result. 


Proposition 3.68 

If yo: X —>R is a proper, lower semicontinuous, and conver map which is Gaéteaur 
differentiable at up © X, 

then ~ is continuous at ug € X. 


Remark 3.69 
We recall that in general Gateaux differentiability at a point, does not imply conti- 
nuity at this point. 


Definition 3.70 
Let yp: X —> R be a proper function and ug € domy. The subdifferential of yp at 
uo € X is the set Op(ug) C X* (possibly empty) defined by 


Op(uo) = {u* e X*: (u*,w— ug) < y(u) — Y(uo) for allu € X}. 


If uo ¢ domy, then we set Oy(uo) = 9. The elements of the set Oy(uo) are called 
subgradients of ~p at uo. 


The notion of subdifferential is particulary useful in the context of convex func- 
tions. 


Theorem 3.71 
if gk R is conver and u is a point of continuity of y, 
then Op(u) C X* is nonempty, w*-compact, convex and 
Mr. _ * _ 
y(u;h) = oe (uh) = Foo (hr) 
(see Definition 2.46). 


Remark 3.72 

When y¢ is also lower semicontinuous (that is, yp € [p9(X)), the condition that wu is 
a continuity point of y, is equivalent to saying that u € coredomy (see Proposi- 
tion 3.63). 
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It is natural to ask what is the precise relation between the subdifferential of ~ 
and the Gateaux differential of y when the latter exists. Thanks to Proposition 3.68 
we have the following result. 


Theorem 3.73 
If p: X —+R is a proper and convex map and u € X is a point of continuity of ~, 
then y is Gateaux differentiable at u if and only if O—~(u) is a singleton. 


When y is convex and continuous at uo € X, then we can describe the differen- 
tiability of y at up without mentioning the derivative. 


Proposition 3.74 

If yp: X —+R is a proper and convex map and up € X is a point of continuity of y, 
then the following properties are equivalent: 

(a) is Fréchet differentiable at uo. 

(b) For every « > 0, there exists 6 > 0 such that 


plu +h) + p(uo—h)— 2(uo) < ellAllx — V IAllx < 6. 
(c) For every ¢ > 0, there exists 6 > 0 such that 
y(uo +h) + p(uo—h)— 29(uo) < 26 VW I[Allx <6. 
There is an analogous result for the Gateaux derivative. 


Proposition 3.75 

If yp: X —+R is a proper and convex map and up € X is a point of continuity of y, 
then yp is Gateauz differentiable at ug if and only if for every ¢ > 0 and everyh Ee X 
with ||h||x = 1, there exists 6 = d(€,h) > 0 such that 


p(up + th) + p(uo — th) — 2p(uo) < et Vt € [0,6]. 


These two propositions have interesting consequences concerning the differentia- 
bility properties of convex functions. The first theorem is about the Gateaux differ- 
entiability of vy. 


Theorem 3.76 (Mazur Theorem) 

If X is a separable Banach space, U C X is an open and convex set and p: U —R 
is a continuous and convex map, 

then y is Gdteaux differentiable on a dense G5-subset of U. 


For the Fréchet differentiability of y, there is the following theorem. 


Theorem 3.77 

If X* is separable, U C X is an open and conver set and p: U — R is a continuous 
and convex map, 

then y is Fréchet differentiable on a dense G5-subset of U. 
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Remark 3.78 

In general, for any Banach space X, for an open, convex set U C X and for a 
continuous, convex map y: U —> R, the set of points of Fréchet differentiability of 
y is a (possibly empty) G5-subset of U. 


Theorems 3.76 and 3.77 lead to the following definition. 


Definition 3.79 

A Banach space X is said to be an Asplund space (respectively weak Asplund), 
if every continuous convex function defined on a nonempty, open, and convex set 
U CX is Fréchet (Gateaux) differentiable at every point of a dense G5-subset of U. 


Remark 3.80 
Separable Banach spaces are weak Asplund spaces (see Theorem 3.76). Banach spaces 
with separable dual are Asplund spaces (see Theorem 3.77). 


The existence of all partial derivatives does not necessarily imply differentiability 
of the function. This changes for convex functions. 


Proposition 3.81 

If U CRN is an open set, p: U —> R is a conver map and all partial derivatives of 
) at ug € U exist, 

then y is Fréchet differentiable at uo. 


The next proposition is a nonsmooth generalization of the classical Fermat rule 
for minimization and illustrates the importance of the notion of convex subdifferential 
in optimization. 


Proposition 3.82 
If p: X — R is a proper and convex map, 
then up € X is a global minimizer of p if and only if 0 € Oy(uo). 


Duality is a central theme in the theory of convex functions and in that direction 
the next notion is crucial. 


Definition 3.83 
Given a proper function yp: X —+ R, the conjugate of y is the function 
p*: X* —+R defined by 


y*(u*) = sup ((u",u) — y(u)). 
UuEx 
We see that p* is proper, lower semicontinuous, and convex (that is, y* € To(X*)) 
being the supremum of affine continuous functions. We can define the conjugate of 
p*. This is the second conjugate of ~, it is denoted by y** and it is defined on X**. 
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Proposition 3.84 

a, eee R is a proper function, then 

(a) (u*,u) < v(u) + y*(u*) for allu € X, u* € X* (Young—Fenchel inequality); 
(b) (u*,u) = y(u) + y*(u*) af and only if u* € Op(u); 

(c) ife <p, then y* < ¢*; 

(d) ol, <9; 

(e) y* = (cly)* = (Conv y)*; 

(f) p**|x = Conv y. 


These observations lead to the following fundamental result. 


Theorem 3.85 
Lf Qe k= > R is a proper function, 
then p**|, = if and only if gy € To(X). 


Remark 3.86 

The above theorem says that for a proper function y: X —> R we have that 
y €[o(X) if and only if it is the supremum of a family of affine continuous func- 
tions. 


Definition 3.87 
Let p,w: X —+ R be two proper functions. The infimal convolution of y and w 
is defined by 


(PEY)(u) = inf {p(v) + (u-)}. 


Remark 3.88 
Geometrically, the infimal convolution of y and w is the biggest extended real valued 
function whose epigraph contains epiy + epiv. If y and w are convex, then so is 
ply, but if y and w are lower semicontinuous, then yl] yw need not be lower semi- 
continuous. Evidently, if C C X is closed and convex, then for the distance function 
dist(-,C’) we have dist(-,C’) = ||-||x E 


lo. 


Let us mention some useful conjugation rules: 
e y(Au) — y* (4) for A 4:0; 
plu +h) —> p*(u*) — (u*, h); 
Ap(u) — Ay* (A ~) for \ > 0; 
e y*(0) =— inf elu ); 
UuEx 


inf o;)* = * and )* < inf ut: 
e (inf yi) sup yj an (sup yi) < inf gi 


e (p+c)* =¢* —cforallceR. 
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Proposition 3.89 
(a) If p,p: X — R are two proper functions, then (pO w)* = y* + y*. 
(b) pb: x R are two proper and convex functions and 


domyNintdomy 4 9, 


then (p+ )* =y* Fy*. 


The next result is important in convex optimization. 


Theorem 3.90 (Fenchel Duality Theorem) 
if go xX R and w: Y —+R are two proper convex functions, A € L(X;Y) and 


p = ink (g(u) + 4(A(w))) (3.4) 
(primal value) and 
d= 2, (—e*(A*(y")) — o*(-9")) (3.5) 


(dual value), 
then d < p (weak duality) and if 


A(dom vy) Nintdomy 4 0 
or alternatively, if p €To(X), W € To(Y) and 
0 € core (domw — A(dom y)) , 
then p = d (strong duality) and the supremum in (3.5) is realized if finite. 


Remark 3.91 
In the above setting, (3.4) is called primal problem and (3.5) is the dual problem. 


Next we state some fundamental properties of the subdifferential map and derive 
the main rules of the subdifferential calculus. 


Theorem 3.92 
If ge €T(X), then Op: X D D(Oy) — 2*° is maximal monotone. 


However, not every maximal monotone operator from X into X* arises as the 
subdifferential of a convex function. So, we want to isolate that property which 
characterizes subdifferential maps among all maximal monotone operators. This leads 
to the following definition. 
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Definition 3.93 
A map A: X D D(A) —+ 2%” is said to be cyclically monotone, if for alln > 1 
we have 


n 


O< S> (Uj Uk Uk+1) Vv (w1, U4), - at} (Un; Un) € Gr A, Un+1 = U1- 
k=1 


We say that A is maximal cyclically monotone, if it is cyclically monotone and 
there is no cyclically monotone map A’: X D D(A’) —> 2%" such that Gr A & Gr A’ 


Theorem 3.94 

If A: X D D(A) — 2*°" is a map, 

then A = Oy for some y € To(X) if and only if A is maximal cyclically monotone. 
Moreover, A determines y up to an additive constant. 


Definition 3.95 
A proper and convex function py: X —+ R is said to be strictly convex, if for all 
u,v €domy with u#v and all X € (0,1), the following inequality holds 


p(Aut(1—A)v) < Ay(u) + (1 — A)y(v). 
Remark 3.96 


For a proper, strictly convex function y: X —+ R, the subdifferential map Oy is 
strictly monotone. 


Proposition 3.97 
Sr Ge R and wv: Y —+R are proper and conver maps and A € L(X;Y), 
then for everyu€ X, we have 


Op + A*(A(A(u))) © Al~+ Ho A)(u) 


and equality holds if 
A(dom y) Nintdomy #4 0 


or alternatively if p € To(X), wW €To(Y) and 
0 € core (domy— A(domy)). 


Proposition 3.98 
Tf ACL(X;Y) and po Y — R is a proper and convex function, 
then A*0y(A(u)) C O(yo A)(u) for allu € X and equality holds if 


R(A)Nintdomy 4 9G. 


Definition 3.99 
Let p: X —>R be a proper function, up € domy ande > 0. The e-subdifferential of 
yp at uo is the set O-—~(uo) C X* defined by 


O-p(uo) = {u* € X*: (u*,u— uo) < v(u) — y(uo) +e for allu€ X}. 


3.1. Introduction 429 


Remark 3.100 

This innocent looking perturbation of the exact subdifferential (see Definition 3.70) 
leads to some remarkable properties, that distinguish 0:y from the exact subdiffer- 
ential Oy. For ¢ > 0, 0-y(u) is a global notion (in contrast to Oy(u) which is local), 
that is, 0-y(u) is sensitive to variations of y far from u € X. 


The next proposition establishes the main difference between O0-y(u) and Oy(u). 
The approximate subdifferential is always nonempty. 


Proposition 3.101 
If gE To(X), uo € domy and e > 0, 
then 0-:p(up) C X* is nonempty, w*-closed, convex, and 


y’(uo;h) = lim sup (u*,h) VheXx. 
ENO y* €d.9(uo) 


Theorem 3.102 
If peTo(X), uo € domy, €,A > 0 and up € 0-p(uo), 
then there exist ue € domy and uz € X* such that 


uz € Op(ue), |lue —uollx < F and |lur—upllxs < Ve. 


The next theorem is a useful test for differentiability. 


Theorem 3.103 (Smulian Theorem) 

ff gx — R is a proper and convex function and ug € X is a continuity point 

for ¢, 

then the following properties are equivalent: 

(a) is Fréchet differentiable at uo. 

(b) If {Unknsi G X ts a sequence such Up —+ uo in X and uy € Op(uo), then 
there exists no > 1 and a sequence {Un}nso9 G X* such that uy, € Op(Un) and 
U;, —> Ug in Xx”. 

(c) If {Untns1 © X and {up}as, G X* are sequences such that u, —+ uo in X, 
ux € Op(un) forn > 1 and ug € Op(uo), then uy, —> ug in X*. 

(d) If {Un}nsir{tr}nsr SX, {Unhnsi {tmbnsr GS X* and {Entys1 C R are se- 
quences such that U, —> uo and vn —> v9 in X, En \ 0, us € Oz, (Un) and 
ux € O-,(Un) for n > 1, then ux — v* —> 0 in X*. 

(e) If {Endns1 CG R and {un}ys, CG X* are sequences such that en \, 0, 
ux € 0-, (uo) forn > 1 and up € Oy(uo), then ux —> up in X*. 


Remark 3.104 
The same result is true for Gateaux differentiability at uo, provided all the strong 
convergences in X* are replaced by w*-convergence. 


In analogy to Definition 2.98(e) and (f), we provide the following definitions for 
proper functions. 
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Definition 3.105 
Let py: X —+R be a proper function. — 
(a) We say that ~ is coercive, if p(u) = +00. 


ieee 


(b) We say that ~ is strongly coercive, f PU) 2 es: 


Proposition 3.106 
fuc RY is a nonempty open set and yp: U —> R is a convex function, 


then yp is differentiable almost everywhere on U with respect to the Lebesgue measure 
on RN. 


In infinite dimensional Banach spaces, the situation is more involved since there 
is no analog of the Lebesgue measure on the infinite dimensional Banach spaces. 
Nevertheless, classes of null sets can be defined as follows. 


Definition 3.107 

Let X be a Banach space and let D € B(X) (with B(X) being the Borel o-field of 
X). We say that D is Haar null set, if there exists a not necessarily unique Radon 
probability measure m on X such that 


m(u+D) = 0 Vue x. 


More generally, an arbitrary set D C X is Haar null set, if it is contained in a 
Haar null Borel set. The measure m is a test measure for D. 


Theorem 3.108 

If X is a Banach space with separable dual and py: X —> R is a continuous and 
convex map, 

then y is Fréchet differentiable outside a Haar null set. 


Now we turn our attention to integral functionals. So, in what follows let (Q, ©, ) 
be a o-finite measure space and let X be a separable Banach space. We consider 
integral functionals of the form 


| eloulw)) du, 


Q 


oo 
“~~ 
~ 
~~ 
I 


where y: Q x X —> R and u: Q —> X belongs in some vector space of functions. 


Definition 3.109 

We say that p: Q x X —+R is a normal integrand, if 

(a) vy is % x B(X)-measurable; and 

(b) for p-almost allw € QO, the map «+> y(w,x) is proper and lower semicontinu- 
ous. 

We say that yp is a convex normal integrand, if it is normal integrand and for 

p-almost all w € Q, the map c+ > p(w, 2x) is conver. 
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Theorem 3.110 

(a) If y is a normal integrand and Ip: L'(Q; X) —+ [—co, +00] is finite at least at 
one point up € L1(Q;X), 
then Ug)" = Lge: 

(b) If — is a conver normal integrand, I, is finite at uo € L'(Q;X) and Ip» is finite 
at ug € L™(O; Xe), 
then both I, and Ip» are proper and lower semicontinuous functionals which are 
conjugate to each other. 


Theorem 3.111 
If p is a conver normal integrand, 1 < p < +00 
finite at least at one point ug € L?(Q;X), 
then for every u € LP(Q; X), we have 
u® € OIg(u) C LP (0; Xen) <> [u*(w) € O9(w, u(w)) 
for p-a.a.w EQ). 


? sta=l, I: L?(Q;X) — R is 


Definition 3.112 
Let X be a Banach space and let C C X be a nonempty and convex set with u € C. 
The tangent cone to C at u is the set 


The normal cone to C at u is the set 
Neo(u) = {u® eX": (u*,u) =o,(u*)} 
{u* € X*: (u*,c—u) <0 for allc EC}. 


Remark 3.113 

Clearly To(u) = T@(u). Also note that h € Tc(u) if and only if there exist sequences 
{Ankno1 © (0, +00) and {hn}yy1 © X such that A» \ 0 in R, hyp —> h in X and 
u+Anhn € C for all n > 1. Note that C C u+ To(u). For the normal cone we see 
that 


Ne(u) = To(u)” = {u* € X*: a,(u*) < 0} 
(the negative polar cone of To(u)). Recall that 
gu) = supa’ .c) 
cEeC 


(the support function of C; see Definition 2.46). If 


eh ae 0 if wed, 
ot) = ) 400 if u¢C 


(the indicator function of C), then 
Nc(u) = dic(u). 
Note that, if C C X is a nonempty, closed, and convex set, then i,, € T'9(X). 
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Theorem 3.114 
If H is a Hilbert space, C C H is a nonempty, closed, and convex set, 
a: H x H —+R is a bilinear form which is continuous, 1.e., 


la(u,v)| < cillullallule Vue dw, 
for some c, > 0, and coercive, i.e., 
a(u,u) > cellu Vued, 


for some cz > 0, 
then for every h* © H*, there exists unique up € H such that 


uo€C and a(uo,v— ug) > (h*,v — uo) Vue. (3.6) 


Remark 3.115 
A problem of type (3.6) is said to be a variational inequality. If C C H is a vector 
subspace, then by choosing v = ug £hA with h € C, we obtain 


a(uo,h) > (h*,h) and a(ug,—h) > (h*,—h) VREC, 
so 
a(uo,h) = (h*,h) VhREC. 


This particular case of Theorem 3.114 is known as the Lax—Milgram Theorem. 


Proposition 3.116 
Problem (3.6) (the variational inequality) is equivalent to the following problem: 


Find up € C, such that 
a(v,u—uo) > (h*,v — uo) VueEec. 


Let us state also an existence theorem for nonlinear variational inequalities. 


Theorem 3.117 

If X is a reflexive Banach space, C C X is a nonempty, closed, and convex set, 
A: C —+ X* is a bounded (i.e., maps bounded sets to bounded sets), demicontinuous 
and pseudomonotone map (see Definitions 2.102, 2.110, and 2.129) and if C is also 
unbounded, then there exists u € C’ such that 


(A(u),u=%) 
Ilull x 


> +00 as |lullx > too, uEC, 
then given h* € X*, there exists ug € C such that 
(A(ug) —h*,u—up) > 0 Vue. (3.7) 


Moreover, if A is monotone, then the set of ug € C' satisfying (3.7) is closed, convex 
and it is also a singleton if A is strictly monotone. 
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3.1.3 Locally Lipschitz Functions 


Throughout this section, X is a real Banach space with norm ||-||.. By X* we denote 
its dual and by (-,-) the duality brackets for the pair (X*, X). 


Definition 3.118 
Let Y be a Banach space and let yp: X —>+ Y be a map. We say that y is locally 
Lipschitz, if for every u © X, we can find a neighborhood U of u and k > 0 such 


that 
lev) -— e(A)ly < kllu-Allx Vu,heu. 


Remark 3.119 
In most cases we will have Y = R. If y: X —> R is a continuous and convex map, 
then from Proposition 3.63, we know that y is locally Lipschitz. 


The next result is an extension of Proposition 3.106 to the broader class of locally 
Lipschitz functions. 


Theorem 3.120 (Rademacher Theorem) 
if ip: RN —> R* is a locally Lipschitz map, 
then yp is Fréchet differentiable almost everywhere. 


There is also an extension of Theorem 3.108. 


Theorem 3.121 

If X is a separable Banach space, Y is a Banach space with the RNP (see Defini- 
tion 1.45) and p: X —+Y is a locally Lipschitz map, 

then there exists a universally measurably set D C X (see Definition I.4.47) such that 
X \ D is Haar null and y|,, is Gateaux differentiable. 


In the sequel we focus exclusively on R-valued locally Lipschitz functions (that is, 
Y =R). For such functions, we can develop a coherent and complete subdifferential 
theory, which extends the one for continuous convex functions. The starting point is 
the following definition. 


Definition 3.122 
Given a locally Lipschitz function yp: X —> R, the generalized directional deriva- 
tive of p atu€ X in the direction hh € X is given by 


y*(u;h) = lim sup 2e*h)- ol) E R. 


vu 


A\. 0 


Proposition 3.123 

If py: X —> R is a locally Lipschitz function, 

then 

(a) y°(u;-) is sublinear (that is, subadditive and positively homogeneous) and Lips- 
chitz continuous; 
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(b) p°(u; —h) = (—¢)?(u; h); 
(c) the map (u,h) + y?(u;h) is upper semicontinuous. 


Definition 3.124 

A locally Lipschitz function yp: X —> R is said to be regular at u € X, if 

(a) the directional derivative y!(u;h) (see Definition 3.65) exists for allh € X; 
(b) p°(u;h) = y'(u;h) for allhe X. 


Remark 3.125 
A continuous convex function y: X —> R is regular. Also, we say that y: X —>R 
is strictly differentiable, if for all u € X, there exists y’(u) € X* such that 
lim pane @) = (y'(u), h) VhEex 

v>U 

»A\,0 
and the convergence is uniform for h € X in compact sets. If y is Lipschitz continuous 
near zero, then this is automatically true. A strictly differentiable function is regular. 
A function y € C!(X) is strictly differentiable and locally Lipschitz. 


Definition 3.126 
Given a locally Lipschitz function p: X —>R, the generalized (or Clarke) subd- 
ifferential of p at u € X, is the set Op(u) C X* defined by 


dy(u) = {u* Ee X*: (u*,h) < y? (uh) for allhe X}. 


When X is finite dimensional, then using the Rademacher theorem (see Theo- 
rem 3.120) we can have an alternative description of the generalized subdifferential, 
which is more intuitive and geometric. 


Proposition 3.127 
If : RN —> R is locally Lipschitz and E C RN is any Lebesque-null set, 
then for every u € RN, we have 


dgtu) = conv { iim Voe(un): {Un}ns1 CX, Un 


— u, tn €BU(X\ De), 


where Dy is the set of points of Fréchet differentiability of yp (from Theorem 3.120 
we know that XX (X \ Dy) = 0, with dX being the Lebesgue measure on RN ). Also, 
we have 
y(u;h) = lim sup (Vy(v), h)pn - 
VU 
v ¢ (EU(X \ De)) 

The next proposition summarizes the main properties of the generalized subdif- 

ferential. 


3.1. Introduction 435 


Proposition 3.128 

If yp: X —R is a locally Lipschitz function, then 

(a) for every u € X, the set Op(u) C X* is nonempty, convex, and w*-compact; 

(b) the multifunction u+—- Oy(u) is upper semicontinuous from X into X*. (with 
X*. being X* with the w*-topology); 

(c) y°(u; h) = Tou) (h) for allu,h € X; 

(d) if p is Gateaua differentiable at u € X, then yG(u) € Op(u); 

(e) if pe € C1(X), then Oy(u) = { y'(u)} for allu € X; 

(f) if ye is convex too, then the generalized subdifferential and the convex subdiffer- 
ential (see Definition 3.70) coincide. 


Proposition 3.129 
If p: X — R is a locally Lipschitz function, then 

O(Ay)(u) = AIDp(u) VY QO,u)ERx X, 
hence O(—)(u) = —Oy(u). 


Proposition 3.130 
If p,w: X —> R are both locally Lipschitz functions, then 


Aye+b)(u) © Apu) + Op) VueX, 


Equality holds if both p and W are regular at u € X or one of them is strictly differ- 
entiable. 


Theorem 3.131 (Mean Value Theorem) 
If pg: X —+R is a locally Lipschitz map and u,v € X, 


then there exist \ € (0,1), @=u+A(v —u) and & € Oy(%) such that 
y(v)— plu) = (,v—u). 


Proposition 3.132 

If X and Y are two Banach spaces, g € C!(X;Y) and y: Y —> R is a locally 
Lipschitz map, 

then pog: X —>R is locally Lipschitz and 


A(pog)(u) © g’(u)*Ov(g(u)) Vuex. (3.8) 


Moreover, if y is regular at g(u), then yog is regular at u and equality holds in (3.8). 
In addition, if g maps a neighborhood of u € X onto a dense subset of a neighborhood 
of g(u) (for example, if g'(u) is surjective), then we have equality in (3.8). 


Let C C X be a nonempty set and let dist(-,C’) be the distance function from 
C, ie., 
i = inf |lu — 
dist (u, C) inf ||u — ellx 


Then dist(-,C) is Lipschitz continuous and if C' is convex, then dist(-,C) is a convex 
function. 
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Definition 3.133 
Let C C X be a nonempty set and let u € C. 
(a) The Clarke tangent cone to C at u, is the set Ti(u) C X defined by 


To(u) = {hE xX: dist°(u,C;h) <0}. 
(b) The Clarke normal cone to C at u, is the set No(u) C X defined by 
No(u) = {ue X*: (u*,h) <0 for allh € TG(u)}. 


Remark 3.134 
Both cones are closed and convex sets and clearly TZ.(u) = T5(u) (so there is no loss 


fp 
Cc 
of generality if we assume that C is closed). Evidently NG(u) is the negative polar 
of TZ (u). If u € int C, then Ti (u) = X. 


The Clarke tangent cone is always convex and this is a nice and useful property. 
However, the price that we pay for this convenience is that the cone in some cases 
may be reduced to the trivial one {0}. For this reason we introduce the following 
notion. 


Definition 3.135 
Let CC X anduéC. The contingent (or Bouligand) tangent cone to C at u 
is the set T2(u) <n by 


Té(u) = {hex: lim inf dist(u + AR, C) = 0}. 
Remark 3.136 
From Remark 2.89 we see that 


Te(u) = oe +(C — u). 


Therefore Te(u ) is a closed cone. Hence h € Te(u ) if and only if there exist sequences 
{An}nsi © (0, +00) and {hn}ns, © X such that 


An \0, An —h in X and utaAnhy €C Vn2>1. 
Hence (cf. Remark 3.134), we have that if u € int C, then T2(u) = X. 


3.1.4 T-Convergence and Relaxation 


This section deals with two basic themes. First we define a convergence notion on 
the space of R-valued functions (where R = RU {+co}), for which the maps 


ypro>infy and yt->argminy 
x xX 


are both continuous. This leads to the notion of [-convergence and related conver- 
gences. Subsequently, we deal with the notion of relaxation, which permits us to 
describe the minimizing sequences of functionals which are not lower semicontinuous, 
in terms of the minimizers of a suitable lower semicontinuous functional (the relaxed 
functional). 
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Definition 3.137 
Let (X,d,) be a metric space, let { x2 xX — R} st be a sequence of functions 


and let p: X —> R be a function. We say that yy T-converges to y, denoted by 
r ; 

Yn Y, if 

(a) for every sequence {Un}n>1 GX such that Un —> u in X we have 


y(u) < liminf yp (un); 


N—-+00 


(b) there exists a sequence {Un}y51 GX such that v, —> u in X and 


limsup Yp(tn) < yu). 


n—-+00 


Remark 3.138 
Evidently condition (b) in the above definition can be replaced by 
(b)’ there exists a sequence {vp },5, C X such that v, —> u in X such that 


lee Yn(Yn) = vu). 
If y, = ¢ for all n > 1, then yy, ans cly (see Definition 3.58). We can show that 


On = y if and only if epign a epiy in X x R (see Definition 2.88). For this 
reason I’-convergence is also known in the literature as epiconvergence. 


Definition 3.139 _ 
Let (X,d,) be a metric space and let { yp: X —R ae be a sequence of functions. 
We define 


(Ftp) 
= min { lim inf Yn(Un): {Un}nsi CX, Un — u in Xt, 
(ce lim sup en ) 
n—-+oo 
= min { limsup ¢p(un) : {Un}ns1 © X, Un — u in X}. 


n—-+00 


Remark 3.140 
Evidently 
[- lim i inf y, < T-limsup gp. 
n+ +00 n—+00 
An alternative more topological description of these two R-valued functions is the 
following 


ee = ee 
(T- lim sup Yn) (u) = sup limsupinf gn, 
n—>+oo VEN(u) no+oo V 
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where \’/(u) denotes the filter of open neighborhoods of u. Note that these definitions 
make sense in every Hausdorff topological space, not necessarily a metric space (or 
even first countable; see Definition 1.2.24 and Remark I.2.25). Of course N(u) can 
be replaced by a local basis B(u) at u € X. 


gas uth ok 3.141 
If (X,dx) is a metric space p: X —+ R is a function and { fn! — R } 
sei of functions, then 


(a) the functions T- lim i inf yn and T-limsup yy are both lower semicontinuous; 
n—>+00 


n>l1 ws a 


(b) Yn cee y if and only if T-limsup yn < y < T-lim inf y,; 
n—+00 N+ +00 
(c) if X is separable, then the sequence { pn ~~ has a T'-convergent subsequence. 


Proposition 3.142 
If (X,dx) is a metric space, p: X —> R is a function, { Yn: xX — R} 
sequence of functions, then 
(a) T-liminf(y, + v) = [lim inf yp, +4; 
n—-+00 
(b) T-limsup(yn + w) =T- nee SUP Yn + Y; 
N— +00 


n—-+00 


n>1 8 4@ 


(c) if on —> 9, then Yn+% 9 p+. 


In general T-convergence and pointwise convergence are independent notions. 
However, in some special cases they are related. 


Definition 3.143 

Let (X,d,.) be a metric space and let { Yn: X —>R ‘een be a sequence of functions. 
We say that the sequence { Yn tnd1 is equi-lower semicontinuous atu € X, if for 
every € > 0, we can find U € N(u) such that 


Yn(u)—e€ < yn(h) VhEeU, n>1 


We say that the sequence is equi-lower semicontinuous, if it is equi-lower semi- 
continuous at everyuEe X. 


Proposition 3.144 
If (X,d,) is a metric space and { yn: X —> R } 
semicontinuous at u © X, then 


is a sequence which is equi-lower 
ne1 


(r- lim inf pn) (u ) = liminf¢n(u) and (I-limsup yn) (u) 


n—+00 n—-+oo n—-boo 
= limsup Yn(w). 


nN +00 


In particular, if { gn est is an equi-lower semicontinuous sequence, then py EEN ) 
if and only if Qn — pointwise. 
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In fact the above result remains true, if X is a general topological space (see 
Remark 3.140). 

Another instant where I and pointwise convergence coincide is the case of mono- 
tone sequences. 


Proposition 3.145 
(a) If (X,dx) is a metric space and { yn: X —+R}_,, is an increasing sequence 
of functions, then 


ee 
(b) If (X,d,) is a metric space, { pn: X — ae is a decreasing sequence of 


functions and yy, — pointwise, then pn = cly. 


The importance of the notion of [-convergence is a consequence of its variational 
character as it is illustrated by the following theorem. 


Theorem 3.146 
If (X,d,) is a metric space, p: X —> R is a function, { ey: xX —R} is a 


sequence of functions, Yn ab YQ; {Un}ns1 C X is a relatively compact sequence and 
{En}n>1 CR is a sequence such that en \, 0 and 


n(n) < infynten Wn, 
then every limit point u* © X of the sequence {Un}n>1 is a minimizer of p and 


y(u*) = lim (inf yn). 


n—-+00 


Now we turn our attention to relaxation. Given y: X —> R, our goal is to apply 
the direct method of the calculus of variations on cl y (see Definition 3.58). Directly 
from Definition 3.139 and Proposition 3.145, we have the following result. 


Proposition 3.147 
If (X,d,) is a metric space and p: X —+ R is a proper function, 
then 


cly(u) = inf { lim inf plun): {Un}nsr GX, Un — u} 


and so 
(a) cly(u) < lim inf y(un) for all sequences Un — u; 


(b) limsup y(vn) < y(u) for some sequence vn, — u. 
n—++00 


The next theorem is the abstract “relaxation principle.” 


440 Chapter 3. Smooth and Nonsmooth Calculus 


Theorem 3.148 
If (X, dx) is a metric space, p: X —+ R is a map and {tn},51 G X is @ minimizing 
sequence for p (that is, p(n) \ inf yp) which is assumed to be compact, 


then inf p = min cle and every limit point u* of {Un}n>1 satisfies 
1 *) = mincly. 
clp(u") = mincly 


The conclusion of the above theorem fails in the absence of compactness. Because 
of this and since in reflexive Banach spaces bounded sets are relatively w-compact, 
the following notion of convergence for sets and functions is used widely in the context 
of reflexive Banach spaces. 


Definition 3.149 
Let X be a Banach space. 
(a) Let {Cr}ns1 CX be a sequence of sets and let C C X be a set. We say that the 


; M 
sequence {Cr}nd1 converges to C in the sense of Mosco, denoted by C, —> C, 


if 
w-limsupC, C C C siminfC), 
n—>+00 N00 
where 
s-liminfC, = fu EX: u= lim uy for some 
n—-Foo N—> +00 


{Unkn>1 CX with un € Cy, forn> 1}, 


w-limsupC, = fu EX: u=welimun, for some 
n—-+0o k-+-+00 


{un, }ep1 GC X with un, € Cnr, fork > 1} 


(cf. Remark 2.89). 


(b) For a sequence { Yn }n51 CT0(X) and a lower semicontinuous convex function 
yp: X —R, we say that the sequence { pn ta converges to y in the sense of 


Mosco, denoted by pp Bar yp, of 


(b1) for every u€ X there exists a sequence {Unhns1 such that vn, —> u and 


limsup Ypn(tn) < y(u); 


n—-++00 


(b2) for every ue X and every sequence {Un}y>1 CX such that un “yu we 
have 
< limi ‘ 
e(u) < liminf yn (un) 
The importance of this mode of convergence comes from the fact that the opera- 
tion of conjugation (see Definition 3.83) is bicontinuous for the Mosco convergence. 
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Theorem 3.150 
If X is a reflexive Banach space, { n }n51 CTo(X) ts a sequence and p €To(X), 


then Yn a vy if and only if pe are y*. 


Now we consider integral functionals of the form 


ig(u) = [ eeu) Vu(z)) dz. (3.9) 
Q 
To determine the semicontinuity properties of such functionals, first we consider in- 
tegral functionals of the form 


Jp(tt,¥) = / lw, u(w), v(w)) ds 
Q 


with a finite measure space (Q,¥, ) and a proper integrand y: x R*¥x R™ —> R. 


Proposition 3.151 

If ¢ is = x B(R*) x B(R™)-measurable, for j-almost all w € Q the map y(w,-,-) is 
lower semicontinuous on R* x R™ and for p-almost all z € Q and all u € R* the map 
p(w, u,-) is conver on R™, 

then the functional Jy: L+(Q;R*) x L1(Q;R™) —> R is sequentially lower semicontin- 
uous on L1(Q;R*) x L1(Q;R™), where L1(Q;R*) is equipped with the strong topology 
and L'(Q;R™) is equipped with the weak topology. 


Remark 3.152 

In fact the result remains true if R” is replaced by a separable Banach space Y and 
R™ is replaced by a separable and reflexive Banach space V. We can also assume 
that y is R-valued and 


p(w,u,v) > Vw) —c(llully — |lullv) for waa we, alluc Y, ve V, 


with 3 € L1(Q). Moreover, L'(Q;Y) and L1(Q;V) can be replaced by L?(Q;Y) and 
L1(Q;V) respectively (with p,q > 1). 


Using Proposition 3.151 on the functional J, we obtain the following result. 


Theorem 3.153 

fac RY is an open set with a Lipschitz boundary 0Q and py: Ox R¥ x REN —> R, 
is a Lx B(R*) x B(R*’)-measurable integrand (L being the Lebesgue o-field on 2), 
such that for almost allw € Q the map R* x R®N 5 (u,v) —> y(z, u,v) is lower semi- 
continuous and for almost all z € Q and all u € R* the map R*X 3 vt > v(z, u,v) 
is convex, 

then the functional Ip: W14(Q;R*) —+ Ry defined by (3.9) is sequentially weakly 
lower semicontinuous. 


In the scalar case (that is, k = 1), the convexity of y(z,u,-) is also a necessary 
condition for the semicontinuity of Ip. 
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Proposition 3.154 
If k=1 and Ig: W!1(Q) —> R = [0, +00] is a sequentially weakly lower semicon- 


tinuous functional for p: 2x Rx RN —> Ry measurable and lower semicontinuous 
on RxRN, 
then for almost all z € Q and allu € R, the map v'+—> v(z, u,v) is conver. 


In Problem 2.144, we saw that a sequence {Un}js1 © L1(Q) which converges 
weakly but not strongly in L1(Q), oscillates violently around its weak limit. However, 
in the limit all this information about the fast oscillation is lost and only a mean value 
is registered. Clearly, this is not satisfactory. For example, suppose that u, —> u in 
DT+(Q) and h: Q x R —> R is a Carathéodory integrand. Let 


Naw) = hG,uC)) and Nar(un)() = AG,un()) Vane. 
Then, we cannot say that 
Na(un) “> Np(u) in £1(Q) 

unless h(z,-) is affine, a very restrictive requirement. The idea is that of relaxation. 
We embed the sequence {Un}n>1 into a larger space and consider the limit there. 
This large space is a space of parametrized measures, known as “Young measures.” 

In what follows, Q and T are locally compact and o-compact metric spaces (hence 
separable), © is a -field on 2 which contains the Borel o-field B(Q) and p is a Radon 
measure on (2,4) such that © is z-complete. Also, let 

Co(T) = {u: —>R: wis continuous and vanishes at infinity, 
i.e., for every € > 0, there exists compact set Kez C T, 
such that |u(t)| <e for allte T\ Ke}, 
OT) = {u:T—R: wis continuous and bounded}. 
We know that 
Co(T)* = MT) 

(M,(T) being the space of Radon signed measures; see Theorem 1.88). 

We set 

M,(T)4 = {A€ M(T): A > 0} the Radon measures on T, 
MAT) = {AE M(T)+: A(T) = 1} the probability 

measures on T, 
SMi(T) = {AXE M(T);: A(T) < 1} the subprobability 


measures on T’. 


Definition 3.155 

A transition probability (respectively transition subprobability) on Q, is a map 
A: Q —> ML(T) (respectively A: Q —>+ SM1(T)) such that for every A € B(T) 
(where B(T) is the Borel o-field on T), we have that the map z +> X(z)(A) is 
u-measurable. By R(Q;T) (respectively SR(Q;T)) we denote the space of all the 
transition probabilities (respectively transition subprobabilities) on Q. 
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Remark 3.156 

We can endow M}(T) with the relative w(M(T),C,(T))-topology, known as the 
narrow topology (see Definition 1.89). We denote this topology by w,. From 
Theorem 1.96 we know that the space (M+, w,) is Polish. 


Proposition 3.157 
(a) If 3: Q — M}(T) is (, B(M} (TL), wn))-measurable, then X € R(Q;T). 
(b) If T is compact and X € R(Q:T), then d is (©, B(M}(T), wn))-measurable. 


Let us recall the following definition. 


Definition 3.158 

Let (S,Y) be a measurable space, V a Hausdorff topological space, 0: S —+ V a 
(VY, B(V))-measurable map, and \: Y —+ Ry = [0,+00] a measure on S. The image 
measure of \ under 3, denoted by \0 37! is defined by 


(Aov1)(A) = AWW 1(A)) VV AE BV). 


Remark 3.159 
Note that if h: V —> R is a \0 07 !-measurable map, then 


[roma = pr) d(\0071)(v). 
4 


S 


Definition 3.160 
(a) We say that € € M,(QxT)+ is a Young measure with respect to u € M,(Q)+, if 


E(AxT) = p(A) VAEX 


(i.e., w is the Q-marginal of €, that is, the image measure under the projection 
map on proj, ). By Y(Q,T; u) we denote the space of Young measures with respect 
to [L. 
(b) We say that € € M(Qx T)4 is a Young submeasure with respect to wu © 
Mi(Q)+, if 
€(AxT) < pA) VAE™. 


By SY(Q,T; 1) we denote the space of Young submeasures with respect to w. 


(c) Ifu: Q —+T, then we say that the Young measure € € Y(Q,T; ) is associated 
with the function u, if 


/ hla 7 de. = [rau du V he Oo(Q x T). 
OQxT 


Remark 3.161 

Note that if € € Y(O,T; 4), then p = €0 proj,', where proj,: Q x T —> Q is the 
projection map. Moreover, € = 10 6~! where 8: Q —> 0 x T is defined by 8(z) = 
(z,u(z)), in the case where € is associated with u (see Definition 3.160(c)). 
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Proposition 3.162 
(a) We have 


SY(Q, T; 1) {EE M(Qx* T),: (Ax T) < w(Q) and 


for alln € Co(Q), 7 > 0 and all y € C(Q x T)+ 
with y(z,T) < n(z) for all (z,7) € Ox T, 


we have i y(z,T) dé < [nan}. 


OxT 1e) 


(b) If T is compact, then 


Y(Q,T;n) = {EE SV(Q,T; pn): for all n € CoQ), n > 0, 


ie have fn du = J nas}. 


Q QxT 
From Theorem 1.88, we know that 
M,(Q x T) = Co(Q x Tt)". 


So, we can endow Y(0,7T; 4) and SY(Q,7T; ww) with the relative w*-topology. Then 
we have the following result. 


Theorem 3.163 
(a) T is compact if and only if Y(Q,T; 1) is w*-compact. 
(b) SY(Q,T; 4) with the relative w*-topology is compact and metrizable. 


Let \1,\2 € SR(Q;T). We introduce the following equivalence relation 
Ay ~ AQ = [A1(z) = d2(z) for p-a.a. 2 & Q| F 


We set 
RET) = AOE). and’ SRO) = SRO)? 


(see Definition 3.155). We can relate Young measures with the transition probabilities. 


Theorem 3.164 
There is a bijection 0: R(Q;T) —> Y(Q,T; pL) defined by 


where 


e(C) = | [xc@mwur du VC €Ex BT). 
OF 
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Remark 3.165 

Similarly we establish that o is a bijection from SR(Q;T) onto SY(OQ, T; 4). Moreover, 
if € is the Young measure associated with a measurable function u: Q —> T, then 
a(dy) = €. Here 6, is the Dirac transition probability defined by 


1 if u(z)eD, 


bu(z) (D) = . if u(z)¢D V De BT). 


The identification established in Theorem 3.164 implies that w*-topology on 
YV(Q, T; 4) (resulting from the pair (M,(Q x T), Co(Q x T))) is equivalent to the w*- 
topology on R(Q;T) (resulting from the pair (L°(Q; My(T)), L1(Q;Co(T)))). The 
fundamental idea behind the theory of Young measures is that, in some sense, Young 
measures form a completion of the space of ordinary functions. In this completion, 
the ordinary functions are the Dirac Young measures mentioned above. 


The next approximation result is very useful in many situations. 


Proposition 3.166 
if FO > 27 \ {0} is a graph measurable multifunction (i.e., Gr F € = x B(T)) 
and 

Re(QT) = Ac R(Q;T): A(Z)(F(z)) =1 for p-a.a. z EQ), 


then 


Re(Q;T) = cl (du: uw: O—-T is U-measurable and u(z) € F(z) 
for p-a.a. z €Q) 


(the closure with respect to the w*-topology on L™(Q; My(T))). 


Definition 3.167 
The narrow topology on Y(Q,T; 1) is the weakest topology which makes continuous 
the linear functionals of the form 


eo | vd 
OQxT 
for all measurable integrands y: Q x T —+R such that y(z,-) € Cy(L) for w-almost 


all z€Q and z ++ ||y(z,-)I|re¢r) belongs in L'(Q). We say that the sequence 
{En}n>1 C Y(Q,t; 4) converges narrowly to €, 


im | dé, = | eu 


n—-+00 
OxT OxT 


for every integrand y(z,u) as above. We write &, > €. 


We want to have a compactness criterion for the narrow topology. In this direction 
the following notion is important. 
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Definition 3.168 
A setD C V(Q,T; ws) is said to be uniformly tight, if for every ¢ > 0, there exists 
a compact set K, C T such that 


sup &(Q x (T'\ Ke)) < e. 
€€D 


Remark 3.169 
The uniform tightness of a set D C Y(Q,T; 4) is equivalent to saying that the set 
C= {é ° proj, : €E D} is uniformly tight in M)(T)+. 


Exploiting the identification established in Theorem 3.164, we can have the fol- 
lowing alternative characterization of uniform tightness. 


Proposition 3.170 

A setD C YV(Q,T;) is uniformly tight if and only if there exists a measurable 
function pw: Q x T —> Ry such that for p-almost all z € Q and for every n € R the 
set {ue T: W(z,u) <n} is compact and 


as / ae <= wap i / dileaecdwae. = pow. 
Q T 


ceD J, ceD 


Remark 3.171 
A function h: T —+ R with compact sublevel sets (as is the case for ~(z,-) in the 
above proposition), is often called inf-compact. 


The notion of uniform tightness leads to a compactness criterion for the narrow 
topology (see Definition 3.167). The result is known as the Prohorov theorem for 
Young measures. 


Theorem 3.172 (Prohorov Theorem) 
A set D C Y(Q,T; 1) is relatively compact for narrow topology if and only if D is 
uniformly tight. 
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3.2. Problems 


Problem 3.1** 

Suppose that X and Y are two Banach spaces, U C X is an open set and f: U — Y 
is a compact and Fréchet differentiable map (see Definition 3.1). Show that for every 
x €U, we have f'(x) € £.(X;Y). 


Problem 3.2** 
Let X be a Banach space with norm ||-|| x. Show that if |]-||. is differentiable at u 4 0 
and t > 0, then ||-||x is differentiable at tu and 


Flltullx = $llullx. 
Also show that |~ Well ||, = 1. 


Problem 3.3** 

Let C C R® be a nonempty closed set and let us consider the function 
yc(u) = dist(u,C). Suppose that for some u € RY, yU(u) exists and yO(u) 4 0. 
Show that u ¢ C, proj.(u) = {c} (where proj. is the metric projection, that is, 
proj,(u) ={cee€C: |u—ce| =dist(u,C)}) and yo(u) = -s 


~ Tu=c]" 


Problem 3.4* 

Suppose that X and Y are two Banach spaces, U C X is a nonempty, open and 
connected set and y: U —>+ Y is a Fréchet differentiable function such that y/(u) = 0 
for all u € U. Show that y is constant. 


Problem 3.5** 
Suppose that (Q,%, 2) is a finite measure space, 1 < p< -+oo, f:QxR—-> Risa 
Carathéodory function satisfying the following growth condition 


|f(w,2)| < a(w)+ela|P-+ for p-aa.w EQ, alla ER, 


where a € L”’ (Q) (with : + a =1).0 } 0) Tet 


F(w,2) = | reas 
0 


and let Ny: L?(Q) — L¥'(Q) be the Nemytskii operator corresponding to f (see 
Definition 1.145 and Problem 1.42). Let ~: L?(Q) —> R be defined by 


ih = [ Fe.ue)) Vue LQ). 
Q 


Show that ~ € Cl(L?(Q)) and w'(u) = N¢(u) for all u € L?(Q). 
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Problem 3.6** 

Suppose that (Q,%,/) is a finite measure space, y: 2 x R —> R is a measurable 
functional such that y(w,-) € C1(R) for p-almost all w €Q and y!, satisfies the 
following growth condition 


lvi.(w,z)| < a(w)+elz|” for paaweEQ, allxeR 


with a € L"(Q) for some n,m > 1 and c > 0. Let p = mn and q = 734 and 
let Nj: L?(Q) —>+ L4(Q) be the Nemytskii operator corresponding to y (see Defi- 
nition 1.145 and Problem 1.42). Also, let Ny. : L?(Q) —+ L"(Q) be the Nemytskii 
operator corresponding to y!,. Show that NM, € C1(L?(Q)) and No(u) = Ny (u) for 
all u € LP(Q). 


Problem 3.7*** 
Suppose that 2 C R% is a nonempty and bounded set, p € [1, +00), py: Ox R—>R 
is a measurable function such that y(z,-) € C'(R) for almost all z € 2 and 


le. (z,z2)| < M foraa.zeQ, allreER, 


with M > 0. Then N,: L?(Q) —> L?(Q) and Ny: L?(Q) —> L°(Q). Suppose that 
Ng is Fréchet differentiable. Show that 


y(z,rz) = c(z)x+a(z) foraa.zeEQ, allz eR, 
with ce L™(Q), a € DPQ). 


Problem 3.8% 

Suppose that X and Y are two Banach spaces, U C X is a nonempty and open set, 
y: U —+ Y is a Cl-map, and y'(u) is an isomorphism for every u € U. Show that 
the set yp(U) C Y is open. 


Problem 3.9* 

Suppose that X and Y are two Banach spaces, U C X is a nonempty and open set, 
y € C!(U;Y) is an injective map and y’(u) is an isomorphism for every u € U. Show 
that y is a C!-diffeomorphism from U onto y(U). 


Problem 3.10** 

Suppose that X, Y and Z are three Banach spaces, U C X is a nonempty and open 
set, p: U —+ Y and w: U —> Z are two C!-maps with y’(u) being an isomorphism 
for all u € U. Suppose that there exists 7: p(U) —> Z such that Ww = 00 y. Show 
that o is a C!-map. 


Problem 3.11* 
Let X be a Banach space and let y: [a,b] —> X be a continuous map which is right 
differentiable on [a,b). Let 


Bt) = |le@)\lx  Vte [a,d). 
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Show that ? is right differentiable on [a,b) and 
(| < lly-(Ilx Vt [a,6). 


Problem 3.12** 

Suppose that X is a Banach space, C' C X is a nonempty, closed, and convex set and 
y: [a,b] —> X is a continuous map which is differentiable for almost all t € [a, }], 
y/(t) € C and gy’ € L((a,b); X). Show that v(t) ea) EC. 


Problem 3.13** 
Let X bea Banach space and let vy: [a,b] —+ X and #: [a,b] —> R be two continuous 
functions which are both differentiable in (a,b). Suppose that 


Ie’(tIlx < w(t)  Vte (a,b). 
Show that 
Ilp(o) — vla)|lx < V(b) — Va). 


Problem 3.14* 
Let X be a Banach space and let A € £(X). Consider the map y: R —> L(X) 
defined by 

y(t) = eA VteR. 
Show that y € C1(R; L(X)). 
Problem 3.15** 
Let X = C'((0,1]) and let py: X —> X be a map defined by 

yp(u)(t) = sin u(t) Vte (0,1). 
Show that y is Fréchet differentiable at every u € X and find y’(u). 
Problem 3.16** 
Let p: [°° —>R be defined by 
p(u) = limsup |u| VG= tah eie lt: 
n—--+00 eS 


Show that the function p is continuous, but nowhere differentiable. 


Problem 3.17* 
Suppose that X and Y are two Banach spaces, y: X —> Y is a map which is Fréchet 
differentiable at u € X, and M = ||y'(u)||c. Show that for every < > 0, there exists 
6 > 0 such that 


Iyuth)— pully < (Mt+e)|lhlx VheX, with ||Allx <6. 
Problem 3.18** 


Suppose that X is a Banach space, y € C!(X;X), y’(u) € L(X; X) is an isomorphism 
for all u € X and there exists c € (0,1) such that 


IIe(u) — pv) —(u- vx < clu-vlx Vue xX. 
Show that y is a C!-diffeomorphism. 
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Problem 3.19% 
Suppose that H is a Hilbert space, A € £(H) and y: H —>+ R is a map defined by 


g(u) = (A(u),u)y = Vue H. 
Show that y € C'(H) 


Problem 3.20** 

Let (Q,%, 41) be a o-finite measure space and consider the space L?(Q;R%) (with 
1<p<-+oo). Show that the norm ||-||z»(q,ry) is Fréchet differentiable at every 
u # 0 and find the Fréchet derivative. 


Problem 3.21*** 
Suppose that 2 C R% is a bounded open set with a Lipschitz boundary, 1 < p < +00 
and yp: W °(Q.) —> R is the function defined by 


eu) = 5||Dul| 


P(N) Vue L(O;R%). 


Show that y € C!(W,’?(Q)) and find y’(u). 


Problem 3.22* 
Suppose that X is a Banach space, yp: X —> R is a Gateaux differentiable map such 
that for some ug € X and some open neighborhood U C X of uo, we have 


y(u) — y(uo) — (vg(uo),u-u) > 0 Vue. 


Show that y is sequentially weakly lower semicontinuous at ug. Also, show that, if 
the set U above is open convex, then |,, is a convex map. 


Problem 3.23% 
Let X be a Banach space and let y: X —> R be a Gateaux differentiable map such 
that 

(y'(u),u) > 0 WueX, with |jully =o>0 


and inf (uw) is realized at uo. Show that ||uol|x < g. 
Ilullx<e 


Problem 3.24* 
Let X and Y be two Banach spaces and let y: X —+ Y be a map which is Gateaux 
differentiable at u € X. Show that y is hemicontinuous on X with the norm topology. 


Problem 3.25** 

Suppose that X and Y are two Banach spaces, py: X —> Y is a Fréchet differentiable 
map such that y and y’: X —> L(X;Y) are both compact. Show that y is completely 
continuous. 
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Problem 3.26* 
Let X = C ([0,1]) and € € C1(R). We introduce the function y: X —> R defined by 


1 
wee [stueyvat VueX, 
0 


Show that y € C!(X) and find y’. 


Problem 3.27% 

Suppose that X is a Banach space, y: X —> R is a map which is Fréchet differentiable 
at uo + th and we set €(7) = y(ug + Th) for all tr € R. Show that € is differentiable 
at t and 


E(t) = (y'(uo + th), h). 


Problem 3.28*** 

Let M,,(IR) be the space of all n x n-real matrices and let €: M,,(R) x M,(R) — 

M,,(R) be defined by (A, K) = AK. Prove the following statements: 

(a) €€ C'(M,,(R) x M,,(R); M,(R)) and find €’. 

(b) The set End,,(R) of all invertible elements of M,,(R) is open and the map 
@: End,(R) —> End,(R) defined by 6(A) = A7? is a C-diffeomorphism. 


Problem 3.29% 
Let X be a Banach space and let y: X —> R be a map. We say that y is a- 
homogeneous (with a € R), if 


y(tu) = t*%ay(u) Yue xX \ {0}, t>0. 
Suppose that ¢ is Fréchet differentiable at every u 4 0. Show that y is a-homogeneous 
if and only if ay(u) = (y’(u), u) for all u 4 0. 


Remark. The result of this problem is known in the literature as the Euler For- 
mula. 


Problem 3.30% 
Let M,,(R) be the space of all n x n real matrices and let y: R x M,(R) —> R be 
defined by 

p(A, A) = det(Al — A) V (A, A) € Rx M,(R). 
Let A € R be a simple eigenvalue of A. Show that there exists a neighborhood U of 
A and a C™-function h: U —> R such that h(A) = \ and for every C € U, h(C) is 
an eigenvalue of C. 


Problem 3.31*** 
Let y € C!(R;R%) be such that 


(y'(u)h,h)en 2 elhl? VuheR’, 


for some c > 0. Show that y is a C!-diffeomorphism. 
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Problem 3.32** 

Suppose that X is a Banach space, y € C!(X;X), u € X and y = y(u). Show that 
there exist an open neighborhood U of (0,u) in R x X, an open neighborhood V of 
y in X and a C!-map h: U —> X such that for all (A, v) € U, we have 


[w eV and w = y(Aw+v)| > w=A(A,v). 


Problem 3.33** 

Suppose that X is a Banach space, U C X is a nonempty, open, convex set, 0 € U 
and g € C(U; X*). Show that the following three statements are equivalent: 

(a) There exists a function y € C!(U) such that g = y’. 

(b) f (g(r), dr) is independent of the path 7 in U, with y being simple and rectifiable. 


y 
(c) If €(t) = tu+ (1 — t)v with u,v € U, then 


1 1 
/ (g(tu), u) dé — / (g(tv),») dt = / (g(E(t)),u— v) at. 
0 0 


Also show that, if X is reflexive and g € C!(U; X*), then the above statements 
are equivalent to the following one: 
(d) g/(u) € L(X; X*) is self-adjoint for all u € U. 


Problem 3.34** 
Let X be a reflexive Banach space and let y € C!(X) be such that 


(y'(u),u) > E(llullx) Wuex, 
where €: (0, +oo) —> (0,+00) is a continuous function such that 


+00 
[Qa = +00. 
1 


Show that y is coercive on X. 


Problem 3.35% 

Suppose that X is a Banach space, U C X is nonempty, open set, fF: U —> X isa 
vector field and y € C!(U). Show that is a first integral of F (see Definition 3.54(b)) 
if and only if (y’(u), F(u)) = 0 for all u EU. 


Problem 3.36** 

Assume that X is a Banach space, U C X is a nonempty open set, F': U —> X isa 
vector field, and y € C1(U) is a first integral of F such that y~!(c) C X is a compact 
set for every c € R. Show that the vector field F’ is complete. 
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Problem 3.37** 

Suppose that X is a finite dimensional Banach space, U C X is a nonempty, open set 
and F': U —+ X is a Lipschitz continuous vector field with Lipschitz constant k > 0. 
Show that F’ is complete. 


Problem 3.38** 

Let Y be a Banach space and let y: R™ —> Y be a map which is Gateaux differ- 
entiable at uo € R™ and Lipschitz continuous in an open neighborhood of ug. Show 
that y is Fréchet differentiable at uo. 


Problem 3.39*** 

Let X and Y be two Banach spaces and let y € C!(X;Y) be such that y’(u) is an 

isomorphism from X onto Y and sup ||y/(u)~*||c¢ < +00 for all u € X. Show that y 
uEexX 


is a C!-diffeomorphism. 


Problem 3.40*** 
Let X be a reflexive Banach space and let y: [0,6] —> X be a Lipschitz continuous 
map. Show that ¢ is differentiable at almost all t¢ € [0, bj. 


Problem 3.41** 
Let X be a reflexive Banach space with its dual X* strictly convex and let 7: X —> R 
be defined by o(u) = ||u||x. Show that o is Gateaux differentiable on X \ {0} and 


o(u) = qe vue X\ {0} 
with F: X —> X* being the duality map of X. 


Problem 3.42** 
Let X be a reflexive Banach space with its dual X* being locally uniformly convex 
and let o: X —+ R be defined by o(u) = ||ul|x. Show that o € C1(X \ {0}). 


Problem 3.43** 

Let X be a reflexive Banach space which is densely and continuously embedded in a 
Hilbert space H. Suppose that y € p(X) (see Remark 3.56) and clul|% < y(u) for 
all u€ X. We introduce the map 6: H —> R = RU {+00} defined by 


%) 


_ (u) if wEX, 
ns { i if we H\ xX. 


Show that ¢ € To(#). 


Problem 3.44* 
Let X be a Banach space and let y: X —> R be a convex function which is Gateaux 
differentiable at uo € X. Show that yo(uo) € Oy(uo). 
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Problem 3.45*** 
Let X be a Banach space and let y € Io(X). Show that y is Lipschitz 
continuous with Lipschitz constant k if and only if domy* C kB;(0), where 


ok 


B (0) = (u* € X*: |lu* ll.) <1. 


Problem 3.46™* 

Let X be a reflexive Banach space and let y € ['9(X). Show that the following two 
properties are equivalent: 

(a) vy is strongly coercive (see Definition 3.105(b)). 

(b) Oy is surjective and (Oy)~! is bounded on bounded sets. 


Problem 3.47** 

Let X be a Banach space and let y: X —> R be a proper, convex function which is 
lower semicontinuous at some point in dom y. Show that the following properties are 
equivalent: 

(a) ¢ is coercive (see Definition 3.105(a)). 

(b) There exist c > 0 and b € R such that 


y(u) > cllullx +b Vue X. 
bse p(u) 
Co) fpming ax > © 


(d) for every \ ER, the set p> = {ue X: y(u) < A} is bounded. 


Problem 3.48** 
Suppose that X is a Banach space, uj € X*\ {0} and y(u) = | (ug, u) | for all ue X. 
Find 0(0). 


Problem 3.49* 
Let H be a Hilbert space and let C C H be a nonempty and closed set. Let dist(-, C) 
be the distance function from the set C, i.e., 


= inf lu—clly. 
dist (u, C) inf lu clla 


Let y = §||-||?, +2,- Show that 
dist(-,C)’ = ||-llir — 29°. 


Problem 3.50** 
Suppose that X is a Banach space, U C X is a nonempty, open, and convex set and 
yp: U — R is a Gateaux differentiable function such that 


(yo(u)-— gov), u-v) > 0 Vue. 


Show that y is convex. 
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Problem 3.51** 
Suppose that X is a Banach space, u* € X* \ {0}, uo € X and 


Dy, = {wEX: (u*,u) > (u*, ug) } . 
Show that i, (uo) = R-u* with R- = (—oo, Oj. 


Problem 3.52* 

Suppose that X is a reflexive Banach space, y € T'o9(X) and ¢« > 0. Show that the 
following three conditions are equivalent: 

(a) u* € Ozp(u). 

(b) y(u) + y*(u") — (u*,u) <e. 

(c) we O-p*(u*). 


Problem 3.53** 
Let y: R —> R be defined by y(u) = |u| and let ¢ > 0. Find 0.y(u). 


Problem 3.54** 
Let X be a Banach space and let y(u) = ||ul|x for all u € X. Find Oy(u). 


Problem 3.55** 
Find the points of Gateaux differentiability for the norm of L1((0,1);R). 


Problem 3.56* 
Suppose that X is a Banach space, h € T'9(R) is an even function and y(u) = h(||ul|.x) 
for all u € X. Show that 


gp (u") = h*(llu*|ls) Vur ex", 
Problem 3.57* 


Let a: Ry —> R = RU {+00} be a proper function (that is, a # +00), a(0) = 0, 
a(t) > 0 for all t > 0 and 


ah) 2 alta) QA dy S ty: 


Show that lim ““) — 0. 
s\o 8 


Problem 3.58*** 

Let y: RY —> R = RU {+00} be a proper function (that is, ¢ # +00) and assume 

that M(y) = {ue RX: g(u) = inf p} = {uo}. Show that y* is differentiable at 
R 


w=0. 
Problem 3.59** 


Let X be a Banach space and let y: X —+ R be a proper convex function. Show 
that the following two properties are equivalent: 
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(a) ¢ is Lipschitz continuous on bounded subsets of X. 
(b) Oy maps bounded subsets of X into bounded subsets of X™*. 


Problem 3.60** 

Let X be a Banach space and let y: X —>+ R = RU {+00} be a convex function. 
Suppose that D C X is a bounded, convex set and y is bounded above on C + 6B, 
for some 6 > 0. Show that y|,, is Lipschitz continuous. 


Problem 3.61** 

Let X be a Banach space and let y: X —> R be a convex function which is bounded 
on bounded sets. Suppose that y, < y for all n > 1 and ys —> y* uniformly on 
bounded sets of dom y*. Show that y, — y uniformly on bounded subsets of X. 


Problem 3.62** 

Suppose that X is a Banach space, U C X is nonempty, open, and convex set and 
yp: U — X is a twice differentiable function. Show that: 

(a) ¢ is convex if and only if y”(u)(h,h) > 0 for all uc U and allhe X; 

(b) if y’(u)(h,h) > 0 for all u € U and all h € X \ {0}, then yg is strictly convex; 
(c) the converse of (b) is not true. 


Problem 3.63*** 
Suppose that AH is a Hilbert space, C C H is a nonempty, closed, and convex set and 
yp: H —> R, is defined by 


y(u) = gdist(u,C)? = 4 inf lw =elley Vue d. 


Show that y € C!(H) and 
y'(u) = u-— proj. (u) Vue d, 


where proj: H —+ C is the metric projection (ie., proj.,(u) is the unique c € C 
such that dist(u,C) = |]u — c||z). 


Problem 3.64** 
Suppose that H is a Hilbert space, C C H is a nonempty, closed, and convex set, and 
yp: K —>+ R, is defined by 


y(u) = sdist(u,C)? VucdH 


(see Problem 3.63). Show that y is convex. 


Problem 3.65** 
Suppose that X is a Banach space, y € ['9(X), uo € domy and ¢ > 0. Show that 
there exists u € D(0y) such that 


lp(u) — p(uo)| < € and |lu—uollx < . 
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Problem 3.66*** 

Suppose that X is a Banach space, y: X —> R is a lower semicontinuous (respectively 
sequentially weakly lower semicontinuous) function such that y** is proper and y* 
is Fréchet (respectively Gateaux) differentiable at all u* € D(Oy*). Show that ¢y is 
convex. 


Problem 3.67** 
Let H be a Hilbert space and let C C H be a nonempty and weakly closed set. 
Suppose that dist(-,C)? is Gateaux differentiable. Show that C is convex. 


Problem 3.68** 

Suppose that H is a Hilbert space, K C H is a nonempty, closed, and convex cone 
(ic., K C A is convex and AK C K for all \ > 0). Let proj,: H —+ K be the 
metric projection map (see also Problem 3.63). Show the following properties: 

(a) proj, is characterized by 


(u — proj, (u),¢) 5 < 0 VcEC 
and 
(u — proj (u); proj, (u)) i = 0. 
(b) proj, satisfies proj, (Au) = Aproj,.(u) for all wu € H and all \ > 0, |lullZ, = 
IIproj,, (Wlz + Il — Proj,.)(u)llz and ||proj,,(u) || < |lulla for all u € H. 


Problem 3.69** 
Suppose that H is a Hilbert space, K C H is a nonempty, closed, and convex cone 
(see Problem 3.68) and K° C H is the polar of K, ice, 


K® = {heH: (h.cy <0 Vee K}. 


Show that if u=y+v with y € K and v € K®, (y,v) 7 = 0, then y = proj, (u) and 
v = proj, (u). Moreover, 


Kk = proj; (0) and K° = proj,'(0). 


Problem 3.70* 
Suppose that X is a Banach space, y: X —> R is a proper and convex function, 
c>Oand 7 ER. Show that y > cl|-||x +7 if and only if y* < —n on cB}. 


Problem 3.71** 

Let X be a Banach space and let y,w: X —> R be continuous and convex func- 
tions. Suppose that y is not Fréchet differentiable at ug € X. Can y+ w be Fréchet 
differentiable at uo? Justify your answer. 


Problem 3.72* 

Let X be a Banach space and let y,w: X —> R be two convex functions such that 
wv < 9, » is Fréchet differentiable at uo € X and y(uo) = w(uo). Show that ~ is 
Fréchet differentiable at uo. 
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Problem 3.73** 

Suppose that X is a Banach space, K C X is a nonempty convex cone (see Prob- 

lem 3.68) and y: K — R is a positively homogeneous function (i.e., (Au) = Av(u) 

for allue K, A> 0). 

(a) Show that y is convex if and only if p(u+v) < y(u) + y(v) for all u,v € K. 

(b) Show that if y > 0 and the set y' = {ue K: (u) < 1} is convex, then ¢ is 
convex. 


Problem 3.74** 
Suppose that p > 1, K = RY = {u=(w,...,Un): uz, 20 for all ke {1,...,n}} 
and y: K —> R is defined by 


(@) = glu,---,tm) = (Sout)? V@= (ur... un)  K. 


Show that y is convex. 


Problem 3.75** 
Let D = {W= (w1,...,Un) € R”: uz > 0 for all k € {1,...,n}} and let py: D—>+R 
be defined by 


Sle 


VU = (w1,...,Un) € D. 


Show that y is convex. 


Problem 3.76** 

Let X be a Banach space and let C C X be a nonempty, closed, and convex set. 
Show that for any u ¢ C, we have |lu*||, = 1 for all u* € Odist(u,C) (recall that 
dist(u,C) = inf ||u — ell x). 


Problem 3.77** 
Let X bea Banach space with a strictly convex dual X* and let C C X bea nonempty, 
closed, and convex set. Show that for every u ¢ C, the set Odist(u, C) is a singleton. 


Problem 3.78** 

(a) Let y: RN —> R be a convex function. Show that Oy maps bounded sets to 
bounded sets. 

(b) Let {yn:RY —R fossa 
pointwise, where y: RN —+ R is a convex function. Also, let {Unkn>1 © R 
be a sequence such that u, —> u € R. Show that given ¢ > O we can find 
no = no(€) > 1 such that 


be a sequence of convex functions such that y, — y 


Ovn(un) © IOy(u) + €B,(0) Yn > no. 
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Problem 3.79*** 
Let { Yn: RN — R} a1 be an increasing sequence of lower semicontinuous func- 


tions. Suppose that there exists a function €: Ry —> R such that _iim att) = +00 
— +00 
and ~p(u) > €(|u|) for all n > 1, all u € R%. Show that 


eK 4k 
supy, = ( sup Yn) . 
n>1 n>1 


Is the result true if we drop the boundedness below by € hypothesis? Justify your 
answer. 


Problem 3.80*** 
Let X be a reflexive, locally uniformly convex Banach space with uniformly convex 
dual and let y € ['o(X). For every \ > 0, we define 


ext) = ing {lu — vl + o(0)}. 
Show the following: 
(a) For every \ > 0, the function y) is convex, continuous, Gateaux differentiable, 
and (09), = (Yr)g = OY. 
(b) y\(u) = xllu- J? (u) [2 + (J? (u)) for all A > 0, wu € X (here Ait is the 
resolvent of Ov; see Definition 2.122). 
(c) aes pr(u) = p(u) for allu ec X. 


(d) o( J?" (u)) < y(u) < y(u) for all A > 0, we X. 


Remark. The function y), is known as the Moreau—Yosida regularization 
(or approximation) of yp. 


Problem 3.81*** 
(a) Suppose that H is a Hilbert space, A: H > D(A) —> H is a linear, self-adjoint 
and positive operator, gy: H —> R is defined by 
1 i : i 


+00 otherwise 


(here A? denotes the square root of A). Show that A = dy. 

(b) Suppose that H is a Hilbert space, A: H D D(A) —> H is a linear, densely 
defined operator which is the subdifferential of a function w € ['9(H). Show that 
A is self-adjoint. 


Problem 3.82** 

Let H be a Hilbert space (not necessarily identified with its dual) and let y € To(#). 
For every X > 0, let vy) be the Moreau-Yosida approximation of y (see Problem 3.80). 
Show that y) is Fréchet differentiable on H. 
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Problem 3.83** 
Let (Q, 5,4) be a o-finite measure space and let f: L1(Q) —> L®(Q) be the map 
defined by 


f(u) = {jlulay: y € L°(Q), y(w) € sign u(w) for p-aa.w EO}, 
h 
ae i) 4 220); 
signz = [-1,1] if x=0, 
{1} if a > U: 
Show that f = F. 


Problem 3.84** 
Suppose that H is a Hilbert space, £: R, —> R is an increasing function and C C H 
is a nonempty set. Let y(w) = €(dist(u,C)) for all u € H. Show that 


gr(h) = & (|All) +oc(h) Vhe dk. 


Problem 3.85** _ 
Suppose that H is a Hilbert space, C C H is anonempty and convex set, €: Ry —>R 
is a proper function, and y(u) = €(||ul| 7) + 0, (u) for all u € H. Show that 


y*(h) = &*(dist(h, C)) Vhe dH. 


Problem 3.86** 
Let X be a Banach space and let y: X —> R be a convex function such that 


p(u) < ellullx VueX, 
for some c > 0. Show that y is Lipschitz continuous with Lipschitz constant c. 


Problem 3.87** 
Show that Theorem 3.73 is no longer true if y is only lower semicontinuous at u € X 
(instead of continuity at wu). 


Problem 3.88** 
Let X be a Banach space and let C C X be a nonempty, closed, and convex set. 
Show that 


dist(u,C) = sup{(u*,u) —o,(u"): |lu*|lk < 1} Vue X. 


Problem 3.89** 
Suppose that Q C RX is a bounded open set with a C!-boundary 0, 1 < p < +00 
and g: R — R is a continuous and convex function satisfying the following growth 
condition 

lg(u)| < c+|uP) VueR, 
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for some c > 0. Consider the integral operator y: W'?(Q) —+ R defined by 


OQ 


where ¥ is the trace map (see Definition 1.129) and o denotes the (NV — 1)-dimensional 
Hausdorff (surface) measure. Show that y is continuous, convex, and u* € Oy(u) if 
and only if there exists h € L”’ (OQ) (< + 7 = 1) such that 


h(z) € Og(y(u)(z)) for o-a.a. z EO 


and 


av) = [renme da Vue wl). 


Problem 3.90* 
Let 2 C R®% be a bounded domain with a C!-boundary O02 and let 1 < p < +00. 
Consider the functional y: L?(Q) —+ R = RU {+00} defined by 


_ f ||Dullp ifue W?(Q), 
ey) = { +00 otherwise. 


Show that y is lower semicontinuous. 


Problem 3.91** 
Suppose that H is a Hilbert space, py: H —> R is a lower semicontinuous and convex 
function and u € H is a minimizer of y. Show that given « > 0, we can find 6 > 0 
such that 

gluth) < vlu)t+elhlla VheEN, 


Op(u) 


(0), hil < 6. 
Moreover, show that 


p(uth) > y(u) Vhe H\N,,,,)(0). 


p(u) ( 
Problem 3.92* 

Let X be a Banach space and let y: X —> R be a continuous and convex function. 
Show that 0 € int Oy(u) if and only if there exists « > 0 such that 


p(uth) > y(u)+.ellAllx VheX. 


Problem 3.93*** 

Let T be a compact metric space and let y,: RY —> R be convex functions for 
 € T, such that for each u € R, the function \ ++ ~(u) is upper semicontinuous. 
We define 


y(u) = sup yy (u) VueR 
AET 
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and 
M(u) = {AET: yy(u) = vu}. 
Show that 
Op(u) = conv U Opy(u) VueR. 
AEM (wu) 


Problem 3.94** 

Let { Yn: RY —>R ee be a sequence of differentiable and convex functions such 
that yn —> y pointwise, for some convex and differentiable function y: RY —> R. 
Show that y/, —> y’ uniformly on compact subsets of R%. 


Problem 3.95** 

Suppose that X is a Banach space, C' C X is a nonempty, closed, and convex set and 
y: X — R is a continuous convex function. We consider the following minimization 
problem 


(P) ant Ae), 


Show that the following statements are equivalent: 
(a) uo € C is a solution of problem (P). 

(b) y’(u;h) > 0 for all h € Te(uo). 

(c) 0 € Op(uo) + No(uo): 


Problem 3.96* 
Suppose that J C R is an open interval, y: J —> R is a convex function, and 
s: IT —+R is a function such that 


s(u) € Op(u) YVuel. 


Show that 
y'(u) < s(u) < vu) Vuel 
where 
i — fin GUth)-e(u) _ se eluth)—y(u) 
i ae ee as = 
q — diy Guth)-~lu) _ se G(uth)—v(u) 
ae ae: neo 


Problem 3.97** 
Let y: [a,b] —> R be a continuous and convex function. Show that 


b 
y (242) <i [ol (t)dt < Pate), 
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Problem 3.98* 

Suppose that X is a Banach space, U C X is a nonempty, open, and convex set and 
y: U — R is a convex function which attains a global maximum at an interior point 
of U. Show that y is constant. 


Problem 3.99% 

Suppose that X is a Banach space, K C X is a nonempty, convex, and compact set 
and y: K —> R is a continuous and convex function. Show that vy attains its global 
maximum at an extreme point of y. 


Problem 3.100** 
Let X be a Banach space and let y € To(X). Show that y is continuous at uo € X 
if and only if y** is continuous at uo. 


Problem 3.101** 
Let X be a Banach space and let y € [p(X ). Show that y is bounded on bounded 
sets of X if and only if y** is bounded on bounded sets of X**. 


Problem 3.102** 
Let X be a Banach space and let y € T'o(X). Show that y is Fréchet differentiable 
at ug € X if and only if y** is Fréchet differentiable at uo € X. 


Problem 3.103* 

Let X be a Banach space and let y: X —> R be a proper convex function which 
is lower semicontinuous at some point of its domain. Show that y is coercive if and 
only if y* is continuous at the origin. 


Problem 3.104** 
Let X be a Banach space and let y € ['o9(X). Show that y is continuous at the origin 
if and only if y* has w*-compact sublevel sets. 


Problem 3.105** 

Let X be a Banach space and let y € I'p(X). Show the following statements: 
(a) ¢ is strongly coercive if and only if y* is bounded on bounded sets; 

(b) vy is bounded on bounded sets if and only if y* is strongly coercive. 


Problem 3.106** 

Suppose that X is a Banach space, C C X is a nonempty, bounded, con- 
vex set and y: X —> R is a convex function which is bounded above on 
C5 ={ue X: dist(u,C) < 6} for some 6 > 0. Show that vy is Lipschitz continu- 
ous on C’. 


Problem 3.107% 
Let X be a Banach space and let y: X —> R be a convex function which is bounded 
on bounded sets. Show that 


yOinl|-k — ¢ and ¢gOnl-|x — » 


uniformly on bounded subsets of X. 
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Problem 3.108* 

Let X be a Banach space and let C C X be a nonempty, closed, and convex set. Show 
that the support function 0, : X* — R is proper, lower semicontinuous, convex (i.e., 
oo €To(X*)), and positively homogeneous of degree 1. Also, show that, if C C X is 
in addition w-compact, then the function a, is continuous. 


Problem 3.109* 
Let X and Y be two Banach spaces and let €: X x Y —> R be a proper and convex 
function. Consider the function m: X —+ RU {+00} defined by 


= inf : 
m(u) inf &(u.y) 
Show that the function ™m is convex. 
Problem 3.110** 


Suppose that X is a Banach space, y € T'o(X), uo € domy, u € X ande > 0. 
We set 


y°(h) = supqy(h), where q,(h) = Puotrr}-vluo) 
A>0 


Show that y® € To(X), y*(u) = im qa(u), y°° does not depend on the choice of 
+00 


uo € domy and y™ is positively homogeneous of degree 1. 


Problem 3.111** 

(a) Let X be a Banach space and let y € I'o9(X) be such that inf p > —oo. Show 
that y® > 0 (where y® is defined in Problem 3.110). 

(b) Suppose that X is a Banach space, y € T9(X), y = 0, vy is positively homoge- 
neous of degree p > 1, u* € X* and w: X —> R is defined by 


wu) = —(u*,u) + y(u) Vue dH. 


Show that if the problem inf yw admits a solution, then 
(u*,u) < 0 Yue X, y(u) =0. 


Problem 3.112*** 
Let X be a reflexive Banach space and let y € T'o9(X) be a function satisfying the 
following conditions: 
(i) if {trn}ns, CG R and {un},5, G X are two sequences such that t, —+ +00, 
Un —> u and { v(tnun) }n>1 © R is bounded above, then u, — u in X; 
(ii) y®(h) > 0 for all h © X (where y™ is defined in Problem 3.110); 
(iii) ker p® = {ue X: y®(u) = 0} is a linear subspace of X. 
Show that the problem inf y(u) admits a solution. 
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Problem 3.113* 
Let X be a Banach space and let C C X be a nonempty, closed, and convex set. 
Show that the multifunction ut No(u) is closed. 


Problem 3.114** 
Let AH be a finite dimensional Hilbert space and let C C H be a nonempty, closed, 
and convex set. Show that the multifunction u+— T¢(u) is lower semicontinuous. 


Problem 3.115% 
Let H be a Hilbert space and let u € By, where By = {uc A: |lully <1}. Show 
that 


Tz,(u) = A Vu € int By 
Tz,(u) = {he Hf: (h,u)y < OF Vue dH, |lull~7 =1 
Nz, (w) = {0} Vue€int By, 
Nz (u) = Ryu Vue d, |lullyz =1. 


Problem 3.116** 
Suppose that X is a reflexive Banach space, A: X —+ X* is a monotone and demi- 
continuous map, y € ['9(X) with 0 € dom y and 


(A(u),u)+e(u) 


= Co. 
lalla + 


lim 
||ul| x ++00 
Show that there exists wu € X such that 
(A(u),u—u) + 9(v)— y(u) > (u*,v—u) VuEXx, 


Moreover, show that the set of solutions of the above problem is bounded, closed, 
and convex and if A is strictly monotone, then it is a singleton. 


Problem 3.117% 
Let 2 C R% be a bounded open set with C1! boundary 02 and let g € H1(Q) be such 
that g|,,. <0. Let 


C= {ue Hg(Q) : u(z) > g(z) for aa. ze Oe. 
Show that there exists a unique u € C’ such that 
[ (Bu, Do- Dugx dz > 0 Vved. 
Q 


Problem 3.118% 

Suppose that X and Y are two Banach spaces, u € X, U C X is a nonempty open 
set containing u and y: U —> Y is a strictly differentiable map (see Remark 3.125) 
with strict derivative yi(u) € £(X;Y). Show that y is Lipschitz continuous near w. 
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Problem 3.119** 
Suppose that X and Y are two Banach spaces, u € X, y: X — Y is a function 
which is Lipschitz continuous near u and there exists A € £(X;Y) such that 

lim Sere) _ Ain) VEX, 


vu 


ANA 
Show that ¢ is strictly differentiable at u and y4(u) = A. 


Problem 3.120*** 
Let X be a Banach space and let y: X — R be a locally Lipschitz function. Must 
y be locally Lipschitz on every bounded subset of X? Justify your answer. 


Problem 3.121% 
Let X be a Banach space and let y: X — R be a locally Lipschitz function which 
is Gateaux differentiable and regular at u € X (see Definition 3.124). Show that 


dp(u) = { Pe(u) }- 


Problem 3.122* 
Suppose that X is a Banach space, y: X —> R is a locally Lipschitz function, u € X 
is a local extremum for ¢ (i.e., a local minimum or a local maximum). Show that 


0 € 0y(u). 


Problem 3.123** 
Let X be a Banach space and let y: X — R be a locally Lipschitz function. We 
define 


u) = inf |lu*|l, Vae X. 
bu) = int ul 


Show that the map 4: X +> R is lower semicontinuous. 


Problem 3.124** 

Let X be a reflexive Banach space which is embedded continuously and densely into 
another Banach space Y and let y: Y —> R be a locally Lipschitz function. Show 
that 


Aylx)(u) = Oplx(u) WueXx. 


Problem 3.125** 
Suppose that X is a Banach space, 0? € C!([0,1];X) and y: X — R is a locally 
Lipschitz function. Show that y = yo ¥ is differentiable almost everywhere and 


u* 


‘t) < max (u*,W(t)) foraa te T. 
VO) < amar (ut 9") 


Problem 3.126*** 
Let X be a Banach space and let y: X — R be a Gateaux differentiable function 
such that the map u+—> y@(u) is continuous at ug. Show that 


y(uosh) = (ye(uo),h) VhEeX. 
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Problem 3.127% 
Suppose that X is a Banach space, K C X is a nonempty, closed, and convex cone 
and y: X —> Ris a locally Lipschitz function such that 


plu) < v(uth) YVuex, he kK. 
Show that for every u€ X and he K, we have 


p(urh) < o,.(h) and Oy(u) C K*, 


K 


where K* = {h* € X*: (h*,h) > 0 for all h € K} (the dual cone). 


Problem 3.128% 
Suppose that X is a Banach space, C C X is a nonempty set, gy: X — R is a locally 
Lipschitz function and uo € C' is such that 


e(uo) = inf y(u). 
Show that 0 € Oy(uo) + NG(uo). 


Problem 3.129** 
Suppose that X is a Banach space, C C X is a nonempty, closed set and u € C. 
Show that 


ea lig inf SS =) Vhe To(u). 
vEC 


Problem 3.130*** 
Suppose that H is a Hilbert space, C C AH is a nonempty, closed set and u € C’. Show 
that 

(v—u,h)y < 0 VheTo(u), v € H, dist(v,C) = |lu — ullz. 


Problem 3.131** 
Suppose that X is a Banach space, C C X is a nonempty set, py: X — R is a locally 
Lipschitz function and up € C' is such that 


— inf 
y(uo) inf p(w) 
Show that 
(u3h) > 0 VRE TE(uo). 


Problem 3.132** 
Suppose that C C RY is a nonempty set and that dist’(u,C) exists and is 


nonzero. Show that u ¢ C, it admits a unique best approximation cg € C and 
dist(u,C) = = 


~~ Ju-eo]* 
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Problem 3.133** 
Let X be a Banach space and let y € T'9(X) be such that y(0) = 0 and 


y(u) > —|lullx Vue X. 
Show that there exists u* € X* with ||u*||, < 1 such that (u*,u) < y(u) for allue X. 


Problem 3.134* 

Suppose that X is a Banach space, y: X —> R is a locally Lipschitz function, 
w €To(X) and u € X. Show that the following two statements are equivalent: 

(a) 0< y(u;v — u) + o(v) — v(u) for all vu € X. 

(b) u€ D(dw) and 0 € dy(u) + OY (u). 

Here Oy(u) is the generalized (Clarke) subdifferential of y (see Definition 3.126) and 
Ow(u) is the convex subdifferential of 7 at u (see Definition 3.70). 


Problem 3.135** 
Let X be a Banach space and let y: X —+ R be a proper, lower semicontinuous 
function such that 

glu) 2 —eo(1+|lullx) WueX, 


for some co > 0. For every n 


V Ww 


1 we set 


Yn(u) = (pL nl|-||x) (uw) VuexX. 


Show the following: 

(a) For every n > co the function y,, is n-Lipschitz. 
(b) The sequence { Yp },,51 is increasing and y, / ¢. 
(c) If y is convex, then so is y,, for all n > cp. 


Problem 3.136** 
Suppose that X is a Banach space, u € X, u* € X* \ {0} and C is the half space 
given by 

C= {vExX: (u*,v—u) <0}. 


Show that No(u) = Ryu*. 


Problem 3.137*** 

Let X be a Banach space and let y: X —> R be a continuous and convex function. 
We set C = {ue X: v(u) < 0} and we assume that there exists ug € X such that 
(uo) < 0. Show that for every u € C, we have 


— Jf 10} if y(u) <0, 
Now) = care if 6 


Problem 3.138* 

Suppose that X is a Banach space, #1,...,Wn: X —> R are continuous and convex 
functions and y € T'9(X). Suppose that there exists ug € dom y such that wz(uo) < 0 
for all k € {1,...,n}. Show that the following statements are equivalent: 
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(a) u€ X is a solution of 
min {y(v): v € X, o,(v) <0 for all ke {1,...,n}}. 


(b) There exist numbers A1,...,An € R+ such that 


0 € Ap(u) t+ Do AIvE(U), Ve(u) <0, Arde (u) = 0 
k=1 


Vke{l,...,n}. 


Problem 3.139** 
Let (X,d,) be a metric space and let {Cn},51 be a sequence of nonempty subsets 


of X. Show that C, “> C (see Definition 2.88) if and only if ig, ae ig (see 
Definition 3.137). 


Problem 3.140* 
Suppose that X is a Banach space, C' C X is a set and {Cr}ns1 C 2* is a sequence 


of subsets of X. Show that Cy, ere C if and only if Dee. Re i 


Problem 3.141* 
Let (X,d,.) be a metric space. 


(a) Suppose that y: X —> R is a proper function and { Yn: xX — R has is a 
sequence of proper functions such that y,(w) —> y(u) for all u€¢ X. Assume 
that the sequence { Yp },,51 is locally equicontinuous (i.e., for every « > 0 and 
every u € X, there exists a neighborhood U of u such that |y,(u) — yn(v)| < € 
for all v € U, all n > 1). Show that yy, ty yp. 

(b) Suppose that U C RY is an open and convex set, y: U —> R is a proper 
function and {¢n:U —+ R},,, is a sequence of convex functions such that 


~n(u) —> y(u) for all u € U. Show that y, ule Y. 


Problem 3.142*** 
Suppose that (X,d,) is a metric space, y: X —+ R is a proper function, and 


nt sR is a sequence of proper functions such that yp ae yp. Show 
‘ no1 
that: 


(a) if m, = inf y, and m = inf y, then limsupm,, < m; 
x x N—++00 


(b) if for e > 0 we set 


Sn(é) = {ue X: gn(u) << mynte} and 
S(e)={ue xX: y(u)<m+e}, 


then for ¢ > 0 sufficiently small we have 
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(c) if e, \, 0, then limsup S;,(e,) C S(O); 


Nn—-+00 


(d) if limsup S,(én) 4 0, then m, —> m and S(0) 4 9; 


n—+-+00 
(e) if there exist two sequences {en}n51 C Ry and {tn}, 5, C X such that ey \, 0, 
Un € Sn(En) for n > 1 and the sequence {un}, 5, is relatively compact, then 
Mn —>™m. 


Problem 3.143** 
Suppose that (X,d,) is a metric space, y: X —> R is a proper function 


and { Yn: xX > R jn is a sequence of proper functions such that yy es YD; 
Mn = inf Pn forn>1,m= inf 9, 


S(0)={uEeX: m=py(u)} and S,(e)={uEeX: ylu)<m,+e}. 


Show that the following statements are equivalent: 

(a) mp, —> mand S(0) 49. 

(b) For every uo € S(0), there exist two sequences {En},51 C Ry and {Un}as1 CX 
such that é, \, 0, Un € Sn(En) for n > 1 and un — uo. 


Problem 3.144*** 

Suppose that (X,d,.) isa metric space, : X —+ R is a proper, lower semicontinuous 
function and { Yn: X —>R Aas is a sequence of proper functions such that for every 
compact set K CX, we have 


inf Yn — inf . 


Show that yn abs p. 


Problem 3.145* 
Suppose that (X,d,,) is a metric space, yp: X —> R is a proper, lower semicontinuous 
function and { Yn: X +R iS is a sequence of proper, lower semicontinuous func- 


tions such that y, — y uniformly on compact subsets of X. Show that yy au yp. 


Problem 3.146% _ 
Let X be a Banach space and let 1 as xX — R} is 


convex functions. Show that the function ¢ = I-limsup y, is convex too but the 
nN—++00 


be a sequence of proper and 


function » = I-liminf y,, need not be convex. 
n—++00 


Problem 3.147* 
Let (X,d,) be a metric space and let { en: xX — R} el be a sequence of proper 
functions. We set ¢ = T- lim i inf Gn and ¢ = T-lim oup Yn. Show that both functions 


n—- +00 
~ and @ are lower Sh oe aad 
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Problem 3.148** 

Let (X,d,) be a metric space and let {Cr}nd1 be a sequence of nonempty subsets 

of X. Show that sets lim inf C,, and limsupC are both closed (possibly empty; see 
n (oe) 


n—+00 
Definition 2.88). 


Problem 3.149* 
Suppose that X is a Hausdorff topological space, y: X — > R is a proper function 
and U C X is a nonempty open set. Show that 


inf = inf cl 
inf p(u) = inf clp(u), 


where cl y denotes the closure of y (see Definition 3.58). 


Problem 3.150** _ 
Let X be a Hausdorff topological space and let { Yn: X —>R a be a sequence of 
proper functions. Show that 

T-liminfy, = [-liminfcly, and [-limsupy, = [-limsupcl yp. 

N+ +100 N+ +00 n— +00 n—+00 

Problem 3.151** _ _ 
Let (X,d,.) be a metric space and let care xX — a ee and {a3 xX — R } 
be two sequences of proper functions. Show that 


n2>1 


T-liminf y, + T-liminfy, < T- lim inf(pn, +Wn) 
(oe) n—-> +00 


N—++00 n+ 


T-limsup gy, + T-liminf py, < T-limsup(¥p + Yn) 
n—-+co 


n—>+00 n—+00 


and that these inequalities may be strict. 


Problem 3.152** 
Show that in a metric space [-convergence and pointwise convergence are in general 
distinct. 


Problem 3.153** 

Suppose that (X,d,) is a metric space, y: X —> R is a lower semicontinuous func- 
tion, and { ips x — RE hs; is a sequence of lower semicontinuous functions. As- 
sume that for every A € R, there exists a sequence {An},51 C R such that An —> A 
and yr = y* (here yn = {ue X: yn(u) < An} and y* = {ue X: yvlu) < r}). 

r 
Show that yy, — y. 
Problem 3.154* 


Suppose that (X,d,) is a metric space, ~: X —> R is a lower semicontinuous func- 
tion, and cme X —R — is a sequence of lower semicontinuous functions such 


that yn < y for alln > 1 and yy, xs vy. Show that y, — vy pointwise. 
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Problem 3.155* 
Suppose that (X,d,) is a metric space, yp: X —> R is a proper, lower semicontinuous 
function and { Yn: X —R ss is a sequence of proper, lower semicontinuous func- 


tions such that yp ns y and yn, — ¢ pointwise. Show that the sequence { yp, te 
is equi-lower semicontinuous (see Definition 3.143). 


Problem 3.156** 

Let (X,d,,) be a metric space and let y: X —> R be a proper function. Show that 
cly is characterized by the following two properties: 

(a) for every sequence {tn},51, C X such that up, —> u in X we have 


< limi ‘ 
cl(u) < liminf (un) 
(b) there exists a sequence {un}, 5, © X such that u, —> u in X and 


lim sup y(un) < cly(u). 


n—-+00 


Problem 3.157* 

Suppose that X = 1°, {€n}n>1 18 the standard orthonormal basis of ic. {Ankno1 C R+ 
is a sequence and C,, = conv {0,Aneén} for n > 1. Determine whether the sequence 
{Cn}n>1 is Mosco convergent. Justify your answer. 


Problem 3.158% 
Suppose that X is a reflexive Banach space, y € T'o(X) and { Yn fas C To(X) isa 


sequence such that Yn * vy. Let m = inf Y, Mn = inf Yu 8 ={ue X* m= yu) 


and Sy, = {uE€ X: mn = vn(u)}. Show that: 


(a) limsupm, < m; 
nN—++00 


(b) if there exists a sequence {un},51, C X such that un € S;, forn > 1 and up “su, 
then u € S and m, —> m. 


Problem 3.159* 

Find a sequence {C;,},,5, of nonempty convex sets such that the Kuratowski limit 
in both the strong and weak topologies (see Definition 2.88) exist but are different. 
What can be said about the Mosco convergence of such a sequence? Justify your 
answer. 


Problem 3.160* 
Suppose that X is a Banach space, C C X is a weakly closed subset of X and 
{Cr}ns1 C X is a sequence of weakly closed subsets of X. Show that C), MS Git 
and only if 
(a) C C s-liminf C,; and 

n—>+00 
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(b) for every w-compact set kK C X, we have 


w-lim sup(C, NK) C C. 
n—-+00 
Problem 3.161** 


Suppose that X is a Banach space, u* € X* \ {O} and {un }nsi 
sequence. Show that the following properties are equivalent: 


IM 


X*\ {0} isa 


(a) The sequence {uy}, 51; C X* is bounded and uy, “ut in X*. 


(b) For every \ € R, we have (u*)~1()) a (u*)—+()). 


(c) (ut)“*(1) “3 (w*)-1(). 


Problem 3.162** 
Suppose that X is a Banach space, u* € X* \ {O} and {uy },51 C X* \ {O} isa 
sequence. Show that the following three properties are equivalent: 


(a) u* — u* uniformly on w-compact subsets of X. 
(b) For every \ € R, we have (u*)~1()) a (u*)—1()). 


(c) (u%)—1(1) “S (w)“1(0). 


Problem 3.163* 
Suppose that X is a reflexive Banach space, y € T'o(X), {¥n}nsi1 © Fo(X) isa 


sequence such that yr ah vy. Show that for every u* € X* there exists a sequence 
{Un}n>1 C X* such that uy, — u* in X* and 


inf (Pn — Un) — inf (p — w ). 


Problem 3.164** 
Suppose that X is a reflexive Banach space, C € Pre (X), {Cn}nsi © Pre (X) and 


there exists W € Pure (X) such that C, C W for all n > 1. Show that C, . C if 
and only if 7, (u*) —> o,(u*) for all u* € X*. 


Problem 3.165* 
Suppose that X is a reflexive Banach space, y: X —> R is a proper function, and 


(py x — IR pds is a sequence of proper functions. Show that yp, Blan y if and 
only if epi yn Biase epi y. 
Problem 3.166** 


Suppose that X is a reflexive Banach space, » € T0(X), {¥n tnsi © To(X) is a 
sequence and m = inf y. Show that: 


(a) if yn un y and m < X, then yA we, gn 
(b) if yA = y* for every \ € R, then yp, oe Y. 
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Problem 3.167* 
Examine if in Problem 3.166(a) we can drop the hypothesis m = inf y < A. Justify 
your answer. - 


Problem 3.168% 
Is the result of Problem 3.166(b) true, if we have yA za y* only for A > inf yp? 


Justify your answer. 


Problem 3.169% 
Suppose that X is a reflexive Banach space, C € Pre(X), {Cr}nsi © Pre (X) is a 


sequence such that Cp, ™. CO and yp: X — R is a continuous, convex and coercive 
function (i.e., y(u) —>+ +00 when ||ul|x — +00). Let mn; = inf p for n > 1 and 


m= inf vy. Show that m, — m. 


Problem 3.170** 
Suppose that A is a Hilbert space, a: H x H —> R is a bilinear, symmetric, contin- 
uous and coercive form (see Theorem 3.114), C € Pre(H), {Cn}nsi © Pre (A) isa 
sequence such that C), Ble 6: ,u* € H, y: H — Ris a function defined by 
pla) = 5a(u, u) — (u*, u) a Vue 

and 

S, = {uEH: m,=y(u)} Vn>1, 

S = {vehi mow). 
Show that S$, and S are singletons, that is, S, = {u,} for n > 1, S = {u} and 
Un —> u in A. 


Problem 3.171** 
Let (X,d,) be a metric space and let { yn: X —> R},51, {Yn: X — R},5, be 
two sequences of functions such that 


r ae 
Yn —> gy and gn — y pointwise, 
Un = w and Un —\ vw pointwise. 


Show that yn + wn ws pw. 


Problem 3.172** 
Consider a lower semicontinuous function y: RY —>+ R and a sequence of functions 
{ Yn: RN —R asa Show that y < I-liminf y,, if and only if for every compact 
= n++00 
set K C RN, we have 
ee S ae om). 
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Problem 3.173*** 
Let y: RY —> R be a function and let { Yn: RN —>R a be a sequence of func- 


tions such that yr Es, y and inf y € R. Show that inf Yn — inf y if and only if for 
R R R 


every € > 0 there exist a compact set K C RY and no > 1 such that 


inf < inf Vneno. 
mm Yn ae Pn +e n 2 No 


Problem 3.174** 
Let X be a Banach space and let { oe xX — R } 
even functions. Let 


be a sequence of proper and 
n21 


g = T[-liminfy,, ¢ = I-limsup gp. 
N+ +00 n—>+oo 


Show that both functions ¢ and @ are even too. Also show that the result is no longer 
true for odd functions. 


Problem 3.175** 
Let X be a Banach space and let {Cn},zs1 C P(X). Show that there exists a 


subsequence {Cn, }k>1 Of {Cr}n51 and C € P(X) U {0} such that Cy, C. 


Problem 3.176** 

Suppose that X is a finite dimensional Banach space, C © Py(X) and 
{Cnrtnsi © Pp(X) is a sequence of sets. Show that the following three conditions 
are equivalent: 

(i Ceo 

(b) dist(-,C) —> dist(-,C) pointwise. 

(c) dist(-,C) +> dist(-,C). 


Problem 3.177% 

Suppose that X is a reflexive Banach space, y € T'o(X) and { Yn ns C To(X) isa 

sequence of functions. Show that the following statements are equivalent: 

(a) gn > 9. 

(b) For every u € X there exists a sequence {Un},51 such that u, —> u in X and 
Yn(Un) —>+ y(u) and for every u* € X* there exists a sequence {up }j51 © X* 
such that ux —> u* in X* and y*(u*) — y*(u*). 


Problem 3.178** 
Let X be a reflexive Banach space and let { Yn }, 31; GC To(X). Show that: 


(a) if { yn },,41 is an increasing sequence of functions, then yn ar Y~ = SUP Yn} 
a n2>1 


(b) if { yn },51 is a decreasing sequence of functions, then yp, * cl (inf Yn)- 
os Ne 
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Problem 3.179** 
Let X be a reflexive Banach space and let {Cn},5, © Pre (X) be a sequence of sets. 
Show the following statements: 


(a) If the sequence {C,,} is increasing, then C,, Ge wee 
n2>1 


n2>1 
(b) If the sequence {C,, is decreasing, then C;, Ele gee Ch. 
oe >1 
ne 


Problem 3.180* 
Suppose that X is a Banach space, CC X is a nonempty closed set and {Cr}nsi cox 


is a sequence of nonempty closed sets such that dist(-, C;,) eke dist(-,C’). Show that 
CC: 


Problem 3.181*** 
Suppose that X is a reflexive Banach space, C’ C X is a nonempty, closed, convex 
set and {Cr}n>1 C 2* is a sequence of nonempty, closed, convex sets such that 


Cr, “5 C. Show that dist(-,Cn) 7 dist(-,C). 


Problem 3.182** 
Suppose that (Q,%,,) is a complete, o-finite measure space, (X,d,) is a locally 
compact, g-compact metric space, y: 2 x X —> R is a normal integrand (see Defini- 
tion 3.109) and there exists a function 6: 2 —+ R (not necessarily measurable) such 
that 

Bw) < p(w,u) for waa we, allucR. 


Show that there’ exists a sequence of Carathéodory integrands 
{¥n: Qx X —> R},,5, such that 


Qn(w,-) € Co(X) for praa.w EQ, 


Bw) < gn(w,u) <n for p-aa.w EO, aluex 


and 
Yn(w,u) 7 y(w,u) for waa. weEQ, allue X. 


Problem 3.183** 

Suppose that , T’ are two locally compact, o-compact metric spaces, » is a o-field 
on 2 containing B(Q) and p € M,(Q)+ is such that © = X,, (i-e., U is u-complete). 
Let y: Q x T —+ R be a normal integrand such that y > 0. Show that the map 


E+ | dé is w*-lower semicontinuous on SY(Q,T; 4) (see Definition 3.160). Is 
OxT 
the result true if we drop the hypothesis y > 0? Justify your answer. 


Problem 3.184** 7 
Let 2,7, %, be as in Problem 3.183 and let Ko(Q,%;7') be the space of all mea- 
surable integrands y: Q x T —> R such that for p-almost all z € 9, we have 
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y(z,-) € Co(T) and the map z+ ||(z,-)||z0(7) belongs in L°°(Q). On Ko(Q, 37) 
we introduce the following equivalence relation 


ery => u({zEeQ: o(z,-) # v(z,-)}) =0. 


Let Ko(Q,5;T) = Ko(Q,E;T)/.. Show that Ko(Q,¥;T) is in bijection with 
L*(Q; Op(T)). 


Problem 3.185** 

Let 0,7, %, uw be as in Problem 3.183. Show that the set D C Y(Q, T; y) is uniformly 
tight if and only if for every ¢ > 0 there exists a measurable multifunction F: Q —> 
P;, (T) such that 


sup / &(2\(T\ Fe(2)) du < ¢. 


€eD 
Q 


Problem 3.186** 

Let 2,7,%, be as in Problem 3.183 and let D C Y(Q,T;) be a uniformly tight 
set. Suppose that the set D is uniformly tight. Show that D” (i.e., the closure of D 
in the narrow topology) is uniformly tight too. 


Problem 3.187** 

Let 0,5, u be as in Problem 3.183 and let T = RX. 

(a) Consider a bounded sequence {tn},51 © L1(Q;R). Show that the sequence 
{bun tuoi © V(Q,T; 4) (see Remark 3.165) is uniformly tight. 

(b) Consider a measurable map u: 2 —> R and a sequence of measurable maps 
{tin: A Sa ee such that uy, > u. Show that the sequence {un tns1 © 
Y(Q, T; w) is uniformly tight. 

Problem 3.188* 

Let 0, T, &, u be as in Problem 3.183. Let € € Y(Q,T; w) and let {En}ns1 © V(Q,T; uw) 

be a sequence. Show that €, —> € in Y(0,T; 1) if and only if 


[ Josserinan — [ fons 


Vy € CULT), ie 


where CU;,(T) denotes the space of uniformly continuous and bounded functions on T. 


Problem 3.189** 
Let 0,7, X, » be as in Problem 3.183. Suppose that {um: { —> T},,,5, is a sequence 
of =-measurable maps such that 


Em = Stim —> € in Y(O,T;p) 


and y: Q x T —> R is a measurable integrand such that for p-almost all z € 0, the 
map ¢(z,-) is lower semicontinuous and the sequence { (+, Um/(-)) }ins1 is uniformly 
integrable in L'(Q). Show that: 
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(a) if liminf f y(z,um(z))du <+o0, then f yt(z,x) dé < +00; 
TOS QxT 


(b) f y(z,x)dé < liminf f 9(z, um(z)) dp. 
QxT ae 
Problem 3.190* 
Let Q,%, and {tm:Q2— T},,5, be as in Problem 3.189. Suppose 
that @:QxT—>R is a Carathéodory integrand such that the sequence 
{P(-, Un) Fada © L(Q) is uniformly integrable. Show that ¢ is €-integrable and 

/ p(z,2)dé = lim Ol 2; thn (2) ) de. 


m—-+00 
QxT Q 
Problem 3.191** 
Let 0,%,y be as in Problem 3.183 and let T = R™”. Using Young mea- 
sures, prove the Dunford—Pettis Theorem (see Theorem 1.28), namely show that 
if {Un}ns1 C £1(Q;R™) is uniformly integrable, then there exist a subsequence 


{Un, }k>1 Of {Un}ys1 and u € L1(Q;R™) such that up, —> u in L1(0Q;R™). 


Problem 3.192** 

Let 0,4, be as in Problem 3.183 and let T = R”. Suppose that 
{Un}n>1 G L?(Q;R™) is a sequence such that up, “, u € LP(O;R™) and 
En = 9un(-) —"+ €. Show that for j-almost all z € 0, we have 


u(z) = f ag(2)(dz) 
R™ 
(barycenter or expectation of €(z) € M{(R™)). 


Problem 3.193** 

Let 0,7,%, 4 be as in Problem 3.183. Let wu: Q — T be a %-measurable function 
and let {un: 2 —> T},,., be a sequence of U-measurable functions. Show that the 
following properties are ‘equivalent: 

(a) du,(-) “) dy.) in Y(Q, T; 1). 

(b) tp > u. 


Problem 3.194** 
Let X be a Banach space and let y: X —> R be a locally Lipschitz function. Set 


may = oimt lla lly Vue X. 
u*€Op(u) 


Show that m: X —> R, is lower semicontinuous. 


Problem 3.195** 

Let C CRY bea nonempty set and let y: C —> R™ be a Lipschitz continuous map. 
Show that there exists a Lipschitz function ¢: RY —> R™ such that |, = y and the 
Lipschitz constant kg of @ satisfies kg < \/mky, where ky is the Lipschitz constant 
of y. 
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Problem 3.196** 

Let 2 C RX be a bounded open domain with a Lipschitz boundary 0Q. Show that 
wt~(Q) = C®1(Q) (where C°1(Q) denotes the space of all Lipschitz continuous 
functions on (2). 


Problem 3.197** 
Suppose that A is a Hilbert space, X is a reflexive Banach space which is embedded 
compactly into H, y € To(X) and for all a,b > 0 the sets 


Cap = {uEX: vu) <a, |lulla <6} 
are bounded. We set 


a _ f ou) if wex, 
ele) = { +oo if ue H\X. 


Show that ¢ € ['9(#) and if y is Gateaux differentiable at u € int dom y, then 
dG(u) = {ue H=H": (u*,h)y =(y'(u),h) forallhe X} 

(here by (-,-),, we denote the inner product of H and by (-,-) the duality brackets 

for the pair (X*, X)). 


Problem 3.198% 
Let X be a Banach space. Show that a convex function gy: X —> R = RU {+00} 
can be continuous at a point u € dom y \ dom y. 


Problem 3.199*** 

Suppose that X is a Banach space, C' C X is a nonempty, closed, and convex set and 
y: C —> R is a continuous, convex function. Is it possible to have Oy(u) = @ for all 
u in a dense subset of C? Justify your answer. 


Problem 3.200* 
Give an example showing that the inclusion in Proposition 3.97 can be strict. 


Problem 3.201*** 
Let H be a Hilbert space and let C' C H be a nonempty, closed, convex set. The 
metric projection map into C' is the map proj.,: H —+ C defined by 


proj,(u) = co € C, such that ||u —collq = dist(u, C) 


(that is, co € C is the best approximation from C to u and it is unique). Show that 
proj, is the Fréchet derivative of a convex function. 


Problem 3.202* 
Solve the following second order periodic problem 


{ —u"(t) + u(t) + u(t) = 0 for aa. t € [0,1], 
u(0) = u(1), u’(0) = w'(1). 
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3.3. Solutions 


Solution of Problem 3.1 
We argue indirectly. So, suppose that for some 29 € U, we have f’(a) € L(X;Y) 
is not compact. This means that f’(79)(0B,) C Y is not compact (recall that 
OB, ={xeEX: ||x||x =1}). So, we can find a sequence {m},51 C OB1 and e > 0 
such that 

Ilf'(zo)(tn — um)\ly = € Vn,m>1,n4#m. 
On the other hand, from the Fréchet differentiability of f (see Definition 3.1), for 
» > 0, we have 
A\|f’(£0)hn — f'(20)hm)|ly 
—||f(@o + Ahn) — f(x0) — AF"(xo) hn) Illy 
—||F(t0 + Ak) — f(%0) — AF!(0)hm)|ly 

> Xe —o(r). 

So, for A > 0 small, we see that {f(ro + Ahn)},51 Cannot have a convergent subse- 
quence, which contradicts the compactness of f (see Definition 2.1(a)). 


WV 


Solution of Problem 3.2 
For h € X \ {0} small we have 


jéu+ Alix = tllu+ hilx 


= t(llullx +(£|lullx, 2) + e(4)) 


= |ltullx + (gllullx, 2) + e(h) 


(see Definition 3.1), so # |[tullx exists at u and is equal to f |lullx- 


Next we show that I] lle x|l, = 1. We consider the function 


p(t) = ||tullx Vi> a. 


We have 

lin (t+r)ullx—lltullx lia Tiel || 221) 3 

T—0 - T—+0 ‘ 
so 

g(t) = |lulx Vt>O0. 
Note that y = ||-||x 0 € where 
é(t) = tu Vt>0. 

Then by the chain rule (see Theorem 3.19), we have 

g(t)r = (qylltullx. ru) = 7 (arllullx,u) , 


sO 
llullx = (qullullx.x) 
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and thus 
|~\Jullx||, > 1. (3.10) 
On the other hand, the Fréchet differentiability of ||-|| at u implies that 
| + thllx — lux — (Lllullx,th) = |[thllxe(th), 


with e(h) —+0ash— 0. Then 


) 


| (llullx, th) | < ||lw+ th|lx —|lullx| + [lthll xle(th) 


so 
| (Allullx,h) | < [Alle (1 + le(eh))) 
(by the triangle inequality) and thus 


I|aallellx|], < 1. (3.11) 


From (3.10) and (3.11), we conclude that |e lel |], =i, 


Solution of Problem 3.3 
If wu € C, then for any h € R%, we have 


! — jim ¢elutth)-vyo() _ 43, volutth) 
(Yo(u),h) = te i = 2 0, 


so yo(u) = 0, a contradiction to our hypothesis. Therefore u ¢ C. We know that 
proj..(u) #0. Let ¢ € proj.,(u). We will show that 


from which we infer that proj.(u) = {c}. For ¢ € (0,1) the best approximation to 
u+t(c— wu) from the set C is still c and so 


(1—t)|u—c| = dist(u+t(c—u),C), 


thus . 
ee) _ dist(u, C) = —|u—c| 


and hence 
(yo(u),e—u) = —lu—cl. (ae12) 
Recall that yo = dist(-,C) is nonexpansive (i.e., Lipschitz continuous with Lipschitz 
constant 1). Then 
lvo(u)|] < 1 


and so 
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(see (3.12)). 


Solution of Problem 3.4 

We fix u € U and let h € U be another point. Since U is connected, we can connect 
u and h with a polygonal line. Let y € C([0,1];X) be the piecewise linear path 
realizing this connection. We have 7(0) = u, y(1) = h and by hypothesis 


le(v(te+1)) — eiv(te ly = 0 VkE {0,...,m—1} 


where to = 0 and t,, = 1 (see Theorem 3.15). Therefore y(u) = y(h). Since h € U is 
arbitrary, we conclude that y is constant. 


Solution of Problem 3.5 
First note that the growth condition on f implies 


|F(w,x)| < ay(w)+e|a|? for p-aaweEQ, andz eR, 
with a, € L'(Q)4, c1 > 0. So, the functional 2 is well defined. 
Let u € L?(Q). For every h € L?(Q), we define 


sij= / Fede hada / Pate / fis utointwlan. G23) 
Q Q 


Q 
We have 


1 
= [te u(w) + th(w))h(w) du (3.14) 
0 


(by the chain rule). Using (3.14) in (3.13), we obtain 


t 


e(h) = / / (F(w,u(w) + th(w)) — f(w, u(w)))a(w) at dy, 
Q 0 


sO 


1 
le(h)| < / I Np(u + th) — Np(u) [ly atl Alp. 
0 
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Here we have used first the Fubini theorem and then the Holder inequality (see 
Theorem 1.3 and Problem 1.27). Hence 


li 
< fins (u+ th) — Ny(u)|lpr at, 
0 


sO 
fl —+ 0. as ||hllp + 0 


(see Problem 1.42). So w is Fréchet differentiable and 
w'(u) = Ny(u) Vue LQ). 


But Ny is continuous from L?(Q) into L?’(Q) (see Problem 1.42). Therefore we 
conclude that % € Cl(L?(Q)). 


Solution of Problem 3.6 
Let u,h € L?(Q). Then the growth condition on ¢’, implies that 


r(+,U(-))h(-) € L2(Q). 


Then using the Holder inequality (see Theorem 1.3 and Problem 1.27), we have 
! q ! rn Peta 
i: |er(w, uw) )hw)|Fdp < (f |er(w, u(w))|P-4 du)? |All. 
Q Q 


Fix u € LP(Q). Let 
e(h) = Ny(ut+h) —Ny(u) — Ny (uh. 


Similarly, as in the solution of Problem 3.5, for y-almost all w € ], we can write 


p(w, uw) + h(w)) — p(w, uw) 


1 
/ So(u, u(w) + th(w)) dt 
0 


1 
= / oi, (w, w(w) + th(w))a(w) dt 
0 
(by the chain rule), so 


1 
A)|Ig = / | / (Gale) 2) ew aa) Maal a. 
Q 0 
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Using the Holder inequality (see Theorem 1.3) and the Fubini theorem, we obtain 


lle(ay|l¢ = f fi [yt (uw, ww) + th(w)) — of, (wr, e(w))|” dye dt) * [rl], 


thus 


lle tle — 0 ash>0 in L4(Q) 
q 


(from the continuity of N,; see Problem 1.42) and hence 
No(u) = Ng (u) Vue LP(Q). 


The continuity of Ny (see the growth assumption on y/,) implies that 
Ny € Cl(LP(Q)). 


Solution of Problem 3.7 
First let us compute the Gateaux derivative of N, at u € L?(Q) in the direction 
h € L?(Q). To this end, let 


wz) = Z(y(z,u(z) + th(z)) — olz, u(z))) — (2, u(z)) A(z) 


so , 
level < [| \eeleule) + erh(e)) - yp, (2, u(z )) az) )|? dz dr. 
0 Q 


Note that 
|e. (z, u(z) +trh(z)) — yr,(z, u(z))| — 0 ast>0 foraa ze 
(as y(z,-) € C1(R) for almost all z € Q), so 
|e. (z, u(z) + trh(z)) — vf (z, u(z))|? < (2M)? foraa. ze 


(see the assumption on the growth of y',). Invoking the Lebesgue dominated con- 
vergence theorem, we infer that 


|!wellp —* 0 ast— 0, 


so Ny, is Gateaux differentiable and (Ny)G(u) = Ny. (u). Since by hypothesis Ny, is 
Fréchet differentiable, it follows that 


No(u) = No: (u). 
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Without any loss of generality we may assume that y(z,0) = 0 for almost all z € O 
(by replacing y(z,x) by y(z,x) — y(z,0) if necessary). We have 


rig f lel ul) — ee (=, 0)u(2) ae =a ae alae 
Q 


For fixed € € R and a Lebesgue density point zo € 2 of y(-, u(-)) — ¢/,.(-, O)u(-) we set 
Un = EX By (29)" Then 


PATEL ED) / |o(z, €) — vi,(z, OE|? dz — 0 asn—-+oo, 
Bi (z) 


1 
n 


sO 
3 |e(z0,£) — ¥',(20,0)€| = 0. 


Therefore 
y(z,é) = vi(z,0)€ foraa zen 


and so finally 
yp(z,r) = c(z)ex+a(z) foraa.zeEQ, allz eR, 


with cE L~(Q) and ae€ LP(Q). 


Solution of Problem 3.8 
From the inverse function theorem (see Theorem 3.26), for every u € U, we can find 
an open set V,, such that u € V,, C U and the set y(Vi,) C Y is open. Then 


Solution of Problem 3.9 


From Problem 3.8, we know that y(U) C Y is an open set. Since y is injective, 
it is a bijection from U onto y(U). Since by the inverse function theorem (see 
Theorem 3.26), every u € U has an open neighborhood V,, such that y],, is a ct 
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diffeomorphism, we conclude that globally y is a C!-diffeomorphism. 


Solution of Problem 3.10 

Let y € y(U) and let u € U be such that y = y(u). Since y’(u) is an isomorphism, 
from the inverse function theorem (see Theorem 3.26), there exists an open neigh- 
borhood V, C U of u such that y: Vu — (Vi) is a C!-diffeomorphism. Denote by 
y;,' the inverse function of this diffeomorphism. Evidently y7!: e(Vi.) —> Vu is a 
C!-map. By hypothesis we have that ~ = coy. Hence o = yoy,! and soo isa 
Ct-map on y(V,,). Since every y € y(U) has an open neighborhood y(V,,) on which 
a is C!, we conclude that o is C! on y(U). 


Solution of Problem 3.11 
Let t € [a, b) and let 


Then 
lim v(s)-¥(s) 0 
s\t s—t , 
sO 
3\t s—t 


(by the triangle inequality). Let 
E(s) = |lP(s)lx Vs [a, 0). 


It is easy to see that € is convex and so it is right differentiable. Then for s 4 t, we 
have 


s—t s—t s—t 


les\Ix-NeOllxe els)Ix=)Ibxe Iw(s)Ihx—lheILx 
so U.(t) = €/(t) (see (3.15)). Because 


| Wesdlle IoC lle Z || Pee ||. Vs#t, 


s—t 


by passing to the limit as s \, t, we obtain |¥/.(t)| < ||y/.(¢)||x for all t € [a, b). 
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Solution of Problem 3.12 
Let t 


ui = [o ds Vteé [a, b]. 


Then 7(t) = y(t) — y(a) for all t € [a,b]. From Problem 1.66, we have 


b 
[as € (b-a)C, 


sO 


and thus 


Solution of Problem 3.13 
Let ¢ > 0 and consider 


S(e) = {t€ [2,4]: |le(s) — ya)|lx < W(s) — V(a) + e(s — a) 
for all s € [a, ¢]}. (3.16) 


Evidently a € S(e). Also, ift € S(e) and t’ € [a,¢], then ¢’ € S(e) and so the set S(e) 
is an interval. Let 6 = sup S(<). We claim that be S(e). Ifb =a, then b =a€ S(t). 
So, suppose that a < 6. If t € (a,b), then 


let) — glayllx < 8(t) — V(a) + e(t — a) (3.17) 


(see (3.16)). Exploiting the continuity of and ¥, we see that (3.17) is also true for 

band so be S (e). . 7 
Next we show that b = 6. Arguing by contradiction, suppose that b < 6. Then 
since by hypothesis ||y’(t)||x < 0’(t) for all t € (a,b), we can find 7 € (0,6 — 6) such 
that 7 
|| g(t)—9(6) 


(t)—0(b) 7, 
lls {+e Vte(b,b+7), 


lv) — e®llx < ¥t)- 06) +e(t-d), 
thus 
ly@ -¢@llx < lly) - es ¢(a)||x 


~ n~ 


(9(t) — 0(b) + e(t —b)) + (d(b a) + e(b—a)) 


IN 
Ss 
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(see (3.17)) and hence (b,b+7) C S(e), which contradicts the fact that b = sup S(e). 
Therefore b = b and so S(e) = [a,b]. Then we have 


Ile(b) — pla)|lx < (b) — Va) + e(b—a). 
Let ¢ \, 0, to conclude that ||y(b) — y(a)||x < Y(b) — Y(a). 


Solution of Problem 3.14 
Recall that the operators A, e’4 and e’4 (with h € R) commute. We have 


y(t +h) — y(t) —hAe’4 = ef4 (es —-I,- nA) ; (3.18) 
But note that 
le"4 - I, —hAlle = |] SO SA", 
n>2 
< Soe yale = M4 —1—|allAlle. (3.19) 
n>2 


Then from (3.18) and (3.19), we have 
g(t +h) — y(t) —hAe™ = e(\hl), 


with aan — 0ash-— 0. This implies that vy is differentiable and 


g(t) = AeA VteR. 


Therefore we conclude that y € C!(R;L(X)). 


Solution of Problem 3.15 
Let u,h € X =C((0,1]). Then for all t € [0, 1], we have 


o(u + h)(t)— v(u)(t) = sin(u + A)(t) — sin u(t). (3.20) 
From the Taylor formula, we know that there exists J(t) € (0,1) such that 

sin(u + h)(t) —sinu(t) = A(t) cosu(t) — 2 sin (u(t) + 0@)A(E)). (3.21) 
Let &,: X —> X be defined by 


Eu(h)(t) = h(t) cos u(t) Vhe X, te [0,1]. 
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Then €, is linear and 


IlSu(h)|_x = sup |A(t)cosu(t)| < sup |A(t)| = |lAllx, 
tE[0,1] te [0,1] 


so , € £(X). From (3.20) and (3.21), we have 


le(u +h) — plu) — &ulh)ILx 


= sup |" sin (u(t) + o(e)n(t)) | < Wale, 
te [0,1] 


so y is Fréchet differentiable at u € X and y’(u)(h) = &u(h) for all u,h € X. 


Solution of Problem 3.16 


Note that 
p+) < p&)+p) Vuvel 


(i.e., p is subadditive) and 
p(Au) = |Al|p(u) VAER, tel™. 


Also, clearly we have 
p(t) < |ltlleo Vuel™. (3.22) 


Suppose that U, —> U in I°. Then 
P(tin) = Pn -—U+U) < p(t — U) + plu) (3.23) 
and 
p(t) = plu = Un) < plu _ Un) + p(tin) (3.24) 
From (3.22), (3.23), and (3.24), it follows that 
[P(tn) — P(U)| < [Un — Ulfoo, 


so p is continuous. 7 
If p(u) = 0, then u, —> 0. Taking h = (1,1,...) € I, we have 


p(i+Xh)—p(@) _ [A 
Xr DN 


and this show that p is not Gateaux differentiable at U (as lim 5 I does not exist). 


If p(w) > 0, then without any loss of generality, we may assume that p(w) = 1. 
Then we can find a subsequence {un, }x>1 Of {Un}n>1 Such that un, —> 1. Moreover, 
without any loss of generality we may assume that up, > 0 for all k > 1. Let 


— 0 ifn Ang or n= nx with k odd, 
"1 ifn =ng with k even, 
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for alln > 1. Let h = {hn}n>i € i. We have 


p@a+an)-p@) _ J 1 if A>O 
r 0 if A<O. 


Therefore p is nowhere Gateaux differentiable. 


Solution of Problem 3.17 
Since ¢ is Fréchet differentiable at u € X (see Definition 3.1(b)), given « > 0, we can 
find 6 > 0 such that 


le(uth)— glu) —¢'(u)(r)\ly < ellAllx VREX, with ||Allx <6. (3.25) 
Then we have 


leuth)—elujlly < lle (wally + Ile th) — eu) — e'(whlly 
< MIAllx +ellhilx = (M+e)|lhIx VWheX, with ||hI_x <6 


(by the triangle inequality and using (3.25)). 


Solution of Problem 3.18 
First note that y is injective. Indeed, if y(w) = y(v), then 


llu—ollx < ellu—ollx 


and since c € (0,1), we infer that u = v. 

Next we show that y is surjective. Given any h € X we consider the equation 
y(u) = h. Let up = A and inductively define uni = Un + (h — y(un)) for all n > 0. 
We have 


init =U = Uy = at FP) = 2) Vn21, 
sO 
|[2en44 = Un||.x = I|o(un—1) = (tn) = (Un—1 = Un) |x < C||tn—1 = Un||x; 
thus 
[nti —Unilx < c™|lu.—uollx Vn21, 
hence 


Yo Ilunti — tallx < (Soe) Ifa — wollx < stellen — wollx. 
n>0 n>0 
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This means that {Un}n>o C X is a Cauchy sequence and so we have un —> wu 
in X. Hence y(un) —> y(u). Therefore, in the limit as n — +00, we obtain 
h = p(u). Since h € X is arbitrary, we conclude that y is surjective, hence ¢ is 
bijective. Since y/(u) is an isomorphism for every u € X, from the inverse function 
theorem (see Theorem 3.26), we conclude that w = y-! € C1(X;X) and so y is a 
C1-diffeomorphism. 


Solution of Problem 3.19 
Given u € H, for every h € H, we have 


p(u+h) = plu) + (A*(u) + Alu), hy + (ACA) PD 


so y is Fréchet differentiable at u ¢ H and y'(u)(h) = (A*(u) + A(u), h),, for all 
he H. Thus py € C!(H). 


Solution of Problem 3.20 
First we consider the case p € (1,2). Let 


E(t) = ([L+tP-1—pt)hys VteR. 


Note that 
lim €(t) = 1 and limé(t) = 0. 
t00 t0 


So, € is bounded on R and we have 
cyt}? < |l1+¢t)/? -—1—pt < cglt|P VteR (3.26) 


for some ¢1, C2 > 0. Let u,h € LP(Q; RY), u(w) 4 0 for p-almost all w € Q. We set 


ia). = CH Ywen. 
From (3.26), it follows that 
cxlléA Beam 
<u + Fle oceamy — lulleagagns — Pt f (o)}(w))P sign u(w) dy 
Q 


< callthll?,, (3.27) 


O;R) 
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Dividing (3.27) by ¢ and letting t > 0 we obtain 


( 


— 


Poros a(w)sh) = p | lu(ws)|P-Bsign u(w)h(w) dps 
Q 


So, the norm ||-||z2(a,;Ry) (with 1 < p < 2) is Gateaux differentiable at every u 4 0 
and 


(I-lEoorexye(@) = plu(-)[P™signu(-) = plu(-)|P-?u(-). 


Since the map ut-> plu(-)|?~!sign u(-) is continuous from L?(Q;R) into L?’(O;RY) 
(where } + + = 1), from Proposition 3.3, it follows that the norm ||- lzeca;ry) is 
Fréchet differentiable at every u 4 0. 


For 2 < p < +00, we consider the function 


E(t) = (ji+¢)P-1 pt) ape Vt>0. 


Reasoning as above we obtain 
(Ieee) (4) = plut-)P*signu(-) = plu(-)PPu(-). 


Finally for p = 2, L?(Q;R) is a Hilbert space, hence the norm is Fréchet differen- 
tiable at every u 4 0 and 


(Il-Z2@eyy)'(u) = 2u(-). 
Let y(u) = lee Epo) and (wu) = lull zo(a.gy) for all u € L?(Q;R%). We have 
elu) = vu)? Vue L2(0;R"). 
From the chain rule (see Theorem 3.19) we have 
g'(u) = py(u)Pty'(u) Vu #0, 
so 


—-t——lu(-)P-2u(-) Vue LP(O;R), 1 <p < too. 


Lae 


(uy) = 


Solution of Problem 3.21 
Consider the linear operator T’: W, ?(Q).) —> L?(Q;R) defined by 
T(u) = Du Vue Wy?(Q). 


Evidently T ¢ £(W?(Q); L?(Q;R%)). Also, let y: L?(Q;R”) — R be the function 
defined by 
0Y) = Floors) Vy e L(O;R*). 
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We see that 
p(u) = (PoT)(u) VueW?(Q). 
From the chain rule (see Theorem 3.19), we have 
g'(u) = T*y'(Tu) = —div (|Du|?-*Du) 


(see the solution of Problem 3.20 and recall that T* = —div ). So, the derivative of y 
is the negative p-Laplace differential operator denoted by —A,. We have 


Cs) wee en ee / |Dul?-2 (Du, Dh)pa dz 
Q 


Vu, h € W(Q). 
Next we show that the continuity of the map 
Wo'?(2) 3 u 4 ou) € Wo") = (Wh?) 


(with - + 7 = 1). First we deal with the case 1 < p < 2. We recall the following 
elementary inequality: 


||P? —|ylP2y] < ea(p)|z—y|P' Va,ye RX (3.28) 


where 1 < p< 2. Then for all u,v, h € Wy? (Q), we have 


| (y’(u) —y'(v), kh) | < [lpup?De — |Dv|P-? Dv ||Dh| dz 
Q 


< ci(p) f \Du— DolP"|Dh dz 
Q 


—1 
< ec (p)||Du — Dep arxyl|PMlliv ary) 


(3.29) 


(see (3.28) and use the Hélder inequality (see Theorem 1.3). By the Poincaré inequal- 
ity (see Theorem 1.131), ||DAl|z>(q;a) is an equivalent norm on the Sobolev space 


Wy? (Q). So, from (3.29), we have 


leu) — elle < c2(P)|lu—v|P™, 


for some co(p) > O and thus the map W?(Q) Sur y(u € Wl(Q) = 
(Wy?(Q))* is continuous when 1 < p< 2. 
Now assume that p > 2. Let un —> u in Wo? (Q). Then we have 


Dun —> Du_ in L?(0;RY). 
By passing to a suitable subsequence if necessary, we may also assume that 


|Dun(z)| < n(z), |Du(z)| < n(z) for aa. z EQ, alln > 1, (3.30) 
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with 7 € D?(Q). We recall another elementary inequality: 
|x}? 22 — y|P-2y| < ca(p)|e — yl(lel+|yl)P? = Va,yeR (3.31) 


where p > 2. We have 


| (y'(u) — v'(v),h) | < / || Dul?-2Du — |Dv|?-2Do||Dh| dz 
Q 


< 2”-Fea(p) f n(2)?-?|Dun — Du||Dh| dz (3.32) 
1e) 


(see (3.30) and (3.31)). Note that 7?-? € L?3(Q) and 5 + s of p= = 1. So, from 
(3.32) and the generalized Holder inequality (see Theorem I.3.105), we have 


| (e' (un) — ¢’(u),h) | < ca(p)||Dun — Dullzecarxy||DAll tory): (3.33) 
As before using the Poincaré inequality, from (3.33), we obtain 
le"(un) = e(u)lle < ¢5(p)|Itn —Ullyre@ Vn], 
for some cs > 0, thus 
g'(un) —> g'(u) in WH) 


(for the original sequence by the Urysohn criterion; see Problem I.1.3) and hence the 
map W,?(Q) 3 urs y'(u) € W-1”’(Q) = (Wy?(Q))* is continuous when p > 2. 
Therefore we have proved that yp € C (Wy #Q)). 


Solution of Problem 3.22 
Let {Un}ns1 C U be a sequence and assume that un —", win X. From the hypothesis 
on vy, we have 
y(un) — p(uo) 2 ((2G(uo); Un _ uo) ’ 
so 
lim inf (p(un) — y(uo)) = 0, 


n—- +00 


thus 
y(uo) < liminf y(un). 


n—-++00 


This shows the weak lower semicontinuity of y. 
Now, let us assume that U is open and convex. Let u,v € U. Then 


ev) > (uo) + (Yq(uo),v — uo) (3.34) 
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and 

p(u) > y(uo) + (v@(uo), u a uo) . (3.35) 
Multiplying (3.34) with t, (3.35) with 1 — ¢ (for t € (0,1)), setting up = (1 —t)u+ tu 
and adding the two inequalities, we obtain 


(1—t)yp(u) + te(v) > (uo) + (¥e(uo), (1 —t)u+ tv — up) = (uo) 


and thus y]|,, is convex. 


Solution of Problem 3.23 
Arguing by contradiction, suppose that ||uo||.. = @. Consider the function €: [0,1] —> 
R defined by €(t) = y((1 — t)uo). Then 


(t) 2 €(0) Vite [0,1 


and 


Solution of Problem 3.24 
Let h € X and let €(t) = y(u+ th) for allt ¢ R. Then the Gateaux differentiability 
of y at u € X implies the differentiability of € at t = 0 (see Definition 3.1(a)) and 


€(0) = g'(u)h. 


The differentiability of € at t = O implies the continuity of € at t = 0. Hence 
&(t) —>+ €(0) as t > 0, which implies the hemicontinuity of y at u for the strong 
topology on X (see Definition 2.110(b)). 


Solution of Problem 3.25 
First we claim that y is sequentially continuous from X with the weak topology into 
Y with the weak topology. So, suppose that {Unkn>1 C X is a sequence such that 


Un —> u in X. If our claim is not true, we can find ¢ > 0, a subsequence {Un, }k>1 
of {Un}ns1 and yg € Y* such that 


| (yd, Plum.) —y(u))| 2e VEL. (3.36) 
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The mean value theorem (see Theorem 3.16) implies that we can find tp, € (0,1) 
such that 


(Ys P(Ung) — P(U)) = (YO, 9'(U+ tr, (Un, — U))(n, —u)) VRB1L (3.37) 


By hypothesis y’: X —> £L(X;Y) is compact (see Definition 2.1(a)). So, by passing 
to a subsequence if necessary, we may assume that 


g'(ut+tn, (un, —u)) — A in L(X;Y) (3.38) 
(with A € L(X;Y)). We have 
(Yo. y'(u se tn, (Un, _ U)) (Ung _ u)) 
= (ys (y'(u =F tn, (Un _ u))—A) (Un, ~~ u)) oF (Yo, A(Uny _ u)) = 0 
(see (3.38) and recall that A € £(X;Y) is also weakly continuous), so 
(Yo, P(Un,) — e(u)) —> 0 


(see (3.37)) and this contradicts (3.36). This proves that u+—> y(u) is sequentially 
continuous from X with the weak topology into Y with the weak topology. 
Since y is compact and {un},5, CG X is bounded (being a weakly convergent 


sequence), we have that { y(un) }ns1 G Y is compact and so we can find a subsequence 


{Y(Un,) }e>1 Such that 
y(un,) — y im. 


From the first part of the proof we have 
p(tn,) —> v(u) in Y. 
Therefore y = y(u) and for the original sequence we have 
p(n) —> plu) im, 


thus y is completely continuous (see Definition 2.1(b)). 


Solution of Problem 3.26 
Let u € X and consider the function h ++ L(u)(h) defined by 


1 
rae = / e(u(t))h(t)dt = Whe X. 
0 


Clearly the function L(u)(-) is linear and 


IL(u)(A)| < NIE o ull xIlAllx, 
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so L(u)(-) is continuous, that is, L(w) € X*. We have 


u +h) — y(u) — L(u) (A) 


(E(u(t) + h(t)) — E(u(t)) — (u(t) a(t) at 


('(u(t) + T()A(E)) — E(u(t))A(e)) dt, (3.39) 


l| 
oan et ee S 


for some T(t) € (0,1) (by the mean value theorem; see Theorem 3.16). Without any 
loss of generality, we may assume that ||h||x < 1. So, 


u(t) +7(t)h(t), u(t) € [[lullx —1,|lullx +1] Vée [0,1]. 


Since €’ is continuous (recall that € € C!(R)), it is uniformly continuous on the 
interval |||u||x — 1, ||u||x + 1]. Hence, given e > 0, we can find 6 € (0,1) such that 


\é’(u(t) + r(E)h(t)) — E"(u(t))| < € VteE [0,1], hE X, with ||hl|x <6. 
Then from (3.39), we have 
lp(u+ h) — p(h) — L(u)(h)| < ellAllx, 


so y is Fréchet differentiable at every u € X and 


1 
(y'(u),h) = / é(u(t))h(t)dt VheX. 
0 


Because of the continuity of X 5 u +> y’(u) = L(u) € X*, we conclude that 
pe ctx). 


Solution of Problem 3.27 
If h = 0, then the result holds trivially. 

So, suppose that h #0. Then due to the Fréchet differentiability of y at uo + th, 
we have 


Q0= lim (uo tth+ v) p(uo t th) (g! (uo t th),v) 
yO llullx 


In particular, let v = sh. We have 


E(t+s)—€(t)—s(p (uo +th),h) 


0 = lim : 


s—0 


= Tim 920 _ (o'(ug + th), h) 


s—0 
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(since h # 0), so 


Solution of Problem 3.28 


(a) The map € is bilinear and continuous (since M,,(R) is a finite dimensional Banach 
space). So, it is C' and 


é'(A, K)(L,T) = LK + AT. (3.40) 
(b) Let A € End,(R) and M € M,,(R). We set T= A+M. We write 
T = (I+MA")A. 


We have 
IMAe < (Mlle. 


So, if ||M||c < IW then || MA™+||- < 1 and so 1+ MA™! € End,(R). 
Therefore, if 9 = ||A7+||-", then 


Bo(A) c End, (R) 


and thus the set End,,(R) C M,,(R) is open. 
Let A € End,,(R). Then for all M € M,,(R) we have 


(A, A~*)(M) = AM 


(see (3.40)), so €4(A, A~!) is an isomorphism. So, we can apply the implicit 
function theorem (see Theorem 3.28) and find an open neighborhood U of A in 
End,,(R) and a C!-map h defined on U such that 


&(E,h(E)) = €(A,A') = I VEEU. 
Note that h = G|,, and so £ is differentiable at A € End,,(R). We have 
&(A, B(A)) + &(A, B(A)) 0 B(A) = 0 
(see Proposition 3.12), so 
MA1+ Af'(A)(M) = 0 VMEM,(R), 
thus 
B'(A)(M) = -—A+MA' VMEM,(R). 


Evidently the map A +> 6’(A) is continuous and so we have 3 € C'(End,(R)), 
B is injective and §’(A) is an isomorphism. Therefore 8 is a C!-diffeomorphism 
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(see Problem 3.9) 


Solution of Problem 3.29 
“+”: Suppose that y is a-homogeneous. Let €(t) = y(tu), u #0, t > 0. From 
Problem 3.27, we have 
el) = (y'(u), u) : (3.41) 
From the a-homogeneity of y, we have 
E(t) = y(tu) = t plu), 


so 
(1) = alu). (3.42) 
From (3.41) and (3.42), we conclude that ay(u) = (y’(u),u) for all u 4 0. 


“<—=”: Suppose that ay(u) = (y’(u),u) for all u#0. As above let €(t) = y(tu), for 
t > 0. We consider the quotient gt) We have 


d (£0) = €/(t)t*—at?—1€(t) _ (y' (tu),tu) -ap(tu) = | 
dt to p20 faF1 


see Problem 3.27 and hypothesis). Therefore §() =c€ER for all t > 0. Hence 
t 


y(tu) = t%c Vt>0, 


so y(u) = c. Thus, we conclude that y(tu) = t°y(u) for all u £ 0, all t > 0, which 
means that y is a-homogeneous. 


Solution of Problem 3.30 
Note that y(A, A) is a polynomial of n? +1 variables (the n? entries of the matrix A 
and X). So, y is C™-function. 

Since \ € R is a simple eigenvalue of A, we have Be,A) ~ (0) and so we can apply 
the implicit function theorem (see Theorem 3.28) and find an open neighborhood U 


of A and a C®-function h: U —>+ R such that h(A) = » and 
g(h(C),C) = ~,4) = 0 VCE, 


so h(C) is an eigenvalue of C. 
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Solution of Problem 3.31 
Let u,v € R% and consider the function 


E(t) = (p(ut+t(v—u)),v—u)pn VéteR. 
Then € is differentiable and by the chain rule, we have 
E(t) = (out t(v—u))(0—u),v- Wa > cv—ul? 
(see the hypothesis on y). From Problem 3.13, we infer that 
clu—ul? < €(1) -&(0), 


so 
clu —ul? < (y(v) — g(u),u—wpn- (3.43) 
Claim 1. is closed. 
Let C C R™ be a closed set. We need to show that y(C) is closed. To this end, let 
{Yn}nsi © p(C) and assume that y, — y in RY. Let {Un}nsi G C be a sequence 
such that yn, = y(un) for all n > 1. From (3.43), we have 


|un —Um| < £|0(tm) — ~(tm)| = 119m — Ym Vn,meéN, 
so {Un}n>1 C C is a Cauchy sequence. Thus, we have that u, —u€C. Then 


y(n) —> y(u) and it follows that y(u) = y. Thus y € y(C) and so y(C) C RN isa 
close set. 


Claim 2. vp is open. 

Note that for all u € RY, y’(u) is invertible. Indeed, it suffices to show that 
ker y’(u) = {0}. But this is an immediate consequence of the hypothesis of the prob- 
lem. Then from Problem 3.8, we have that for every open set U C RN, the set 
y(U) C RX is open. This proves Claim 2. 

From Claims 1 and 2, we have that y(R™) is both closed and open. Therefore 
y(R*Y) = RX. Also, from (3.43), it is clear that y is an injection. Therefore ¢ is a 


Solution of Problem 3.32 
Consider the map wy: R x X x X —>+ X defined by 


VO, v,w) = w-—vp(Awt+v). 
Evidently 7) € C1(R x X x X;X). We have 
wi(A,v,w) = 1, —Ay’(Aw +0), 


so Wi,(0,u,y) = I,. Hence, y,(0,u,y) is an isomorphism. Applying the implicit 
function theorem (see Theorem 3.28), we can find an open neighborhood U C R x X 
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of (0,u), an open neighborhood V C X of y, and a C!-map h: U —+ X such that 
for all (A, v) € U, we have 


[we V andw=y(w+v)| <=> w=A(d,v). 


Solution of Problem 3.33 
“(a) == (b)”: Let {€(t)}+ej9,1) be a parametrization of 7. We have 


/ (o(€(t)), a€(t)) = / (E(t) dé (t) 


I 
Oa 2 
ala. 
aS) 
— 
ans 
F pli 
oH 
wa 
~" 
Q 
oH 
I 
aS) 
os 
mn 
——~ 
—_ 
~" 
~" 
| 
aS) 
— 
wn 
F tian. 
i=) 
bin ih 
~~ 


“(b) ==> (c)”: We can consider two paths y; and yz in U, connecting u,v € U, 
namely let 7, be the line segment connecting u and v and let y2 be the line segment 
from 0 to u plus the line segment from 0 to v. We parameterize 71 by 


€(t) = tu+(1—-t)v Vte [0,1] 


and 72, by 7 
€,(t) = tu and €(t) = tu Vt e (0, 1] 


(these are the two line segments constituting y2) and 
We have 
1 1 
J ioem).aeyy = f gotenyar = fioe@).u-) at (on 
0 0 


v1 


(by the chain rule) and 


/ (g(€2(t)), déo(t)) 


2 
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(again by the chain rule). But from (b), we have 


/ (g(E(t)), d&(t)) = / (g(Eo(t)), d&a(t)) 


v1 2 
sO 


0 
(see (3.44) and (3.45)). 
“(c) => (a)”: Let 


1 
p(u) = J koteu), dt YVueu. 
0 


Let u € U and he X. Then for all A € R with |\| small we have u+ Ah € U and 


y(u + Ah) — v(u) 
1 
AD) ao ae i lgtiai) aly i 
0 


he oe 


(g(u +taAh), Ah) dt 


(see (c)), so 
1 


eCutai)—olw) _ [lotus tn), dt. 
0 
Passing to the limit as A —> O and recalling that g is continuous, we obtain that 
y € C1(U) and y'(u) = g(u) for all u € U. 
Now suppose that g € C!(U; X*). 


“(d) ==> (a)”: As before, let 


1 
yp(u) = J (oteu), a) dt Vueu. 
0 


1 
p(u+h) — y(u) = / (g(t(u+h)),h) dt + l (g(t(u+h)) — g(tu),u) dt. (3.46) 
0 
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Since g € C!(U; X*), using (d) and the re es we have 
1 


[tottus ny) — a1 = fife Gein ah) ais aa) 


(g'(tu+ sh)h,u) ds dt (g'(tu+ sh)u,h) ds dt 


(g'(tu+sh)u,h) dtds = 4 (g(tu+sh),h) dtds 


(g(u+ sh) — g(su+ sh),h) ds. (3.47) 


0 
Returning to (3.46), we have 
1 


p(ut+h)—yp(u) = / (g(u+ th), h) dt. (3.48) 
0 
Due to the fact that g € C'(U; X*), given e > 0, we can find 6 € (0,1) such that 


IIg(u+ th) — glue < € VtE [0,1], IAIlx <6. (3.49) 
Then using (3.48) and (3.49), we have 


1 

\o(ut h) — o(u) — (g(u),h) | = | fis (uw + th) — g(u),h) at| 
0 
60 < 


e VhEX, with |lAllx < 


so y € C1(U) and y’(u) = g(u) for all u € U. 


“(a) ==> (d)”: This is an immediate consequence of Proposition 3.38. 


Solution of Problem 3.34 
Let h € X be such that ||A||x = 1 and let t > 0. Then 
t t 
p(th) — y(rh) = | $o0n ig = J (oon),n) ds Vr e (0,t). 
By hypothesis, there exists r > 0 (independent of h) such that 
t 
ith) > ern) + f Bas 


r 
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(recall that ||h||x = 1), so 


liminf (wu) 


I|ul| x ++00 


Vv 
ee 
x 
iv) 
II 
+ 
8 


thus y is coercive. 


Solution of Problem 3.35 
“>”: Let o be an integral curve for F' (see Definition 3.43) with o(0) = ue U. By 
hypothesis 

pool _..) is constant. 


So, we have 


a) 
| 


ae - a (t)), 0’ (t)) 
(¢'(a(t)), F(a(t))) Vite (2,2). 


(by the chain rule). For t = 0, we have 
(y’(u),F(u)) = 0 Vue. 
“<—": Let o be an integral curve for F defined on an open interval J. Then 
4(poo)(t) = (e'(olt)),o()) = 0 Vtel., 


so yoo is constant on I. 


Solution of Problem 3.36 
Let o be a maximal integral curve defined on an open interval J = (a,b). Then there 
exists c € R such that 

(eari(h) = « Vtel, 
so 

oft) € gp Me) VteEl. (3.50) 
By hypothesis, the set K = y !(c) C X is compact. Suppose that b < +00. Let 
tn 7b. Then from (3.50), we have {o(tn)}ns1; G A. We can find a subsequence 
{tn tk>1 Of {tr}ny1 such that o(tn,) —> we K in X. We can find r > 0 such that 
B,(@) ={ueX: |lu—@l|x <r} CU and an interval I = (b—6,b+6) such that the 
maximal integral curve is defined on I when the initial data are (to,u) € J x B,(u). 
So, for n > 1 big, we can have 


t, > b-—6 and u(t,) € B,(u). 


Then the integral curve passing from (tn, u(t,)) is defined on 7. But by Proposi- 
tion 3.45 this integral curve is aes, which is a contradiction since o is not defined on 
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[b,b +6). Therefore b = +00. Similarly we show that a = —oo. So, J = R and this 
shows that F' is complete (see Definition 3.54(a)). 


Solution of Problem 3.37 

Let o be a maximal integral curve (see Definition 3.43) with o(to) = up. Suppose 
that J = (a,6) is the interval of definition of o. If b < +00, then for t € |[to,b), we 
have 


Jo(t) — wll = || f FCC) a x 


x 


(t — to) ||F(uo) Lx + [ IP(o(s)) — F(uo)||x ds 


to 
t 


aa / ie twliede 


to 


x 


with c = (b — to)|[F'(uo)||x > 0, so 
IIo (t) — uollx < ce*’-%) = t € [t,d) 


(by the Gronwall inequality). So, as t approaches b, the integral curve o stays in the 
compact set B..x-t)(uo) (recall that X is finite dimensional). As in the solution 
of Problem 3.36, this leads to a contradiction. Therefore o is defined on |to, +00). 
A similar argument shows that o is also defined on (—oo, to]. Hence the vector field 
F is complete (see Definition 3.54(a)). 


Solution of Problem 3.38 

Arguing by contradiction, suppose that y is not Fréchet differentiable at uo. Then 
by virtue of Remark 3.2, we can find two sequences {tn},s, GC [-1,1] \ {0}, 
{hn}nsi © B,(0) (with By(0) = {h € R™: |h| < 1}) and € > 0 such that t, —> 0 
and 


Se Sao, (3.51) 


| 9(uo+tnhn)—¢(uo)— (eq (uo) tnhn) | 
tn 
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Passing to a subsequence if necessary, we may assume that h, —> hin R™. We have 


+|p(uo + tnlin) — e(u0) — (eG(uo); tan) | 


< 7 | (uo + trhn) — y(uo + trh)| 
Z|p(uo + tnh) — y(uo) — (¢G(Uo), tnd) | 
3 la (uo), fn — h) | 
< klhn —h| + E|p(uo + tnh) — (uo) — (ve(uo), tn’) | 
+ RC, G(uo), hn —h) |, (a:52) 


for all n > 1 big enough and with k > 0 being the Lipschitz constant of y near up. 
Then passing to the limit as n + +00 in (3.52), we obtain 
lim |p(wot+tnhn)—¢(uo)—(¢G(uo),trhn) | _ 0 (3 53) 


tn 


Comparing (3.51) and (3.53) we reach a contradiction. This proves that y is Fréchet 
differentiable at uo. 


Solution of Problem 3.39 

First we show that ¢ is surjective. From Problem 3.8 we know that the set y(X) C Y 
is open. We show that it is also closed. From the inverse function theorem (see 
Theorem 3.26), for every u € X, we can find convex open sets U, C X and Vy, C Y 
such that u € Uy, y(u) € Vy and y isa C'-diffeomorphism from U,, onto V,,. We 
have y(U,) C Vy. In fact the opposite inclusion also holds. Indeed, let yo € Vu. 
Then we can find a sequence {Yn}n>1 C Vy such that y,— yo in Y. Let un = 


-1 


yg! (Yn) € Uy for n > 1. Since y~! is a C!-map on V,, from the mean value theorem 


(see Theorem 3.16), we have 


lun — UmIlx < 2 MEY) cllyn — ymlly — Vngm > 1, (3.54) 
VE YnsYUm 


where [j,Y¥m] = {yEY: y=(1—-thynttym: t€ [0,1]}. By Theorem 3.26 and 
our hypothesis, we have 


sup [l(p')'()lle = sup |lg’(y*)(%)) "Ile = M < +00. 
ve [Yn Ym] vE[Yn Ym 


So, from (3.54), we have 
Ilr — UmIlx < M|l¥n-Yymily Vn,mel, 


so {Un}ns1 C X is a Cauchy sequence in X, thus un, —> ug for some up € Uy, and 
yo = (uo) € y(U,). Therefore y(U,) = Vy. Evidently we may assume that the 
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family {Vu}uex is locally finite. So, we have 


thus p(X) = y(X) and hence y(X) is a closed set. Because y(X) is both open and 
closed, we conclude that y(X) = Y, that is, y is surjective. 
Next we show that ¢ is injective. So, suppose that y(uo)=y(u1)=yo. Let 


u(t) = (l—t)ugp+tu, withte€ [0,1] and y(t) = y(u(t)). (3.55) 


We define 
H(s,t) = (1—s)yot+sy(t) Vs,t€ [0,1]. (3.56) 


Note that H(s,0) = yo = y(uo). From Theorem 3.26, we know that there are open 
neighborhoods U of uo and V of yo such that y: U —> V is a homeomorphism. From 
the previous arguments, we have y(U )=V. Note that 


|Z (s,t) — yolly = Ils(v@ —yo)lly < lly) — yolly 


(recall that s € [0,1]). The continuity of t > y(t) implies that we can find 6 € (0, 1] 
such that 
H(s,t) € Vo VteE [0,6]. 


Let G(s,t) = y!(H(s,t)). Then G(s,t) € U for all s € [0,1], all t € [0,6]. Let dp be 
the biggest such 6 > 0. If 6 < 1, then once again Theorem 3.26 implies that G(s, -) can 
be extended further than 69 keeping the relation G(s,t) = y~!(H(s,t)). So, d9 =1 
and so G(s,t) has been defined for all s,t € [0,1]. Since H is differentiable (see (3.55) 
and (3.56)) and y~! is locally differentiable, we infer that G is differentiable too (see 
Theorem 3.19). 

Since H(s,1) = yo for all s € [0,1] (see (3.56)), we have 


0 = £H(s,1) = G(G(s,1)) = ¥(G(s,1)) ZE(s, 1) 


(see Theorem 3.19), so 


4-G(s,1) = 0, 
and thus 
G(0,1) = G(1,1). (57) 
Similarly, we have 
£G(0, t) = 0, 
and thus 
G(0,0) = G(0,1). (3.58) 


From (3.57) and (3.58), we have 


G(0,0) = G(1,)), 
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so 
ug = U1 


(see (3.56)). Therefore ¢ is a bijection. Invoking Problem 3.9, we conclude that y is 
a C!-diffeomorphism. 


Solution of Problem 3.40 
Since y is continuous, Span y([0,b]) is separable (see Problem 1.1.38). So, without 
any loss of generality, we may assume that X is separable too. Let 


ge(t) = E(y(tte)-9)) VeF0. 
Since y is Lipschitz continuous, we see that for every fixed t € [0,b], we have that 
{ ve(t) }exo G X is bounded, hence relatively w-compact. (3.59) 
Because X is separable and reflexive, so is its dual X* (see Corollary 1.5.84). Let 
{hitns1 G X* be a dense set in B,(0) = {u* € X*: |lu*||. <1}. Then for every 


n > 1, the function €,,: [0,b] —> R defined by 


En(t) = (Rn, (t)) 
is Lipschitz continuous, thus differentiable for all t € T\\ Nn, with ACN,) = 0 (A being 
the Lebesgue measure on R; see Theorem 3.120). From (3.59) it follows that there 
exist g: [0,b) —> X such that 
g(t) = w-lim ¢-(t). 
e—>0 


Then for all ¢ € [0,6] \ Nn, we have 


i (has l(t) = (hn g(t))- (3.60) 
Let N = U N,. This is a Lebesgue-null set and for all t € [0,6] \ N, we have 
n>1 
I9@\lx < ¢, 


for some c > 0 (see (3.60)). Note that g is weakly measurable and so by the Pettis 
measurability theorem (see Theorem 1.36), it is measurable. So, g € L'([0,b]; X). 


We set 
t 
) = fats )ds + g(0 
0 
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sO 


(hn, b)) = 


= st) Vn21, te [0,]])\N 


Solution of Problem 3.41 
Since X* is strictly convex (see Definition I.5.168(a) and Remark I.5.169), the space 
X has Gateaux differentiable norm (see Proposition I.5.170(a)). Hence o is Gateaux 
differentiable at every u € X \ {0}. 

For all u,v € X, we have 


(F(v),v—u) > loll —llollxllullx > loll — 4 (oll® + [ellX) 
= Fol —Alfull& > llollxlleullx — llell® 
> (F(u),u—u). (3.61) 


Let v=u+th with u € X andt€R. Then from (3.61), we have 
t(F(u),h) < 9 (llu+thll& — llullx) < ¢(F(u+th),h), 


sO 


lim x (lu + thllX — lull) = (F(u),h) VheEX. (3.62) 
So, if €(u) = $o(u)?, then 
(So(u),h) = (F(u),h)  VhEXx 


(see (3.62)), thus 
Ea) = Fw) YueX \ {0}. (3.63) 


But from the chain rule (see Theorem 3.19), we have 
alu) = llullxog(u) Vue X \ {0}, 


sO 


oG(u) = qe vue X\ {0} 
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(see (3.63)). 


Solution of Problem 3.42 

Since X* is locally uniformly convex (see Definition 1.5.168(b) and Remark I.5.169), 
we have that o is Fréchet differentiable on X \ {0} (see Proposition I.5.170(b)). More- 
over, from Problem 3.41, we have 


o(u) = 7M Vue X \ {0}, 


so the map uw+—> o’(u) is continuous on X \ {0} (see Proposition 2.114(c)) and thus 
a € C1(X \ {0}). 


Solution of Problem 3.43 

Evidently @ is proper and convex. We need to show that @ is also lower semicon- 
tinuous. To this end let \ € R and let @ = (ue H: G(u) < A). We need to show 
that © is closed (see Proposition 1.2.53). We consider a sequence {Un}ns1 © @ such 
that u, —> u in H. Evidently the sequence {un}, 5, C X is bounded. Since X is a 
reflexive space, by passing to a suitable subsequence if necessary, we may assume that 


W n n 
Un — u inxX. 


Since X is embedded continuously into H and un, — u in H, we have t = u and so 
u € X. Exploiting the lower semicontinuity and convexity of y, we have 


fee _ : _ 
A > liminf P(un) = liminfy(un) > y(u) = Plu) 


(since {Un}n51 © X and u € X; see Proposition 1.2.48), so u € @ and thus the set 
© is closed. Because \ € R is arbitrary, we conclude that ¢ € To(H). 


Solution of Problem 3.44 
Because of the convexity of y, we have that for every h € X, the map 
tro eS is nondecreasing on (0, +00). We have 


y h\ = lim Puotth)—euo) 
(@(uo): ) NO 7 


(see Definition 3.1(a)) It follows that 


(y@(uo), th) < v(uo+th)—yp(uo) Vt>0, hE X, |lAllx =1, 
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(y@(uo),v) < v(uotv)—y(u) Vvex 


and thus y@(uo) € Op(uo) (see Definition 3.70). 


Solution of Problem 3.45 
“—»”: Let G(u) = y(u) — v(0). Then @ is convex, k-Lipschitz and ¢(0) = 0. 
Moreover, @* = y*+y(0) (see Remark 3.88). Therefore, without any loss of generality, 
we may assume that y(0) = 0. So, we have 
lp(u)| < kllullx Vue X. (3.64) 

Let u* € X* with ||u*||. > &. Then 

(u*,u) —y(u) > (u*,u) —kllullx = ((u*, Tealx? — k)|lullx YuexX (3.65) 
(see (3.64)). Note that 


sup ((u", gc) — k) = lu‘ —k > 0, 


nex ? Tullx 
so 
eup ((u*,u) — y(u)) = +00 
(see (3.65)) and thus u* ¢ dom ¢* (see Definition 3.83). Therefore, we have dom y* C 
kB;(0). 


“<—”: Arguing by contradiction, suppose that y is not k-Lipschitz. Then we can find 
u,v € X such that y(u) — p(v) > n|lu— v||x with 7 > k (we can have y(u) = +00). 
Then 

plu) > vv) +nllu—ollx. (3.66) 


Let € = y(v)+n|/u—v||x. Then from (3.66), we see that (u,€) ¢ epiy. By the strong 
separation theorem (see Theorem I.5.29), we can find z* € (X x R)* and 6 > 0 such 
that 
sup (2*, (YA) xx < (2", (u,£)) xuR — 6. 
(y,A)Eepip 


Identifying (X x R)* with X* x R, we have z* = (u*, @) € X* x R. Then 


sup ((u",y) +AB) < (u",u) + BE—6. (3.67) 
(y,A)E€epi p 


Since (u, y(u) + n) € epi for all n > 1, using (3.66) we see that 8 < 0. Then from 
(3.67), we have 
(aph—u) < p(h)-€ WheXx, (3.68) 
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so putting u* = 
(u",h)—p(h) < @u)-E VR EX, 
thus u € dom y* (see Definition 3.83) and ||u*||,.< k. Then we have 
(u",v—u) < —nllu—ollx 


(see (3.68) and recall that € = y(v) + y||u — v||x), so ||u*||.4 > > &, a contradiction 
to our hypothesis. Therefore, we conclude that y is k-Lipschitz. 


Solution of Problem 3.46 
“(a) = > (b)”: Fix up € D(Oyv). We have 


(u",u—uo) 2 p(u)—yluo)  Vu* € p(w) 
(see Definition 3.70), so 


inf { (u* ju): u* Edy(u) } 
Ill x 


> -+-OO 


(see Definition 3.105). So, the map u ++ Ovp(u) is strongly coercive (see Defini- 
tion 2.98(f)). Also Oy is maximal monotone (see Definition 2.100). Invoking Theo- 
rem 2.119 we infer that R(Oy) = X*. Also, from the strong coercivity of Oy, it follows 
that (Oy)~! maps bounded sets to bounded sets. 


“(b) ==> (a)”: Since y € T'9(X), it is bounded below by an affine function u +> a(u). 
So, by replacing y with 6 = y — a if necessary, we see that without any loss of gen- 
erality we may assume that y > 0. Let og > 0 and u* € X* with |lu*||, < 0. By 
hypothesis we can find u € X and r > 0 such that 


u“ € Op(u) and |lullx < +r. 
From Definition 3.70, we have 
(u*,u—u) < y(v) — v(u) VueEXx, 
so 
(u",v) < piv) tre VveEXx, u* € Bi(0) 
(recall that y > 0), thus 
allulx < yplv)+re Vvex 


and hence 
r@Q pv) 


< VU 
lolx ~~ loll 


VueXx. 


Q 
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Since g@ > 0 is arbitrary, we conclude that 


Solution of Problem 3.47 
“(a) => (b)”: Let uo € dom ¢ (recall that y is proper, so dom y # 0). By replacing 
y with G(u) = y(uo + u) — y(uo), we see that without any loss of generality, we may 
assume that 0 € domy and y(0) = 0. The coercivity of y implies that we can find 
o > 0 such that 

p(u) > 1 Yue X, with |lullx > @. (3.69) 


Then from the convexity of y, for all u € X with ||u||x > 0, we have 


2 ||ull x —e@ o _ _@ 
Paix) < “Tuts PO) + ate P™ = quem 


(recall that y(0) = 0), so Irelx < y(u) (see (3.69)). The lower semicontinuity of y at 
some point of its domain implies that there exists 7 > 0 such that 


—n < glu) Vue eB,(0), 
so y > ¢l:||x +6 with c= 3 and b = —n,. 


The implications “(b) => (c) => (d) == (a)” are immediate consequences of 
the definitions. 


Solution of Problem 3.48 
Let u* € Oy(0). Then (u*,h) < (ug, h) for all hh € X. Let 


V = {weX: (ug,u) =0} = kerup. 
Then u*|,, < 0 and since V is a linear subspace of X, we have u*|,, = 0. Thus 
kerug C keru*, 


sO 


ue = At; 


for some A € R and hence 


Aus, h) < |(ukh)| Vhex 
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It follows that \ € [—1, 1] and so 

Op(0) C [-1,1]uo. (3.70) 
On the other hand, directly from Definition 3.70, we see that 

[—1,1]ug C Oy(0). (afl) 
From (3.70) and (3.70), we conclude that 


Solution of Problem 3.49 
From Definitions 3.83 and 3.55, for all u* € H, we have 


gu") = sup ((u", 4) — allulliz) 
= sup ((u",u)y — 3 (4,4) x) 
= sup (3 (uu) + (uw — 3 (Ue) — 3 (Uy) 
= 3 (u",u")y + sup (-} (uu) + (u’, wy — § (uu) yy) 


1 
2 
=p (uyut)y — § inf |lu* — alli 
Aut, — dist", CY, 


so dist(-,C)? = ||-[3, — 29". 


Solution of Problem 3.50 
Let uo € U and h € X with ||A||x = 1. We define 
E(t) = y(uo + th). 

It suffices to show that € is convex. Let 7,t € R be such that €(7) and €(t) are defined. 
Then with u = up + Th and v = up + th, we have 

(f(r) -€@) (7-8) = (7 -t) (pa(uo + Th) — YE(uo + th), h) 
(uo + TR) — ye(uo + th), TR — th) 
= (valu) —Ye(v),u—v) 2 0 


I 
tie. 
6 
Q 
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(see hypothesis and Theorem 3.19), so €’ is nondecreasing and thus € is convex. 
Hence so is y. 


Solution of Problem 3.51 
Let v* = Au* with A < 0. Then 


(u*,w—uo) = A(u*,u) —A(u*,uo) < ip, (wu) — ip, (uo) Vue X. 
Therefore v* € di, (uo) and so we have proved that 
R_u* € di, (uo). (3.72) 
Next, let v* € dip, (uo) and let z € keru*. Then up + z € D+ and 


(v*,ug +2z—Uo) < ip, (vo + Z) — tp, (uo) = 0, 


hence 
",z) < 0 Vz € keru’. 


Since ker u* is a closed linear subspace of X, we have 
G2) = 0 Vz € keru*. 
This means that v* = u* for some A € R. We have 
0 > (v*,u—up) = A(u*,u— Uo) Vue Di, 
so A < 0, thus v* = Au* € R_u* and hence 
Dip, (uo) © Rw’. (3.73) 


From (3.72) and (3.73) we conclude that 07, (uo) = R_u*. 


Solution of Problem 3.52 
From Theorem 3.85, we have 


—y(u) = inf (y*(u*) — (u*,u)). (3.74) 


Let 
Wy(u*) = y*(u*) — (u*,u) Vu* e€ X*. 
We choose u* € X* such that 
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which is equivalent to 
plu) + p*(u") — (u*,u) < ¢€ 
(see (3.74)), which is equivalent to 
u™ € O-p(u) 


(see Definition 3.99). By interchanging the roles of y and y* in the above argument, 
we also show the equivalence with the relation u € 0p" (u*). 


Solution of Problem 3.53 
Note that y*(u*) = 7,_,,,(u*). Then according to Problem 3.52, we have 


[u* € O-y(u)] <— > [ul t+ t_ay(u") — Uru < ae 


Therefore, we have 


Solution of Problem 3.54 
Let u £0. We will show that 


dp(u) = {ure X*: |lu"|le =1, (u’,u) = llullx} = C; (3.75) 


that is, Oy(u) = Tae (*) with F: X —+ 2*" \ {9} being the duality map (see 
Definition 2.112). If ||u*|], = 1 and (u*,u) = |lullx, then (u*,h) < ||Al|x for all 
h € X and so 


(u",h—u) < |lAIlx — llullx, 


thus u* € Oy(u) and hence 


(see (3.75)). On the other hand, if u* € Oy(u), then 


CC dy(u) (3.76) 


— llullx = —e() = (0)-¢(u) > (u,0—-u) = —(u",u) (3.77) 
(see Definition 3.70) and 


[lull = 2lleullx —|lullx 2 (u*,2u—u) = (u*,u). (3.78) 
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From (3.77) and (3.78) it follows that 
(u",u) = |lullx. (3.79) 
For all h € X and all t > 0, we have 
llu + thl|x — llullx > (u*, th), 
so 
(u",h) < lle +Allx — Wlellx- 


Let t — +oo. Then 
(u*,h) < |lAllx, 


sO 
Ju*lln <1. (3.80) 


From (3.79) we have ||u*||, > 1 and thus combined with (3.80) gives ||u*||, = 1. 
Therefore it follows that 
Op(u) C C (3.81) 


(see (3.75)). From (3.76) and (3.81) we conclude that 


Op(u) = C. 


Now let u = 0. Then u* € Ov(0) if and only if (u*,h) < ||Al|x for all h € X which is 
equivalent to saying that ||u*||,. << 1. Hence 


Solution of Problem 3.55 
From the Riesz representation theorem, we know that 


L*((0,1);R%)* = L™((0,1);R%). 


Let u € L'((0,1);R%), u* € L*((0,1);R%) and assume that u* € O|lu||1. Then from 
the solution of Problem 3.54, we know that, if u #0, then 


|u*|loo = esssup|u*(t)| = 1 


’ 
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and i 
(uu) = [@O.uO)ax dt = |lulli. 
0 
These equalities can hold if and only if u*(t) = a for almost all t € {u 4 0}. 
If u = 0, then u* € B;(0). So, finally 


{u* € L©((0,1);R%): u*(t) = ae for a.a. t € {u £ 0} } 
A|lulla = if uX0, 
Bi(0) if u= 
From this and Proposition 3.75, it follows that ||-||; is Gateaux differentiable at those 
points u € L'((0,1);R) for which the set {t € [0,1]: u(t) = 0} is Lebesgue-null. 


Solution of Problem 3.56 
Evidently y € To(X). We have 


g*(u*) = sup ((u*,u)—y(u)) = sup sup ((u*,u) — A(|lullx)) 
UuEX t20 uceXx 
lullx =t 
= sup (é\lu*||.—A(t)) = sup (¢llu*||.— A(t)) = h*(|Ju* lls) 
t>0 teR 


(since h is even). 


Solution of Problem 3.57 
Let e >0,6= ate) and s € (0,6). For t > €, we have 12) < a(t) and so 


st —a(t) = t(s — 2) < t(s — 22) = t(s—4d) < 0, 


sO 


For t € [0,¢), we have 


sO 


sup (st—a(t)) < se. 
tE[0,e) 
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Therefore, for s € (0,6), we have 


0 < a*(s) = sup(st—a(t)) 


t>0 
= max{sup(st—a(t)), sup (st—a(t))} < se, 
te te[0.2) 
sod< ae <e, hence lim O18) 2), 
ig s\o % 


Solution of Problem 3.58 
In what follows for t > 0, let 


E(t) = inf {y(u) — yuo): Ju—uo| = t}. 
We have 


—¢*(0) = — sup ((0,u)pw — y(u)) = inf = yuo) 
uERN R 


(see Definition 3.83). So, for all u* € RN we have 


(u", Uo)en + "(0) = (u",uo)ew — plu) < yr (u") 


(see (3.82) and Definition 3.83). Therefore for all u* € R, we can write 


gt(ut) = Eup ((u*,u)ew — (u)) 
< ae ((u*,u)gw — €([u— vol) — y(uo)) 
= ((u*,v + uo)pw — (lvl) — e(uo)) 
< (u'vuolay — lua) + sup ((u" raw — led) 


= (u*,uo)pn + 9" (0) + &*([u"]) 
(see (3.82) and Problem 3.56), so 


0< p*(u*)—p* (0)—(u* uo pn < &*(\u*|) 
ju*| Ju*| 


(see (3.82)), thus 
lp* (u*)—y* (0)—(u* uo) pn | _ 0) 


u*—-0 u*] 
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Solution of Problem 3.59 

“(a) ==> (b)”: Let C C X be a nonempty and bounded set and let k > 0 be the 
Lipschitz constant of y|,. Let u€ C. From Theorem 3.71, we know that Oy(u) 4 0. 
Let u* € Oy(u). We have 


(u",h) < p(uth)—y(u) < kilhx  Vhe Bi(0), 


so |lu*||, < & and thus 0g(C) C kB;(0), where B;(0) = {u* € X*: |lu*||, <1}. 


“(b) = > (a)”: Arguing by contradiction, suppose that y is not Lipschitz contin- 
uous on some nonempty and bounded set C' C X. Then for each n > 1, we can find 
two sequences {tn}i51;{Un}nsi CG C such that 


ly(un) — p(tn)| > nllun — Unllx Vn i. (2:80) 
Let v* € Oy(vp) for all n > 1 (see Theorem 3.71). We have 
(Uns Un — Un) < (Un) — (Un) < —nllun — Unllx Vn21 


(see (3.83)), so 
lupe > 72 Ya, 


which contradicts statements (b). 


Solution of Problem 3.60 

Without any loss of generality we may assume that 0 € D. Let @ > 0 be such that 
D CG @B, (recall that the set D is bounded) and let M > 0 be such that y(u) < M 
for allu € D+ 6By. Let u € D \ {0} and let t = ||u||x. From the convexity of y, we 
have 


y(0) < reg ( ou) ~5¢(u), 
y(u) > 42(y(0)-— M) > 4(y(0) — M), 


thus y|,, is bounded below. Let 7 € R be such that y(u) > 7 for all u € C. Suppose 
that u,v € C, u#v and let t = ||u—v||x. Then 


Y= Fut mad r(y u)). 


Because y is convex, we have 


sO 
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Reversing the roles of u and v, we conclude that y|,, is Lipschitz continuous. 


Solution of Problem 3.61 

Let C C X be a nonempty and bounded set and let ¢ > 0. From Problem 3.59 we 
know that the set Oy(C) C X* is bounded (see Problem 3.60). Then by hypothesis 
we can find np = no(€é) > 1 such that 


pu") < p(ut)+e Vu" €d9(C), n= n0. (3.84) 
Let u € C and u* € Oy(u) (see Theorem 3.71). For every n > no we have 
(uu) — plu) = g*(u") > grlu")—e 2 (u*,u) — yn(u)—e 
(see (3.84) and Proposition 3.84(b)), so 
plu) -—E < vr(u) < v(u) Yuec, neno 


and thus y, — y uniformly on bounded subsets of X. 


Solution of Problem 3.62 
(a) Let u,v € U. From the Taylor theorem, we know that there exists z € (u,v) 
(where (u,v) = {h = (1—t)u+tv: t € (0,1)}) such that 
y(v) — vu) —(¢'(u),v—u) = 3e"(z) (v—u,v—4). (3.85) 


If yp" (u)(h, h) > 0 for all h € X, then from (3.85) we have 


y(v)—y(u) > (y'(u),v—u), 


so y/(u) is monotone (interchange the roles of u and v in the above inequality 
and add) and thus y is convex (see Problem 3.50). 

Now suppose that vy is convex. Let wu € U and let @ > 0 be small such that 
B,(u) CU. If h € B,(0) and t € (0, 1], then from the Taylor formula, we have 


0 < y(u+th) — y(u) — (y'(u), th) 
= 49"(u)(th, th) + e((|thl|X), 


with “eld _, 9 asy 30 (by the Taylor theorem), so 


Ilollx 


2H) d"(u)(h,h) 
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Passing to the limit as t \, 0, we obtain 
0 < y"(u)(h,h). 
If h € X \ B,(0), then there exists 7 # 0 such that rh € B,(0) and 
ge" (u)(h,h) = zep"(u)(th,th) > 0. 
Therefore, we conclude that 
yp" (u)(h,h) > 0 VhexX. 


(b) This is immediate from (3.85). 
(c) Let y: R — R be defined by y(u) = u*. Then ¢ is strictly convex but y"”(0) = 0. 


Solution of Problem 3.63 
We have 


_ vel 2 _; 1 O48 _— (ly.y2m; 
ou) = inf Mfu—elly = inf (fuels + ic()) = (BMIB Dic) Cw 
(see Definition 3.87). Then from Proposition 3.89(a), we have 
g*(u*) = sllu"lli;too(u*) Vuted 
(see Definition 2.46). From Proposition 3.84(a), for all u,u* € H, we have 


(u*,u)y — gllu*llir —oc(u") < lu). (3.86) 


Fix v € A and let u* = v — proj alt) From the properties of the metric projection, 
we have 
0< (v — proj.,(v), proj.,(v) — ¢) 4 VcEeC, 


so 
Oo(u*) = sup(u*,c)y = sup (uv — proj, (v),¢) 
cEeC cEeC 
= (v- proj, (v), proj.(v)) 4 , (3.87) 


Returning to (3.86) and using (3.87), we obtain 


(v — proj,.(v), u— proj, (v)) 7 — gllv — proj. (v)llz < y(u), 


(v =. proj,(v), uU— proj..(v)) 4 a p(v) < plu), 
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hence 
g(u)—y(v) > (v—proj,(v),u— proj, (v)) , — 29(u) 
> (v— proj. (v),u— proj, (v)) 7 — lv — proj, (v) i 
— (v = proj.,(v),u = v) 
and thus 
0 < y(u)—v(v)-(v— proj, (v),u— 0) : (3.88) 


Interchanging the roles of u and v in the above argument, we also have 


0 < p(v) ~~ p(u) _ (u ~~ proj. (u),v ms U) a ’ 
so 
y(u) —y(v) < (u — proj, (u), uU— ee : (3.89) 
From (3.88) and (3.89), it follows that 


0 < y(u)—y(v) — (v— proj,(v),u—) , 
< (u—proj,(u) — (v — proj, (v)),u- We 
< Ua — proj,)(u— v)llallu— ella 

< 2ju— oll}; 
(recall that proj, is nonexpansive), so 


elu) ~ o(v) = (v= proj (v),u=e)y — 


0 < S 2||u — v|lz- 
Iu — ull 


Let u —+ v. Then we see that y’(v) exists and y'(v) = v — proj. (v). This proves 
that y € Cl(H). 


Solution of Problem 3.64 
From Problem 3.63 we know that y € C!(H) and 


y(u) = u— proj. (u) Vue d. 
Then we have 
(y'(u os h) _ gy’ (u), is 
(u+ h — proj, (u+ h) —u+t proj,(u),h) 
(h — proj, (u+h) + proj, (u), bh) 
lPllz — (proj, (u +h) — proj, (u),h) y 
|All — |[proj,(u+ h) — proj, (u)|lallAllar > Wlhllzr — Wally = 0 


WV 


524 Chapter 3. Smooth and Nonsmooth Calculus 


(since proj, is nonexpansive). Invoking Problem 3.50, we conclude that ¢ is 
convex. 


Solution of Problem 3.65 
Let ug € Osp(uo) and A = max {||ug||+,1}. From Theorem 3.102, we know that we 
can find u € domy and u* € X* such that 


uy € Op(u), |lu—uollx < a, Ilu’ —ugllx < A. (3.90) 
Since up € d= p(uo), we have 
(ug, u— Uo) < vl(u) — pluo) + § 
(see Definition 3.99), so 
—||uollallu — wollx — 5 < glu) — (uo), 


thus 
—aA- 5 < ¥(u) — v(uo) 
(see (3.90)) and hence 
—E < y(u) — yuo). (3.91) 


Note that ||u*||,. << 2X and since u* € Op(u), we have 
(u*,uo—u) < p(uo) — y(u), 


so 
—2Alluo —ullx < y(uo) — eu), 
thus 
—€ < yuo) — vu) (3.92) 
(see (3.90)). From (3.91) and (3.92), we infer that 


ly(u) — y(uo)| < «. 


Clearly, from (3.90) we have ||u — wol|x < e. 


Solution of Problem 3.66 
From Proposition 3.84(d), we have that 


g"|, < y and y™|, € To(X). 
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So, we need to show that y < y**|,. To simplify the notation, we set 6 = y**|,. If 
u ¢ dom @, then @ = +00 and so y(u) < G(u). Therefore we assume that u € dom @. 
Suppose that u € D(O¢) and let u* € OG(u). Since @ € Tp(X), we have u € Oyp*(u*). 
Also, from Proposition 3.68, we have that »* is continuous at u*. We choose un, € X 
for n > 1 such that 


(u*,Un) — p(un) 2 y*(u") — En, 
with €, \, 0 (see Definition 3.83), so 


(u* tn) _ (un) 2 yp*(u*) — En Vn >1 


and thus un € 0:,*(u*) for all n > 1 (see Definition 3.99). Then from Theo- 
rem 3.103(e) and Remark 3.104, we have u, —> u in X (respectively un, —> u in 
X), so using the hypothesis on vy, we have 


liminf y(un) > y(u). 


n—-++00 


Hence, we have 


Glu) = (u*,u) —g*(u") > liminf ((u*,u) — ((u", un) — e(un) + én) ) 
= liminfy(un) = ¢(u) 


n—-++00 


(see Proposition 3.84(b)). So, we have proved that ¢(u) > y(u) for all u € DOG). 
Next suppose that u ¢ D(O@). Problem 3.65 asserts that there exists a sequence 
{Un}n>1 G D(O¢) such that un — u in X and |A(un) — Y(u)| — 0. Then 
p(u) < liminf y(un) = liminf G(un) = G(u) 


nN—-+00 nN—- +00 


(from the first part of the solution). So, we conclude that @ = y, hence y is convex 
(see Proposition 3.84(f)). 


Solution of Problem 3.67 
Let y = $||-[?;+i.. Then ¢ is sequentially weakly lower semicontinuous (recall that 
C is weakly closed). Also, y* = 3 (|l-||?; — dist(-,C)?) (see Problem 3.49). So, ¢* is 
by hypothesis Gateaux differentiable. Also, from Proposition 3.84(f), we have 

g* = wonvy = 4l-llir +4 


conv C? 


so y** is proper. So, we can use Problem 3.66 and infer that y is convex. But then 
dom y = C is convex. 
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Solution of Problem 3.68 
(a) Suppose that v € K satisfies 


(u—v,¢e)y < 0 YVcE€C and (u-v,v)_, = 0. (3.93) 
From (3.93) it follows that 
(u-—v,c—v)y < 0 Vee kK, 


so v = proj, (u). 
Conversely, from the properties of the metric projection, we have 


(u— proj, (u),c— proj, (u)) < 0 Vcek, (3.94) 


so 
(u — proj, (u), (A— 1)proj,,(u)),, < 0 VA>0 


and thus 
(A—1) (u- proj,,(u), proj,,(u)) , < 0 VYA>0. (3.95) 


From (3.95) we see that 


(u _ proj,,(w), proj, (u)) 4 > 0 VY A€ (0,1) 


and 
(wu — proj, (u), proj, (w)) 1 < 0 VAS 1, 
Therefore 
(u — proj,.(u), proj,(u)) , = 0, 
so 


(u — proj,,(u),¢) 5 < 0 Vcek 


(see (3.94)). 
(b) Let A > 0. Using part (a) we have 


(u — tproj,, (Au), xProj,, (AU) y 
= x (Au — proj, (Au), proj, (Au)) 7, =e 


and 
(u = + proj, (Au), C) py = +: (Au — proj, (Au), €) py <0 VceEK. 
Then using once again part (a), we have 
xProj,, (Au) = proj, (u), 


so 
proj, (Au) = Aproj,.(u). 
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Moreover, we have 


llullz; = |lw— proj, (wu) + proj, (u) || 
||u — proj, (w)||%, + ||proj,, (uw) |I% 
+2 (u— proj, (u), proj, (u)) 4 


lu — proj, (¥)|l7 + Ilproj, (u) IF 


(see part (a)) 


Solution of Problem 3.69 
We have 
(u—y,c)y = (v,c)y < 0 Vee k 
(since v € K°) and 
= YY) — (v, y) a = 0 

(by hypothesis). Then Problem 3.68(a) implies that y = proj,.(u). Similarly, we 
show that v = proj _,(u). 

If u € K®, then 


proj,,(u) = u—proj_,(u) = u-u = 0 


and conversely, if proj,.(u) = 0, then u = Proj (u) and so u € K®. This proves that 
K's proj," (0). Similarly, we show that K = proj} (0). 


Solution of Problem 3.70 
Note that 

g2ellx+n —  <Cel-lx +n)’. 
Also, 

e <(el-ix +m" = eS<iz.-0 


(recall that ||-|| =7i,, and (e|l-||x)*(u) = Chie (4u); see Remark 3.88). 


W* 
By 
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Solution of Problem 3.71 
No. To see this note that since y is not Fréchet differentiable at wo € X, according 
to Proposition 3.74, we can find ¢ > 0 such that 


pluo +h) + pluo—h)— 2p(uo) > ellAllx  Vhe X \ {0}. (3.96) 


Suppose that € = y+ vw is Fréchet differentiable at ug. Then Proposition 3.74 implies 
that for ¢ > 0 as above we can find 6 > 0 such that 


E(uo + h) + (uo — h) — 2€(uo) < ellhilx Whe X, llhllx <4. (3.97) 
From (3.96) and (3.97) it follows that 
W(up +h) + (up —h) < 2(uo) VheEX, ||Allx < 6. (3.98) 


From the convexity of 7, for all 0 < ||h||x < 6, we have 
b(uo) < z(uo +h) + 5(uo—h) < v(uo) 


(see (3.98)), a contradiction. This proves that € = y+ w cannot be Fréchet differen- 
tiable at upg. 


Solution of Problem 3.72 
From Proposition 3.74, we know that given ¢ > 0, we can find 6 > 0 such that 


p(uo +h) + p(uo—h) — 2p(uo) < ellhilx VWhEX, |lAllx <4, 


SO 
(uo +h) + b(uo — bh) — 20(uo) < ellhilx VhEX, |lAllx <4, 


and thus w is Fréchet differentiable at uo (see Proposition 3.74). 


Solution of Problem 3.73 
(a) Suppose that vy is convex. Let u,v € kK. Then 


sy(ut+v) = v(z(utv)) < Sy(u) + Z(v) 


(by the positive homogeneity and convexity of y), so 
glu+v) < vu) + y(v). 


Conversely, suppose that y(u+v) < y(u) + y(v) for all u,v € K. Then for 
t € [0,1], we have 


y((l—thut+ te) < p((—t)u) + e(tv) = — thp(u) + te) 


(by hypothesis and by the positive homogeneity of y), so y is convex. 
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(b) Let A> y(u) and w > y(v). Then A,» > 0 (recall that y > 0) and so 


P(X) < 1 and y(%) <1 
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(by the positive homogeneity of vy), so §, 7 € y!. But by hypothesis vy! is convex, 


sO 
1 _ = N 
gett) = Oa) = Posen xeap) 
thus 
glutv) <AtH VA>>yYlu), U> vl), 
hence 


g(u+r) < plu) + (vr), 


which means that y is convex (see part (a)). 


Solution of Problem 3.74 


Evidently y > 0 and it is positively homogeneous. Let p, be the projection of R” 
on the k-th component. Then the map K 5 % +> p;,(&%)? = up is convex. Hence y? 
being the sum of convex functions is convex. Therefore the set {ue kK: y?(u) < 1} 


is convex. But note that 


{fwek: p(a) <1} = {we k: p(t) <I}, 


so the set {we K: y(u) < 1} is convex and thus ¢ is convex (see Problem 3.73(b)). 


Solution of Problem 3.75 
For every t € D, we have 


Bie pes a 
sod (@) = ES (1 — nd), 


with 6;; being the Kronecker symbol, i.e., 


fi if i=j 
Oj = i ee 4,9 € {1,..., 7}. 


Then for all h = (h1,...,hn) € RX, we have 


(3.99) 
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Let: ||-||, denote the /'-norm of R” and ||-||2 the /?-norm of R". We know that 


Illa << v7l-lle. 


So the right-hand side of (3.99) is nonnegative (recall that y(u) < 0). Then invoking 
Problem 3.62(a) we conclude that y is convex. 


Solution of Problem 3.76 
Let u ¢ C. Given € € (0,1) we can find c- € C' such that 


0 < (1l-e)|lu-—cllx < dist(u,C). (3.100) 
Then for any u* € Odist(u,C) we have 
(u*,ce—u) < dist(c-,C) — dist(u,C) = —dist(u,C), 
so 
0 < (l-e)|lu—cellx < dist(u,C) < —(u",ce-u) < |lu"llx|lu — cellx 


(see (3.100)), thus 
l—-e < |lu'll. 


Since € > 0 is arbitrary, we let ¢ \, 0 to obtain 
1 < |e (3.101) 


On the other hand, from Theorem 3.71, we have 


(u*, h) = dist’ (up, C; h) _ kim oi ee ra Ill x 


(since dist(-,C’) is nonexpansive), so ||u*||,x <1. Thus from (3.101), we conclude that 
ule = 1 


Solution of Problem 3.77 

Let u ¢ C. We know that Odist(u,C) C X* is convex and from Problem 3.76 we know 
that if u* € Odist(u,C), then ||u*||, = 1. Since X* is strictly convex (see Definition 
1.5.168 and Remark I.5.169), it follows that Odist(u, C) is a singleton. 


3.3. 
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Solution of Problem 3.78 


(a) 


(b) 


From Proposition 3.64, we know that ¢ is locally Lipschitz. Let B C R% bea 
bounded set and let Bz = fu ER’: dist(u, B) < e}, for ¢ > 0. Then Bz C RX 
is compact and so lz. is Lipschitz continuous with Lipschitz constant k, > 0. 


Let (u, u*) € Gr dy. Then for any h € R™ with |h| < ¢, we have 
(u",h)pw < pluth)—ylu) < kelh 


(see Definition 3.70), so |u*| < kz and thus the set Oy(B) is bounded in R%. 
From Proposition 3.64, we know that y, —> y uniformly on bounded sets. Let 
ux € OGn(un) for n > 1. Then for all h € R with |h| < 1 we have 


(tn h)pn < Yn(un + h) _ Yn(Un) Vnol. 


The uniform convergence of y, to y on compact sets, implies that given ¢ > 0, 
we can find nop = no(é) > 1 such that 


(un, A)pn < pluth)—y(u)+e Yn>no. (3.102) 


Let K = {u}U {un : n>1} C RY and let Kj = {we R: dist(u, K) <1}. 
Both K and Kk, are compact. So, y| x, 18 Lipschitz continuous (see Proposi- 
tion 3.64). Thus, from (3.102), we have 


(ux, h)pw < klh| +e Vn>no, hER, |Al|<1 


for some k, > 0, so 
lun| < kite Yn >no 


and thus the sequence {up }asy RY is bounded. 
Arguing by contradiction, suppose that the result is not true. Then we can find 
€ > 0 and asubsequence (still denoted by the same index) such that u* € O~n (un) 
and 

u, ¢ Op(u) + €B,(0) Vro L (3.103) 


From the boundedness of the sequence {Un tndt C RY, passing to a further 


subsequence if necessary, we may assume that uy —> u* in R. Then from 
(3.103), it follows that = 
u* ¢ Op(u) + §B1(0). (3.104) 


On the other hand, for every v € R%, we have 
(un, v— Un) RN < Yn(v) = Yn(un) Vn2>1, 


so 
(uy,u—U)pw < (v)— v(u) VueERN 
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and hence u* € Oy(u) (see Definition 3.70). Comparing this with (3.104), we 
reach a contradiction. 


Solution of Problem 3.79 
Recall that (sup Yn) is the biggest lower semicontinuous and convex minorant of 
nel 


sup Yn. From Definition 3.83 and Proposition 3.84, we know that 
n>1 


y,, is lower semicontinuous and convex YVne1 (3.105) 

and 

oy Son Vnel. (3.106) 
From (3.105) and (3.106), it follows that sup y** is lower semicontinuous, convex and 

n2>1 

sup v7" < sup Yn. Thus 
n>1 n>1 

sup pr” < (supy,)”. (3.107) 

no1 n>1 


Let h(u) = (@*,u)pn +c, with @ € R% and c € R, be an affine function on RY 
such that 


A < supe, = &. (3.108) 
n>1 


The superlinearity condition on € implies that we can find M > 0 such that 
h(u) < €(jul) WueRQ, |ul > mM. (3.109) 
We claim that given ¢ > 0, we can find no = no(e) > 1 such that 


yn(u) > A(u)—e Vn>no, ue RY, |ul <M. (3.110) 


Indeed, if this is not the case, then we can find €9 > 0 and a subsequence (still denoted 
with the same index) such that 


lun| < M and p(n) < h(un) — €0 Yrok 


Passing to a further subsequence if necessary, we may assume that wu, —> u in RN. 
Then from Proposition 3.64 and the continuity of h we have 


y(u) < h(u)—€£o, 


which contradicts (3.108). So, (3.110) holds and from (3.109) and (3.110), we infer 
that 


ye*(u) > h(u)-e Vn >no, uER, 
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thus sup y** > h (since € > 0 is arbitrary) and hence 
n2>1 


supy,” > (supyn)— (3.111) 
no1 no1 


(see (3.108)). From (3.107) and (3.111), we conclude that 


supy>* = (sup On) 
no>1 n>1 
The result fails if we drop the boundedness below by € hypothesis. To see this, 
consider the sequence 
1 if |ul <n, 
0 otherwise. 


entu) = { 


Then, {%n},>, is an increasing sequence of lower semicontinuous function and 
= 


sup y;,” = 0, but (sup Yn)” = 1, 
n21 no>1 


Solution of Problem 3.80 

For every A > 0, let 
dav) = gxllu- vik + ov). 

Then from Proposition 3.97 and (3.63) in the solution of Problem 3.41, we have 
OW, (v) = $F (v —u)+ 0y(v). 

This means that every solution u, of the inclusion 


0 € $F(v—u) + d9(v) 


is the unique minimizer of the function 


vr gllu—allk + plo). 
But from Problem 2.161, we know that 
Je? (u) = tix, 


SO 
Alle — Fe? (wi + v(TP(u)) = gu) VA>0. 


This proves part (b) of the problem. 
Directly from the definition of y), we see that 


y( J(u) < gu) < glu) VA>0,uEeX (3.112) 
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and this proves part (d) of the problem. 
Next, let u€ domy. Then from Problem 3.65 and Problem 2.164, we have 


J? (u) — u inX asr\,0. 
So, exploiting the lower semicontinuity of y and using (3.112) we infer that 
bead a oe 
vu) < liminfo(\"(u)) < liminfy,(u) < yu), 
so 


_ pr(u) = y(u) Vu € dom y. 


Now, suppose that u ¢ domy. Then y(u) = +00. We show that y,(u) —> +00 
as A \, 0. Indeed, if this is not the case, we can find a sequence {An}n>1 such that 
An \, 0 and M > 0 such that 


p,r(u <M Vn. (3.113) 
Then from part (b) and (3.113), we see that 
KP(u) 4 u in X, (3.114) 
From (3.114) and part (d) it follows that 
glu) < M 
(recall that y € I'p(X)), a contradiction. This proves that 
pr(u) —> +00 asr,0 Vu ¢domy. 


We conclude that part (c) of the problem is true. 
From part (b) it is clear that y, € To(X). In fact, if up € dom y, then 


er(u) < gxllu— oll + yuo), 


so Y is continuous (see Theorem 3.60). 
Finally it remains to show that y) is Gateaux differentiable and 


(Ov), = (pre = O02 
(see Theorem 3.73). We have 
A (lv — JP? (w)I% — lu — Je? (u)|I%) 
> LFF? (u)), 0 — ut F?(u) — FP? (v)) 


= ((d%)\(u),v—u) + ((Op)a(u), Ie? (u) — RP(w)) Vu eX. 
(3115) 
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Since (Ov) ,(u) € Jp( J? (u)) (see Problem 2.161), we have 
y( J2?(v)) — p(Fe?(u)) > ((Oy)a(u), J2?(v) — FP(u)) = Vue X. (3.116) 
Therefore, using part (b) and (3.115), (3.116), we have 
pr(v) — prv(u) > ((O~),(u), v — u) VueEXx, (3.117) 


so 
(Og)a(u) € Apy(u) 
and thus 
(Op)a(u) = Apr(u) 
(since (Ov), is maximal monotone; see Theorem 3.92). From (3.117) by choosing 


v =ut+th with t € R, h © X, we conclude that y) is Gateaux differentiable and 
(prlg(u) = Op) (u) = (By), (w) for all u € X. This proves part (a) of the problem. 


Solution of Problem 3.81 


(a) From Problem 2.197, we know that A is maximal monotone (see Definition 2.100). 
It is clear that y € [o(H). Also, for all uw € D(A) and all v € D(A2), we have 


v)_ = (A? (u),A2(v)) x 
(A2(u—v), A2(v—u)) 7 + 3I|A2(u) [3 + SA? (0) 97 
|| A? (v) 9 + SILA? (uw) 13; (3.118) 


(A(u), 


— 


= £ 
“~ 2 

1 
© 9 


(recall that D(A) is dense in D(A2), A? is self-adjoint (see Definition I.5.108(b)) 
and positive since A is self-adjoint and positive). Then, we have 
A Aa 
A? (v)||z + 9//A2 (w)|lx — (A(u), 4) 
A3 Ab i i 
|A?(v)|z + 5A? lla — (4? (u), A? (u)) 
i i 
|A2 (Ili — SIA? (wll 


(see (3.118)), so A(u) € Oy(u). But as we already said A is maximal monotone. 
Therefore A = Oy. 

(b) Suppose that A: H D> D(A) —+ FH is linear densely defined and A = Ow for 
some ~ € [9(H). From Problem 3.80(a) we know that 


(A(u),0-Un 


NIP NIP Nie 


=v, VA>0 
(see Definition 2.122), so 


fuy(tu) = t(A(u),u)y Vue dH, te [0,1], 
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Wy(u) = §(Ay(u), w) 7 Yue H, A>0. 


Similarly as in the solution of Problem 3.19, we get 
P(u) = 9(Aa + A}), 


sO 
A) = 3(A, + Aj), 


hence A, = AX for all AX > 0. Let A \ 0, to conclude that A = A* (see 
Proposition 2.123(f)). 


Solution of Problem 3.82 
From Proposition 2.123(d), we know that the map (Oy),: H —> H is Lipschitz 
continuous with Lipschitz constant 7 From Problem 3.80, we have 


(prla(u) = (v),(u) Vue. 


Invoking Proposition 3.3, we conclude that y) is Fréchet differentiable on H. 


Solution of Problem 3.83 
Clearly f(u) C F(u) for all wu € L1(Q) (see Definition 2.112). On the other hand, 
from the solution of Problem 3.54, we have 


Ollull;a = {y € LO(Q): yw) € signu(w) for p-aa.w EO}. 
Then using Proposition 3.132, we have 
Ah(u) = f(u) Vue LQ), (3.119) 


where h(u) = $||u||?- From Theorem 3.92, we know that the map Oh is maximal 


monotone, so f is maximal monotone (see (3.119)). Recall that f(u) C F(u) for all 
u € L'(Q) and F is maximal monotone (see Proposition 2.114(a)). Therefore F = f. 
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Solution of Problem 3.84 
Given ¢ > 0 and u€ H, let c € C be such that 


lu —clla < dist(u,C) +e. (3.120) 
Recall that € is increasing. So, for all h € H, we have 


(hw) — Plu) = (h,u)y — €(dist(u, C)) 
< (huey t+ (hoy — (lu ella — €) 
<_ |[Alla (lu — ella — €) + (he) — € (lu — ella — €) + elllla 
< OS (lhlla) + och) + ellAlla 


(see (3.120), Proposition 3.84(a) and Definition 2.46). Taking the supremum over 
u © H and letting « \, 0, we obtain 


g*(h) < &(\hllz) +oc(h) VRE H. (3.121) 
On the other hand, let h € H and v,7 € R be such that 
0 <o,(h) and 7 < &*((lhllz)- 
We can find c € C' such that 
0 < (hoy (3.122) 


(see Definition 2.46). Also, from the solution of Problem 3.56, we know that we can 
find t > 0 such that 


n < tllAlla — €(¢). 
Let u=cttpi ifh #0 and u=c if h=0. We have 
n < (h,u-—c)y —€(llu—ella) < (h,u-o)y — E(dist(u, C)) (3.123) 
(since € is increasing). Adding (3.122) and (3.123), we obtain 
O+n < (h,u)y — E(dist(u,C)) = (h,u)_ —vlu) < v*(h) 
(see Proposition 3.84(a)). Letting 0 7 o,(h) and n 7 €*(||h\lz), we have 
O (|All) +oc(h) < y*(h). (3.124) 


From (3.121) and (3.124), we conclude that 
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Solution of Problem 3.85 
For every h € H, we have 


y*(h) = sup ((h,u)q — y(u)) 


u€H 
= ae ((h, u) ep — E(llull) — oc (u)) 
= sup (( sup ((h, u) 7 — %(u))) — &(t)). (3.125) 


#20 |lulla=t 


By homogeneity, we have 


we ((h,u)y—oo(u)) = ae ((h, u) 7 — 7 (u)) 
= (() +i,g, ()"(0). 
Note that 
oo = ig and iz, = (t||-||a)*. 


Invoking Proposition 3.89(a), we have 


(oo +i, )° = (ip Htll-llz)™ = (tdist(-,c))” (3.126) 


tBy 


(see Remark 3.88). Since the set C is convex, the map u+—> dist(u, C) is continuous 
and convex. Then Theorem 3.85 implies that 


(tdist(-,C))* = tdist(-,C), 


so 
(eg +t)" = tdist(-,C) 


(see (3.126)), thus 


y*(h) = sup (tdist(h,C) — €(t)) = €*(dist(h, C)) 


t>0 


(see (3.125)). 


Solution of Problem 3.86 
Let ue X and h € X \ {0}. From the convexity of y, we have 


pluth)—p(u) y(u+tnh)—y(u) 
Mx S ~ allalx Vane 1 (3.127) 
Note that 
glutnh)—elu (u) 


( ) Uu h 
ale S llamar + exile — atte 
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™ ( )=o(u) 
7 y(u+tnh)—y(u 
imsup Seat < 
and thus 
p(ut+th)—y(u) < clAllx Vu,hex (3.128) 


(see (3.127)). From (3.128) and Theorem 3.60 we infer that y is c-Lipschitz continu- 
ous. 


Solution of Problem 3.87 
Let X be an infinite dimensional separable Banach space. Let {un},51 GC 0Bi(0) be 
norm dense in 0B,(0). We define 


Let py =i,. Then 0 € 0v(0). Suppose that u* € Oy(0). Then 
(u*,5un) < v(Sun)-y(0) = 0 Vne21, 


so 
(i ug) < 0 Vn>1. 


The density of {Un},51 in 0B) (0) implies that 
(u*,u) < 0 Vue X, 


so u* = 0. Therefore Oy(0) = {0}. The set C has empty interior (being compact in 
an infinite dimensional Banach space), so by Theorem 3.60, y is not continuous at 
u = 0. However, it is lower semicontinuous, convex (since the set C' C X is closed and 
convex). Therefore, because of Proposition 3.68, y cannot be Gateaux differentiable 
at u=0. 


Solution of Problem 3.88 
Recall that dist(u,C) = inf ||u — cllx. We have 


dist(u,C) = inf (lu —ellx + ¢.(0)) = ([IIlx Fie) (u) 


(see Definition 3.87). From Proposition 3.89(a), we know that 


+06. 


dist(-,C)* = (|x Gi,)* = Wk +2 = 


1 
By (0) 
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Then 
dist(-,C)™"|,(u) = sup { (ur tt) =O glu) 2 [lw ics 1} 


(see Definition 3.83). But since the set C is closed and convex, the function 
ut— dist(u,C) is continuous and convex. Therefore, Proposition 3.84(f) implies 
that 

dist(-,C)**|, = dist(-,C), 


so 
dist(u,C) = sup { (u*,u) —o,(u*): |lu*l|.e < 1} Vue X. 


Solution of Problem 3.89 

Clearly y is convex. From the growth condition on g, the continuity of the trace map 
7 (see Definition 1.129) and the Lebesgue dominated convergence theorem, we infer 
that y is continuous. Let ~: L?(0Q) —> R be defined by 


wy) = / a(y(z))do Wy € LP(AM). 


0Q 


We have 
gu) = (por)(u) Vue wr (Q). 
Since y € L(W1?(Q), L?(0Q)), from Proposition 3.132, we have 


Op(u) = 7*Ov(7(u)) Vue W(Q). (3.129) 
From Theorem 3.111, we know that 
Ob) = Boca: (3.130) 


Also, y*: L?’(8Q) —> W1(Q)* is the adjoint of the trace map and so it is defined 
by 
(y*(h),v) = [renme) do VWvew(Q), he L’ (an). 
0Q 


Therefore, from (3.129) and (3.130), we have that: “u* € Oy(u) if and only if there 
exits h € L”’(8Q) with h(z) € Og(y(u)(z)) for c-almost all z € OQ and 


(u* a) = [renee da Vue wWlP(Q).” 
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Solution of Problem 3.90 
We need to show that for every \ > 0, the set y* = {u € LP(Q): y(u) < A} is closed 
(see Proposition 1.2.53). To this end, let {un}ns1 © y* be a sequence such that 
Un —> u in LP(Q). Evidently {Un}nsi CS W1!(Q) and it is bounded. So, we may 
assume that 

Un —> u in W1?(Q), 
so in particular 

Dun —» Du in L?(O;RYX) 

and thus 

|_Dul < liming |Dunl[f 


(from the weak lower semicontinuity of the norm functional; see Proposition I.5.56(c)). 
Hence ||Dul|f < A, so u € y* and thus the set y* is closed. This proves the desired 
lower semicontinuity of y. 


Solution of Problem 3.91 
From Definition 3.112 (see also Remark 3.113), we know that 


T....(0)> = No. (). 


dy(u) dp(u) 
Hence 
REN (0) <> [(h,v)y <0 WET, (0)], 
so 
REN, (0) == [ (2, uv) <0 Vu € Oy(u)| (3.131) 


(see Definition 3.112). Since y is continuous (see Proposition 3.63), from (3.131), 
Theorem 3.71 and since u is a minimizer of y, we have 


RENg (0) = y'(u;h) =0. (3.132) 
Recall that 
g(uth) = vu) + y"(ush) + e(|[hllz), (3.133) 
with a) — 0ash—- 0. Then from (3.132) and (3.133), it follows that given 
€ > 0, we can find 6 > 0 such that 
gtuth) < v(u)+ellrlln VheNn 


Op(u) 


(0), [|All <4. 


On the other hand, ifh ¢ H\ N,,,,. (0), then from (3.131) and Theorem 3.71, we have 
that y/(u;h) > 0. Since y(uth)—y(u) > y'(u;h), we conclude that y(u + h) > y(u). 
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Solution of Problem 3.92 
The condition 0 € int Oy(u) is equivalent to saying that there exists « > 0 such that 
Bz (0) C Op(u) (where BF(0)= {u* € X*: ||u*||4<e}), so 


Fx20) S Faptu? 


thus 
Ell-llx < g'(u;-) on X 


(see Theorem 3.71) and hence 


Solution of Problem 3.93 
Evidently M(u) 4 0 and it is compact in T for every u € R%. Let 


D = conv U Opy(u). 
AEM (wu) 


First we show that 
D C dv(u) (3.134) 


Let A € M(u) and u* € 0y)(u). Then 
(u*,v—U)pw < valv)—valu) < plv)—y(u) VveERN, 
so u* € Op(u) and thus 
Opr(u) C dy(u) VrAE M(u). 


The set Oy(u) is compact and convex (see Theorem 3.71 and Proposition 3.64) and 
so (3.134) follows. 
Let 


Do = (LU ay(u). 


NEM (u) 


Then D = convDo. From (3.134) we see that the set Do is bounded. Let 
{un}n>1 GS Do be a sequence such that uy, — u* in R. For each n > 1, there 
exists A, € M(u) such that ux € Ov), (u) and 


(u*,u—U)pn < $y, (v) — Pa, (u) VueR’. (3.135) 


Because of the compactness of 7’, passing to a subsequence if necessary, we may 
assume that A, —> 1 © M(u). We have 


yr, (u) = ylu) = ¥y(u) (3.136) 
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and 
lim sup ¥),,(v) < ¥y(v) (3.137) 


n—-+00 
(by hypothesis). So, if in (3.135) we pass to the limit as n — +00 and use (3.136) 
and (3.137), we obtain 
(uX,v—u) < glv)—yru) VER", 
so 
u* € Op)(u) with A € M(u), 
thus u* € Do and hence the set Do is closed. Therefore the set Do is compact and 


then so is D = conv Do. 
For all h € R%, we have 


y(ush) < op(h) = sup yh(ush). (3.138) 
AEM (wu) 
Given € > 0, we have 


plutih)— elu) > y' (u; h)-—e Vt>0. (3.139) 
For t > 0, we define 


T = {reT: ealut th) elu) > y'(u;h) —e}. 


Evidently T; 4 @ and it is compact. Note that 


patutth)—p(u) __ ea(utth)—~r(u) 4. valu—elu) 
Xr BY By ’ 
so 
Ti Se gy: WE bar ay 
thus 
(\th 4 oO. 
t>0 
Let A. € 1) T; 4 @. We have 
t>0 
t(y/(u;h)—€) < yy. (ut th) — y(u), (3.140) 


so Ax € M(u) (just let t \, 0 and use the continuity of y),). From (3.140), we obtain 


: ~(utth)—a, (u) 
g'(u;h)—e < PA 7 Vt>0, 


so 
g'(uyh)—e < py, (ush) VhER, e>0, 
thus 
gush) < gh (uh) VheR’, 
hence 


a(R) < op(h) WheR 
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and finally we get Oy(u) C D (see Theorem 3.71). From this and (3.134), we 
conclude that 0y(u) = D. 


Solution of Problem 3.94 
Arguing by contradiction, suppose that there is a compact set K C RY, a sequence 
{Un}ns1 GK and € > 0 such that 


|vn(tn) —¢'"(um)| Fe Wnel. (3.141) 


Because of the compactness of K, by passing to a suitable subsequence if necessary, 
we may assume that uy, —> u in RX. Since { y/,(un) } = Avn(un) for all n > 1 and 
{ y'(u) } = Oy(u) (see Theorem 3.73), from Problem 3.78(b), we have 


yi (Un) —> y’(u) and y'(un) — y/(u) inRX. (3.142) 


So, if in (3.141) we pass to the limit as n + +00 and use (3.142), then we obtain 
0 >, a contradiction. Therefore, yi, —> y’ uniformly on compact subsets of RY. 


Solution of Problem 3.95 
“(a) ==> (b)”: Let v € C and note that 


ugtt(u-—up) € C Vte (0,1). 


We have 

p(uo) < y(uott(v—uo)), 
i 0 < euotte—m)-eo) Yt € (0, 1], 
thus 


0 < y'(uo,v — uo) VueEed. 
Note that v—uo € Te(uo) (see Definition 3.112). From the positive homogeneity and 
from the continuity of y’(uo;-), we infer that 


y'(u3h) > 0 VhETe(uo). 
“(b) ==> (a)”: For any v € C, we have v — ug € To(ug) and so 


0 < ¢'(up;v— uo) < yv(v) — y(uo) 


(recall that the map t +> iE wa) Sp) is increasing on (0,+00)), so 


yp(uo) < v(v) VveEC 
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and thus ug € C is a solution of problem (P). 
“(b) <=> (c)”: We have 

y’ (uo; h) + inetugy () > 0 Vhe xX. 
But since Tc(uo) is a closed, convex cone, we have 


h) = (h) = Once (h) 


*Te (uo) ( Te (u9)- 


(see Definition 3.112). Also, from Theorem 3.71, we have 


y' (uo; h) = F5o(up) (2): 
Returning to (3.143) and using (3.144) and (3.145), we obtain 


0 < O ve(ug) (*) + F a(ug) (2) 
h) VAExX 


Fa9(up)+No(ug) ( 


But the set Oy(uo) is w*-compact, convex (see Theorem 3.71) 
set Nco(uo) = Te(uo) is a closed convex cone (see Definition 3.112). 
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(3.143) 


(3.144) 


(3.145) 


(3.146) 


and the 


So, 


Ovp(uo) + Ne(uo) is w*-closed and convex. Then from (3.146) we conclude that 


0 € Oy(uo) + Nc(uo). 


Solution of Problem 3.96 


We set Y|,,, = +00. Then for all h € R, we have 

eerie) < g(uth)—y(u) vteE (0,1), 
so 

ee eh < plut+h)—g(u)  VtE (0,1), 
thus 


eL(ulh < pluth) — vu) 
and hence vy’, (u) € Oy(u). Similarly, for all h € R, we have 


uri) > v(u)—y(u—h) Vt [-1,0), 


so 
g_(u)(-h) < plu—h) — glu) 
thus y’_(u) € Oy(u). From Theorem 3.71, we have that 


dv(u) = [y(u),¢(u)], 
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so s(u) € [y_(u), y/,(u)] and s is nondecreasing. 


Solution of Problem 3.97 
The convexity of y implies that 


plu) < y(a)4 BO) 09) (4 a) Vué {a,)] 


(use the three slopes inequality), so 


b 
[ow du < g(a)(b— a) + 5 (9(b) — v(a)) (b— a), 


thus 


Also, we have 


Solution of Problem 3.98 

We argue by contradiction. So, suppose that y is not constant. Let ug € intU be 
the global maximizer of y and choose u € U such that y(u) < y(uo). Take t € (0,1) 
small such that 


h = uott(up—u) € U. 


Then uo = h + tu) and so from the convexity of y we have 


1 
Ta 


yuo) < qavlh)+ Fyelu) < FRelh) + Re(h) = vA), 
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a contradiction. 


Solution of Problem 3.99 

Let M(y) be the set of global maximizers of y. Evidently M(y) C K is nonempty, 
compact, and extremal (because of the convexity of y). By the Krein—Milman theo- 
rem (see Theorem I.5.128), it has an extreme point, which is also an extreme point 
of K. 


Solution of Problem 3.100 
“+”: We assume that y is continuous at ug. Then according to Theorem 3.60, we 
can find € > 0 and M > 0 such that 


piu) < M Vue Bz-(uo), (3.147) 


where B.(uo) = {he xX: ||h—-uollx < e}. 

Let u** € Bl (0) = {h** © X**: ||h** — ugllx+* <e}. By the Goldstine theorem 
(see Theorem I.5.70), we know that we can find a net {halacy C B-(0) such that 
ha —> u** — ug in X**. Recall that y** is w*-lower semicontinuous. Therefore, we 
have 

**(u**) < liminfy**(ha) = liminfy(ha) < M 
e™(u™) < liminfy™(ha) = liminf y(ha) 

(recall that y**|, = y (see Theorem 3.85) and see (3.147)), so y** 


above and hence y** is continuous at ug (see Theorem 3.60). 


is bounded 


BE" (ug 


“<=”: Suppose that y** is continuous at uo € X. From Theorem 3.85, we know 


that y**|, = y and so ¢ is continuous at ug € X. 


Solution of Problem 3.101 
“==>”: Suppose that y is bounded on bounded sets of X. So, we have 


piu) < M Vue B,(0), 
where B,(0)={heE X: |lhllx <r}, so 


yp"(u) < M Vu € B,(0) 
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(see Theorem 3.85). Recall that y** is w*-lower semicontinuous. So, if 
a as _ {h** Ee xX**s er) < M}, 


then (y**)™ is w*-closed and B,.(0) C (y**)™”. By the Goldstine theorem (see Theo- 
rem 1.5.70), we have that 


B." (0) = tp ex. [2 || c** <r} Cc Cae 


r = 


kK 
a 
Oe Tete 


“<—”: Suppose that y** is bounded on bounded subsets of X**. From Theorem 3.85, 
we have that y**|, = y. So, y also bounded on bounded subsets of X. 


Solution of Problem 3.102 
“==>”: Suppose that y is Fréchet differentiable at ug € X. From Proposition 3.74, 
we know that given ¢ > 0, we can find 6 > 0 such that 


(uo + h) + yp(uo —h) — 2y(uo) < ellAllx  V |Allx <6. (3.148) 


Let h** € X** be such that |/h**||x*» < 6. By the Goldstine theorem (see Theo- 
rem 1.5.70), we can find a net {hasaey C X such that ||hal|x = ||h**||x= <6 and 


w* : ‘ : ‘ : 
hae —> h*™ in X**. Since y** is w*-lower semicontinuous and y**|, = y (see Theo- 
rem 3.85), we have 


p**(uo + h™) + (uo — h™) — 2 (uo) 
lim inf yp" (up + ha) + lim inf py" (uo — ha) — 2p" (uo) 
ae aE 


x 


= liminf p(uo + ha) + liminf p(uo — ha) — 2¢p(uo) 
< ellhallx = ellh™||x- 


(see (3.148)), so y** is Fréchet differentiable at wo (see Proposition 3.74). 


“<—”: Suppose that y** is Fréchet differentiable at uo € X. Since y**|, = 
(see Theorem 3.85), we infer that y is also Fréchet differentiable at uo € X. 


Solution of Problem 3.103 
According to Problem 3.47, the coercivity of y (see Definition 3.105(a)) is equivalent 
to saying that there exist c > 0 and b € R such that 


piu) > ellulxt+tb VueXx. (3.149) 
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Problem 3.70 says that (3.149) is equivalent to 
y*(u*) < -b Vut* € B,(0), (3.150) 


where B.(0) = {h* € X*: ||h*||, <c}. Finally, Theorem 3.60 says that (3.150) is 
equivalent to the continuity of y* at the origin. 


Solution of Problem 3.104 

From Problem 3.100 we know that y is continuous at the origin if and only if y™* 
is continuous at the origin. On the other hand, from Problem 3.103 we know that 
y** is continuous at the origin if and only if y* is coercive. From Problem 3.47 we 
know that y* is coercive if and only if the sublevel sets (y*)* (for \ € R) are bounded 
(where (y*)* = {u* © X*: y*(u*) < A}). Since y*: X* — R is proper and w*- 
lower semicontinuous, the sets (y*)* are w*-closed (see Proposition 1.2.53), hence by 
the Alaoglu theorem (see Theorem 1.5.66), also w*-compact. 


Solution of Problem 3.105 


(a) “= >”: Suppose that vy is strongly coercive (see Definition 3.105(b)). Then given 
7 > 0, we can find M > 0 such that 


glu) 2 nllullx  —V |lullx 2 M. (3.151) 
Also, we can find 0? > 0 such that 
g(u) 2-8 VW llullx <M (3.152) 
(see Problem 3.47). From (3.151) and (3.152) it follows that 
gu) > nllulx-8 VueX, (3.153) 


n 


for some 0 > 0. From (3.153) and Problem 3.70, it follows that y* B*(0) < dv. 
n 


Since 7 > 0 is arbitrary, we conclude that :y* is bounded on bounded sets. 


“<=”: Suppose that y* is bounded on bounded sets. For any r > 0, there 
exists M,. > 0 such that 


y*(u*) < M, V u* € B.(0), 


so 
glu) 2 rilulx+b WueX, 


for some b € R (see Problem 3.70), thus 


liming 2 > r. 
lull -+00 Hall 


But r > 0 is arbitrary. Therefore we conclude that y is strongly coercive. 
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(b) From part (a) we know that y* is strongly coercive if and only if y** is bounded 
on bounded sets (recall that y* € T9(X*); see Definition 3.83). But from Prob- 
lem 3.101 we know that y** is bounded on bounded sets if and only if » is 
bounded on bounded sets. So, finally we can say that y* is strongly coercive if 
and only if y is bounded on bounded sets. 


Solution of Problem 3.106 
Translating C’ if necessary, we see that without any loss of generality, we may assume 
that 0 € C. Let r, M > 0 be such that 


CC B,(0) and glo, < M (3.154) 


(recall that C is bounded and use the hypothesis). Let u € C \ {0} and let A = |lul|x. 
Then the convexity of y implies that 


9(0) < xh50(-$4) + x4helu) < M+ xholu), 


sO 


thus 
“# (p(0)-M) < vu) 
(since A = |ul|x <r and y(0) < M), hence y|,, is bounded below and finally 
plu) > Vuec, (3.155) 


for some 0 < 0. Let u,v € C, u#v and set A = ||v — ul|x. Then 


so 
ev) < xhe(u) +h 
(from the convexity of y and (3.154)), thus 


ev) = lu) < AM ew) < xAy(M—9) < MBllv—ullx 


(see (3.155) and recall that A = ||/v — ul|x). If we reverse the roles of u and v in the 


above argument, we reach again the same inequality. Therefore we conclude that y|, 


is Lipschitz continuous with Lipschitz constant Hee > 0. 


3.3. Solutions 551 


Solution of Problem 3.107 
From Proposition 3.89, we have 


(pOnl-IR)* = G+ AMZ and (eOnlllix)* = o +i 


(see Definition 3.87). Hence 


(yOnl|-k)) —> ¢* and (¢Hn|-|x)* — ¢* 


uniformly on bounded subsets of dom y*. Moreover, note that 


gOnll-llk < ¢ and gOnl-lx < ep Vn. 


Invoking Problem 3.61, we conclude that 


ynl|-k — ¢ and ¢gOnll-|x — » 


uniformly on bounded subsets of X. 


Solution of Problem 3.108 
By definition (see Definition 2.46), we have 
o,(u*) = sup (u*,c) Vure x". 
cEC 
So, o, is the supremum of continuous convex (in fact linear) functions, hence it is 
lower semicontinuous, convex. We have o,(0) = 0 and so a, is proper. For every 
u* © X* and t > 0 we have 
o,(tu") = supt(u",c) = tsup(u’,e) = to,(u"), 
ceEC cEC 
so 0, is positively homogeneous of degree 1. 

Now, suppose that the set C C X is w-compact. Suppose that {Un}n>1 C X* and 
{Cn}ns1 G C are two sequences such that uy,—u* in X* and a, (uy) = (uy, cn) for 
all n 2 1. Since the set C is w-compact and {cn},,5, C C, then from the Eberlein— 
Smulian theorem (see Theorem 1.5.78), we can find a subsequence {Cp, }a>1 Of {Cn }ns1 


such that cp, —“scecC. Then 
G0) = 0 sta) SA eS oe): (3.156) 
On the other hand, from the lower semicontinuity of 7, we have 


o,(u") < liminfo,(u;,)- (3.157) 


& k—+00 


From (3.156) and (3.157), we have (for the original sequence) 


* 


% (u;,) _ Fo (u*), 
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so the function u* ++ o,(u*) is continuous. 


Solution of Problem 3.109 
Let u,v € X and X € (0,1). Without any loss of generality, we may assume that 
u,v € domm. Let m(u) < 7 and m(v) < J. Then we can find yu»), Yo, € Y such 
that 

E(t, tun) <7 and €(v, ye) < v. (3.158) 


Since € is convex, we have 


E((1+ Aja + Ao, = r)Yun a AYv,0) 
i= A)E(u, His) + AE(v, Yo,0) 
1 


(see (3.158)), so 
m((l—A)ju+av) < (L-A)n+Ad 


(by the definition of m). Let 7 \y m(u) and ? \, m(v), to obtain 
m((1—A)u+Av) < (1—A)m(u) + Am(v), 


so the function m is convex. 


Solution of Problem 3.110 
For every \ > 0, the map h +—+ q)(h) is lower semicontinuous and convex. Note that 


epip? = [ )epin, 
A>0 


so the set epiy® is closed and convex. Also, clearly y*(0) = 0. Therefore, we 
infer that y® € Io(X) (see Proposition 3.57). Since the function A +> q)(u) is 
nondecreasing on (0, +00), we infer that 


p*(u) = lim qy(u). (3.159) 


A—>-+00 


We have 


gi(h*) = aCe AD V h* © X* 


(see Remark 3.88). If h* ¢ dom X*, then q\(h*) = +00. 
If h* € dom y”*, then 


gp (h*) + y(uo) — (h*, uo) 2 0 
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(see Proposition 3.84(a)) and so the map A +— q}(h*) is decreasing on (0, +00) and 
clearly lim q)(h*) =0. 
A>+00 


So, it follows that 


inf gt(h*) = lim g*(h*) = i h*). d 
inf a} ( ) tm ah") tb aom oe (2) (3.160) 


Then for all wu € X, we have 


su h*,u) —7 w(ne)) = su h*,u) — inf q}(h* 
pa ( ( ) dom (h )) on ( ( ) rA>0 ON )) 
= sup ((h*,u) — 93 (A*)) = supa(u) = y*(u) 
h* © X* A>0 
A>0 


(see (3.160), (3.159), Theorem 3.85 and since gq, € I'p(X)), so y® is independent of 
the choice of up € domy. Finally we check the positive 1-homogeneity of y®. So, 
for every h € X and t > 0, we have 


oOo : uotAth)—yp(u 
yp (th) = iim, e(uo A) (uo) 


Let ? = At. Then 


V—>+00 


so y® is positively homogeneous of degree 1. 


Solution of Problem 3.111 
(a) Let m = inf > —oo and let ug € domy. Then from Problem 3.110, we know 
that for every h € X, we have 
Mei = i p(uo+Ah)—(uo) > ii m—p(uo) _ 
- ( ) ae r pari’ r 
(b) Since ¢ is positively homogeneous, we have that y(0) = 0. So, choosing up = 0, 
we have 


pr(h) = lim 2 _ Gn) VheXx 


A—>+00 


(see Problem 3.110), so 


—(u*,h) if p(h) =0, 
+00 otherwise. 


v(h) = lim N1p(h) — (aa) = { (3.161) 


Then from part (a), we have that, if the problem inf wy admits a solution, then 


wet) 2 O Vhe xX, 


sO 
(ih) <0 VhEX, g(h) = 0 
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(see (3.161)). 


Solution of Problem 3.112 
Let B, ={hEX: ||Allx <n}, for n > 1. By reflexivity, each B, is w-compact. So, 
by the Weierstrass theorem (see Theorem I.2.86), we can find uy, € B,, such that 


y(un) = inf y. 
Bn 


pte that for some n > 1, we have ||u,,||. <n. Then for each h € X and every 
€ (0,1), we have 


P (Un +t(h—Un)) < 1 —t)p(un) + te(h), 
t(¢(un + t(h — Un)) — 9(un)) = v(h) — yun). (3.162) 
Note that for t € (0,1) small, we have 
Un tti(h—tn) € Bn, 


p(n) < pln +t(h — un)), 


thus 
Y(Un) < pth) VWhex 


and hence uy, is the desired solution. 

Therefore, we need to consider the case ||u,,||. =n for alln > 1. Let y, = ee iz 
for n > 1. Then ||yp||x = 1 for all n > 1 and so by the reflexivity of X and by passing 
to a suitable sequence if necessary, we may assume that y, —> y in X. Then 


y(nyn) = v(un) < v(uo) < +00, (3.163) 
for any uo € domy and for n > 1 big. Hypothesis (i) implies that 
Yr —> y nx. 
Also, since y € T'9(X), for every t > 0, we have 
ese : 
y(ty+uo) < lim inf p (tyn +(1- *)uo) 


<_ liminf (Fe(nyn) + (1 F)y(uo)) < y(uo) 


n>+ 


(see (3.163)), so p(y) < 0 and using hypothesis (ii), we get 
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so y € ker y®. Using also hypothesis (iii), we have y°(—y) = 0, so 
p(h—ty) < y(h) Vhex, t>0 (3.164) 
(see Problem 3.110). Let h = uy, and t =n. Since ||y, — y||x —> 0, we have 
Jun —nyllx <n V n large, 


SO Un — ny is a solution of inf y for n > 1 large (see (3.164)). Thus up, — ny for n > 1 


large is the desired solution. 


Solution of Problem 3.113 
Let {(Un,Un)}ns1 G Gr Nc be a sequence such that 


U, —> u inX and uz, — u* in X*. (3.165) 


Then 
(unc) < (Un tn) Wee, nel 


(see Definition 3.112). Passing to the limit as n > +00 and using (3.165), we obtain 


(user Se pu) VCE C, 


so u* € No(u). 


Solution of Problem 3.114 
Let h € To(u) (see Definition 3.112) and let {un},5, © H be a sequence such that 
Un —> u. We set 


hy. = PLO (uy) and A, = PLO} x (uny (2) Vue. 
From Problem 3.68(b), we know that 
Pnlla < |[hlle and |[halla < |All” Vn2l. 
So, by passing to a suitable subsequence, we may assume that 
hn —> h and A* —> h* in H. (3.166) 


We have 
(un, h;,) € GrNo Vn2>1. 
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From Problem 3.113, we have (u,h*) € GrNc. We have h = hy, + h* for all n > 1. 
Hence hy, = h — hy, —> h— h* = h. We know that 
(Rnstin)y = 0 Vne1 
(see Problem 3.68(a)), so (h*,h — h*) 4 = 0, thus 
i'l = OA)n < 0 


(since h € To(u) and is No(u); see Definition 3.112), hence h* = 0. It follows 
that h, — h in H, with h, € T¢(un) for all n > 1 and this means that the map 
ut— To(u) is lower semicontinuous (see Proposition 2.38). 


Solution of Problem 3.115 

From Remark 3.113, it is clear that, if u ¢ int By (that is, ||| <1), then Ty, (u) = 
H and by polarity, Ng, (u) = {0}. Now, suppose that ||u|]~7 = 1. Then h € NB) 
if and only if ||All7 = sup{(h,v),: |lvlla <1} = (h,u)y. Hence h = du with 
A > 0 and so Ng, = Ryu which is equivalent (by polarity) to saying that Tz, = 
{he H: (h,u)yq < Of. 


Solution of Problem 3.116 
From Theorem 2.127, we know that the map u +—> A(u)+0y(u) is maximal monotone 
(see Definition 2.100). Also, for every u* € Op(u), we have 


(A(w),4) +(u* wu) > (A(w),u) +9(u)—9(0) 


Tull x Tell x > +o0 as ||ullx — +00 


(see the hypothesis), so the map ut—> A(u) + Oy(u) is strongly coercive (see Defini- 
tion 2.98(f)). Invoking Theorem 2.119, we have that the map u+— A(u) + Oy(u) is 
surjective. So, we can find u € X such that 


u € A(u) + Og(u), 
(u*— A(u),v—u) < vlv)-ylu) VveEX, 
hence 
(u*,u—u) < (A(u),v —u) + y(v) — v(u) Vuex. 


The set of solutions of the problem is equal to (A + 0y)~!(u*). But we have seen 
earlier that the map A+0y is maximal monotone. Hence so is (A+ 0y)~! and then 
Corollary 2.107, implies that the set (A+ 0y)~'(u*) is nonempty, closed, and convex 
(in fact w-compact). If A is strictly monotone, then so is A+ 0y and this means that 
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the set (A+ 0y)~!(u*) is a singleton. 


Solution of Problem 3.117 
Let H = H}(Q) and let a: H x H —>+R be the bilinear form defined by 


a(u,v) = [ (Du Deas dz Vu,v € H3(Q). 
Q 


By the Cauchy—Schwarz inequality, we have 
ja(u,v)| < ||Dulle||Dell2 = |lullzllolla 


(by the Poincaré inequality (see Theorem 1.131), we can take || Du||2 as the Sobolev 
norm for the space H4(Q)). Also, 


a(u,u) = ||Dullz = lull. 


The set C is nonempty. Indeed, note that gt € Hj(Q) and gt > g. Also, the set C 
is convex. Finally, we check that the set C is also closed. So, let {un},5, C C bea 
sequence such that up, —> u in H4(Q). Then uy, —> u in L?(Q) (from the continuity 
of the embedding Hj(Q) < L?(Q)) and so by passing to a suitable subsequence if 
necessary, we may also assume that 


Un(z) —> u(z) foraa.zEQ. (3.167) 


But we have 


Un(z) > g(z) foraa. zEQ. 


So, from (3.167), it follows that 
u(z) > g(z) foraa. zEQ. 


So, wu € C and we infer that the set C C Hj(Q) is closed. Now, we can apply 
Theorem 3.114 (with h* = 0) and produce the desired u € C. 
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Solution of Problem 3.118 

Arguing by contradiction, suppose that y is not Lipschitz continuous near u. Then, 
we can find two sequences {Un}n>1){Un}ns1 GC X such that up, — 2, Up — zx in X, 
Un; Un € Bi(u) and 


I|o(un) — v(vn)||z > N||Un — Unllz Vnol. 
Let A, > 0 and h,, € X for n > 1 be such that 


Evidently A, —> 0. Let K = {hn}, 5, U {0}. Then the set kK C X is compact and 
from the definition of the strict differentiability (see Remark 3.125), we know that 
given € > 0, there exists no = no(e) > 1 such that 


[| Ae ete) gi,(u)hll,- <e Vn>no, he k. (3.168) 


On the other hand, if h = hy, then 


|| Pent An in) elu) > mAn [inl x = Jn. 


Then, we see that for n > 1 big we violate (3.168). Therefore y is Lipschitz continuous 
near wu. 


Solution of Problem 3.119 
Let K C X be a compact set and let ¢ > 0. By hypothesis, for every h € X, we can 
find 6 = 6(h) > 0 such that 


|) Pere) _ Ain). < € Vue Bs(u), X€ (0,6). 


Since y is by hypothesis Lipschitz continuous near u, we see that for v close to u and 
for A close to 0, we have 


| a eae lly < k\|h— h'|\x Vh,h' € X, 


with k > 0 being the Lipschitz constant of y near u. So, with a suitable redefinition 
of 6 = d(h) > 0, we have 


|) Pere) _ Ara’, < 86 Vue Bs(u), h’ € Bs(h), A€ (0,6). 


Then {B5(h)}nex is an open cover of kK. As the set K is compact, the cover 
{Bs(h)}nex admits a finite subcover {B5,(he)};_, (with d, = d(hp) > 0). Let 
do = min {d1,...,dm} > 0. We have 


|) Pere) _ Ain). < 86 VRE K, v € Ba(u), A€ (0,50). 
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So, we conclude that ¢ is strictly differentiable at u with y(u) = A € L(X;Y). 


Solution of Problem 3.120 
No. Let X =I? and let y: 1? —> R be defined by 


y(t) = any (2n|u,| — n) YVu= {Un}ns1 er. 
neal 


Let 
Yn(t) = 2nlu,|—n Viel, n>1. 


Evidently each y, is convex and so y = sup Yy is convex too. Also, we have 
n2>1 


Ys, = % 
4 


where Bi (0) = {weEl?: |\a|lx <4}. Therefore, the convex function y is bounded 


above on a nonempty open set. Invoking Theorem 3.60, we infer that y is locally 
Lipschitz. On the other hand, let {en},,, be the standard orthonormal basis of 


[2 


continuous. 


Solution of Problem 3.121 
Since y is Gateaux differentiable and regular at u € X, we have 


(yo(u),h) = g'(uyh) = Push) VhEX, 


so YG(u) € Oy(u) (see Definition 3.126). On the other hand, if u* € Oy(u), then 


(u*,h) < yp? (u; h) = y' (u; h) = (gG(u), h) VhEex 


(see Definition 3.126), so u* = yG(u). 


Solution of Problem 3.122 


. Then y(e,) = n and so ¥lz, is not bounded. Hence ¥l5, cannot be Lipschitz 


We assume that wu is a local minimizer for y (if u is a local maximizer for y, then 
we employ the same argument with y replaced by —y). Then 0 < y?(u;h) for all 
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h € X (see Definition 3.122), so 0 € Oy(u) (see Definition 3.126). 


Solution of Problem 3.123 
Let 7 > 0 and consider the sublevel set 
wl = {we X: plu) <n}. 
We need to show that the set yu” C X is closed (see Proposition I.2.53). To this end, 


let {Un}ns1 Cw” and assume that un, —> u in X. We can find 


Ur € Op(un) V2 1, 


such that ||u*||+ <+ 4 for all n > 1. Hence the sequence {un}n>1 GC X* is bounded 
and so by the Alaoglu theorem (see Theorem 1.5.66), we can find a subnet {ux }aes 


such that u% ut in X*. Exploiting the w*-lower semicontinuity of the norm 
functional ||-||, (see Proposition I.5.65(c)), we obtain 


lu" <n and u* € Ay(u) 


(see Proposition 3.128(b)), so u(u) < 7, thus u € yw” and hence yu” is closed. This 
proves the lower semicontinuity of 4 on X. 


Solution of Problem 3.124 
Let i: X —> Y be the continuous, linear embedding of X into Y. Then y|, = voz. 
From Proposition 3.132, we have 


A¢lx)(u) = Apori(u) = PAp(i(u)) VueXx, 


Recall that 7*: Y* —+ X™* is the continuous, linear and dense embedding of Y* into 
X*. So, finally 


Ag|x)(u) = Ovpyix(u) Vuex. 


Solution of Problem 3.125 

Clearly 7 is Lipschitz continuous. Hence 7 = yo ¥ is locally Lipschitz and so it is 
differentiable almost everywhere. Let t = tp be a point of differentiability for y. We 
have 


p(I(to+s))—~(V(to)) 


7(to) = lim 


s—0 
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= lm 
s—0 


p(0(to)+0"(to)s+e(s))—~(0(to)) 


— tin P(to) +0" (to)s)—o((t0)) 
s—0 a 


< limsup 
h-0 
s\0 


= y(9(to); 0 (to)) = * Ot 
y (V(to); ¥ (to)) ee (to)) 


(0 (to) +h+0! (to)s)—o(0(to)+h) 


with ee) — 0 as s > 0 (since ¥ is locally Lipschitz and using Definition 3.122 and 
Proposition 3.128(c)). 


Solution of Problem 3.126 
From Remark 3.125 we know that y is locally Lipschitz at ug. The continuity of the 
Gateaux derivative at uo implies that given ¢ > 0, we can find 6 > 0 such that 


if ||u — uollx < 4, then ||yG@(u) — ¢G(uo)|le < e. (3.169) 


Leth EX, ve Bs (uo) and t € (0, ax): We set V(t) = yp(v + th). Then ? is 
differentiable and 


v(t) = lim sit) -oteri) = (you +An),h). (3.170) 
5 
S0,ifO<A< Shlx? then 


eeence) — (ge(uo),h) = ASO — (ye(uo),t) 
Xr 
=  f (elu + th — Y@(uo),h) dt (3.171) 
0 


(see (3.170)). Note that ||v + th —uollx < 6. Then from (3.169) and (3.171), we have 
[SAPO — (we(uo),h) | < ellhllx 


for all A € (0, appz] and v € Bg,,,,). It follows that, if « € (0, $] and s € (0, appl 
then 


Ah)— 
sup sup 22th) ov) < (v@(uo),h) + ellAllx, 
I|v—uoll x <a ASs 


sO 
e(uosh) < (Ylo(uo),h) + ellAllx. (3.172) 
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On the other hand, directly from Definitions 3.1 and 3.122, we have 
(ye(uo),h) < y°(uo;h). (3.173) 
From (3.172) and (3.173) and since ¢ > 0 is arbitrary, we conclude that 


(v@(uo), h) = y°(uo;h) Vhex. 


Solution of Problem 3.127 
Fix ue X. For every v € X,h © K and A > 0, we have 


piv) = piv +tAh+X(—h)) < v(u+ Ah) 


(see the hypothesis), so 


yp(v+Ah+A(—h))—¢~(v+Ah) 


X < 0, 
thus 
: u+Ah+A(—h utah 
y*(u;—h) = limsup el Ch) el ae VRE Kk. (3.174) 
Vv >U 
X%y0 
On the other hand, we have 
Oxn(h) = tx (A). (3.175) 


From (3.174) and (3.175), we infer that 
Push) < og(h) WhEX, 


so Oy(u) C K* (see Proposition 3.128(c)). 


Solution of Problem 3.128 


Since ¢ is locally Lipschitz, we can find r,k > 0 such that 9| is Lipschitz 


Br(ug) 
continuous with Lipschitz constant k > 0. Let 3 € (0,5) and « € (0, 2"). Consider 
u € By(uo). We can find c- € C such that 


lu —cellx < (1+e)dist(u, C). (3.176) 


We have 
dist(u,C) < |lu—wollx < ¥, 
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so 

Iluo — cellx < [luo—ullx + llu—cellx < 2+e)d <r (3.177) 
(see (3.176) and recall the choice of J and ¢). Since y| 
(3.177), we infer that 


is k-Lipschitz, from 


Br(ug) 


O(ce) < plu) +k|lu—cellx < plu) + k(1 + e)dist(u, C) 
(see (3.176)), so, for all u € By(ug), we have 
p(uo) + kdist(uo,C) = yluo) < (ce) < plu) +k(1 + €)dist(u, C) 


(see the hypothesis and recall that ug € C). Let ¢ \, 0, to conclude that up is a local 
minimizer of the map u+—> y(u) + kdist(u,C). Then according to Problem 3.122, 
we have 


0 € Ayp+kdist(-,C))(uo) C Ap(uo) + kAdist (ug, C) 
© Ayp(uo) + Ne(uo) 


(see Proposition 3.130 and Definition 3.133). 


Solution of Problem 3.129 
Clearly we have 


lim liminf S820) > 9, (3.178) 
v4 \0 
vEC 


On the other hand, we have 


lim lim inf dist(vt Ah.C) < inf sup inf sup dist(v+9h,C) 
vu AO r>0 |v = ullx < r n>0 V<KN 
vec vEC 
< inf sup sup dist(v+ Bh,C) dist(v.C) < dist?(u, C: h) 2.0 
mm) ly —ullx <r OSM 
vec 


(3.179) 
(since h € TU,(u); see Definition 3.133). From (3.178) and (3.179) we have that 


lim lig inf SS =0 VheTO(u). 
vEC 
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Solution of Problem 3.130 

Suppose that the statement is not true. Then we can find h € Ti(u) (see Defini- 
tion 3.133) and v € H such that dist(v, C) = ||v — ullw and (v—u,h), =6 > 0. Let 
D =H \B,(v), where r = dist(v,C). Then C C D and so 


dist(u+Ah,D) < dist(u+Ah,C). (3.180) 


Since D is the complement of a ball, we have 


dist(u+ Ah, D) = dist(v,C)— |lut+ Ah — vllz. (3.181) 
We have 
lu + AA — v2 = ju — vl]F, + 2A (u — v, A) gy + A? |ALIF, 
= dist(v,C)? (1 2) ae OP AP lle), 
so 


jut Ah— oll < dist(v,C)(1— Agape +e), 


with a) \, 0, thus 
Agno) ~ EA)dist(v,C) < dist(u+Ah,D) < dist(u+ dh, C) 
(see (3.180) and (3.181)) and hence 


5 » s ¢ dist(u+Ah,C) 


From Problem 3.129, we know that 


fie ing ee), py (3.183) 
A\O 


Comparing (3.182) and (3.183), we reach a contradiction. 


Solution of Problem 3.131 
From Problem 3.128, we know that 


0 € dAy(uo) + No(uo). 
So, there exists u* € Oy(uo) such that —u* € NG(uo). Hence 
ua" hy) = 0 V he T6(uo) 
(see Definition 3.133), so 


y°(uo; h) > 0 V he T6(uo) 
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(see Definition 3.126). 


Solution of Problem 3.132 
Suppose that u € C. Then for any h € R™ and \ > 0, we have 


< dist (u+Ah,C) dist (u+Ah,C)—dist(u,C) 
0< X _ X 


(since u € C), so 
0 < (dist’(u,C),h)pn VhRERY, 


thus dist’(u,C) = 0, a contradiction to the hypothesis. So, u ¢ C. The local com- 
pactness of R“ implies that u admits at least one best approximation co € C (that 
is, dist(u, C) = |u — col). 


We will show that dist’(u,C) = fica from which we infer also the uniqueness of 


the best approximation cg. So, let A € (0,1). Then the best approximation in C to 
u+ X(co — u) is still co. Therefore 


dist(u + A(co — u),C) = (1—A)|u—co] = (1 — A)dist(u, C), 


sO 


Eee ee) = dist(u, Ci = —lu— col, 


thus 
(dist’(u,C),cp —u)pn = —|u— col. (3.184) 


Since dist(-,C) is nonexpansive (i.e., Lipschitz continuous with Lipschitz constant 1), 


we have 
|dist’(u,C)| < 1. 


Therefore from (3.184) we infer that 


Solution of Problem 3.133 
Let J(u) = v(u) t+ |lul|x. Evidently 0 € To(X), 0 > 0 and W(0) = 0. So, from 
Problem 3.122, we have 


0 € A9(0) = dy(0) + 4])-||x(0) (3.185) 


(see Proposition 3.97). We have 4]|-||x(0) = By = {u* € X*: |lu*|], <1}. Then from 
(3.185), we see that we can find u* € X* with ||u*||, < 1 such that u* € Op(0), so 


566 Chapter 3. Smooth and Nonsmooth Calculus 


Solution of Problem 3.134 
“(a) => (b)”: We assume that 0 < y?(u;v — u) + W(v) — o(u) for all v € X, so 


0 < g(ujh)+¥(ut+h) —v(u) VheX. 
Thus, the origin is a minimizer of the convex function 
hi—s &(h) = p(ush) + Yu +h) — b(u) 
(see Proposition 3.123(a)). Hence u € D(Ow) and 


0 € €(0) = O(p(u;-) + ¥(ut-) — v(u)) (0) 
A(y°(u; -)) (0) + Ou(w) 
Op(u) + OY(u) 


(see Proposition 3.97 and Definition 3.126). 


“(b) ==> (a)”: We assume that u € D(OwW) and 0 € Oy(u) + OY(u). Then we 
can find u* € Oy(u) and u* € Oy(u) such that 


u'+u" = 0, 
so 
(ut,v—u) + (a*,v—u) < p(ujv—u) + v(v) — vu) Vvuex 
(see Definitions 3.70 and 3.122), thus 


Solution of Problem 3.135 
(a) For every n > co, we have 


inf (¢(v) + nile — vllx) 


Pn(u) 


> inf (—co — a 

2 inf (—co — collullx + nllu — v||x) 

2 inf (—co — collu|x + nllv||x — nllullx) 
vEX 

2 —c9—nllul_x > —co 


3.3. 


(b) 
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(see Definition 3.87 and since n > co). Since y is proper, there exists up € dom y 
such that 
Yn(u) < yv(uo) + n|lu—uollx < +00. 


Therefore, for all n > co and all u € X, we have that y,(u) € R. 
Next, let u,v € X. Using the triangle inequality, we have 
oly) +nllv—yllx < ey) +nllu—yllx +nllv—allx VyeX, 


thus 
Pr(v) < Pn(u) + nllv —ullx. (3.186) 


Interchanging the roles of v and u in the above argument, we obtain 


Yn(u) < Pn(v) + nllo— ullx. (3.187) 
From (3.186) and (3.187), we conclude that 


len(%) — Gn(v)| < nilv — ullx, 
SO Yr is n-Lipschitz for all n > co. 
In the definition of y,,(u), let v = u, to obtain 
yn(u) < plu) Vani. 


Also, from the definition of yp, it is clear that {Pn}, 51 is increasing. So, we 
have 
lim gn(u) < y(u) Vue xX. (3.188) 


N—--+00 
We will prove that the opposite inequality holds. If iim (n(u) = +00, then 
n [oe 
there is nothing to prove. So, we assume that lim Yn(u) < +00. Let en \, 0 
n+ +00 
and let v,, € X be such that 


Y(Un) + nllu—vnllx —En < Pn(w) Vn 2 0, (3.189) 
so, by the hypothesis on y, we have 


—co(1 4 |lvn|lx) + nu —vnllx —en < sup Pn(u) < +00. (3.190) 
no1 


Since n > co, from (3.190) and the triangle inequality, it follows that 
Un, —>u in kX. (3.191) 
From (3.189), we have 
p(n) — En < Yn(u) Vn2 oo, 
So 


y(u) < lim inf y(vn) < lim gy,(u) (3.192) 
N—+>+00 


N—- +00 


(see (3.191)). From (3.188) and (3.192), we conclude that 
Yr(u) # plu) VueXx, 
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(c) Since y and n||-||x are both convex, then so is y, = yLEnl|-||x (see Remark 3.88). 


Solution of Problem 3.136 
Note that from the definition of C, we have 


(u*,v—u) < 0 Vued, 
so u* € No(u) (see Definition 3.112) and thus 
Ryu © No(u). (3.193) 


Next, let v* € No(u) \ {0}. From the definition of Nc(u) (see Definition 3.112), we 
have 
(v*,u-—u) <0 VveEc. (3.194) 


Let V={veEX: (u*,v—u) =0} (an affine subspace of X). Note that V=u+N, 
where N = ker u* and of course V C C. In (3.194), we choose v € V and have 


(avy <0 VueN, 


so 
(o';0) = 0 VueN, 


thus ker u* C ker v* and hence 


vu" Au*, 
for some A € R. From (3.194), we have 
Atu*,v—u) < 0 Vued, 
so A > 0. Thus, we conclude that 
Nc(u) © Ryu". (3.195) 


From (3.193) and (3.195), we conclude that 
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Solution of Problem 3.137 
Let u € C. If y(u) < 0, then the continuity of y implies that u € intC and so 
To(u) = X, hence No(u) = {0}. 

So, assume that y(u) = 0. Let u* € Oy(u). We have 


(u*,u—u) < y(v) — v(u) Vuvuex 
(see Definition 3.70), so 
(u*,u—u) < 0 Vved 
(since y(v) < 0 = y(u)), thus u* € No(u) and hence 
R+,dy(0) C No(u). (3.196) 


Next we prove the opposite inclusion. So, let u* € No(u)\{0}. From Definition 3.112 
we know that the map v+—> (u*,v) attains its maximum on C at u and 


Cu? 0) <i) Vue int, 


so 
(u*,v) < (u*,u) YVveEX, y(v) <0, 


thus 
y(v) > 0 VueEeXx, (u*,v—u) 20. (3.197) 


So, if we set D= {ve X: (u*,v—u) 2 0}, then y|, > 0. Note that u € D and 
recall that p(w) = 0. Therefore 


= oy). = inf yp. 


From Problem 3.128 (particular case of convex function and convex constraint set), 
we have 
0 € Ov(u) + Np(u). (3.198) 


But from Problem 3.136, we have 
Np(u) = Ry(—-u"). (3.199) 
So, from (3.198) and (3.199) we infer that there exists j < 0 such that 
0 € Op(u) + pu". 


If u = 0, then 0 € Oy(u) and so u € X is a global minimizer of y (see Proposi- 
tion 3.82), a contradiction since by hypothesis y(ug) < 0 = y(u). Hence pw < 0. Then 
u*€ —Zd0(u), so u* € RiOy(u) and hence 


Nc(u) C R,Oy(u). (3.200) 
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From (3.196) and (3.200), we conclude that Nc(u) = R,O¢(u) for all u € X, with 
p(u) = 0. 


Solution of Problem 3.138 

Let C = {ve X: ve(x) <0 for all k € {1,...,n}}. Evidently this is a closed and 
convex set and ug € intC. Moreover, ug € domy NM int Cy (see Theorem 5.129(e)). 
Therefore from Proposition 3.97 and Problem 3.128 (convex case), we have that wu is 
a solution of the considered minimization problem if and only if 


0 € Op(u) + Ne(u). (3.201) 


If Ch, ={v EX: ye(v) < O}, then C= () Cy. Hence 
k=1 


n 
to = ) ta, 
k=1 


nm 
Note that uo € {) intdom to,» hence 
k=1 


(see Proposition 3.97), so 


3 


No(u) = N., (u) YVuec. (3.202) 
k=1 


Using Problem 3.137, we can find \1,...,An CG R4+ such that 


0 € dy(u) +S > AxIve(u) 


k=1 


(see (3.201) and (3.202)), with Ay = 0 if vg(u) < 0 for all & € {1,...,n}. So, in all 
cases Az,Wx(u) = 0 for all k € {1,...,n}. 
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Solution of Problem 3.139 

Let C’ = K-lim inf C, and ¢ = T-limsupi,. Evidently img = {0,+oo}. By 
noo n>+oo —" 

Definition 2.88 we know that u € C’ if and only if for all U € N(u) (with V(u) being 

the filter of neighborhoods of u) there exists no > 1 such that UNC, 4 0 for all 


nm > no. Note that 
UNG ge Oe SS nite. (oe) = 0. 
veU ~" 
Therefore 


ueC <> iimsupinfi, (vy) = 0 VWVUEN(u), 
n>+oo VE " 
so 
ue <= Gu) = 0. 


So, we have 


i,, = [-limsupi,, = @. (3.203) 
n—-+00 
Similarly, if C’ = K-limsup C, and ¢ =T-liminf yp, then 
n—+00 n—+00 
ion = T-limsupi,, = ¢. (3.204) 
n—+00 


From (3.127) and (3.128), we conclude that 


Solution of Problem 3.140 
“+”: Suppose that C,, —> C (see Definition 3.149(a)) and let u € C. Then we can 
find un € Cy, for all n > 1, such that u, —> u in X. Hence 


0 = ig (u) — ig(u) = 0. 


On the other hand, if {Un}nd1 C X is a sequence such that un, —> u and 
for a subsequence {nx}p>1 of {M}n>1 we have Un, € Cn, for all k > 1, then 


u € w-lim sup C,, = C and so 
n—-+00 


23 ae 
0 ic(u) < lim inf ig, (Un). 


From Definition 3.149(b), we conclude that i,,, _ on 
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“<=”: Suppose that i, ei i,. Then for every u € X, we can find a sequence 
{Un}n>1 C X such that un, — u such that 


limsupic, (Un) < ic¢(u). 
N— +00 


So, if wu € C, then there exist u, € C,, for all n > 1, such that un, —> u in X. 
Also, if {Un}ns1 C X is a sequence such that un —> u in X, then 


So, if {nk }e>1 is a subsequence of {Mns1 and Un, € Ch, for k > 1, then u € C and 
so 


w-limsupC, C C, 


N—-+00 


thus C, “4 C. 


Solution of Problem 3.141 


(a) If u, —> uin X and ¢ > 0, then we can find no > 1 such that 
Yn(tn) 2 n(u) =€ Vn2no, 


so 
liminf yp(un) = y(u)—e. 


N—-+00 


Let € \, 0 to obtain 
liminf yn(tn) > y(u). 


n—-+00 


Since yn (u) —> ¢y(u) for all u € X, we conclude that y, ey Y. 
(b) Note that by Proposition 3.64, the sequence { yp, } n>1 18 locally equi-Lipschitz, in 


particular then locally equicontinuous. So, from part (a), we have that yp, <4 y. 


Solution of Problem 3.142 
(a) First suppose that m > —oo and given any € > 0, let wu € X be such that 


plu) < m+e. 


3.3. 


(b) 
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According to Definition 3.137, we can find a sequence {vp },51 such that vp, — wu 
and 


limsup Yr(tn) < y(u) < m+e, 


n-+00 
sO 


limsupmn < m+e. 
n—+00 


Since € > 0 is arbitrary, we let ¢ \, 0, to conclude that 


limsupmn < m. 
n+ +00 


If m = —oo, then for every ¢ > 0, there exists u € X such that y(u) < —t and 
as above we can find v, —> wu such that 


limsup Yn(tn) < g(u) < -4 


€? 


n—+00 
so 
limsupmn < —1, 
n—++0o 
Let € \, 0 to conclude that limsupm, = —co = m. 
n—++oo 
Let u € limsup S,(¢). Then we can find a subsequence {ng}p>1 of {n},,51, and 


n—-+00 


Un, © Sn,(€) for all k > 1 such that un, —> u (see Definition 2.88). Suppose 


that —co < limsupm,. Then from part (a) we have that —co < m. By passing 
n—++00 
to a further subsequence if necessary, we may assume that mn, > —oo for all 


k>1. Then 
Pnrx (Un, ) < Mn, + €, 


sO 


p(u) < liminf yn, (un,) < limsupmn, +e < mt+e 
k—+00 k>+00 


(see part (a)), so u € S(e) and thus limsup S,,(¢) C S(e). 


nN— +00 
Next suppose that m, —> —oo. Then given ¢ > 0, we can find ko > 1 such 
that 
mn, +e < -4 Vk>ko, 


SO 


Pnrx (Un, ) < —4, 


thus 
foo 4s 1 
plu) < lim inf Yn, (Ung) = =3 


hence u € S(e) and finally limsup S;,(e) C S(e). 


n—>-+00 
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We assume that limsup S,(e€,) #4 @ or there is nothing to prove. So, let 


n—-+00 


u € limsup Sp(én) and let un, € Sn,(En,) for k 21 be such that un, —> u. 
n—-+0o0 
Given € > 0, we have 


Un, © Sn, (€) Vk => ko. 


From part (b), we have 


u € {)S(e) = S(0). 


e>0 
We have 


m < p(u) < liminf yn, (un, ) < limsup Yn, (un, ) < limsup mn, 
k—+00 k++00 k—++00 


(see Definition 3.137 and recall that un, € Sn,(En,)). Then the result follows 
from part (a). 
Let u € limsup S,(ép). Then from (c) we have u € S(0). We have un, € Sn, (En, ) 


Nn—-+00 
such that un, —> u in X, so 


lim inf Yn, (Un, ) 2 p(u) =m 


k—+00 


(see Definition 3.137), thus 


liminf mn, > m, 
k->+00 


hence m, —> m (see part (a)) and of course $(0) 4 0. 
By virtue of part (a), it suffices to show that 


m < liminf mp. 
n—-+00 


We assume that m > —oo. Let {nk};,5, be a subsequence of {n},,5, such that 


lim mp, = liminf mp. 
k—-+00 n— +00 


We may also assume that un, —> u. We have 


—o <m < y(u) < liminf yp, (un,), 


k-++00 
So 
Yn,(Un,) > —00 Vk > 1 sufficiently big, 
thus 
Yn, (Un,) < Mn, ten, Vk 1 big, 
hence 


m< lim mp, = liminfm, 
k—+00 n—++oo 
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and finally m, —> m (by part (a)). 


Solution of Problem 3.143 

“(a) => (b)”: Let uo € S(0). Then m = y(ug). If —co < m, then my, > —on for all 
n > 1 big. From Definition 3.137, we know that we can find a sequence {tn}n51 C X 
such that up, — uo and Yn(un) —> y(uo). Then 


Pn(Un) = Pn(Un) — p(uo) + (uo) < |~n(Un) — e(uo)| + Mn + on, 
with 6, \, 0, so 
Un € Sn(En), with en = |~n(un) — y(uo)| + bn > 0, 


with en, \, 0. If m = —oco, then there exist two sequences {En}n1 C Ry and 
{Un}n>1 C X such that ¢, \, 0, wu, —> up and 


En 


1 


pn(un) ), oo 


(we take €, = — 
Un € Sr(En) and wtp, —> Uo. 


“(b) ==> (a)”: This follows from Problem 3.142(e). 


Solution of Problem 3.144 
By taking K to be asingleton, from the hypothesis, it follows that y, —> y pointwise. 
So, part (b) of Definition 3.137 is true for the constant sequence. We need to check 
that part (a) of Definition 3.137 holds. Arguing by contradiction and by passing to 
a suitable subsequence if necessary, we can find 7 > 0 and a sequence {Un}nst such 
that 

Yn(un) < 7 < v(u) Vn2>1. (3.205) 


We fix n > 1 and let m > n. Then 


THE Wy (te Sg he) (3.206) 


Sn 
Let K, = {u} U{u,: k >n}. Then 


inf Pm < jal em(ux) < Ym(Um) < 7 
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(see (3.206)). Passing to the limit as m — +00 and using the hypothesis (with 
K = K,,), we obtain 


Pa = an inf Lye 
inf = min {y(w), inf e(ux)} n 
so 


inf p(ug) < 7. 


Sn 


Let n + +00. Since vy is lower semicontinuous, we obtain 
plu) < 1, 
which contradicts the hypothesis. Hence 


y(u) < liminf gy, (un), 


n—-+00 


r 
for every sequence {Un}n>1 such that uy, — u, SO yn — ¥. 


Solution of Problem 3.145 
By taking the compact set K to be singleton, we have 


Yn(u) — (u) Vue x. (3.207) 


Next let u, — u in X and let K = {u}Uf{un: n>1} C X (a compact set). By 
hypothesis, given ¢ > 0, we can find np = no(e) > 1 such that 


l~n(v)-—~p)] < € Vnen, vEK, 


so 
Yn(Un) 2 plun) —€ Vn2no, 


thus 
Bit So Jaa as _ 
liminfyn(un) 2 liminfy(un)—e > ylu)—e 
(since vy is lower semicontinuous). Since ¢ > 0 is arbitrary, we let ¢ \, 0 to conclude 
that 
liminf gn(tn) > y(u). (3.208) 


N—++00 


From (3.207) and (3.208) we conclude that yp, me y (see Definition 3.137). 
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Solution of Problem 3.146 

Let u,v € X be such that @(u), P(v) < +oo0. For t € [0,1] we set y = (1—t)u+ tv. 
Let V € N(y) (where V(y) is the filter of neighborhoods of y). We can find r > 0 
such that 


W = {(1-t)u’ +t’: w e€ B,(u), v € B(v)} C V. 


Then for every n > 1, we have 
inf On = inf gn = inf {p((1—t)u’ +tv'): u’ € B,(u), v' € Br(v)}. — (3.209) 
From Remark 3.140, we know that 


limsup inf gy, < G(u)<+oco and limsup inf y, < Gv) < +co. 


n—>+oo Br(u) n++oo Br(v) 


So, we can find np > 1 such that 


oye? < +00, Puc has < +00 VYn>no. 


Then for all n > no, we have 


inf inf yp((l—t)u’ + tv’ 
(ee ees a (( ju a Le 


= Whee a n(u)+tt inf yp(v' 
( Den age (ui) enna (v) 


(since yp, is convex), so 


lim sup inf Yn < (1—t)P(u) + tev) 


N—-+00 


(see (3.209)), thus 
Ply) < (1—t)plu) + tev) 
(see Remark 3.140). 


To see that g = I-lim inf (Yn need not be convex, consider the following coun- 
N—+>+0o 
terexample. Let X = R and consider the sequence 
gn(u) = (u-(-1)")P Vn Bl. 


Evidently for each n > 1, the function y,, is convex and then Proposition 3.144 implies 
that 
Blu) = min {(w—1)?, (w+ 1°}, 


so ~ is not convex. 
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Solution of Problem 3.147 
For A € R, let L, = {ue X: Glu) < A}. We need to show that the set Ly is closed 
(see Proposition 1.2.53). So, let {ux},51 G L be a sequence such that uz —> u. We 
have 

p(ur) < A Vk2>1. 


We fix k > 1. Then from Definition 3.139, we see that given « > 0, we can find a 
sequence {uz },,., such that uj —> uz, and 


liminf yn(uz) < Plug) +e < Ate. (3.210) 


n—-+00 


We can find a mapping n +> k(n), increasing (not necessarily strictly) to +co such 
that 
Uk(n) — u. 


From Definition 3.139, we have 
Blu) < liminf pn (ufjy) < Ate 
(see (3.210)). Since € > 0 is arbitrary, we let « \, 0 to conclude that 
P(u) < A, 


so u € Ly, hence Ly is closed. Therefore ¢ is lower semicontinuous. The above 
argument applies also to @ and so we conclude that @ is lower semicontinuous too. 


Solution of Problem 3.148 
Let us denote 7 2 
C = liminfC,, C = limsupC, 


n+ +00 n—>+00 
and 
z= IT-liminfz 1 = I-limsup2z 
n— +00 Cn? eae Cn 


From the solution of Problem 3.139, we know that 
20 Bnd a. SG. (3.211) 


From Problem 3.147 we know that i and 7 are both lower semicontinuous. Hence 
from (3.211) it follows that both sets C,C C X are closed. 


Solution of Problem 3.149 
From Proposition 3.59 (stated there for the particular case of metric spaces), we have 


cly(u) = sup inf y(v), (3.212) 
UEN(u) VEU 


(u) 
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with (wu) being the filter of neighborhoods of u. From (3.212) we see that 
dye < 9, 


U c U ( ) 


Next, let v € U. Then from (3.212) we have 
info < cly(v). 
U 
Since this is true for every uv € U, we have 
infy < infcly. 3.214 
inf < infely (3.214) 


From (3.213) and (3.214) we have the desired equality. 


Solution of Problem 3.150 
From Remark 3.140 and Problem 3.149, we have 


(C-liminf y,)(u) = sup liminf inf Yn 
n—>+oo VEN (u) n—>+oo 
= sup liminf inf digg = (f- lim inf cl Yn) (u). 


VEN (u ) n—-++00 


Similarly for [—lim sup yy, using the fact that 


n—-+00 


(r- lim sup Yn) (u) = sup limsupinf yp. 
n—>+00 VEN (u) 2—->+00 Vv 


Solution of Problem 3.151 
From Definition 3.139 we know that for u € X and for any given € > 0, we can find 
a sequence {Un},5, © X such that u, —> u in X and 


a 
lim inf (en + %n)(Un) < (Cr lim inf(n + Yn))(u) +, 


sO 
a — Bas 
lim inf Pn (un) + liminf Yn (un) < (Tliminf(yn + dn))(u) +6, 


n—- +00 
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thus 
(C- lim inf yn) (u) + (T- lim inf Wn) (u) < (T= lim inf( Yn + Un))(u) +€ 
(see Definition 3.139). Let « \, 0, to conclude that 
Tana en +n a < Tn nn + 9) 


Next let u € X and note that for any sequence {Un}n>1 C X such that uy, — u in 
X, we have 

lim sup(Yn + Un)(Un) > limsup y,(un) + liminf dp (un), 

N—+-+00 n—-+oo nN—- +00 
so 

(T- lim sup(Yn + Wn)) (u) > (T- lim sup Ln) (uw) + (C- lim inf Wn) (w) 
n—>+00 n—+00 N—++00 

(see Definition 3.139). 


To see that these two inequalities may be strict, let X = R, y, = sin(nu) and 


Un(u) = —sin(nu) for all u € R and alln > 1. Then vy, y= 1, Un w= 1 


but (gn + Yn) = 0 for all n > 1. 


Solution of Problem 3.152 
Let X = R and consider the sequence y,(u) = nue~2""“ for n > 1. Evidently 


Yn —> 0 pointwise, but yr ae ip, where 
feel x 
- —ze 2 if u=0, 
e(u) { 0 if uX0. 
Next consider the sequence 
i= nue 2" if if n is even, 
oe Qnue2P"™ if if n is odd. 
We have y, —> 0 pointwise. On the other hand, 
= « 
([-liminf y,)(u) = { Rae : ee, 


N+ +00 
([-limsup Yn)(u) = { 
n—++0o 
So, we see that the sequence { $n },5 does not I-converge. 
Finally consider the sequence ypn(u) = nue™ for n > 1. Then yn Js yy, where 


0 if u<4Q, 
y(u) = —i if u=0, 
too if u>0. 
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On the other hand, y,(w) —> 0 for all wu < 0 and y,(u) —> +co for all u > 0. 


Solution of Problem 3.153 
Let (u,A) € epiy. By hypothesis we can find a sequence {Antns1 C R such that 


d\n — A and gy © lim inf yn (see Definition 2.88). We have u € ¢. So, we can 
n—>+Co 


find un € ye for n > 1 such that un —> u. We have (un, An) € epi vn for n > 1 and 
(Un, An) —? (u, A) and so 
epiy C liminfepi yn. (3.215) 
n—+00 


We will show that we also have 


limsupepiy, C epiy. (3.216) 


n—-+00 


Arguing by contradiction, suppose that we can find (u, 1) € limsup epi yy, and (u, u) ¢ 


n—-+00 


epiy. Then pu < y(u). Let (un,, ln, ) € EpiYn, for k > 1, be such that 


Un, —?> wu inX and fn, — pw mR. 


Let  € (u, p(u)) and let {An},51 CR be a sequence such that A,—A and yn ae 


y* (it exists by hypothesis). For k > 1 big, we will have Ln, < An, and so Un, € yr 


for all k > 1 big. Since y*” = y*, we obtain that u € y*, which contradicts the 
choice of A € (u, y(u)). This shows that (3.216) holds. From (3.215) and (3.216) it 
follows that 


: K : 
€plYn —> eply, 


SO Yn as y (see Remark 3.138). 


Solution of Problem 3.154 
From Definition 3.137, we have 


y(u) < liminfyn(u) < yu) Vue, 


so 
y(u) = lim inf Yn(u) Yue xX. (3.217) 


mr 


On the other hand, by hypothesis, we have 
lim sup Yn(u) < y(u) Vue X. (3.218) 


n—-+00 
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From (3.217) and (3.218) we conclude that y, — ¢ pointwise. 


Solution of Problem 3.155 
Let u € X. Since by hypothesis y, ie wy, according to Remark 3.140, given ¢ > 0, 
we can find VY) € N(u) (with M(u) being the filter of neighborhoods of wu) and 
no = no(€) > 1 such that 

|p(u) — aw Yn(v)| < 5 Yn >no, 


16) 
e(u)—§ < inf yn(v) < gn(v) VvEV, n> no. (3.219) 
vE Vo 


Since by hypothesis y, —> y pointwise, we can find n1 > no such that 
lyn(u)-(u)| < § 3 Vnem, 


so 
Yn(u)-—§ < v(u) Vn>n. (3.220) 


From (3.219) and (3.220) it follows that 
gn(u) -—€ < Yn(v) VuEew Vnin (3.221) 


(recall that nj > ng). Also, since by hypothesis each y,, is lower semicontinuous, for 
each n € {1,...,n1 — 1}, we can find V, € N(u) such that 


Yn(u) -—E < Yn(v) Vue, V ne {l1,...,n1—1}. (3,222) 


m4 
Let V = () Vn € N(u). Then from (3.221) and (3.222), it follows that 
n=0 


Yn(u) -—E < Ynlv) VuveV,n21, 


so the sequence { Pn },51 is equi-lower semicontinuous (see Definition 3.143). 


Solution of Problem 3.156 


(a) Recall that cly < y and cly is lower semicontinuous (see Proposition 3.59). So, 
we have 
cly(u) < liminfcly(un) < liminf y(un). 


n-+00 n—-+00 


This establishes property (a). 
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(b) Evidently, we may assume that clp(u) < +00. Let {An}ns1 C R be a sequence 
such that A, \, cly(u). Using Problem 3.149, we see that for every n > 1, we 
can find u, € Bi(u) for n > 1 such that 


An > (Un) Yue 1. (3.223) 
Note that u, —> u in X and 


limsupy(un) < lim A, = cly(u) 


n—+00 n+ +00 


(see (3.223)). This proves property (b). 


Solution of Problem 3.157 
Yes. Note that 0 € C,, for all n > 1. Also, suppose that un, € Cn, for all k > 1 and 
assume that un, —“;u in X. Then the subsequence {Un, }k>1 is norm bounded and 
so we can find c > 0 such that 


| ttn, Ia Se Vk>1. 


We have un, = Xn, ern for some Naz > 0. Hence Xn, | <c for all k > 1. Also, we 
know that en, —“+ 0. Hence Un, —“ 0 in X and so we conclude that 


(see Definition 3.149). 


Solution of Problem 3.158 


(a) Let u € X. Since yy, on y, according to Definition 3.149, we can find a sequence 
{Un}n>1 © X such that u, —> u in X such that 


lim sup Gp (tn) < y(u). 


n—-+00 


Then we have 
limsupmn < limsupYn(un) < y(u) Vue xX, 
n—--+00 N—+00 


SO 


limsupmyn < m 
nN—-+00 
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(b) Let {Un}ns1 G X be a sequence such that un € S, for n > 1 and up “ou. 


From Definition 3.149, we have 


y(u) < liminfy,(un) = liminfm, < limsupm, < m 
n— +00 n—>+co n—--+00 


(see part (a)), so y(w) = m and thus u € S and m, — m. 


Solution of Problem 3.159 

Suppose that X = [?, {€n}ns1 is the canonical orthonormal basis of X and 
C,, = conv {0,e, +€n47} for n > 1. So, if s denotes the strong topology on X 
and w denotes the weak topology on X, then we have 


C,. 2% {O} and C, Eset conv {0,e,}. 
It follows that 


s-liminf C, = {0} ¢ conv{0,e,} = wlimsupC, 
n+ +00 n—+00 


and so we cannot have Mosco convergence for the sequence {Cy},,51- 
al 


Solution of Problem 3.160 
Suppose that C;, “4 C. Then (a) holds (see Definition 3.149) and since 


C,hNK CC, Vn2l, 


we have 
w-lim sup(C, NK) C w-limsupC, C C, 
n—-+00 n—++00 
which shows that part (b) holds. 
Next suppose that (a) and (b) hold. We need to show that 


w-limsupC, C C (3.224) 


n—-+00 


(see Definition 3.149). So, let uw € wlimsupC,. Then we can find a subse- 


n—++00 
quence {nk}p>1 Of {N}n51 and Un, C Cy, such that un, “> u in X. Let 
K ={u}U{un, : k >1}. Then K is w-compact and un, € Cn, OK. So, according 
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to (b), we have that u € C, hence (3.224) holds and we can conclude that C;, ec. 


Solution of Problem 3.161 
“(a) ==> (b)”: Since u* € X* \ {0} and us © X* \ {0} for all n > 1, we can find 
6 > 0 such that 

luz. 26 Vn>l 


Let u € (u*)~1(\). We have (u*,u) —> (u*,u) = 2». So, given ¢ > 0, we can find 
no = no(e) > 1 such that 

\(ur,u) —A| < € Yn >no. (3.225) 
Note that the choice of 6 > 0 implies that 


[ (uz, u) — 0€, (ur, u) + be] Cc im (u;| 


Sse 
Hence from (3.225) we infer that 
(utJA)n(ut<By) #0 Vn>n, 


= (u*)'(A) © liminf(u*)71()). (3.226) 


n—-+00 


Next, let u € limsup(u*)~1(A). We can find a subsequence {Ne}eo1 Of {N}ps1 and 


n—-+00 


Un, € (ue,)~*(A) such that un, —> u. We have 
| (ung Une) — u)| < | (ur Un,» U np — U) + (un, — u*,u) | 
<[log lelltns a (uh, — wu) 


But (ux, Un,) =A for all k > 1 and so (u*,u) = A, that is, u € (u*)~*(A). Therefore 


lim sup(u%)~!(A) © (u*)71()). (3.227) 


n—- +00 


From (3.226) and (3.227) we conclude that 


“(b) ==> (c)”: It is obvious. 


“(c) ==> (a)”: We claim that the sequence {u;,},5,; G X* is bounded. Indeed, 


if this is not the case, then we can find a subsequence {up }x>1 Of {Un }p>1 Such that 


[|r ll k Vk>1 
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So, we can find u, € ¢B1(0) (where Bi(0) = {ue X: |lullx < 1}) for k > 1, such 
that u;, € (ux, )~+(1) and so 
0 € limsup(u*x)~1(1) = (u*)~1(1), 
n—--+00 


a contradiction. So, the sequence {u;},5, C X* is bounded. Given u € (u*)~+(1), 
let un € (ux)~1(1) for n > 1 be such that up, —+ u (see (c)). Then 


n 


(uns eu) — (ue, w) | 


< |(uy,U— Un)| + (up, — u*, un)| + [(u*, un — u)| —> 0. 


So, the sequence {u7,},,; converges pointwise to u* on (u*)~'(1). Exploiting the 
linearity of uy,, we have pointwise convergence of {u7,},51 to u* on (u*)—1(X) for all 
A € R\ {0}. Since the sequence {u7,},5, C X* is bounded and converges pointwise to 
u* on a norm dense subset of X (the complement of ker u*), we must have pointwise 


w* : 
convergence on all X. Therefore u; —> u* in X*. 


Solution of Problem 3.162 . 
“(a) ==> (b)”: Evidently the sequence {u7,},,, C X* is bounded and uj, Sut, 
So, from Problem 3.161, we have 


(ut)-1() “S (u*) 10), 
” (u*)“H(A) C slim inf(uy,)~"(A). (3.228) 


On the other hand, let wu € w—limsup(u*)~!(A). Then we can find a subsequence 
N—++00 


{Nk}es1 Of {M}ys1 and un, € (uy )~1(A) for all k > 1 such that un, “> u in X. 


Nk 
Since by hypothesis u;,, —+ u* uniformly on w-compact sets of X, we have 


A= tly) — (u*,u), 


so A = (u*,u), that is, u € (u*)71(A). Hence 


w-lim sup(u*)—1(A) © (u*)71(). (3.229) 


n—- +00 


From (3.228) and (3.229), we infer that 


“(b) ==> (c)”: This is obvious. 
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“(c) => (a)”: Since (ut)~!(A) 74 (u*)-1(A), we have (u*)-1(A) 23 (u*)-1(A) and 
so Problem 3.161 implies that the sequence {u;,},5, C X* is bounded and uj, ut 


am, (uns Un) ? 


in X*. Suppose that un, —> u in X. We need to show that, if 7 = 


then 77 = Cu"). 
Let v € X be such that (u*,v) = 1—7. From Problem 3.161, we know that we 
can find v, € (ux)~1(1 — n) for n > 1, such that v, —> v in X. Then 


(ux ,Un +Un) —> n+1l—-n = 1. 
So, we may assume that (u*,uUn+ Un) #0 for all n > 1 and therefore we can define 


i Vne21. 


In Takin Fen) 


Then 
n(Un + Un) —} gy tbe an X. 


Since (tn + Un) € (ux)~!(1) for all n > 1, from the hypothesis, we have 
uty € (u*)—1(1), so (u*,u+v) =1 and thus 


(u*,u) = 1—(u*,v) = 1-147 = 7, 


which is what we wanted. 


Solution of Problem 3.163 
From Theorem 3.150, we know that 


+» M * 
Yon —7 f- 


Hence, given u* € X*, we can find a sequence ux —> u* in X* such that 
Pnr(un) —> gr (u*), 


SO 
inf (Pn — Un) = —97(u,) — —-y*(u*) = inf (p — u") 


(see Definition 3.83). 


Solution of Problem 3.164 
From Problem 3.140 we know that 


CG, Ce &s 4, =i, (3.230) 


Cn 
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Since 1% = 0,,,(-) for n 2 1 and 7%, =o, from Theorem 3.150, we have 


ig, big <> 06,0) a. (3.231) 


But note that for every n > 1 and every u*,v* € X* we have 


loc, (u*) — Ge, (v*)| < [lu —v*]]s sup |lyllx = Vn 1, 
yew 


so the sequence (aC) boss is equicontinuous (see Definition 1.1.83). Thus, from 


Proposition 3.144 we have 
Fo, (+) x og = 06,(-) — oe pointwise. (3.232) 


From (3.230), (3.231) and (3.232) we conclude that 


Solution of Problem 3.165 
“+”: Suppose that yy at yp. Let (u,A) € w-limsupepiy,. Then we can find a 
nN—+00 


subsequence {ng }p51 Of {N} ps1 and (Un,z,An,) € ePiYn, for k > 1 such that 


(Unz>An,) —?> (u,ArA) in Xy xR, 


with X,, being the Banach space X furnished with the weak topology. Since yy, el YQ, 
we have 


p(u) < liminf yp, (un,) < A, 
k->+00 


so (u, A) € epiy and thus 


w-lim supepign C epiy. (3,233) 


n—-+00 


Let (u, A) € epiy. Then y(u) < X. Since Yn, x y, we can find a sequence {tn},51 © 
X such that u, — u and 

Yn(un) —> vu) 
(see Definition 3.149). Let An = Yn(un) + (A— y(u)). Evidently (un, An) € epi Yn for 
n>. Then (un, An) —> (u, A) and thus 


ee ae i 
epiy C s-lim inf epi Yn. (3.234) 


From (3.233) and (3.234) we infer that epi yp, EL epi y. 
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14 


<=”: Suppose that epi vy, Ba epiy. Let {Un}ns1 C X be a sequence such that 
Un —> uin X. Then (un, Yn(Un)) € epigyn. We assume that lim inf Yn(Un) < +00 
n [o.e) 


and consider a subsequence {Un, }x>1 Of the sequence {un}, 51 such that 


maf a(n) = Li Pa ltn) = > 


Then (tn,, Png (Un, )) —> (u,A) € Xw x R and so (u, A) € epiy, hence 
p(u) < A = liminf y(u,). (3.235) 


n—-+00 


On the other hand, let u € X. Suppose that u € dom y (or otherwise there is nothing 
to prove). Then (u, p(w)) € epiy and so we can find (un, An) € epigvn for n > 1 such 
that (tn, An) —> (u, y(u)) in X x R. We have 


Qn(un) < An Yn21, 
so 


lim sup Yn(tin) < y(u). (3.236) 


n—>+00 


From (3.235) and (3.236), we conclude that yn * yp (see Definition 3.149(b)). 


Solution of Problem 3.166 


(a) Let ue€ oe ys. Then we can find a subsequence {Neher Of {N}ns1 and 
N—+>-+O0o 


Un, € pr for k > 1 such that un, “+ u. Since Yn Pa y, from Definition 3.149, 


we have 
p(u) < liminf yp, (un,) < A, 
k—-+00 
so u € y*, thus 
w-limsupy? C gy. (3.237) 
N—+-+00 


Next, let u € y. First we assume that y(u) < r. Since Yn ous vy, from 
Definition 3.149, we know that we can find un, —> u in X such that yr(un) — 
p(u) < A, hence un € s-lim inf yA. Therefore 

nN—-+00 


dC 6 liminf or 
gre slim inf yy. (3.238) 


Now assume that y(u) = A. By hypothesis m = inf yp <x. So, we can find v € X 


such that y(v) < y(u) = A. Let y, = (1— ¢)ut Zu for all k > 1. The convexity 
of y implies that 
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So, from the first part of the solution we know that we can find y; € ys such 
that yy —> yz as n — +00. Also, we have y, —+ u. Therefore, we can find a 
map n+—> k(n) increasing (not necessarily strictly) to +00 such that Yen yu 


in X. Let J, = Yen +e gy for n > 1. Then J, —> u € s- —lim ninf gp and so again 
we have (3.238). From (3.237) and (3.238), we conclude ete 


») M 
Pn —-? yp. 
(b) Let u € domy and let \ = y(u) < +00. By hypothesis, we can find un € y? for 
n >1 such that un —> u in X. We have yn(un) < 2 for all n > 1 and so 


limsup Yn(tn) < plu) = A. 

n—-+00 
Next, let (un,An) € epign for n > 1 and assume that (un, An) —> (u,A) in 
Xw XR (here X,, denotes the space X furnished with the weak topology). Then, 
given € > 0, we can find no = no(e) > a such that An < A+ for all n > no. So, 


un € yAté for all n > no. Since uz —> u in X, we have ue w- ee c= 
nm Co 


y*t* (by hypothesis). Hence 
plu) < Ate. 


Since € > 0 is arbitrary, we let « \, 0, to conclude that y(u) < X, that is, 
(u, A) € epiy. Therefore 


w-lim supepiy, C epiy, 


n—-+0o 


SO Yn a y (see Problem 3.165). 


Solution of Problem 3.167 
No. We cannot drop the hypothesis that m = inf y < 2. To see this consider the 


following example. Let X = R and consider the functions 


4 if u=0O, 


= > 
Pn(u) is if n£0 Yn? 4 


and ~(u) = 649}(u). Evidently gn x“ y, but v? = @ for all n > 1, while y® = {0}. 
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Solution of Problem 3.168 
No. The result of Problem 3.166(b) fails if we have p> & y* only for A > inf yp. To 


see this, consider the following example. Let X = R and consider the functions 


=1+1 if w=0, 
n > 
ew) = 1 jot tea | WNP! 
= 0 if u=0, 
e - +oo if u¥0. 


For all \ > 0, we have yA = y* = {0} for n > 1, but y, does not converge to y in 
Mosco sense. 


Solution of Problem 3.169 
From Problem 3.140 we know that tee en ig. We show that 


etic, “S ptic. (3.239) 
To this end, let u € X and let u, —> u in X be such that 
lim supi., (Un) < ig (u), 
n—- +00 


lim sup (Y(Un) +g, (un)) < y(u) +ig(u) (3.240) 


n—++0o 
(recall that y is continuous). Next, suppose that uy, —» u in X. The convexity of y 
implies that y is weakly lower semicontinuous. Hence we have 

lima (2+ fc.) (tn) > aunt on) + im af (¥) 
> y(u)t+i,(u) (3.241) 
(since ig, aay ig; see Definition 3.149). From (3.240) and (3.241), we conclude that 
(3.239) holds. 
Let 
Sy = {weCy: m,=ylu)} V nol, 

S = {ueC: m=p(u)}. 

By the Weierstrass theorem (see Theorem I.1.75), we have that S, 4 @ for alln > 1 


and S 4 0. 
Let wu € C and let {un},,5, G X be a sequence such that uv, —> u in X and 


lim sup(y + tg, (un) < (p+ig)(u) < +00 


n—>+00 
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(see (3.239)), so 
(pt+ic, )(un) < co Vn21, (3.242) 


for some co > 0. Let uv, € S, for n > 1. Then 
(p +i, (Yn) < Co Vn > 1. 


so 
pl(tn) < co Vn21, 


thus the sequence {v,},5, CG X is bounded (since ¢ is coercive). So, by passing 


to a suitable subsequence if necessary, we may assume that v, —> v in X (by the 
Alaoglu and Eberlein—Smulian theorems; see Theorems I.5.66 and 1.5.78). From Prob- 
lem 3.158(b), we have that v € S and m, —> m. 


Solution of Problem 3.170 
We have 
g(u) > collullz —|lu*llzllula  WVue dH, 


for some co > 0, so is coercive (that is, p(w) —+ +00 as ||ul|qH — +00). Also, 
y is strictly convex and continuous. Then we know that S and S,, (for n > 1) are 
nonempty and because of the strict convexity of y, they are singletons, let us say 
S = {u} and S, = {un} for n > 1. From the solution of Problem 3.169, we have 


Un —> u in dH. (3.243) 


We have 


sO 


(un) S plu) — (ui,tin =U) + (Un =U, U) + §llun — ull, 


for some c > 0 (because a is coercive), so 


My — M+ (U*,Un — U) py — (Un — UU) > §|lun — ullz Vn 2, (3.244) 
From Problem 3.169 we have m,,—> m. Also, because of (3.243), we have 
(u", Un —tU)y —> 0 and a(tu,n—u,u) — 0. 


Therefore from (3.244) we conclude that u, — u in H. 
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Solution of Problem 3.171 
From Problem 3.151, we have 


[- limi inf gn + T- lim infw, < T-liminf(yn + Yn), (3.245) 
—>+-oo n—++co 
T- mM spl = bs) < T-limsup gy, + T-limsup Wy. (3.246) 
n—++oo n—+o0o n—>+oo 


From the pointwise convergence of the sequence, we have 


lim (Yn + %n) =yty 


N—-+00 
= T[-limsupy, +I-limsupy, > T-lim sup(Pn + Un) (3.247) 
n—+o00 n—+00 N—> +00 


(see (3.246)). Also, we have 
ety = P-liminfy, +Tliminfyn < T-liminf(n +n) (3.248) 


(see (3.245)). From (3.247), (3.248) and Proposition 3.141(b), we conclude that 
rE 
Yn +n — p+. 


Solution of Problem 3.172 
“——>”: Suppose that y < I- lim i inf Yn and K CRN is a compact set. Given € > 0, 


we can find y, € K for n> 1, ee that 


n(n) < infynte Vane (3.249) 


Since the set K is compact, passing to a subsequence if necessary, we may assume 
that yn —> y © K. We have 


([-liminf y,)(y) < liminf yp(yn) < lim inf (inf Yn) +é 


n—-+00 n—-+00 n—-+00 


(see Definition 3.139 and (3.249)), so 


inf p < yly) < lim inf (inf yn) + €. 


n—->+00 


Because € > 0 is arbitrary, we let ¢ \, 0 to conclude that 
; < limint(; 
ee SR on): 
“2”: Now, suppose that for every compact set K C R%, we have 


infy < liminf(inf ¢,). 
inf y imin (in Yn) 


N—-+00 
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According to Remark 3.140, we have 


([-liminf y,)(u) = supliminf(_inf y,). (3.250) 


n—-+00 r>0 n—-+00 B,(u) 


But B,(u) is compact in RY. So, by hypothesis, we have 


cae < ere 
thus 
Bay’ < Case) 
(see (3.250)) and hence 
y(u) < (l-liminf yn) (u) 


n—-+00 


(since y is lower semicontinuous; see Remark 1.2.47). 


Solution of Problem 3.173 
“=”: Suppose that inf Yn — inf y. Let ¢ > 0 be given and choose u € R™ such 
R R 
that 
. E 
y(u) < Si ae (3.251) 


Since by hypothesis yy, sey wy, we can find a sequence {Unhnd1 C R® such that 
Un —> u and 
lim sup Yn(tn) < y(u) (3.252) 


n—-+00 


(see Definition 3.137). Let K = {u}U{un: n> 1}. This is a compact set in RY. 
We have 
inf n < Pnltin) Vn>1, 


so, we can find n; > 1 such that 


Yneny (3.253) 


wim 


inf en < p(u) + 


(see (3.252)). Also, since by hypothesis inf Yn — inf ~y, we can find ng > n, such 
R R 


that 
ae < a Ynt+§ Vn>no. (3.254) 


Then from (3.251), (3.253) and (3.254) we have 


inf Pr < inf Yon + € Vneno. 
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“<—”: From Problem 3.142 (see also Problem 3.158), we have 


lim sup(inf yn) < inf yp. (3.255) 
R 


n>+oo RN 
By hypothesis, given ¢ > 0, we can find a compact set K C RY and no > 1 such that 
inf Oe Ss inf Yn te Yn > no. (3.256) 
Note that y is lower semicontinuous (see Problem 3.147). So, we can use Prob- 


lem 3.172 and have 


, ae seca va ee 
nk Sami ss Tm ntti Pn) Tn int (int a) he 


(see (3.256)). Since € > 0 is arbitrary, we let « \, 0 and have 


inf < liminf(inf y,,). (3.257) 


N>+00 RN 


From (3.255) and (3.257) we conclude that amd Yn — inf. 


Solution of Problem 3.174 
Using Remark 3.140 we have 


~ = supliminf inf y, = supliminf inf = @(-u 
Pe Sp aioe Bry? — Tb nites pee en — PW) 


(where B,(u) = {vu € X: ||v—ullx <r} and since y,, are even), so ¢ is even. 


Similarly for @, since 


g@ = suplimsup inf gp. 


r>0 n—>+00 Br(u) 


The result fails for odd functions. To see this, let X = R and let 
Yn(u) = ucos(nu) Vw > 1, 
Clearly y,, is odd for all n > 1. Let 
y(u) = —|ul YVueR. 


Directly from Definition 3.139 we have yy 5 y and y is not odd. 
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Solution of Problem 3.175 
Consider the sequence {i,, }n>1. According to Proposition 3.141(c), we can find a 
subsequence {tien }n>1 Of {i,, }n>1 and a lower semicontinuous function y: X —> R 
(see Problem 3.147) such that 

if 

ton, > Y 


Evidently imy C {0,+o00}. Hence we can find a set C € Py(X) U {0} such that 
yp =t,. Then 


i — io, 


Cny 


so Cn, ml @ (see Problem 3.139). 


Solution of Problem 3.176 

From Remark 2.89 and Problems 2.134 and 2.135 (recall that X is finite dimen- 
sional), we obtain that conditions (a) and (b) are equivalent. But for each n > 1, 
the function dist(-,C,,) is nonexpansive (that is, Lipschitz continuous with Lipschitz 
constant 1). Hence {dist(-,Cn)},51 is a sequence of equicontinuous functions (see 
Definition [.1.83). Invoking Proposition 3.144, we obtain that conditions (b) and (c) 
are equivalent. 


Solution of Problem 3.177 
“(a) ==> (b)”: Assume that yn Be y. From Theorem 3.150 we know that 


x Mx 
Then according to Definition 3.149, we can find subsequences of {Un },51 and {Uy} ast 
such that 
— u in X*, 


U, —> u nX, wu, 


Pn(Un) —> plu) and Yp(un) —> y*(u"). 


“(b) —> (a)”: Suppose that wu, > u in X. By hypothesis for every u* € X*, we 
can find a sequence {ur,},,51 © X* such that uy, —> u* in X* and yj, (uz) —> y*(u"). 
We have 

Yn = (fn)  Vn2a 


(see Theorem 3.85) and so 


(Uns Un) — Pn(Un) S Pn(un) Wael 
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(see Definition 3.83). Hence we have 


(ut,u) — e"(u") < liminf yn (un). (3.258) 

Since u* € X™* is arbitrary, from (3.258) and Theorem 3.85 (recall that y € T'o(X)), 
we have 

p(u) < liminf yn(un). (3.259) 


Nn—-+00 


From (3.259) and hypothesis (b), we infer that yy, mn y (see Definition 3.149). 


Solution of Problem 3.178 


(a) From Proposition 3.145(a), we know that yp me yp = sup, for the strong 
n>1 
topology. Therefore for every u € X, we can find a sequence {Un}n>1 C X such 
that u, —> uin X and 


Yn(tin) —> (wu). (3.260) 

From Proposition 3.84(c), we see that the sequence { Y), },51 CG To(X*) is de- 

creasing and so Proposition 3.145(b) implies that y*, =e io =el (inf 7) for the 
ne 


strong topology on X*. So, given u* € X*, we can find a sequence {Un}n>1 Cc Xx* 
such that ux —> u* in X* and 


n(n) —> el (inf p,)(u"). (3.261) 


From (3.260), (3.261) and Problem 3.177, we infer that y, zal SUP Yn. 
ne1 


(b) This is done similarly as part (a). 


Solution of Problem 3.179 


(a) Let the sequence {C,,},,51 be increasing (i.e., C, C Cri for alln > 1). Evidently 
the sequence {i,, }n>1 is decreasing. So, from Problem 3.178(b), we have 


with y = cl (inf i, ) =i, with C= LU Cy, so 


598 Chapter 3. Smooth and Nonsmooth Calculus 


and thus 


(see Problem 3.140). 
(b) This is done similarly as part (a), using this time Problem 3.178(a). 


Solution of Problem 3.180 ‘ 
Let u € C. Then dist(u,C) = 0. Since dist(-,C,,) —> dist(-,C), we can find a 
sequence {Un},5, C X such that u, —> u in X and 


dist(un,C) —> dist(u,C) =0 (3.262) 
(see Definition 3.149). Let c, € C,, for n > 1 be such that 
lun —n|lx < dist(un,C,) ++ Vn21. 


Then 
un — Cn|llx —> 0 


(see (3.262)), so 
C, —> u inX, withc, € Cy, 


thus 
u € s-liminfC;,. (3.263) 
n—+-+00 
On the other hand, let u € w-limsupC,. Then we can find a subsequence 


N—-+00 


{Nk}es1 Of {N}ns1 and Un, € Cn, for k > 1 such that un, “su in X. Since 
dist(-, Ch, ) a dist(-,C), we have 


dist(u,C) < lim inf CSE ties Cry) 
so dist(u,C) = 0, hence u € C and thus 


w-limsupC, C C. (3.264) 


n—-+00 


From (3.263) and (3.264), we conclude that C, og. 
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Solution of Problem 3.181 — 
Since C,, “4 C, we have i, “ ig (see Problem 3.140) and so 


: M : 
Cale) = i. (-) Le =, 


n 


(see Theorem 3.150). Note that for every n > 1, we have 
dist(:;Cn) = (tc, G|I-Ilx) 


(see Definition 3.87), so 


dist(-,Cr)* = i +(-(" = + te (3.265) 


Cc, 


(see Proposition 3.89(a); here B; = {u* © X*: |lu*|l+ <1}). If ut 5 u* in X*, 
then 


reas Us Cn) An) 2 ATREEE Pen in) + Os og in) 


> ap (ut) + ig, (u*) (3.266) 


(since a, (+) x“ O,; see Definition 3.149 and ioe € To(X*)). 


On the other hand, because o,,, ay O., given u* € X*, we can find a sequence 
{Un}n>1 G X* such that uy, — u* in X* and 


Oo, (Un) —* e(u") 


(see Definition 3.149), so 


: 
len leon ate) — |lu*lleoe( Tl) 


Iu* || 


(exploiting the positive homogeneity of the support function), thus 


* 


Cn (qaan) Golan) (3.267) 
= 1 for n > 1 and || 73 el ||, = 1, we have 


ees = 06,(met) — %(pee) = dist(pey.C)* — (3.268) 
(see (3.267)). From (3.266) and (3.268), it follows that 
dist(-,Cn)* 254 dist(-,C)*. (3.269) 


But the functions dist(-,C) and dist(-,C;,) for n > 1 are conrntous and convex. Then 
from (3.269) and Theorem 3.150 we conclude that dist(-, C,) = dist(-,C). 
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Solution of Problem 3.182 
For every n > 1, we set 


Calg) = inf (p(w, v) + nd, (v, u)). 
Clearly, we have 
Bw) < Gi(w,u) < --. < Pnlw,u) < Pntilw,u) < .-. < ylw,u) 

for p-almost allw € Q and allue R. Fixn>1,ue X and AER. Then 

{wEQ: Gr(w,u) < A} 

= proj, {(w,v) €Qx X: plw,v) +nd,(v,u) <r}, (3.270) 

with proj, denoting the projection of Q x X on (2. Let 

Ey = {@w,v)€QxX: plw,v)+nd,(v,u) <A}. 


Evidently E, € ©xB(X) and the Yankov-von Neumann—Aumann projection theorem 
(see Theorem I.4.65) implies that proj, £, € & (recall that ys is complete), so 


{wEQ: Gr(w,u) <A} EX Ynu21 


(see (3.270)). So, for every n > 1 and every u € X, the function w +> @,(w,w) is 
measurable. 
As in the solution of Problem 3.135, we obtain that 


\Pn(w, u) — P(w,u)| < nd, (u,v) foraa we, uve X 
and 
@n(w,u) 7 y(w,u) for p-aa.w EO, allue xX. 


In particular then each ¢,, is © x B(X )-measurable (being a Carathéodory integrand). 
Let {Un}n>1 be an increasing sequence in Co(X) which converges pointwise to 1. We 
set 

Yn(w,u) = inf {nvn(u), Pn(w,u)}. 


Evidently the sequence { Yn bast is the desired sequence of integrands. 


Solution of Problem 3.183 
From Problem 3.182, we know that there exists a sequence { yn tnd1 of Carathéodory 
integrands on 2 x T such that 


0 < gnrlz,u) < n forpaa ze, aluceT, n21, (3.271) 


Yn(z,-) € Co(T) YVzeE€Q and gy, ¢. (3.272) 


3.3. Solutions 601 


From the monotone convergence theorem, we have 


| vu = lm J nae. 
n—++00 


QxT QxT 


Since yy, € L'(Q;Co(T)) for all n > 1 (see (3.271) and (3.272)), we see that the 
functions 


€ +> i (on d& are w*-continuous on SY(Q, T; 1) 
QxT 
(see Remark 3.165), so the function € ++ f pd€ is w*-lower continuous on 
QxT 
SY(Q, T; 1). 


If we drop the hypothesis that y > 0, the result fails. To see this, let T = R, 
y(t) = —1 and t, =n. Then 6, —+>A=0, but fydA=0> lim f pdé,, =—1. 
T N+ +00 mp 


Solution of Problem 3.184 
Let y € Ko(Q, 4; T) and let o(y)(z) = y(z,-). By definition, for all z € , o(y)(z) € 
Co(T). Consider the map 2 3 z+ o(y)(z) € Co(T). We claim that it is measurable. 
To this end, let {wn}, 31, GC T be a dense sequence. Then for every h € Co(T), we 
have 

llo(e)(2) — Alleoery = sup lolz, tn) — h(in)| 
so the map z+ ||o(~)(z) — Alcor) is H-measurable for all Co(T). The space Co(T) 
is separable. So, it follows that the map 2 5 z ++ o(y)(z) € Co(T) is strongly 
measurable (see Definition 1.35). Moreover, we have 


| lo) @leacry de < +00, 
Q 


so a(y) € L'(Q;Co(T)). Hence the map a: Ko(Q, 5; T') —> L'(Q; Co(T)) is injective. 
Let f € L1(Q;Co(T)). Then f = o(y) with y(z,u) = f(z)(u). Therefore o is in 
fact a bijection. 
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Solution of Problem 3.185 

“+”: Suppose that the set D C Y(Q,T; yw) is uniformly tight (see Definition 3.168). 
Then according to Proposition 3.170 there exists an inf-compact (see Remark 3.171) 
measurable integrand w~ > 0 such that 


0< B= apf [ wemet \(du) duu < +00. 
€ED 
We define 

F(Z) = = 40 ET: wW(z,u) ae < Eh. 
Then since w is a measurable cans integrand, it ie that F; is a measurable 
multifunction with compact values. Also for every € € D we have 


? fs (T \ F.(z)) dp < J [ eemee )(du) du < B. 


“<==”: Let en = a for n > 1. We can always assume that the sequence 
{Fe, = Fr}ns1 is increasing. Set Fo = and define 
2° if ué FL (2) \ F-1), Ya 1, 
W(z,U) = 4 +00 if ug U Fa(z). 
n2>1 


Then clearly ~ is a measurable inf-compact integrand and 


apf f Hemel )(du) du < +00, 


€ED 


so the set D C Y(Q,T; 4) is uniformly tight (see nee 3.170). 


Solution of Problem 3.186 
According to Definition 3.168, given ¢ > 0 we can find a compact set AK, C T such 
that 


supé(Q x (T\ Kz)) < e. 
€E€D 


We set Y = X-\x,- Then is lower semicontinuous (since the set T’\ K. is open) and 
yp > 0. Also, if € € Y(O,T; 1), then 


| ptu)dE ce = EO x(T\K.)) < &. 
QxT 
Therefore by Problem 3.183 we see that, if € € D”, then 
€(Q x (T\ Kz) <e 
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so D” is uniformly tight. 


Solution of Problem 3.187 
(a) Let w(z,u) = |u| for all (z,u) € 2 x R%. Evidently this is a measurable, inf- 
compact (see Remark 3.171) integrand and 


sue / W(2,tin(2)) de = sup lfunll aga < +90, 


n>1 


so the sequence {du, }ns1 C Y(Q, T; 1) is uniformly tight (see Proposition 3.170). 


(b) Since by hypothesis un —“> u (see Definition 1.11), given « > 0, we can find 


no = No(E) > 1 such that 


u({|un —u] >1}) < e VYn2>no. (3.273) 
Choose 7 > 1 big such that 
—u| > < €. : 
jax wun ul >n}) < e (3.274) 
Then from (3.273) and (3.274), we infer that 
ur Mun — ul > nf) < (3.275) 
Let F(z) = {v€R®: |v—u(z)| <n}. Evidently F. is measurable with com- 


pact ue and we have 


wp [8a (LD \ Fe(z)) du = supp ({|Un(z) — uz) > nt) < € 
n2>1 


n>1 


(see (3.275)), so the sequence {du,}ns1 C V(Q,T;“) is uniformly tight (see 
Problem 3.185). 


Solution of Problem 3.188 

“+”: This implication is immediate, since x,y is a measurable integrand on ( x T, 
for all z € 2, x, (z)y(-) € C,(T) and the map z+ > ||x,4(z)¢(-)Ilo,7) is in L'(Q). So, 
the implication follows from Definition 3.167. 


“<—”: Exploiting the density of CU;(T) in Cy(T), we see that the map€+> | sdé 
QxT 
is continuous for every simple function s € L'(Q;C;(T)). The result follows from 


Definition 1.38. 
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Solution of Problem 3.189 
(a) We fix d > 0 and let yg = max{ y,—d}. Since yg > —d, we have 


/ (va(2,2)+d)aé < limint ‘| (val, tm(2)) +4) ds, 


m—>+00 
QxT Q 
SO 
| ealesn) ag < timint fale, um(2)) de (3.276) 
QxT Q 
If we let d = O, then from (3.276) and the uniform integrability of 


the sequence {9 (-,Um(-)) }ims1 © L'(Q), we conclude that the sequence 
{pt (-,Um(-)) lea L*(Q) is bounded and so 


pt (z,2)d& < +00. 
QxT 


(b) Let Dma = {z€Q: —(z, Um(z)) < —d}. We have 


/ p(Z,tm(z)) <0 Vm, 
Dm, 


SO 


i eC in~ / P(t) tin() dup <0 Vm>1. 
Dm, Dyna 


Exploiting part (a) and the hypothesis, given ¢ > 0, we can find d > 0 big, such 
that 


-ex< / Y(Z,Um(z))du < 0 Yim 1. (3.277) 


Dyna 


Note that 


Therefore 


[Gum dn= fi eleum(e)) de fh eCesum(2)) dn 


Q Dm id Q\Dm,a 


/ 1o(2, then (2)) de + / pal? ttm(2)) dp 
Dmm,d NDin,d 


J eleum(e)) det f galerum)du— f ealzstm(2)) dn 


Dm,d Q Dima 
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> i 1o(2, then (2)) de + / pal? ttra(2)) dp 
Dm,d Q 


> [ ¢ale.um(2)) du =e Ym2>1 
Q 


(see (3.277)), so 


limint f(z, um(2)) dt = timint f yale, um(2)) dus —€ 


m—-+oo m—->+oo 
Q Q 
> | vale.2) dg -« > [ eGx)ag-e 
QxT OxT 


(since d,,, > € and y < vq). Let €¢ \, 0 to conclude that 


m—--+co 
QxT Q 


/ elna\ae = Unter i; erin Didi 


Solution of Problem 3.190 
Apply Problem 3.189 to y = ¢ and to y = —@. 


Solution of Problem 3.191 

The uniform integrability of the sequence {un}, 5, implies that it is 1+(0;R™)- 
bounded (see Problem 1.7). Then Problem 3.187(a) implies that the sequence 
tea = Sunt) test of Young measures is uniformly tight. So, by Theorem 3.172 and by 
passing to a suitable subsequence if necessary, we may assume that 


En ie 


(see Definition 3.167). Let h € L®(Q) and set G(z,r) = h(z)x. This is a 
Carathéodory integrand and the sequence {(-,uUn(-))}nsi © L+(Q) is uniformly in- 


tegrable (see Definition 1.18). So, from Problem 3.190 we have 


n—-+00 


lina / ieouode= / h(z)( / wé(2)(de)) dys. 
Q 
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Then the barycenter u(z) = f x€(z)(dx) is the w-limit in L'(Q;R™) of {Unkn>1 
R™ 
(that is, up > u in L1(Q;R™)). 


Solution of Problem 3.192 

Arguing componentwise if necessary, we may assume without any loss of generality 
that m = 1. We consider G(z,r) = O(z)x with 0 € C.(Q). Since uw, —> wu in 
L?(Q) we have that the sequence {((-, Un(-))}ns1 © L+(Q) is uniformly integrable 
(see Theorem 1.28). So, by Problem 3.190, we have 


[ede = tim, [o(e)un(2)dn = faeule) dy, 
Q Q 


OxR 


sO 


thus 


Solution of Problem 3.193 
“(a) ==> (b)”: Let ¢ > 0 be arbitrary and define 


- _ f -1 ifd,(z,u(z)) Ze, 
oe { 0 otherwise, 


with d, being the metric on T. Evidently ¢ is a measurable integrand such that for 
p-almost all z € 2, G(z,-) is lower semicontinuous and it is bounded below. Since 
Sun (-) — 6x.) (see Definition 3.167), from Problem 3.189 we have 


Om [ eeue) au < timint [ (2, un(2) di, 


n—-+00 
Q Q 


lim p{(z€Q: d,(un(z),u(z)) >e)} = 0, 


n—-+00 


hence tp, —> u (see Definition 1.11). 
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“(b) ==> (a)”: Let D € ¥ and w € UC(T) (where UC(T) denotes the space of 
uniformly continuous functions on T’). Given 7 > 0, we can find ¢ > 0 such that 


\b(x) —p(2')| <n, when d,(a,2') < «. 


Then we have 


Solution of Problem 3.194 
We need to show that for every A > 0, the set 


Ly = {ue X: mu) <r} 


is closed. So, let {Un}ns1 C Ly be a sequence such that u, —> u in X. Because 
the set Op(un) C X* is w*-compact and the norm is w*-lower semicontinuous, by the 
Weierstrass theorem (see Theorem 1.1.75), we can find u* € Oy(un) such that 


“I,  Wnel 


Recall that Og: X —+ 2*"\{@} is upper semicontinuous from X with the norm topol- 
ogy into X* with the w*-topology and has w*-compact, convex values (see Propo- 
sition 3.128). So, from Problem 2.56, we infer that the sequence {uy}, C X* is 
relatively w*-compact. Thus, we can find a subnet {u3}ger of the sequence {uy} ,51 
such that : 
Uz => u* in X’. 

Then u* € Oy(u) (see Proposition 2.43) and |lu*||, < A. Hence m(w) < A and so 
u € Ly. This proves the closedness of L,, hence the lower semicontinuity of m. 


Solution of Problem 3.195 
First let m = 1. We set 


P(u) = inf (p(v) + kylv — ul). (3.278) 
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Note that if h € C, then @(h) < y(h). On the other hand, from (3.278), we see that 
pth) < plv) +k,|v — hl Vvec 


and so y(h) < ¢(h). Therefore ¢|, = y 
If u,y € RN, then 


Plu) < (ov) + ke(lu— yl +ly—ul)) = Bly) + kely— ul. (3.279) 


Similarly, we show that 


inf 
vEC 


Oy) < Plu) + kylu— yl. (3.280) 
From (3.279) and (3.280), we infer that 
IP(u) — PY)|_ < kelu—yl, 


that is, @ is Lipschitz continuous. 


In the general case m > 1, we have y = (¢1,.--,%m) with yer: C — R be- 
ing Lipschitz continuous for k € {1,...,m}. Using the first part of the solution, each 
yp admits a Lipschitz continuous extension ¢,: RN —+ R, for k € {1,...,m}. We 
set G = (G1,...,m). Then @: RN —> R™ is a Lipschitz continuous extension of ¢. 
Moreover, for every u,y € R‘, we have 


|P(u) — BY)P = SU1Pe(u) — Ge(Y)P < mega — yl? 
k=1 


(from the first part of the solution), so 


|P(u) — By)| < Vinkg|u — yl, 
thus kg < /mkz,. 
Remark. In fact we can have a Lipschitz extension @ of ip such that kg = ky. The 
result is known as the Kirszbraun theorem and can be found in Federer [10, p. 201]. 


Solution of Problem 3.196 

We already know that W'°(RY) C C°1(R) (see Remark 1.124). From Theo- 
rem 1.125, we know that every function u € W'°(Q) admits an extension to a 
function in W'%(R%). Also, from Problem 3.195, we know that every Lipschitz con- 
tinuous function on Q admits a Lipschitz continuous extension on all of R‘. Finally 
note that the restriction of an element of W''®(RY) (respectively of C°!(R%)) on Q 
is an element of W'°(Q) (respectively of C°1(Q)). This completes the solution of 
the problem. 
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Solution of Problem 3.197 

Clearly @ is convex and dom ¢ # @. If we show that ¢@ is also lower semicontinuous, 
then ¢ € [9(H). So, let {un},51 GC H be a sequence such that u, —> u in H 
and without any loss of generality, we may assume that im P(un) = m exists and 


m<-+oo. Let a > mand b > |lup||w for all n > 1. Then there exists no > 1 
such that un € Ca» for all n > no. By hypothesis the set Co is bounded in X 
and so we have u, —> u in X (recall u, —> u in H). Since y € To(X), the set 
Ia = {y EX: oly)< a} is closed and convex and so u € La. Since a > im p(Un) 


is arbitrary, it follows that 


Baa & 4 oe eae 
Plu) = lu) < lim (un) = liminf (un), 


so @ €To(H). 


Now assume that y is Gateaux differentiable at u € intdomy C X. Let 
u* € OP(u). Then by definition 


(u*,u-—u)y < G(v) — Glu) Vue d. 


Let v=utth,t>0,he xX. Then 


+ (u*, A) py < + elutih)- oly) Vt>0, he xX, 


(u*,h)y = (y'(u), h) VhEeX, 


thus 
dG(u) C {u-eH=H": (u*,h)y =(¢'(u),h) for allhe X}. 


We need to show that the opposite inclusion also holds. So, let u* € H = H* 
be such that 
wwe = Wawa) VhEX. (3.281) 


From the convexity of y, we have 


p(ut+t(h—u)) = v(th+(1—t)u) < tp(h) + (1 — t)ye(u) 


sO 


elurith—w)e) < o(h)—y(u) Vte (0,1), REX, 


thus 
(u",h-—u)y = (y'(u),h — u) < y(h) — y(u) VheEex 
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(see (3.281)), hence u* € OG(u) and finally 
dG(u) = {ue H=H": (u*,h)y =(y'(u),h) for allhe X}. 


Solution of Problem 3.198 
Recall that the neighborhoods of +00 in R are all sets of the form (c, +00] with ¢ € R. 
So, if we define 
elu) = { if u>QO, 
t+oo if u<0, 


then y is convex and continuous at 0 € dom y \ dom y. 


Solution of Problem 3.199 
Yes. Let X = I? and let C C I? be the nonempty, closed (in fact compact), and 
convex set, defined by 


= {@= {un} € 1? + |un| < ge for all n > 1}. 
Let y: C —> R be defined by 
g(@) = S> (un t+ 4)? (3.282) 


Note that for every n > 1, the function 
1 
Yn(u) = —(u+gn)? Vue (gr, an) 
is continuous, convex and 


lpn(u)| < abr Vue (- Bh). 


Since )> TK < +00, it follows from (3.282) that the series converges uniformly and 
fie 2 

so yp is Sone and convex. We claim that Oy(u) = 0 for each @ = {un}as1 € C 

with u, > —sz for infinitely many n > 1. To see that, let e,, be the n-th element of 

the standard ‘orthonormal basis o I?. If @ € Op(@) with 7 = {Un}nsi © C such that 


U= {Un}nsy € C with un > —gn for infinitely many n > 1, then 


o(Gtten)—o(@) 


| 
= 
= 

/\ 


(@*,en) < Py (Gen) = lim 


1 
ara Vi > 1, 


—5(Un ss gn 
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a contradiction. Therefore 0p(%) = 0. 


Solution of Problem 3.200 
Let X = R?, q(u) = u?, C =epig, L = {(2,0) € R?: 2 € R} (the z-axis) and define 
yp = dc and w = 6,. Note that CN L = {0}. Also, we have Oy(0) = R_e and 


Ow(0) = Re with R_ = (—co, 0] and e = ( ) € R?. So, we have 


dp(0) + O4(0) & A(y~t+y)(0) = R’. 


Solution of Problem 3.201 
Consider the convex function y: H —> R defined by 


g(u) = Sllull — gllu—proi, wll Vue dk. 
From the definition of the metric projection, we have 
Ju +h—proj,(ut+h)|ly < |lut+h—proj,(u)|lz Vhed. (3.283) 
So, we have 


guth) = glut hile — 5ll(ut h) — proj, (u+ A)lli 
glu + hile — sll(u + h) — proj, (u) lz 


WV 


(see (3.283)), so 


guth)—y(u) > glut hile — allulliz 
—($ll(u+ h) — proj, (u)|I# — 3llu — proj, (u)|I%) 
> (u,h) py — (u— proj.u,h) 4 = (proj.(u),h) 7, 


(here (-,-);, denotes the inner product of H), thus 
y(u +h) — v(u) — (proj, (u), hls > 0. (3.284) 


Also, note that 
|[u — proj,(u)|lx < |lu— proj, (ut h)|lx. (3.285) 


Hence, we have 


guth)— plu) < slut hil — 5llullir 
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+($llu— proj, (u + h)|l% — 3ll(u + h) — proj, (u + h) II) 
< (ut+thh)y t+ (proj, (u + th) —u, oe : (3.286) 


for some t € (0,1) (see Theorem 3.16). Using (3.284) and (3.286) and recalling that 
proj,, is nonexpansive, we have 


0) < p(u + h) a p(u) ~~ (proj,,(u), A) 
< ((u+ th) — u,h) 7 + (proj,(u+h) — proj,(u), hb)» 
< 


tWlAllic + Wallis = (1+ t)|lAlliy, 


sO 


lim Tala (y(u t h) — y(u) (proj, (u),h) ,) = 0, 


thus y’(u) = proj,,(u) for all ue H. 


Solution of Problem 3.202 

Let Wp2(0, 1) = {u € W1(0,1) : u(0) = u(1)}. This is a closed linear subspace of 
W!2(0, 1) which is well defined (see Theorem 1.100). Therefore Wp2(0, 1) is a Hilbert 
space furnished with the inner product and consequently the norm of W1?(0,1). 
Consider the bilinear form a: Woe (0, 1) x Wer (0, 1) —> R defined by 


per 


1 
a(u,v) = [ewe tulv+uv)dt Vu,ve W}2(0,1). (3.287) 
0 


Using the Cauchy—Schwarz inequality, we see that 


Ja(u,v)| < elul||le] = Yuu e We(0, 1), 


with c > 0. Also, since 


1 
[vtuat = 5(u(1)? — u(0)?) = 0 Vue Wye (0, 1) 
0 


(by the integration by parts), we have 


a(u,u) > lu? Vue W22(0,1). 


So, we can use the Lax—Milgram theorem (see Remark 3.115) and find unique 
uo € Wex(0, 1) such that 


a(up,v) = 0 Wve W2(0,1). (3.288) 
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1 
Since W,7(0, 1) C Wye (0,1) and fugu dt = 0 for all v€ W,'7(0, 1) (by the integra- 
0 


tion by parts), we have 
1 
fuse’ +uov)dt = 0 Vue Wy’? (0, 1). 
0 


Recalling that ug € W—'?(0,1) = W,7(0, 1)* (see Theorem 1.140), we have 
(—ug +uo,v) = 0 Vue WwW, (0,1), 


so 
—uj+uo = 0. (3.289) 


Then from (3.287), (3.288), and (3.289), we have 
1 
[svat =O Vue Woa(0, 1), 
0 


so Up = 0. Hence uo = c € R and from the equation we have uo(t) = 0 for all 
€ (0,1). Therefore the periodic problem has only the trivial solution. 
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Chapter 4 


Degree Theory and Fixed Point 
Theory 


4.1 Introduction 


4.1.1 Degree Theory 


Degree theory deals with equations of the form y(u) = h on aspace X (finite of infinite 
dimensional). It addresses the questions of existence, uniqueness, or multiplicity of 
solutions and their distribution in the space. Moreover, it examines how sensitive are 
these properties to variations of y and h. 

We start with an outline of degree theory for continuous functions defined on 
subset of R“ and more generally for any finite dimensional normed space. 

In what follows Q C R% is a bounded open set. 


Definition 4.1 
Let p € C1(Q;RXN) A C(Q;RY) and up € QD. We say that up is a critical point of 
yg, if Jo(uo) = det y'(uo) = 0 (Jo(uo) is called the Jacobian of y at uo). Let 


Sy = {uEQ: Jy(u)=0} (the critical set of ). 


Also y(S.) is the set of critical values of p (or the crease of yp). Ifh ¢ y(S,), then 
we say that h is a regular value of vy. 


Next we recall the following important result concerning the critical values of y. 


Theorem 4.2 (Sard Theorem) 
If QCRYN is an open set and y € C'(Q;R), 
then N (y(S,)) =0, where XX denotes the Lebesgue measure on RN. 
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Remark 4.3 

In fact there is a powerful generalization of the above theorem to Sobolev functions. 
Namely, if p > N and u € W)?(Q;R), then for every measurable set D C 2, we 
have that the set u(D) C R% is measurable and 


D) < flue) de. 
D 
Definition 4.4 


If p € C1(Q;RX)NC(Q;RX) andh € RX \ p(OQUS,), then the degree of p at h 
with respect to Q is defined by 


d(y, Q, h) = S- sgn Jy(u), 
uey-*(h) 
where the sign function sgn is defined by 
1 if t>0, 
sgn(t) = G0 wy t=O, 
-1 if t<0. 


Remark 4.5 
From Problem 4.1 we know that since h ¢ y(S,), then y~!(h) is finite. 


Our first goal is to remove the restriction that h ¢ y(S,). This can be achieved 
with the help of Theorem 4.2 and of the next proposition in which the sum in 
Definition 4.4 is replaced by a suitable integral. 


Proposition 4.6 

If p € C1(Q;R%)NCO;RX), h € RY \ yp(OQUS,) and {Ec}eso is a family of 
mollifiers (see Definition 1. ao 

then there exists €y = €9(y,h) > 0 such that 


d(y, Q, h) = [ee deg 2)az V € € (0,€o]. 


Using this expression, we can show that d(y,,-) is constant for all regular values 
in a connected component of RN \ (dQ). We can use this fact to get rid of the 
restriction h ¢ y(.S,). Indeed by Theorem 4.2, for every ¢ > 0, we have 

B.(h) 1 (R™ \ 9(S,)) # 0 

(here Be(h) = {ye RN: |y—Al <ec}). Let ye € Be(h) M (R® \ v(Sy)). More- 
over, since y(OQ) C RX is compact and h ¢ y(OQ), by choosing e > 0 small, we 
can have B.-(h) N (OQ) = @. So, there exists y € RY \ y(OQU S,) such that 
ly —h| < dist(h, p(OQ)). If ly, — h| < dist(h, y(OQ)) for k = 1,2 are such that 
yr € R* \ (An U Sy) for k = 1,2, then yx € Baist(ngcan)) (2) S RY \ y(AQ) 
for k = 1,2. Since the set Baist(ncan))(h) C RY is connected, it is included in 
a connected component of R% \ y(0Q US.) and so by the initial remark we have 
d(y, Q, y1) = d(y, Q, yz). Therefore we have justified the following definition. 
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Definition 4.7 

Suppose that p € Cl(Q;RN) NA C(Q;RY) and h ¢ y(OQ). We define d(y,Q,h), 
the degree of » at h with respect to Q, to be the number d(y,Q,y) where 
y ERY \ p(OQUS,) such that |y — h| < dist(h, p(O0)). 


Now we are ready for the step in which we extend the definition of degree to 
all continuous functions on Q. So, let y € C(Q;R%). Using the Tietze extension 
theorem (see Theorem I.2.138), we can extend y to a continuous function ¢ on all of 
RY. Subsequently using mollifications, we obtain the following result. 


Proposition 4.8 
If p€C(Q;R%) ande > 0, 
then there exists pe € C@(RN;R%) such that 


lye(z) — p(z)| < € VzeEn. 

This approximation result together with the fact that the degree map from Defini- 
tion 4.7 is invariant with respect to C!-homotopies (that is, maps h: [0,1] x Q —> RN 
such that h(t,-) € C'(Q;R%) and A(t,-) —> h(to,-) in C'(Q; RY) as t > ty), lead to 
the following final definition of the degree. 


Definition 4.9 
Suppose that p € C(Q;R) and h ¢ y(0Q). We define d(yp,,h), the degree of y at 
h with respect to Q, to be the number d(,Q,h) for any wy € C1(Q;R) such that 


|2b(z) — y(z)| < dist(h, p(0Q)) VzENn. 


Remark 4.10 

In fact this definition is still valid if we replace R“ by a finite dimensional normed 
space X with a fixed basis. Problem 4.2 shows that this definition does not depend 
on the choice of the fixed basis. This degree is known as the Brouwer degree. 


In the next theorem, we have gathered the main properties of the degree function 
we have just defined. 


Theorem 4.11 

If Y = {(v,Q,h): ACR is open and bounded, y € C(Q;RX), kh ¢ —(ON)} and 

d: Y —>Z is the degree function defined in Definition 4.9, 

then the following properties hold: 

(a) Normalization: d(I,y,Q,h) =1 forheQ (dU, ,Q,h) =0 for h ¢ Q). 

(b) Domain Decomposition: If Q1,Q2 are disjoint open subsets of Q and 
h £ o(@\ (M1 UM)), then 


dy, Q, h) = d(y, Qi, h) + d(y, Qe, hi). 


(c) Homotopy Invariance: If h: [0,1] x 9 > RX and y: [0,1] — R are continu- 


ous with y(t) ¢ h(t,0Q) for allt € [0,1], then d(h(t,-),Q, y(t)) is independent of 
40,1); 
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(d) Existence: If d(p,Q,h) #0, then there exists u € Q such that p(u) =h. 
(e) Excision: If K CQ is compact and h ¢ y(K), then 


d(y,Q,h) = d(y,Q\ K,h). 
(f) Dependence on y and h: Tf ||v — gllo@) < dist(h, p(OQ)), then 
d(y,0,h) = d(w,Q,h) 
and if hy, hz belong in the same connected component of R™ \ (OQ), then 
d(y,Q,hi) = d(y,Q, ha). 


Definition 4.12 

(a) Given yp € C(Q;RY) and h € RY, we say that u € Q is an h-point of ¢ if 
plu) =h. 

(b) Suppose that yp € C(O;RY), h € y(OQ) and uo is an isolated h-point of y, then 
the index of p with respect to (uo, h) is defined by 


i(~p, uo, h) = d(y, U, h), 


where U € D (D denotes the collection of all open sets V CRN such that ug € V 
and V contains no other h-points). 
(c) Suppose that p € C(R‘;R%) and h € R® are such that there exists Ro > 0 for 
which we have 
plu) Ah VueR, |u| > Ro. 


Then the index of yp at infinity with respect to h is defined by 
tool, h) = d(y, Br(0), h), 


for any R > Ro. By the excision property of the Brouwer degree (see Theo- 
rem 4.11(e)), this definition does not depend on R> Ro. 


Remark 4.13 

For U € D, we have h ¢ y(OU) and so d(y,U,h) is well defined. Moreover, if 
U,,U2 € D, then U; U U2 € D and by the excision property of the Brouwer degree 
(see Theorem 4.11(e)), we have 


d(y, U;, h) = d(y, U, UUs, h) = d(y, Ud, h). 
Therefore d(y,U,h) is the same for all U € D and thus i(y, uo, h) is well defined. 


Now note that from Theorem 4.11(f), if D is a connected component of 
RY \ y(0Q), then d(y,Q,h) is the same for all h € D and so we can use the no- 
tation d(y,Q, D) to denote this common value. 
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Theorem 4.14 (Multiplication Theorem) 

If ep € C(Q;RY), V is a bounded open set containing p(Q), E = V \ p(8Q), {Di}is1 
are the connected components of E, wy € C(V;RY) and h ¢ (Wo y)(OE) UY(OV), 
then 


d(w oY, Q, h) = SS" dy, Di, h)d(y, ET); 
i2l1 


In Theorem 4.11(c), we have seen that homotopic maps have the same degree. In 
fact the converse is also true for spheres. 


Theorem 4.15 (Hopf Theorem) 

If Q=B,(0) CRN (N > 2), vy, € C(O; RY) and d(y, 2,0) = d(a, Q, 0), 

then y and w are homotopic, t.e., there exists a continuous map h: [0,1] x 29 > RY 
such that 0 ¢ h(t, dQ) for allt € [0,1] and h(0,-) = y, A(1,-) =v. 


Continuing with functions defined on spheres, we can define the (Brouwer) degree 


for such functions. In what follows By is the closed unit ball in RN and S‘~—! is the 
unit sphere (i.e., SY-1 = {ze R® : |z|=1}). 


Definition 4.16 < 
Let » € C(SN—1;,SN—1) and y: By —+ R™ be a continuous extension of (it exists 
by the Dugundji extension theorem; see Theorem 2.8). We define 


dy) = dy, By, 0) 
(the (Brouwer) degree of 1). 


Remark 4.17 
Note that 


ep(OBY) = o(S*) = y(SN) ¢ SX 


and so d(p, By ,0) is well defined. Moreover, from Problem 4.3 we see that the 
definition of d,(q) is independent of the particular extension vy of w. 


According to Theorem 4.11, if we want to show that the equation y(u) = h has 
a solution, it suffices to show that d(y,Q,h) # 0. The next result is a useful tool in 
this direction. 


Theorem 4.18 (Borsuk Theorem) 
Tf aC RY is a bounded, open, symmetric set with 0€ Q, vy € C(O;RY), 0 Z y(AQ) 
and 


gu) p(—u) 
few * Tee «= UE OO i) 


then d(y, Q,0) is odd, in particular d(p,Q,0) 4 0. 
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Remark 4.19 

If py € C(Q;RY) is an odd map with 0 ¢ y(0Q), then (4.1) is automatically true. 
Condition (4.1) means that on the boundary OQ, vectors y(u) and y(—u) do not 
point in the same direction. 


As a consequence of the Borsuk theorem (see Theorem 4.18), we obtain the fol- 
lowing result. 


Theorem 4.20 (Borsuk-Ulam Theorem) 

If Q CRY is a bounded, open, symmetric set with 0 € Q,m < N, vy: OQ —> R™ is 
@ continuous function 

then there exists u € OQ such that p(u) = y(—u). 


The next result is useful in extending degree theory to infinite dimensional spaces. 
Proposition 4.21 
If Xn,Xm are two finite dimensional topological vector spaces, Xm is a subspace of 


Xn, dimXp =m <n=dim Xn, QC Xp, is a bounded open set, p € C(Q; Xm) and 
he Xm \ Ly, — 9)(0Q), then 


dU, —9,Q,h) = dy, — ¥)lgax— 2 Xm, h). 


We conclude our discussion of the finite dimensional degree theory with a known 
classical result, which can be proved using degree theory (see Theorem 4.14). 


Theorem 4.22 (Jordan Separation Theorem) 
Tf 041,02 ¢ RN are homeomorphic compact sets, 
then the sets RN \ Qy and RN \ Q2 have the same number of connected components. 


Remark 4.23 

We mention that there exists a unique function d: Y —> Z (see Theorem 4.11) exh- 
ibiting the normalization, domain decomposition and homotopy invariance properties. 
Moreover, these properties imply that, if 0 € Q and A is an invertible N x N-matrix, 
then d(A,,0) = sgn det A (see Problem 4.5). Also, if p € C(Q), uo € O and ¢ is C! 
in a neighborhood of uo with J,(uo) 4 0, then 


i(y, uo, p(uo)) = sgn J,(uo). 

The next logical step is to try to extend the Brouwer degree to infinite dimensional 
Banach spaces. In finite dimensional spaces, the degree was defined to all continuous 
functions. In infinite dimensional Banach spaces, this is no longer true as the following 
example illustrates. 


Example 4.24 

Let X = C((0,1]) and let up € X be the constant function u(t) = 5 for all t € 
[0,1]. We set Q = {we X: |lu—uollx <4}. Let g € X be such that g(0) = 0, 
g(1) =1,0< g(t) <1 for all t € [0,1] and consider the map y: (2. —> X defined by 
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g(u) =gou for all u € Q. Evidently y(Q) C ©. We consider the affine homotopy 
h: [0,1] x Q —+ X defined by 


n 


h(s,u) = sy(u) + (1—s)u. (4.2) 


Let v € OQ. Then ||v—uol|x = |lv— $||x = 4, hence 0 < v(t) <1 for all ¢ € [0, 1] and 
for some to € [0,1], we have v(t) = 0 or v(to) = 1. If v(to) = 0, then h(s,v) (to) = 0, 
while, if v(to) = 1, then h(s,v)(to) =1. Moreover, since 0 < g < 1, we see that 
0 < A(s,v)(t) for all s,t € [0,1]. Therefore, we have h(s,0Q) C OQ. Suppose that 
in analogy with the finite dimensional theory, there exists a degree d on C(Q;X), 
exhibiting the normalization, existence, and homotopy invariance properties. Then 
from the admissible homotopy (4.2), for any h € Q, we have 


d(y,Q,h) = d(I,,Q,h) = 1. 


So, by the existence property, there exists u € Q such that y(u) = h. On the other 
hand, let 


t if t€ [0,5], 
g(t) = 4 1-t Wt £e (5.81; 
3(t-1)+1 if te (8,1), 


A(t) = t+. 
For these choices the equation y(u) = h has no solution, a contradiction. 


This example illustrates that some restriction has to be placed on the map y. So, 
we are going to consider maps of the form J, — f, with f being compact and we will 
exploit the fact that compact maps can be uniformly approximated by finite rank 
maps (see Theorem 2.6). 

So, suppose that XY is a Banach space, 2 C YX is a bounded open set, 
y: I, — f: Q — X isa function with f: Q —> X being compact (see Definition 2.1) 
and h ¢ y(OQ). From Proposition 2.16 we know that y = I, — f is proper, that is, 
for every compact set C C X, the set y~!(C) C X is compact (see Definition 2.13). 
Let r = dist(h, p(0Q)) > 0 and let < € (0,r). Using Theorem 2.6 we can find a finite 
rank map f-: Q —+ X such that 


fu) — fe(ullx <e¢ Vue. 
Now choose a finite dimensional subspace X- C X such that 
he X, and f.(Q) C Xe. 


We can define d(I,, — fe, X,h). It turns out that this degree is independent of 
é € (0,1). So, we are led to the following definition. 
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Definition 4.25 

Suppose that X is a Banach space, Q C X is a bounded open set, p: I, — f: QD — X 
is a function with f € K(Q;X) (see Definition 2.1) and h ¢ p(0Q). Let r = 
dist(h, p(0Q)) > 0 and let f: Q —+ X be a finite rank map such that 


n 


If@—-f@lx <r Vue. 


n 


Choose a finite dimensional subspace Xo of X such that h € Xo and f(Q) C Xo. Let 
Q =O2N Xo. Setting p= 1, — f, we define 


deg iO, hb) = de, Og, hh). 


Remark 4.26 

The degree map that we have just defined is known as the Leray—Schauder degree 
(this also explains the notation d,,). A closer examination of Definition 4.25 reveals 
that 2 need not be bounded. It suffices that Q meets every finite dimensional subspace 
of X in a bounded set (such sets are called finitely bounded). So, in the theory the 
word bounded may be replaced by finitely bounded. 


As we did in Theorem 4.11 for the Brouwer degree, in the next theorem we 
have gathered the main properties of the Leray—Schauder degree. In the light of 
Definition 4.25, it is not a surprise that these properties are similar to those of the 
Brouwer degree. 


Theorem 4.27 
If X is a Banach space, 


Mv = {v= -f,2,h): QCX is bounded open, 
fe K(QO;X), h¢ eA} 


and d,,: Yo —> Z is the degree map defined in Definition 4.25, 

then the following properties hold: 

(a) Normalization: d,,(Iy,,Q,h) =1 forheQ (d,,(Ly,2,h) =0 for h ¢Q). 

(b) Domain Decomposition: If Q1,Q2 are disjoint open subsets of Q and 
h £ o(@\ (1 UM2)), then 


dis (Y, Q, h) = d,(y, Qi, h) + tes (y, Qs, h). 


(c) Homotopy Invariance: If h: {0,1] x Q_— X is compact and y: [0,1] — X 
is continuous with y(t) ¢ (I, — A(t,-))(OQ) for all t € [0,1], then 
d,s (Ll, — h(t, -),Q, y(t)) ts independent of t € [0, 1]; 

(d) Existence: If d,,(y,Q,h) 40, then there exists u € Q such that y(u) = h. 

(e) Excision: If K CQ is closed and h ¢ p(K), then 


d,,(y,Q, h) = d,5(y,Q \ K, h). 


4.1. Introduction 625 


(f) Dependence on y and h: If ||9— flleq@ <7 = dist(h, p(OQ)), g € K(Q; X) then 
digJ, —9,0,h) = dl, — f,9,h) 
and if hy, hg belong in the same connected component of X \ (I, — f)(OQ), then 
nal dy — J A2,f) = dl, a f,Q, he). 

Let (p = 1, — f,Q,h) € Vo and let uo be an isolated solution of y(u) = A (i-e., an 
isolated h-point; see Definition 4.12(a)). So, there exists ro > 0 such that no other 
solution of the equation exists in B,,.(uo) = {ue X: |/u—uollx < ro}. Then the 
excision property of d,,, (see Theorem 4.27(e)) implies that 

dig (Y, B,(uo), h) = dy (Y, Bry (uo), h) Vre (0, ro]. (4.3) 


So, the following definition is legitimate. 


Definition 4.28 
Given (p = I, — f,Q,h) © Vo and an isolated solution uo € Q of the equation 
p(u) =h, the index of y with respect to (uo,h) is defined by 
i(Y, uo, h) = d,3(y, Br(uo), h) Yre (0, ro] 
(see (4.3)). 


When y = I, — L with L € L,.(X), we can have a relation between 
d,g(1y — £,9,h) and the algebraic multiplicity of the eigenvalues of L. Recall that 
for every \ € o(L) \ {0} there exists a least natural number k = k(X) such that 


ker ((L—AL,)") = ker((L—Az,)") Ve 
Then dim ker ((Z — \J,.)*) is called the algebraic multiplicity of \ € o(L) \ {0}. 


Theorem 4.29 

If X is a Banach space, p =I, —L with L€ £.(X), QC X is a bounded open set 
with0 EQ, X40 and + is not an eigenvalue of L, 

then d,_(Iy — AL,2,0) = (-1)™) with m(A) being the sum of the algebraic multi- 
plicities of the real eigenvalues 0 such that VA > 0 and m(A) = 0 when L has no such 
eigenvalues. 


Again Theorem 4.27(f) leads to a multiplication formula (cf., Theorem 4.14). 


Theorem 4.30 (Multiplication Theorem) 

If p=1, —f:Q — X is a function with f € K(Q;X), V is a bounded open 
set containing p(Q), E = V \ y(OQ), {Di}is1 are the connected components of E, 
w=I1,—-g:V —X is a function with g € K(V;X) andh ¢ 4(p(0Q)) UW(OV), 
then 


d,(poy,2,h) = > d,5(b, Di,h)d,,(¢, E, Di). 
i>1 
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Also, there is an infinite dimensional version of the Borsuk theorem (see Theo- 
rem 4.18). 


Theorem 4.31 
If X is a Banach space, Q © X is a bounded, open, symmetric set with 0 € Q and 
p=I1,—f with f € K(Q;X) satisfying 


p(u) p(-u) 
Ie) Ix # [e(—w) lx Yue dog, 


then d,,(y, 2,0) is odd; in particular d,(y, 2,0) # 0. 


Using Theorem 4.30 one can prove the following version of the Jordan separation 
theorem (see Theorem 4.22). 


Theorem 4.32 
if X is a Banach space, C,D C X are two closed bounded sets and there exists a 


homeomorphism p = 1, — f from C onto D with f € K(Q;X), 
then X \C and X \ D have the same number of connected components. 


Remark 4.33 

By virtue of Definition 4.25, the uniqueness of the Brouwer degree (see Remark 4.23) 
implies that d,,: Yo —> Zis the unique function satisfying the normalization, domain 
decomposition and homotopy invariance properties. 


We can extend the Leray—Schauder degree to a broader class of maps. So, let X 
be a Banach space and let y denote the Kuratowski measure of noncompactness a or 
the Hausdorff measure of noncompactness {3 (see Definition 2.31). Let Q C X bea 
bounded open set. Recall that (see Definition 2.31) 


SC,(Q;X) = {f €C(Q;X): f is a k-set contraction}, 
Q;X 


S(Q;X) = {fec( ): f is condensing} 


(recall that f € C(Q; X) is a k-set contraction (with 0 < k < 1) if for every bounded 
set CC X, we have 7(f(C)) < ky(C) and f is condensing if for every bounded set 
CCX with 7(C) > 0, we have y(f(C)) < y(C)). Note that 


K(Q;X) © SC(Q;X) © S(Q;X). 


Moreover, from Problem 2.10, we have that every f € $(Q;X) is bounded and proper. 
Now, suppose that f € SC,(Q; X).We set 


D, = conv f(Q) 


and inductively define 


Dy = conv f(Dn_1NQ) Vn>2. 
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Let D = [) Dy. Evidently the set D is closed and convex. Also the sequence 
n>1 

{Dr}ns1 is decreasing. Indeed, clearly Dj D Dy and assume that Dn; D Dn 
(induction hypothesis). Then 

Dy = conv f(Dpn-1NQ) D conv f(D~zNQ) = Dyas. 
Moreover, we have 

(Dn) = Vf(Dn199)) < y(f(Dn-1)) < ky(Dn-1) 
(see Proposition 2.32), so 

y(Dn) < k"7(Q) — 0 
(since & € [0,1)), thus D 4 @ and it is compact and convex (see Problem 2.12). 
Invoking the Dugundji extension theorem a Theorem 2.8), we can find a con- 

tinuous map f: Q —> D such that f Fe = lon . Note that if for some u € Q, we 
have f(@) =u, then u € D and so f(u ‘a flu). eo if 0 ¢ (1, — f)(OQ), then 
0 ¢ (I, — f)(0Q). Therefore, recalling that the range of f is compact (the set D), 
we see that d, (J, as Q,0) is well defined. We also claim that this degree is the 


same for all “Dugundji extensions” - . To see this, let f: : Q —+ D be another such 
extension. We consider the homotopy 


h(t,u) = tf(u)+(1—t)f(u) — V (t,u) € [0,1] x &. 


Since both f and f maps into D, we see that if f(u) = u, then u = h(t, u) and 
so 0 ¢ (I, — A(t,-))(OQ) for all t € [0,1]. Hence the homotopy invariance of the 
Leray—Schauder degree (see Theorem 4.27(c)) implies that 


dig Lx — f,0,0) = dig Ux — f,0,0). 
This leads to the following definition. 


Definition 4.34 
Let f € SC,(Q;X) and assume that 0 ¢ (I, — f)(OQ). Then the degree 
doy — f,,0) is defined by 


deo(Iy — 19,0) = dys(Iy — F,9,0), 


where f: OQ —> D is any “Dugundji extension” of f| For h ¢ (1, — f)(0Q), we 
define 


doo I, —f,2,h) = doo, -f-—h, 0,0), 
with (I, —f —h)(u) =u-—f(u) —A for allue Q. 


Remark 4.35 
In the above case the admissible homotopies are of the form 


Ly = h(t, aE 
with h € C((0, 1] x Q;X) and (h(t, C)) < ky(C) for all t € [0,1] and all CC ©. 
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Theorem 4.36 
If X is a Banach space, 


Yse = {HH lh, -—Ff,2,h): QC X is bounded open, 
f € SC,(Q;X), h € p(AQ)} 


and dg: Vso —> Z is the degree map defined in Definition 4.34, 

then d,,, is the unique degree map on Vgc satisfying the following properties (see 
Theorem 4.27): normalization, domain decomposition, homotopy invariance (for the 
admissible homotopies given in Remark 4.35), existence, excision, and dependence on 
yp and h. 


Next we extend the definition of the degree > to maps yp = I, — f with fes (Q; x). 
This can be done by approximating f € S(Q;X) with elements from SC;(Q;X). 
First recall that y is closed (see Problem 2.10 and Proposition 2.24). Hence y(0Q) 


is closed. Since by hypothesis 0 ¢ y(O0Q), we have that ¥ = dist(0, p(0Q)) > 0. Let 
fo € SC; (Q; X) for some k € (0,1) such that 


f(a) —folwllx <2 Vue® 


Such a choice is always possible, since we can take fo = Af with A € (0,1) and 
1—X sufficiently small. Let yo = I, — fo. Then yo(0Q) is closed (see Problem 2.10 
and Proposition 2.24) and dist(0, yo9(0Q)) > 20. Let fi € SC,(Q;X) (1 € (0,1)) be 
another set-contraction such that 


fu) Alix <% Yuet, 
Let m = max{k, 1} and let fo, fi € SCm(Q; X). 


n 


h(t,u) = tfo(w) + (1 -t)fi(u) V (t,u) € [0,1] x Q. 


We consider the homotopy 


If h(t, u) = u for some (t,u) € [0,1] x OQ, then since || fi(w) — fo(u)|lx < 2? for all 
u € Q, we have 


lu fa(wllx < 3, 


a contradiction to the fact that |lu — fi(u)||x > 2 So, u # A(t, u) for all 
(t,u) € [0,1] x OQ. Invoking the homotopy invariance of the degree d,,, (see 
Theorem 4.36), we have 


dso (Lx _ fo, ©, 0) = digo Tx a fi, Q, 0). 
This leads to the following definition. 


Definition 4.37 
Let p=1, —f with f € S(Q;X) and assume that 0 ¢ (I, — f)(0Q). Then the degree 
do (I, — f,2,0) is defined by 


is(L-=j.0,0) = deat le =J6,42,0), 


4.1. Introduction 629 


where fo € SC,(Q;.X) for some k € (0,1) is such that 
I|fo(u) -—f(wjllx < 56 VueQ 
for some 6 >0 small. For h ¢ (I, — f)(0Q), we define 
@,0, =f) =a 0 .—F = Aa); 
with (I, — f —h)(u) =u—f(u) —h for allue Q. 


Remark 4.38 
In the above definition, we may take 6 = $dist (0, y(0Q)). The admissible homotopies 
are of the form 


I, A(t.) Vte [0,1], 


where h € C([0, 1] x Q;.X) and (h(t, C)) < 7(C) for all t € [0, 1] and all noncompact 
sets C C2. 


Theorem 4.39 
If X is a Banach space, 


¥% = {(w=1, —f,Q,h): QC X is bounded open, 
fe S(Q;,X), h ¢ p(AQ)} 


and d,: Vo — Z is the degree map defined in Definition 4.37, 

then d,, is the unique degree map on Yc satisfying the following properties (see Theo- 
rem 4.86): normalization, domain decomposition, homotopy invariance (for the ad- 
missible homotopies given in Remark 4.38), existence, excision and dependence on ~ 
and h. 


Next we present a degree for operators of type (S)+ defined on a reflexive Banach 
space X with values in the dual X*. 

So, let X be a reflexive Banach space with topological dual X* and duality brack- 
ets (-,-). Let Q C X be a bounded open set and let f: Q —+ X* be a demicontinuous 
map of type (S), (see Definitions 2.110(a) and 2.137). Let {Xa}aey be the family 
of all finite dimensional subspaces of X such that QNg =QN Xq 4%. We order J by 
inclusion (that is, a; < ag if and only if Xq, C Xa,). By ig we denote the injection 
of Xq into X and by 2% we denote the adjoint of 74 which is the projection of X* 
onto X3. To simplify our presentation, we choose as reference point h* € X* the 
origin. There is no loss of generality in doing this, since we can always replace f by 
f — h* which remains demicontinuous and of type ($)+. Let fo: QAN Xq —> X% be 
the Galerkin approximation of f with respect to Xq defined by 


(Jolt) it). = (Ft) VY we Oi Xe hE Xs 


Here by (-,-), we denote the duality brackets for the pair (Xz, Xq). 
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Proposition 4.40 

If Y is a finite dimensional subspace of X, 

then a degree map dig, is defined on the demicontinuous, (S)4-map f:Q — X* 
with a bounded open set XC X which is invariant under affine homotopies, that is, 
homotopies h(t, u) of the form 


A(t,u) = tfolu)+A-O)fw) V(t) € 0,1] xO, 
with demicontinuous, (S).-maps fo, fi: Q —> X* and it is normalized by a duality 
map F of type (S)4. Moreover, if f: Q —> X* is such a demicontinuous (S)+-map, 
fy 1s the Galerkin approximation of f with respect to Y and dis, (f,2,0) is not 
defined or d(fy,QM Y,0) is not defined or both are well defined but disy, Cf, 2,0) # 
d(f,, QNY,0), then there exists u € OQ such that (f(u),u) <0 and (f(u),y) =0 for 
ally EY. 


Remark 4.41 

From the Troyanski renorming theorem (see Theorem I.5.192 or Remark 2.115), we 
can equivalently renorm X so that both X and X* are locally uniformly convex. Then 
from Problem 2.185, we know that the duality map F: X —> X%* is of type (S)4. 


Proposition 4.42 

If f,Q,X are as above and 0 ¢ f(dQ), 

then there exists ag € J such that for all a > ag (that is, X_ D Xa), we have 
0¢ fa(OQa) Qa =QAN Xa) and d( fa, Q,0) is independent of a > ao. 


This proposition suggests a degree for demicontinuous (S);-maps. So, for a 
reflexive Banach space X, we introduce the family 


Ys.) = {(f,0,h*): QC X is bounded open, 
f: Q —+ X* is demicontinuous and of type (S),, 


h* & f(AM)}. 


Definition 4.43 
We can define a degree dis), on \5,) be setting 


dig), (F,0,h*) = di feat kash | 
for Xq sufficiently big. 


Remark 4.44 

In the above definition, for the sake of generality we have used a general reference point 
h* € X*. For this degree possible admissible homotopies are the affine homotopies 
defined by 


nN 


A(t, u) = t fo(u) + (1 _ t) fi(u) Vv (t, u) € [0, 1] x 0, 
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with fo, f: Q —> X* being demicontinuous and of type (9). However, this family 
is too narrow for some important applications. For this reason we broaden the class 
of admissible homotopies as follows. 


Definition 4.45 

Let X be a reflexive Banach space and let 2 C X be a bounded open set. A map 

h: [0,1] x Q —+ X* is said to be a homotopy of type (S),, if for any sequences 

{tr}nzi S [0,1] and {un}y>1 CQ such that tr —> t in [0,1], un “yu in X and 
lim sup (h(tn, Un) Un — u) < 0, 


n—-+00 


we have Un, —> u in X and h(tn, un) > h(t, u) in X*. 


Theorem 4.46 

The degree map dis), Ys), —> Z defined in Definition 4.43 is the unique degree 

having the following three fundamental properties: 

(a) Normalization: dis), (F,0,h*) = 1, where F: X —> X* is the duality map 
corresponding to the norm of X which makes both X and X* locally uniformly 
convex (this is always possible by the Troyanski renorming theorem; see Theorem 
I.5.192 or Remark 2.115) and h* € F(Q) (zero otherwise). 

(b) Domain Decomposition: If Q),Q2 are disjoint open subsets of Q and 
h* €¢ f(Q\ (Q1 UQ2)), then 


dis, (f,Q,h*) = dis, (7, 2a dis), (f, Qe, h*). 


(c) Homotopy Invariance: If h: [0,1] x Q —> X* isa homotopy of type (S)+ and 
y*: [0,1] —+ X* is a continuous map such that y*(t) ¢ h(t, OQ) for allt € [0, 1], 
then dis), (h(t, -),Q, y*(t)) is independent of t € [0,1]. 


Remark 4.47 
If X = H isa Hilbert space with H = H™* (pivot Hilbert space), then dis, contains as 
a special case the Leray—Schauder degree. Indeed, note that the Kadec—Klee property 
of Hilbert spaces (see Corollary 1.26) implies that u+—-> u — f(u) is of type (S)+ if 
f:Q — H is a compact map. Of course, the degree map dis), has the other 
important properties such as 
e Excision: If C C 2 is a closed set and h* ¢ f(C U OQ), then 

dig, (f,9, h*) = disy, (f, 2\ C,h*). 
e Existence: If d(.., (f,Q,h*) 4 0, then there exists @ € Q such that f(wu) = h*. 
e Dependence on boundary value: If f,g: Q —> X* are demicontinuous (9) maps 

such that 
‘ie in Cie and h* ¢ f(0Q), 


then d (7 ALR) =d (g, 2, h*). 


(S)4 (S)4 


The following theorem is useful in applications on partial differential equations. 
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Theorem 4.48 
If X is a reflexive Banach space, Q C X is an open set, p: Q — R is a Gateaur 
differentiable function with Ya: 2 —> X* being demicontinuous and of type (S)+ 
and there exist a,b € R, a <b and ug € X such that: 
(i) the set V = {p < b} is bounded and V CQ; 
(ti) ifu ce {y <a}, then tu+ (1—t)uo € V for allt € [0,1]; 
(tit) vo(u) £0 for alluc {ax yp < d}, 
then dis), (Yfg,V,0) = 1. 


Now we will extend the degree to maps of the form f + A, with f being 
bounded, demicontinuous and of type (S$); and A being maximal monotone such 
that (0,0) € Gr A. We assume that X is a reflexive Banach space which by virtue of 
the Troyanski renorming theorem (see Theorem I.5.192 or Remark 2.115) is furnished 
with a norm so that X itself and its dual X* are both locally uniformly convex. Sup- 
pose that Q C X is a bounded open set, f: 2 —» X* is a bounded, demicontinuous 
map of type (S), and A: X D D —+ 2*” is a maximal monotone map such that 
(0,0) € Gr A. We assume that h* ¢ (f + A)(OQ). For every \ > 0, let Ay be the cor- 
responding Yosida approximation of A (see Problem 2.161 and the Remark following 
it). Then f+ A) is a bounded, demicontinuous map of type (5), (see Problem 2.163). 
Then it can be shown that 


hY € (f + Ay)(OQ) (4.4) 


and 
dig), (f + Ay, 2,h*) stabilize for X > 0 small. (4.5) 


So, if X is a reflexive Banach space normed in such a way so that both X and X* 
are locally uniformly convex and we introduce the family 


vu = {(f + A,Q,h*): QC X is bounded open, 
f: Q—> X* is bounded, demicontinuous, and of type (9)+, 
A: X D D —> 2®’ is maximal monotone with (0,0) € Gr A 
and h* ¢ (f + A)(OQ)}, 


then (4.4) and (4.5) lead to the following definition of a degree map on Yy,. 


Definition 4.49 
We can define a degree d,, on Yu by setting 


dy (f +A,Q,h*) = dig), (Ff + Aa, Q, h*) VA>0 small. 
For this degree map, the admissible homotopies h are defined by 
Attu) = fru) + AX) — V (t,u) € [0,1] xO, 


with f, being a homotopy of type (S)4 (see Definition 4.45) and A‘ being a pseu- 
domonotone homotopy defined in what follows. 
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Definition 4.50 
Let {Ab: X —>+ X*}iejoa) be a family of maximal monotone maps such that 
(0,0) € Gr A’ for all t € [0,1]. We say that {A‘}re[0,1] is a pseudomonotone hom- 
otopy of maximal monotone maps, if it satisfies one of the following equivalent 
conditions: 
(@) If {tn}nsi GR, {Undnsy GX and {un},51 C X* are three sequences such that 
tn —> t, (Un, u*) € Gr A™ for alln > 1, un > u in X, ut > u* in X* and 
lim sup (u,,un—Uu) < 0, 
n—++0o 
then (u,u*) € Gr A® and (ux, un) — (u*,u). 
(b) For every X > 0 (equivalently for some X > 0), the map [0,1] x X 3 (t,u) > 
Ie (u) € X is continuous. 
(c) For every u € X and every X > 0 (equivalently for some A > 0), the map 
[0,1] >tr> nie (wu) € X is continuous. 
(4) If {tn}nsi S [0,1] ts @ sequence such that t, —> t in [0,1] and (u,u*) € Gr A‘, 
then we can find two sequences {Un}ns1 GC X and {un}nsi G X* such that 


(un, ux) € Gr A for alln > 1, Un —> u in X and ux > u* in X*. 


Remark 4.51 
Note that Definition 4.50(d) says that, if t, —> t in [0,1], then 


Gr A’ C (s x w)-liminf Gr A™ 
n—>+00 
(see Definition 2.88). 


In general affine homotopies need not be pseudomonotone homotopies. More 
precisely, if A!, A? are maximal monotone maps with (0,0) € GrA* for k = 1,2 
and D(A!) 4 D(A?), then At = tA! + (1 — t)A? need not be a pseudomonotone 
homotopy. In fact it may happen that for some t € (0,1), A’ may not be maximal 
monotone. But even if A’ is maximal monotone for all t € [0,1], the condition 
D(A!) = D(A?) is only necessary for {.A‘},<]0,1) to be a pseudomonotone homotopy. 
If D(A‘) = X and A': X —+ X* is continuous monotone, then the family {A‘},<0,1 
is a pseudomonotone homotopy. 


Theorem 4.52 

The degree d,,: Yu —> Z defined in Definition 4.49 is the unique degree having the 

following three fundamental properties: 

(a) Normalization: d,,(F,Q,h*) =1, where F: X —> X* is the duality map corre- 
sponding to the norm of X which makes both X and X* locally uniformly convex 
(this is always possible by the Troyanski renorming theorem; see Theorem I.5.192 
or Remark 2.115) and h* € F(Q). 

(b) Domain Decomposition: If Q1,Q2 are disjoint open subsets of Q and 
n* ¢ (f + A)(Q\ (M1 UM), then 


dy (f +A,Q,4") = dy, (f + A,Q1,h*) + d,,(f + A, Qs, h*). 


634 Chapter 4. Degree Theory and Fixed Point Theory 


(c) Homotopy Invariance: If {fitrejo) 1s a homotopy of type (S)4 with fr being 
bounded, {Ate 10,1) is a pseudomonotone homotopy of maximal monotone maps, 
y*: [0,1] —> X* is a continuous map such that 


y(t) € (fet A)(AQ) Vt [0,1], 
then dy, (fr + A’, Q, y*(t)) is independent of t € [0,1]. 


Remark 4.53 


Of course both d,,) and d,, have other useful properties such as excision and exis- 


tence which can be formulated in the obvious way (see Remark 4.47). 


We can also have an extension of the Leray—Schauder degree to multifunctions. 
So, let X be a Banach space and let 2. C X be a bounded open set. 


Definition 4.54 
A multifunction F : Q —+ 2*\{0} is said to be compact, if it is upper semicontinuous 


and for every compact set C CQ, the set F(C) = LU F(u) C X is relatively compact. 
uel 


Suppose that F: Q —> Pyc(X) is a compact multifunction. Then according to 
Problem 2.83, given ¢ > 0 we can find a continuous map f;: Q —> X such that 


h* (Grf:,GrF) < ¢ and f.(u) C conv F(Q) Vuegd. (4.6) 
If h ¢ (I, — F)(0Q), then we can show that for « > 0 small we have 
h ¢ , —f-(0Q) and d,,(Iy — fe,Q,h) stabilizes. (4.7) 
So, for a Banach space X, let 


Vsy = {(F,Q, h): QC X is bounded open, 
F: Q —+ Py-(X) is compact multifunction 
and h ¢ (I, — F)(9)}, 


Then (4.7) leads to the following degree map on Voy. 


Definition 4.55 
We can define a degree d,,, on Vsy be setting 


dgy Uy —F,Q,h) = dig (Ip —fe,Q,h) Ve>0 small, 
where fz: Q —> X is any continuous approximate selector of F (in the sense of (4.6)). 


Remark 4.56 
For this degree map, the admissible homotopies are of the form 


ihe) Vieay, 


where h: [0,1] x @ — Pr-(X) is compact. 
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Theorem 4.57 

The degree map d.,,: Vsv —> Z defined in Definition 4.55 is the unique degree having 

the following three fundamental properties: 

(a) Normalization: d,,(1,,Q,h) =1 forh EQ (dg (I, ,2,h) =0 forh ¢Q). 

(b) Domain Decomposition: If Q1,Q2 are disjoint open subsets of Q and 
h (Ix — F)(Q\ (% UM), then 


dg, (Iy —F,Q,h) = dg, (Ly — F,%,h) + dg, (Ly — FQ, h). 


(c) Homotopy Invariance: If h: [0,1] x 2 —+ Pr-(X) is a compact map and h ¢ 


(I, — h(t, -))(OQ) for all t € [0,1] then d,, (I, — h(t,-),Q,h) is independent of 
t € [0,1]. 


4.1.2 Metric Fixed Point Theory 


There is an informal classification of fixed point theorems to metric fixed points, 
topological fixed points, and order fixed points. In metric fixed point theory, the 
results are always formulated in a metric space setting (usually in a Banach space 
setting) and the methods involved are based on the metric structure and geometry of 
the space and on the metric properties of the maps. 

Undoubtedly, the major result in this class is the celebrated Banach fixed point 
theorem. First a definition fixing our terminology. 


Definition 4.58 
Let (X,d,,) be a metric space, let p: X D C —> X be a map and let k € [0,1). 
(a) We say that y is a k-contraction, if 


d,(p(u),y(v)) < kd, (u,v) Yu,vec. 
(b) We say that p is nonexpansive, if 
d,(p(u),p(v)) < d,(u,v) Vu,vec. 
(c) We say that ~ is contractive, if 
d,(p(u), p(v)) < d,(u,v) Vuvec, uf. 


Theorem 4.59 (Banach Fixed Point Theorem) 
If (X,dx) is a complete metric space and p: X —+ X is a k-contraction, 
then y has a unique fixed point % and for every u€ X, we have yp (u) — @. 


Remark 4.60 
The proof of the above theorem is constructive and produces interesting information 
about the iteration process. More precisely, we have 


W 
KH 


d,.(p™(u), pu) < Fy, (up(u)) Vm 
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and 
< Pedy (uu) Vne1. (4.8) 


Also we have 
d,(u,@) < ~gd,(u, y(u)) Vue X. 


Evidently (4.8) gives an a priori error estimate at the n-th step of the iteration 
(approximation) process starting from u € X. 


There is a parametric version of Theorem 4.59. 


Theorem 4.61 

If (X,d,.) is a complete metric space, (T, @) is another metric space (the parameter 
space), {y,: X —> X }ter is a family of k-contractions with k € (0,1) independent 
oft € T and for each u € X, the map t > ¢,(u) is continuous, 

then for every t € T there exists a unique uw € X such that y,(ut) = ut and the map 
tH > uz 18 continuous. 


There are some generalizations of Theorem 4.59. 


Proposition 4.62 

If (X,d,,) is a complete metric space and y: X —+ X is a map such that for some 
n>, gy”) is a k-contraction, 

then p has a unique fixed point. 


Remark 4.63 
A map y: X —> X as in the above proposition need not be continuous. For example 


_f 1 ifueQ, 
A oe { 0 ifueR\Q. 
Evidently y is not continuous, but y?) = 1. 


Another generalization of Theorem 4.59 is provided by the next proposition. 


Proposition 4.64 
If (X,d,.) is a metric space and p: X —+ X is a map satisfying 


dx (p(u), P(v)) < €(dx(u,v)), 


where €: Ry —+ Rx ts a nondecreasing (not necessarily continuous) function such 
that €()(t) —> 0 for every t > 0, 
then y has a unique fixed point % € X and for every u€ X, we have yp (u) — @. 


The next theorem is an interesting consequence of Theorem 4.59. 
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Theorem 4.65 
If X is Banach space, U € X is an open set, p: U —> X is a k-contraction and 


f(u) = u—vy(u) Vue, 


then 
(a) f is an open map (in particular the set f(U) is open); 
(b) f: U — f(U) ts a homeomorphism. 


A far reaching generalization of Theorem 4.59 is the following fixed point theorem. 


Theorem 4.66 (Caristi Fixed Point Theorem) 
If (X,d,) is a complete metric space, £: X —+ R = RU {+00} is a lower 
semicontinuous function which is not identically +oo and is bounded below and 
F: X —+ 2* \ {0} is a multifunction such that 


&(y) < €(u)—dy(uyy) VueX, ye Flu) (4.9) 
then there exists UC X such that U € F(u). 


Remark 4.67 

The remarkable feature of the above result is that no continuity assumption is 
made on F’. Suppose that y: X —> X is a k-contraction, then by setting 
E(u) = xpd, (u, y(u)), we satisfy (4.9) with F = y. So, indeed Theorem 4.66 is 
a generalization of Theorem 4.59. 


We can also have a set-valued version of Theorem 4.59 


Theorem 4.68 
If (X,d,) is a complete metric space, F: X —+ Py(X) is a multifunction such that 


h(F(u),F(v)) < kd, (u,v) Vu,ve X, 


with k € [0,1), where h is the Hausdorff metric on Pys(X) (see Definition 2.49), 
then F' has a fixed point, that is, there exists u € X such that u € F(u). 


Remark 4.69 
Of course in this case we do not expect the fixed point to be unique. Indeed, to see 
this consider a constant multifunction. 


For nonexpansive maps, the situation is more involved. Such maps in general do 
not need to have fixed points. Indeed, let X be a Banach space and let y: X —> X 
be defined by 

p(u) = uth Yue X, 


with h € X \ {0} fixed. Evidently y is nonexpansive and fixed point free. Also, if a 
nonexpansive map has a fixed point, then this need not be unique. Indeed, think of 
the identity map on X. 
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Theorem 4.70 
If X is a uniformly conver Banach space, C © X is a nonempty, bounded, closed, 
and convex set and F: C —+ Py (C) satisfies 


h(F(u),F(v)) < |lu—vllx Vu,v eC, 
then F' has a fixed point, that is, there exists u € C such that u € F(u). 


Remark 4.71 
Using the parallelogram law (see Remark 1.5.94), we see that Hilbert spaces are 
uniformly convex. 


To go beyond uniformly convex Banach spaces, we need to introduce the following 
geometric notion. 


Definition 4.72 
Let X be a Banach space and let C C X be a nonempty set. 
(a) A point u € C is said to be a diametral point of C, if 


sup |ju—clly = diamC. 
cEeC 


(b) A convex set C is said to have normal structure, if every bounded convex set 
DCC with diam D > 0 contains a nondiametral point. 

(c) A convex set C in a dual Banach space X* is said to have w*-normal struc- 
ture, if every bounded, w*-closed, convex set DCC with diam D > 0, contains 
a nondiametral point. 


Theorem 4.73 

If X is a Banach space, C C X is a nonempty, w-compact, convex set with normal 
structure and yp: C > C is a nonexpansive map, 

then y has a fixed point. 


Theorem 4.74 

If X is a Banach space, C C X* is a nonempty, w*-compact, conver set with w*- 
normal structure and y: C —+ C is a nonexpansive map, 

then ~ has a fixed point. 


So far we have considered maps that take the set C’ into itself. Next we will deal 
with maps that need not take C’ into itself. 


Theorem 4.75 

If X is a uniformly convex space, C C X is a nonempty, bounded, closed, and convex 
set and yp: C —> X is a nonexpansive map and y(u) —u € To(u) for all u € C with 
Tc(u) being the tangent cone to C at u (see Definition 3.112), 

then p has a unique fixed point. 
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Remark 4.76 
A map y: C —>+ X which satisfies condition y(u) — u € Te(u) for all u € C is called 
weakly inward. 


We mention a basic structural property of nonexpansive maps. First a definition. 


Definition 4.77 

Let X be a Banach space and let €: X D D(E) —> X be a map. We say that € is 
demiclosed on D(£) if for every sequence {Un}ns1 © D(€) such that un “su and 
E(Un) — y, we have that u € D(€) and €(u) = y. 


Proposition 4.78 

If X is a uniformly convex Banach space, C C X is a bounded, closed, convex set 
and yp: C —> X is a nonexpansive map, 

then I,, — y is demiclosed. 


We conclude our survey of the basic metric fixed point theory with a nonlinear 
alternative theorem for k-contractions. 


Theorem 4.79 

If X is a Banach space, C © X is a nonempty, closed, convex set, U is a relatively 
open subset of C with 0 € U and y: U —+ X is a bounded k-contraction (where 
0<k< 1), 

then at least one of the following properties holds: 

(a) v has a unique fixed point; 

(b) there exist up € OU and t € (0,1) such that uo = ty(uo). 


There is an analogous result for nonexpansive maps. 


Theorem 4.80 
If X is a uniformly conver Banach space, U C X is a bounded, open and convex set 
with 0 € U and yp: U —+ X is nonexpansive, 
then at least one of the following properties holds: 
(a) vy has a unique fixed point; 
(b) there exist uo € OU andt € (0,1) such that up = ty(uo). 


4.1.3 Topological Fixed Point Theory 


In this section, we present some of the main results from the topological fixed point 
theory. Now in the analysis the main tools are the topological properties of the spaces 
and/or of the maps involved. The notion of compactness is central in this theory. 

Topological fixed point theory was born with the celebrated Brouwer fixed point 
theorem. 


Theorem 4.81 (Brouwer Fired Point Theorem) 
Bese RY is homeomorphic to a compact, convex set and y: C —> C is continuous, 
then y has a fixed point. 
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Remark 4.82 

A nonempty, bounded, closed, and convex subset of R“ with nonempty interior is 
homeomorphic to the closed unit ball B; in R%. So, if U CR is a bounded, open 
and convex set and y: U —+ U is continuous, then ¢ has a fixed point. Recall that 
a convex set C’C R% may have empty interior. However, we always have rint C ¥ 0, 
where rint C' denotes the relative interior of C with respect to spanC. 


Next we present two fixed point theorems for open sets in RY. 


Theorem 4.83 
If U CRN is a nonempty, bounded and open set, g € C(U;R) and there exists 


y €U such that 
plu) -—y 4 A(u—y) YVueou, rA>1, (4.10) 


then y has a fixed point in U. 


Remark 4.84 

Condition (4.10) is known in the literature as the Leray—Schauder boundary con- 
dition. It says that for some point y € U, for no u € OU does y(u) lie in the 
continuation of the segment |y, u] beyond uw. 


The second fixed point theorem for open sets is the following. 


Theorem 4.85 (Borsuk Fixed Point Theorem) 
If U C RYN is a nonempty, bounded, open and symmetric set with 0 € U and 


p € C(U;R) satisfies 
—p(u) = y(-u) Vue du, 
then ~ has a fixed point. 


It is natural to ask if there is an infinite dimensional version of the Brouwer 
fixed point theorem (see Theorem 4.81). The next example illustrates that without 
additional restrictions on y Theorem 4.81 fails in infinite dimensional spaces. 


Example 4.86 
Let H =/? and let y: Bj —> B, (where B} = {GE I: |@|2 < 1}) be defined by 


m 1 mn pnt 
p(u) _ ((1— l[e||22)2, 1, wa, -..) VU= {Unhnst € By. 
Note that for all @ € B,, we have 


1 
le@lle = ((1=llull2) + lull)? = 1, 


sO 
y(Bi) © AB; (4.11) 
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and » is continuous. The map y is fixed point free. Indeed, if u= y(u) with 
U= {Un}nsi € I?, then from (4.11), we have 


uy=O0O and w=w=u3=..., 


sO 
Un = 0 Vnel1 


and thus u = 0, a contradiction (see (4.11)). 


In fact we have the following result illustrating in an emphatic way the failure of 
Theorem 4.81 in infinite dimensions. 


Proposition 4.87 
If X is a Banach space, 
then every continuous map y: By —> B, has a fixed point if and only if dim X < +00. 


Remark 4.88 

The problem is that in infinite dimensional Banach spaces, bounded and closed sets 
need not be compact. For this reason as we did in Sect. 4.1.1 in the definition of the 
Leray—Schauder degree, we need to introduce some compactness structure. 


The next result is the infinite dimensional analog of Theorem 4.81. 


Theorem 4.89 (Schauder Fired Point Theorem) 

If X is a Banach space, C C X is a nonempty, bounded, closed, and convex set and 
yp: C —> C is compact, 

then ~ has a fixed point. 


We can also have an infinite dimensional analog of the Borsuk fixed point theorem 
(see Theorem 4.85). 


Theorem 4.90 
If X is a Banach space, U € X is a nonempty, open, convex, and symmetric set 
with 0 € U and py: U —+ X is compact and satisfies 


—plu) = y(-u) Vuedu, 
then yp has a fixed point. 


There is also a nonlinear alternative theorem, in the spirit of Theorem 4.79. 


Theorem 4.91 

If X is a Banach space, C C X is a nonempty, bounded, conver set, U C C is a 
relatively open subset of C with0 €U and y: U —+ X is a compact map, 

then at least one of the following properties holds: 
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(a) ¢ has a fixed point in U; 
(b) there exist up € OU and t € (0,1) such that up = ty(uo). 


Remark 4.92 
The above theorem suggests that we have to impose conditions on y which will prevent 
the realization of (b). Then necessarily y has a fixed point. 


Theorem 4.91 leads to the following theorem. 


Theorem 4.93 (Leray—Schauder Alternative Theorem) 

If X is a Banach space, CC X is a nonempty, convex set withO Ee C, yp: C 4 C 
is compact and E(y) ={uweEC: u=AdAy(u) for some d € (0, 1)}, 

then either E(y) is unbounded or ~ has a fixed point. 


Remark 4.94 
In the context of boundary value problems, roughly speaking, the above theorem says 
that a priori estimates lead to existence results. 


Next we consider the parametric equation u = Ay(u) (that is, the existence of 
an invariant direction for the map y, an eigenelement (A, w)). We have the following 
result. 


Theorem 4.95 (Birkhoff-Kellogg Invariant Direction Theorem) 
If X is an infinite dimensional Banach space, U C X is a bounded open set with 
0€U and: OU — X is a compact map such that 


inf = > 0, 
inf lle(u)ilx m 


then there exist X > 0 andu € OU such that u = Ay(u). 


Remark 4.96 

The above theorem fails in finite dimensional Banach spaces. In fact the eigenvalue 
problem u = Ay(u), u € OU has a solution in RY when N is odd. Recall the classical 
“hedgehog theorem” of Poincaré-Brouwer, which says that the surface of a ball in RY 
(N > 2) admits a nowhere vanishing continuous tangential vector field if and only if 
N is even. 


Definition 4.97 
Let X be a Banach space and let p: X —>+ X be a map. 
(a) We say that y is quasibounded, 


l~loo = limsup bet lex = inf sup ae 2 ae. 
elec 2-0 70 lull x >r 


The number |y~|o is called the quasinorm of . 
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(b) We say that y is asymptotically linear, if there exists A € L(X) such that 


lim 
||u|| x +00 


|A@—e@Hilx _ 9. 


lullx 


The operator A € L(X) is uniquely determined, it is called asymptotic 
derivative of y and is denoted by (oo). 


Remark 4.98 
Evidently every A € £(X) is quasibounded and |A|.o = ||Al|z. 


Theorem 4.99 
If X is a Banach space and y: X —+ X is quasibounded and compact, 


then for every hh € X and every \€ R with |A| < wie the equation 


h = u—y(u) 
has at least one solution. In particular then the compact map Ay has a fixed point. 


The next result extends Theorem 4.75 to infinite dimensional spaces. 


Theorem 4.100 

If X is a Banach space, C C X is a nonempty, bounded, closed, and convex set and 
yp: C — X is y-condensing (with y being the Kuratowski or Hausdorff measure of 
noncompactness; see Definition 2.31) and 


p(u) —u € To(u) Vuec, 


with To(u) being the tangent cone to C atu (see Definition 3.112), 
then yp has a fixed point. 


The main results of the topological fixed point theory extend to locally convex 
spaces (see Definition 1.5.3). We mention the extension of the Schauder fixed point 
theorem (see Theorem 4.89). 


Theorem 4.101 (Tichonov Fixed Point Theorem) 

If X is a locally conver space, CC X is a nonempty, bounded, closed, and convex 
set and yp: C —>C is a compact map, 

then ~ has a fixed point. 


There is a version of this result for angelic locally convex spaces, which is useful 
in applications. First a definition. 


Definition 4.102 
A Hausdorff topological space X is said to be angelic (or that it has countably 


determined compactness), if for every relatively countably compact set C C X 
(see Definition I.2.88), the following hold: 
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(a) C is relatively compact; 
(b) for everyu€C we can find a sequence {Un}as1 CC such that Un — u. 


Remark 4.103 
Clearly for a set C in an angelic space, we have 


Cis compact <=> C is countably compact 
<=> Ci is sequentially compact. 


All metrizable locally convex spaces (in particular all normed spaces) are angelic when 
furnished with their weak topologies. If X is a normed space, then X;, (the space X* 
furnished with the weak topology) is angelic, but X;. (the space X* furnished with 
the w*-topology) need not be angelic. 


Proposition 4.104 

If X is a locally convex space which is angelic when furnished with the weak topology, 
CCX isa nonempty, w-compact, and convex set and yp: C —> C is a sequentially 
weakly continuous map, 

then ~ has a fixed point. 


Next we present some fixed point theorems for multifunctions. The first is a set 
valued version of Theorem 4.100. 


Theorem 4.105 

If X is a Banach space, C C X is a nonempty, bounded, closed, and convex set 
and F: C —+ P;.(X) is upper semicontinuous and y-condensing (i.e., for all sets 
DCX with 7(D) > 0 we have y(F(D)) < y(D)), where y is either the Kuratowski 
or Hausdorff measure of noncompactness (see Definition 2.31) and 


(F(u)-—u)NTo(u) 40 Vuec, 


with To(u) being the tangent cone to C at u (see Definition 3.112), 
then F' has a fixed point, t.e., there exists u€ C such that u € F(u). 


Remark 4.106 

If C C X is a nonempty, compact, and convex set, then we can drop the hypothesis 
that F' is y-condensing. In fact in this case the result is true for general locally convex 
spaces. 


As a particular case of this theorem, we obtain a multivalued version of the 
Schauder fixed point theory (see Theorem 4.89). 


Theorem 4.107 (Kakutani Fixed Point Theorem) 

If X is a Banach space, C C X is a nonempty, bounded, closed, and convex set and 
rc Pre (C) is a compact multifunction (see Definition 4.54), 

then F has a fixed point, t.e., there exists u€ C such that u € F(u). 
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Remark 4.108 

The result is also true for locally convex spaces. More precisely, let X be a 
locally convex space, let CC X be a nonempty, compact, and convex set and let 
F: C —+ P;,(C) be an upper semicontinuous multifunction. Then F' has a fixed 
point. In this form, the result is known as the Ky Fan fixed point theorem. 


We have the following multivalued version of the Leray—Schauder alternative prin- 
ciple (see Theorem 4.93). 


Theorem 4.109 
If X and Y are two Banach spaces, F: X —+ Pyrce(Y) is an upper semicontinuous 
multifunction from X into Yy (where Y, is the Banach space Y furnished with the 
weak topology), G: Y —+ X is a completely continuous map and S = Go F' maps 
bounded sets to relatively compact sets, 
then the set 

E(S) = {ue X: we AS(u) for some A € (0,1)} 


is unbounded or otherwise S' has a fixed point. 


The next finite dimensional theorem, provides the main tool for many important 
fixed point theorems. 


Theorem 4.110 (Knaster—Kuratowski-Mazurkiewicz Theorem) 
If up € R” and Cy € Py (R”) for k € {1,...,m} are such that for every subset 


DC {l,...,m} we have conv {uz : k€ D} C U Cg, then 
keD 


( () Cy) A conv {u1,.-.,Um} € P,(R”). 
k=1 


This result suggests the following definition. 


Definition 4.111 
Let X be a vector space and let C C X be an arbitrary set. A multifunction 
F: C —> 2X \ {0} is said to be a KKM-multifunction, if 


n 
conv {tiyjs..+5 ty} GC U F (ug) 
k=1 


for every finite subset {u1,...,Un} CX. 


We conclude this section by introducing some topological notions which will be 
also used in Chap. 5. 


Definition 4.112 

Let X be a Hausdorff topological space. 

(a) A continuous map h: [0,1] x X —> X is a deformation of X, if h(0,-) = I,. 
Moreover, if h(1,X) CCC X, then we say that X is deformable into C. 
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(b) A closed set C C X is a deformation retract (respectively a strong defor- 
mation retract) of X, if there exists a deformation h(t,u) of X into C such 
that 

A(1,-)le = I, 


(respectively h(t,-)|, =I, for allt € [0,1]). 


Definition 4.113 

Let X and Y be two Hausdorff topological spaces and let CC X. 

(a) A continuous map p: C — Y is said to be extendable to X (respectively 
compactly extendable to X ), if there exists a continuous (respectively compact) 
map ¢: X —+Y such that ¢|, = 

(b) Two maps y,w: X —>+ Y are said to be homotopic, if there exists a continuous 
map h: [0,1] x X —>Y such that 


n0,-) = v() and A(1,-) = v()- 


The map h is called a homotopy (or continuous homotopy) of yp tow. When 
yp and w are homotopic, we writey ~ w. If p,w: X — Y are compact maps and 
the homotopy h is compact, then py and w are said to be compactly homotopic 
and we write p ~ w in K(X;Y). In this case h is called a compact homotopy. 

(c) A map y: X —>+ Y is said to be null-homotopic (respectively compactly null- 
homotopic), if it is homotopic (respectively compactly homotopic) to a constant 
map. We write p ~ 0 (respectively p ~ 0 in K(X;Y)) 

(d) We say that the space X is contractible, if I, ~ 0 (i.e., the identity map on X 
is null-homotopic). 


Remark 4.114 
Evidently ~ is an equivalence relation. So, it decomposes C'(X;Y) into pairwise 
disjoint classes known as homotopy classes. 


Definition 4.115 
A Hausdorff topological space is said to have the fixed point property (or is a fixed 
point space), if every continuous map yp: X —> X has a fixed point. 


4.1.4 Order Fixed Point Theory 


In this section we present some basic results of fixed point theory which are based on 
the order structure of the underlying spaces. 


Definition 4.116 

Let X be a set. A partial order on X is any relation x in X x X which satisfies 
the following conditions: 

(a) ux u (reflexivity); 

(b) ifuxv andv Xu, thenu=v (antisymmetry); 
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(c) ifuxv andv x wu, then u X w (transitivity). 
We say that relation x is linear (or total) if in addition to the above conditions 
it also satisfies: 
(d) for allu,v € X, we haveu Xv orv xu. 
Ifuxv andu#, the we write u ~ v. 
If x is a partial order on X, then a pair (X, x) is called a partially ordered set. 
If x is a linear order on X, then a pair (X,~) is called a linearly ordered set (or 
a totally ordered set). 


Remark 4.117 
Some authors drop the property of reflexivity from the definition of partial order. We 
will call such a relation strict partial order. Evidently < is a strict partial order. 


Definition 4.118 

Let (X,~X) be a partially ordered set and let C C X be a nonempty set. An upper 
bound for C is an element u € X such that c x u for alle € C. A maximal 
element in X is an element u © X such that ifu xv, thenu=v. A lower bound 
of C and a minimal element of X are defined by reversing the inequalities in the 
above relations. We say that the set C is bounded above (respectively bounded 
below), if there exists an upper bound (respectively a lower bound) for the set C. If 
C' is both bounded above and bounded below, then we say that C is order bounded. 
An upper boundu € X for C is said to be a least upper bound (or supremum), if 
for every upper bound v € X, we have u x v. Similarly we define the greatest lower 
bound (or infimum) of C. The supremum and infimum of C are denoted by sup C 
and inf C' respectively. When they exist they are necessarily unique. We say that the 
partially ordered set X is a lattice, if for all u,v € X, both sup{u, v} and inf{u, v} 
exist. We say that X is a complete lattice, if for every nonempty set CC X, both 
sup C and inf C exist. A subset C of a partially ordered set (X, x) is a chain, if the 
relation < |,,¢ is total. 


Remark 4.119 
Maximal elements need not be unique. For such elements, the basic result is the one 
that follows. 


Theorem 4.120 (Kuratowski-Zorn Lemma) 
If (X,X) is a partially ordered set and every chain has an upper bound, 
then X has at least one maximal element. 


Definition 4.121 
Let (X, x) be a partially ordered set. Givenu € X, we define 


Si(u) {ve X: uxv} (the upper (or right) section of u), 
S_(u) = {vEeX: vxu} (the lower (or left) section of u). 


Then, given u,v € X, the order interval {u,v| determined by u and v is defined by 


[uo] = Se@)nS_o) = {yexX: urxyxo}. 
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Suppose that (X,<x) and (Y,~xy) are two partially ordered sets and yp: X —+Y is 
a map. We say that p is increasing (respectively decreasing), if 
uxxv => gu) xy ¢(v) 
(respectivelyu <x v = > gv) xy ¢g(u)). 
We say that vy is strictly increasing (respectively strictly decreasing), if 
u~<x v = g(u) ~<y y(v) 
(respectively u <x v = > gv) ~y g(u)). 


Theorem 4.122 (Bourbaki-Kneser Fixed Point Theorem) 
If (X,3%) is a@ partially ordered set in which every chain has an upper bound 
(respectively a lower bound) and yp: X —>+ X satisfies 


ux y(u) Vuex 
(respectively p(u) xX u Vue xX), 
then yp admits a fixed point. 


In applications, the partial order is defined on a Banach space via the use of a 
cone. 


Definition 4.123 
Let X be a Banach space and let K C X be a nonempty set. We say that K is an 
order cone, if K is closed, convez, 


AK CK YVA20 and Kn(-K) = {0}. 
We say that the order cone K is solid, if int K 4. 


Remark 4.124 
Given an order cone K in a Banach space, for every u,v € K we define 


wxevu = v-Uue kK. 


Then it is easy to see that < is a partial order on X (see Definition 4.116). If the 
cone K is solid, then we write 


U<Xv = v—-weEintk. 


The Banach space together with the partial order < introduced by a cone K is said 
to be an ordered Banach space (an OBS for short) and the elements of K are 
said to be positive in X. Finally recall that in general a set C C X is a cone if 


AuUEC Vuec, A>0. 


Evidently an order cone is a cone, but the converse is not true in general. 
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Some properties of order cones which are intuitive and maybe obvious in finite 
dimensional spaces, need not hold in infinite dimensions. For this reason, we introduce 
the following definitions. 


Definition 4.125 

Let X be an OBS with order cone K. 

(a) We say that K is generating (or reproducing), if X = K — Kk. We say that 
K is total, if X =K—K. 

(b) We say that K is normal, if 


inf |lu+vilx > 0 
uve KNOB, 
(here OB, ={z EX: |lz|]x =1}). 
(c) We say that K is regular, if every increasing sequence {Un}n>1 C X which is 
order bounded, is strongly convergent in X. 
(d) We say that K is fully regular, if every increasing sequence {Un}ns1 Cx 
which is norm bounded, is strongly convergent in X. 
(e) We say that K is minthedral, if for every u,v € X, sup{u,v} ezists. 
(f) We say that K is strongly minihedral, if for every set C C X which is bounded 
from above, supC exists. 


Remark 4.126 
If K is generating, then every u € X can be written as 


U = Vj~—v2, With vj,v9 € K. 


Geometrically, normality means that the cone cannot be too large, since the angle 
between two unit norm positive elements is bounded away from 7. Also, regularity 
and full regularity can be equivalently defined using decreasing sequences. Similarly, 
K is minihedral if and only if for all u,v € X, inf{u,v} exists, while Kk is strongly 
minihedral if and only if every set C' C X which is bounded below has an infimum. 
Evidently, K is minihedral if and only if for every finite set C’, sup C and inf C exist. 


Definition 4.127 
Let X be an OBS with order cone K. The dual cone K* C X* is defined by 


KY = {u* eX": (u*,u) 20 for alluc K}. 


Remark 4.128 

The dual cone K* C X* need not be an order cone, since the condition 
K*  (—K*) = {0} may be violated (see Definition 4.123). However, it is easy to 
see that K* is an order cone if and only if K is total. Note that u € K if and only if 
(u*,u) > 0 for all u* € K* and if u € K \ {0}, then there exists u* € K* such that 
(u*,u) > 0. 


The next result relates K and the dual cone K™. 
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Theorem 4.129 (Krein Theorem) 

If X is an OBS with order cone K and K* C X* is the dual cone, 
then 

(a) K is generating if and only if K* is normal. 

(b) K is normal if and only if K* is generating. 


With additional structure on X, we can relate the notions introduced in 
Definition 4.125. 


Proposition 4.130 

If X is a reflexive OBS with order cone K, 
then the following conditions are equivalent: 
(a) K is normal. 

(b) K is regular. 

(c) K is fully regular. 


Remark 4.131 
In general, we have that the following implications hold: 


K is fully regular 
ST 


K is regular 


4 


K is normal 


To be able to produce more fixed point theorems based on the order structure, 
we need to exploit some tools available from degree theory. 
We start by recalling the following notions from topology. 


Definition 4.132 

Let X be a Hausdorff topological space. 

(a) A set C C X is a retract, if there exists a continuous map r: X —> C such 
that r|, =I,. The map r is a retraction of X onto C. 

(b) We say that X is an absolute retract (an AR for short), if X is metrizable 
and for any metrizable space V and any closed set DC V each continuous map 
yp: D— X is extendable on V. 

(c) We say that X is an absolute neighborhood retract (an ANR for short), if 
X is metrizable and for any metrizable space V and any closed set DC V each 
continuous map py: D —> X is extendable on some neighborhood U of D. 


Remark 4.133 

A retract is always closed. By virtue of the Dugundji extension theorem (see Theo- 
rem 2.8), a closed convex set of a locally convex space is a retract and in fact AR. If 
D is a retract of C and C is a retract of X, then D is a retract of X. Every AR is 
path-connected (see Definition I.1.97) and every ANR is locally path-connected (see 
Definition I.1.103). 
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Definition 4.134 
Let X be a Banach space and consider the family: 


Y; = {(v,Q,K): K CX is a retract, QC K is bounded, 
relatively open 
yp: Q — X is compact and Fix (py) N dQ = 0}, 


where Fix (y) = {ue Q: u=y(u)}. Letr: X — K be a retraction of X onto K. 
Then for every (p,Q, K) € Y; we define the fixed point index i: Y; —> Z of y over 
Q. with respect to K, by 


(yp, OQ, K) = dis, — yor,r*(Q),0). 


Remark 4.135 

Using the properties of the Leray—Schauder degree (see Theorem 4.27), in particular 
the homotopy invariance and the excision properties, we can show that the above 
definition is independent of the retraction r used. When K = X, we see that we 
recover the Leray—Schauder degree. 


Directly from Theorem 4.27, we infer the following fundamental theorem for the 
fixed point index. 


Theorem 4.136 

There is a unique map i: ¥; — Z called the fixed point index of y on Q with 
respect to K, which satisfies: 

(a) Normalization: If y(u) = yo € © for allu € Q, then i(y,Q, K) =1. 

(b) Domain Decomposition: If Q1,Q2 are disjoint open subsets of Q and 


Fix (y) 1 (Q\ (0, UM) = O, 
then 
iy, Q, Kk) = iy, Q1, Kk) ai i(y, Qo, Kk). 
(c) Homotopy Invariance: If h: [0,1] x Q — K is compact and 


h(t,u) £u  VteE (0,1), we dQ, 


then i(h(t,-),Q, K) is independent of t € [0,1]; 
(d) Existence: If i(p,Q,K) #0, then there exists u€ QD such that p(u) = u. 
(e) Excision: If Qo is an open subset of Q and Fix (yp) N (Q\ Qo) = 9, then 


i(y, Q, K) — d(p, Qo, K). 
(f) Reduction: If Ky is a retract of K and y(Q) C Ky, then 
i(y,Q,K) = i(y,Q0 Ki, kK). 


(g) Dependence on boundary value: If yl, = Vlog, then i(y, Q, K) = i(v,Q, K). 
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Remark 4.137 

Of course the definition of the fixed point index can be extended to y-condensing 
maps, that is, in Definition 4.134 replace d,, by d, (see Theorem 4.39). Also, we 
can define a fixed point index for compact (or y-condensing) multifunctions, using 
the degree map d,,, (see Theorem 4.57). 


Theorem 4.138 
If X is an OBS with order cone K, 24,Q2 C X are two nonempty, bounded, open 
sets such that 

0€ XQ; and O, C Oo, 


y: KN (Q2\ 21) —> K is a compact map and one of the following conditions holds: 
(i) plu) Zu for allue KN OQ, and p(u) € u for all u € KN OQ2; or 

(it) y(u) € u for alluce KNOQ, and y(u) Zu for allue KNANQ2, 

then y has at least one fixed point in KM (Q2 \ 01). 


Theorem 4.139 
If X is an OBS with order cone K, 04,Q2 C X are two nonempty, bounded, open 
sets such that 

0 € Qi and on C Oe, 
y: KN (Q2\ 21) —> K is a compact map and one of the following conditions holds: 
(i) |ly(u)|lx < |lullx for allu € KNOQ, and ||p(u)||x = |lullx for allu € KN AQ); 


or 
(it) ||p(u)||x = |lullx for allu€e KNAQ, and ||y(u)||x < |lullx for allue KNOAQ2, 


then vy has at least one fixed point in KN (Q2\ 1). 


Remark 4.140 
Both the above existence theorems employ conditions of cone expansion and 
compression. 


We can also have a multiplicity theorem. 


Theorem 4.141 
If X is an OBS with order cone K which is normal and solid, y,,u1,y2,u2 © X 
satisfy 

Y< UW < yea < wW 


and y: [yi,y2] —>+ X is compact and strongly increasing (i.e., if u < v, then 
y(u) < y(v)) and in addition we have 


yi < oly), Plu) < wu, yo < vly2) and y(uz) < wu, 
then yp has at least three fixed points U1, U2, U3 € [y1, y2| such that 
y <t% Kw, yo <X< te < w and yw € ts K uw. 


We conclude with two useful auxiliary results. 
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Theorem 4.142 (Whyburn Lemma (Separation Lemma)) 

If K is a compact metric space and K,, Ko are nonempty, closed disjoint subsets 

of K, 

then one of the following holds: 

(a) there exists a connected component C of K such that Cn ki 40, CO ko 490; 
or 

(b) there exist disjoint compact sets Ky and ie such that K = Kili and ky Cc Ky 
and Ko Se Ko 


Theorem 4.143 (Arens—Eells Theorem) 


Every metric space (X,d,) can be isometrically embedded as a closed subset of a 
normed space. 
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4.2 Problems 


Problem 4.1** 
Suppose that 2 C RN is a bounded open set, yp € C1(Q;R%) and h ¢ y(S,) (see 
Definition 4.1). Show that the set y~!(h) is finite. 


Problem 4.2** 

Let X be a finite dimensional normed space. Show that the Brouwer degree (see 
Definition 4.9) can be extended to triples (0,y,h) for bounded open set 2 C X, 
y € C(O; X) and h ¢ v(AQ). 


Problem 4.3* 
Suppose that Q C R% is a bounded open set, y,~ € C(Q;R%) are such that 
Yloo = Vlog and h ¢ y(OQ). Show that d(y,Q,h) = d(y,Q,h). 


Problem 4.4* 
Let (y,0,h) € Y (see Theorem 4.11). Show that for all y € R’, we have 


Problem 4.5** 

Let (y,2,h) € Y (see Theorem 4.11) and suppose that in Q the equation y(u) = h 
has finite number of solutions u1,...,un € Q. Suppose that vy is a C!-function in a 
neighborhood of each uz and J,(uz,) 4 0 for k € {1,...,n}. Show that 


d(p,Q,h) = SY sgn Jo(ux). 
k=1 


Problem 4.6** 

Suppose that Q C RY is a bounded open set, yp € C!(O;RY), uo € yt(h) and 
J,(uo) # 0. Show that i(y, uo, h) = (—1)" where yu is the number of real negative 
eigenvalues of y/(uo) counting algebraic multiplicity. 


Problem 4.7* 

Suppose that 2 C R% is a bounded, open, symmetric set with 0 € 0, y € C(O; RY), 
0 Z y(OQ) and y(—u) ¥ Av(u) for all u € OC and all A > 1. Show that d(y, ©, 0) is 
odd. 


Problem 4.8* 
Let (y,2,h) € Y (see Theorem 4.11) and assume that there exists u € 2 such that 
y(u) = h. Is it true that d(y,Q,h) 4 0? Justify your answer. 


Problem 4.9*** 
Let 2 C RY be anonempty open set and let y: 2 —> R% be a continuous and locally 
injective map. Show that the set y(Q) is open. 


4.2. Problems 655 


Problem 4.10** 
Suppose that D C R% is a set with nonempty interior and y € C(D;RY) is an 
injection. Show that int y(D) = y(int D). 


Problem 4.11** 
Let y: RY —> R% be a continuous injection such that |y(u)| —> +00 as |u| 4 +00. 
Show that y is a surjection. 


Problem 4.12* 

Let 2 C R% be a bounded, open, symmetric set with 0 € 2 and let y € C(O;RY) be 
a function which is odd on 02. Show that: 

(a) there exists u € Q such that y(u) = 0; 

(b) there exists v € Q such that y(v) =v 


Problem 4.13* 
Let (y,2,h) € Y (see Theorem 4.11) be such that d(y,0,h) #0. Show that y(Q) is 
a neighborhood of h (i.e., p(Q) contains an open set U with h € U). 


Problem 4.14*** 
Let X be an infinite dimensional Banach space. Show that 0B,(0) is a retract of 
B,(0), where 0B,(0) ={ueE X: |lullx =r} and B,(0)={ue X: |lullx <r}. 


Problem 4.15** 

Show that o every r > 0, OB,(0) is not a ee of B, (see Definition 4.132(a)), 
where 0B,(0) = {u€ RY: jul =r} and B,(0) = {ue R®: |u| <r}. (Compare 
with ae 4.14.) 


Problem 4.16*** 

(a) In RY, show that 0B,(0 ‘ (with r > 0) is not contractible (see Defini- 
tion 4.113(d)), where 0B,(0) = {we R® : |u| =r}. 

(b) In an infinite hears a space X, show that 0B,(0) (with r > 0) is 
contractible, where 0B,(0) = {we X: |lul|x =r}. 


Problem 4,17*** : 

Suppose that a,b € R, a < 6, V C [a,}] x RY is a bounded open set, h: V —> RX 
is a continuous map and h ¢ h(d,, ean V). For every t € [a,b] we define 
Y= {ueR%: (t,u) € V}. Show that the map [a,b] 5 t-> d(h(t, -),Vi,h) is con- 
stant (here we use the convention that d(h(t,-),0,h) = 0). 


Problem 4.18* 
Let 2 C R% be a bounded open set and let vy, y € C(M; RY) be such that 


Io(u)| <|e(u)| Vue daa. 


Show that 
dip +¥,2,0) = d(y,Q,0). 
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Problem 4.19** 
Let Q C RX be a bounded open set and let y € C(OQ;R) be such that y(Q) CO 


and y(u) = u for all u € OQ. Show that y(Q) =. 


Problem 4.20** 
Let 2 C R% be a bounded open set with 0 € 2 and let y € C(O;R%) be a map such 
that 

(p(u),Wpy 20 Vue dd. 


Show that there exists uo € 9 such that y(uo) = 0. 


Problem 4.21* 
Let m,n € N be such that m < n. Show that there is no continuous injection 
yp: R” — R”. 


Problem 4.22** 
Let m,n € N be such that n < m and assume that y: R” —> R”™ is a continuous 
injection. Show that the set R™ \ y(R”) is dense in R™. 


Problem 4.23** 

Suppose that N is an odd positive integer, Q C RX is a bounded open set with 0 € 2 
and y € C(O;R) with 0 ¢ y(0Q). Show that there exist u € OQ and \ 4 0 such 
that y(u) = Au. 


Problem 4.24** 

Suppose that N is an even positive integer, SY = ony = {u ERNt: Jul = 1} 
and y: SN —+ §% is a continuous map such that y(u) 4 —u for all u € SX. Show 
that there exists @ € S% such that y(@) = @. 


Problem 4,25*** 

Let y: SN —+ S% be a continuous map. Show that the following statements are 
equivalent: 

(a) vy is not homotopic to a constant. 


: F A. DN+ a . 
(b) Every continuous extension @: B; " _, RN+1 has a zero, that is, there exists 
a. ws =N 
uo € BN* with G(uo) = 0 (here By Hs {ue RN*: |u| < 1}). 


‘! __. RN+1 satisfies d(G.BP** 0) 40. 


s : A. pN 
(c) Every continuous extension @: B, 


Problem 4.26 

Let y: SN —+ S% be a continuous map. Show that: 

(a) if di(y) 4 (—1)**!, then y has a fixed point (see Definition 4.16); 
(b) if di(y) #1, then there exists ug € S% such that y(uo) = —uo. 


Problem 4.27** 

(a) Let 2 C R% be a bounded open symmetric set such that 0 € © and let 
y € C(00;R) be an odd map such that y(9Q) is contained in a proper subspace 
of R’. Show that there exists uo € OQ such that y(ug) = 0. 
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(b) Let m,n € N be such that n > m. Show that there is no odd map y € C(.$"; S™). 


Problem 4,28*** 
Let Q C R% be a bounded open set and let y € C(O; RY) be an injection. Suppose 
that h € y(Q). Show that d(y,0,h) = +1. 


Problem 4.29** 

Suppose that Q C RY is a bounded open set, y = Lig with J: 0 RY 
nonexpansive, (that is, |f(u) — f(v)| < |u— | for all u,v € O, u# v). Show that y 
is an injection and d(y,Q,h) = £1 for every h € y(Q). 


Problem 4.30* 
Let 2 C RY be a bounded open set, vy, ~) € C(O;R) and 
h € (plu), vu] = {y= (1 —-t)ptu) + ty(u):t € [0,1]} Vue an. 
Show that 
d(y,Q,h) = d(y,Q, h). 


Problem 4.31** 
Suppose that Q = (a,b) (with a < b), y € C(|a,b]) and h ¢ {y(a), y(b)}. Show that 
d(y, Q, h) E eae O} 


Problem 4.32* 
Let N €N be odd. Show that —I_,,,I_,: SY —+ S% are homotopic. 


SN? "Ss 


Problem 4.33” 
Let (y,2,0) € Y (see Theorem 4.11) and suppose that there exists y £ 0 such that 


p(u) # Ay Yue dan, A> 0. 
Show that d(y, 2,0) = 0. 


Problem 4.34* 
Suppose that X is a Banach space, 1 C X is a bounded open set and 
ho: [0,1] x Q —> X is a compact map. We set 


h(t,u) =u—ho(t,u) -V (t,u) € (0,1) x 2 
and assume that 0 ¢ h(t, OQ) for all t € [0,1]. Show that 
inf {\[A(t,w)||x : t € [0,1], ue AQ} > 0. 


Problem 4.35** 
Let (y,2,h) € Yo (see Theorem 4.27). Show that for all y € X we have 


dy (y,Q,h) = dis( — y,0,h — y). 
(Compare with Problem 4.4.) 
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Problem 4.36* 
Suppose that X is a Banach space, 2 CX is a bounded open set and y € X. Show 
that for all h ¢ OO — y, we have 


1 if h+yeQ, 
dusUx — wh) = - if hty¢Q. 


Problem 4.37** 

Suppose that X is a Banach space, Q C X is a bounded open set and 
y: 1, —f:Q—+ X with f ¢ K(Q;X) being injective. Show that y~!: y(Q) — X 
is also a compact perturbation of the identity and the set y(Q) C X is open. 


Problem 4.38** 

Suppose that X is a Banach space, U C X is an open set and y = I, —f is an injection 
with f € K(U;X). Show that y is an open map and ¢ is a homeomorphism of U 
onto y(U). 


Problem 4.39% 
Suppose that X is a Banach space, y = I, — f with f © K(X; X) is such that 


leu) -—e@)llx 2 clu-vlx VuvEex 


for some c > 0. Show that y is a homeomorphism of X onto itself. 


Problem 4.40* 
Suppose that (y,0,h),(w,Q,h) € Yo (see Theorem 4.27) and assume that 
Yloo = Vlog: Show that d,.(y,Q, h) = d,.(~,,h). (Compare with Problem 4.3.) 


Problem 4.41** 

In Problem 4.14 we saw that in an infinite dimensional Banach space X, 0B,(0) is a 
retract of B,(0) (with r > 0). Is it possible to find a retraction €: B,(0) —> 0B,(0) 
of the form € = I, — f with f € K(B,(0);X)? Justify your answer. 


Problem 4.42*** 

Suppose that X is a Banach space, 2 C X is an open set with 0 € 0, y: Q —> X 
is Fréchet differentiable at u = 0, p = 1, — f with f € K(Q;X) compact, f(0) = 0, 
js = Lis not an eigenvalue of f’(0). Show that u = 0 is an isolated solution of y(u) = 0 
and i(y,0,0) = (—1)™, with m being the sum of the algebraic multiplicities of the 
eigenvalues yz of f’(0) such that p> 1. 


Problem 4,43** oe 

Suppose that X is a Banach space with X = @ Vz where V; C X are closed subspaces 
k=1 

of X, L € £L(X) is injective and L = I, — A with A € £,(X). Show that 


d,.(L, Bi(0),0) = [J d,,(Ll,,,B1(0) 9 Vp, 0). 
1 


> 
lI 
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Problem 4,44** 

Suppose that X is a Banach space, a,b€ R,a<b,V © [a, b] x X_is a bounded open 

set, k: V —> X is a compact map, h(t,u) = u—k(t,u) and h ¢ h(0 V). Set 
Y= {uexX: (tu) eV} Vt € [a, OJ. 

Show that the map t +> d, g(h (t,-),Vi,h) is constant on [a,b] (here we use the 

convention that d(h (t,-),@,h) = 0). (Compare with Problem 4.17.) 


[a,b] x Xx 


Problem 4.45** 
Suppose that X is a Banach space, 2 C X is a bounded open set and f € K(Q;X) 
satisfies 
(1, —f)(Q) C Q and f(u) = 0 Vue on. 
Show that (I, — f)(Q) =Q. (Compare with Problem 4.19.) 


Problem 4.46* 
Suppose that X and Y are two Banach spaces, A € £(X;Y) is an isomorphism, 
Q C X is a bounded open set, h € A(Q), k: [0,1] x Q —4 Y is a compact map such 
that k(0,u) = 0 for all u € 0 and 

A(u)—k(t,u) A h ~~ V (t,u) € (0,1) x 0. 
Show that there exists u € 0 such that A(u) — k(1,u) =h. 


Problem 4.47** 
Suppose that X and Y are two Banach spaces, A € L(X;Y) is an isomorphism, 
k: [0,1] x X —+ Y is a compact map such that k(0,u) = 0 for all w € X and there 
exists R > ||A~+(y)||x such that for all (t,u) € (0,1) x X, we have 

if A(u) — k(t,u) = y, then |lullx < R 
(a priori bound). Show that there exists u € Br(0) such that A(u) — k(1,u) = h. 


Problem 4.48** 
Suppose that X and Y are two Banach spaces, A € £(X;Y) is an isomorphism and 
yp: X — Y is a compact map such that 


im 
||ul| x +00 


Show that for every y € Y there exists u € X such that A(u) — y(u) = y. 


Problem 4.49* 
Suppose that X is a Banach space and (y,,0), (w,,0) € Yo (see Theorem 4.27) 
are such that 
dys (y,0,0) 4 dis (#, Q, 0). 
Show that there exist \ < 0 and w € 02 such that p(w) = AYp(u). 
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Problem 4.50** 

Suppose that X is a Banach space, 2 C X is a bounded open set and f: Q —> X 
is a compact map such that f(u) ¥ u for all u € OD. Let ¥ = d,.(L, — f, 9,0) and 
consider the eigenvalue problem 


f(u) = pu withu€ dQ, WER. 
Show that this problem has a solution (yi, w) € (1,-+0o) x OQ, if 
(a) 0€ Qand VF 1; or 
(b) 0¢Q andv 0. 


Problem 4.51* 
Suppose that X is a Banach space, (vy, 0, h) € Yo (see Theorem 4.27) and w: 9 —> X 
is a map such that ~ = I, — g with g € K(Q;X). Suppose that 


lp(u) — v(u) |x < |!d(u) — Allx Yue on. 
Show that (7~,0,h) € Vo and d,,(y,Q,h) = d,,(~,Q, h). 


Problem 4.52** 

Suppose that X is a Banach space, (y,2,h) € Yo (see Theorem 4.27) and there 
exists aray RJ = {ue X: u=(1—t)h+ty, t € [0, +00)} emanating from h in the 
direction y # h such that Rf N y(OQ) = 0. Show that d,.(y,Q,h) = 0. 


Problem 4.53*** 
Suppose that X is a Banach space, (vy, 2,0) € Vo (see Theorem 4.27) with yp = 1, — f, 
d,5(y,2,0) £0 and f € K(Q; X) satisfies the following condition: 

“for every € > 0, there exists f- € K(Q;X) such that 


Ilfe(u) —f(ullx < e VWuend 
and for every h € X with ||h||x < ¢, the equation 
u—fe(u)=h 


has at most one solution in 2.” 
Show that the set S(yv) = {uEQ: yu) = 0} is connected. 


Problem 4.54** 

Suppose that X is a Banach space, Q C X is a bounded, open, symmetric set with 
0€9, p=1,-—f: OQ — X is odd with f € K(0Q; X) and y(OQ) C V, where V is 
a closed linear subspace of X of codimension 1. Show that we can find uw € OQ such 
that y(t) = 0. 


Problem 4.55** 

Suppose that X is a Banach space, Q C X is a bounded, open, symmetric set with 
0€9, 9: 1, -—f: 02 — X with f € K(0Q; X) and y(OQ) C V where V is a closed 
linear subspace of X of codimension 1. Show that there exists @ € OQ such that 


p(t) = p(-t). 
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Problem 4.56*** 

Suppose that X is a Banach space, y = I, — f: X —> X with f © K(X; X) which 
is asymptotically linear with f’(oo) € £.(X) (see Definition 4.97(b)). Show that for 
a sufficiently large bounded open set 2. C X containing the origin, we have 


dys (Y, Q, 0) _ eL"; 


with m being the sum of the algebraic multiplicities of the real eigenvalues of y’ (oo) 
in (1, +00). 


Problem 4,.57** 
Suppose that X is a Banach space, (y, 2, h) € Yo (see Theorem 4.27) and assume that 


y(Q) C V with V being a proper linear subspace of X. Show that d,,(y,Q,h) = 0. 


Problem 4.58** 

Suppose that X is a Banach space, y = I, — f: X —> X with f © K(X;X) and 
there is h € X, such that d,,(y, B,(0),h) A 0 for all open balls B,(0) D yp t(h). 
Show that y is surjective. 


Problem 4.59** 

Suppose that X is an infinite dimensional Banach space, 2 C X is a bounded open set 
with 0 ¢ 00, f € K(Q;X) with 0 ¢ f(OO) and f(u) F Au for all (A, u) € [0,1] x A. 
Show that d,,(1, — f,0,0) = 0. 


Problem 4.60** 
Suppose that X is a Banach space and y = I, — f: X —> X with f © K(X;X) 
being odd. Show that y is surjective. 


Problem 4.61** 

Suppose that X is a Banach space, (y,2,0) € Ye (see Theorem 4.39) and 
do(p,2,0) # O (see Definition 4.37). Show that for every r > 0 such that 
y(OQ) 1 B,(0) = 0, we have B,(0) C y(Q). 


Problem 4.62*** 

Suppose that X is a Banach space, 2 C X is a bounded, convex, symmetric, and 
open set with 0 € Q, y: I, — f: Q — X with f condensing (that is, f € S(Q;X)), 
0 ¢ y(OQ) and y|,,, is odd. Show that d,(y, 2,0) is odd. 


Problem 4.63** 
Suppose that X is a Banach space, Q C X is a bounded, convex, symmetric, and open 
set with O€ 0, p=1, —f: Q — X with f being condensing (that is, f € $(0;X)) 
and 

p(u) # tp(—u) V (t,u) € [0, 1] x 0a. 


Show that d,(y, 9,0) is odd. 
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Problem 4.64** 

Suppose that X is a Banach space, (y,2,0) € Y. (see Theorem 4.39) with 0 € Q 
and for every v € OQ, let Ro = {ue X: u=tv for some t > 0}. Suppose that 
d.(y, 2,0) 4 0. Show that 


RANv(OQ) AO VveEeda. 


Problem 4.65** 

Suppose that X is a Banach space, V C X is a linear subspace of codimension 1. 
Suppose that y = I, — f: Bi(0) —> V with f being condensing. Show that there 
exists u € OB,(0) such that y(t) = y(—u). 


Problem 4.66** 
Let y € C(R™;RY) be a strongly coercive function. Show that y is surjective. 


Problem 4.67** 
Suppose X is an infinite dimensional Banach space, Q C X is a bounded open set 
with 0 € Q, f: Q —> X is a condensing map (that is, f € S(Q;X)), g: OQ — X is 
a compact map (that is, g © K(00;X)) and 

(1—t)f(u)+tg(u) Au V (t,u) € [0,1] x 00 
and 

llullx < |lg(@u)Ilx Vue aa. 

Show that d, (1, — f,Q,0) =0. (Compare with Problem 4.59.) 
Problem 4.68** 


Suppose that X is an infinite dimensional Banach space, 2 C X is a bounded open 
set with 0 € 2, h € X is such that 


|Allx > sup |lullx 
Thaxe,@) 


and f: Q —+ X is a condensing map (that is, f € S(Q;X)). Suppose that 
f(u) A UW+t(A-1)h VA>1, we a0 
and 
F(wWIlx > |lullx Yue on. 
Show that d,(, — f, 0,0) = 0. 
Problem 4.69** 


Suppose that Q C R% is an open set with ug € O and y € C(O;RY) is such that y 
is differentiable at ug and J,(uo) 4 0. Let h = y(uo). Show that 


i(y, U0, h) = sgn Jo(uo) 
(see Definition 4.12(b)). 
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Problem 4.70 
Suppose that  C RY is an open set with 0 € 9, yp € C(Q;R%) and h € C(RX; RY) is 
a-homogeneous (see Problem 3.29) with h~'(0) = {0} (that is, h is nondegenerate). 
Suppose that 

lim 2A) —_ 9, 

u>0 |u| 


Show that i(~,0,0) = 7(h, 0,0) (see Definition 4.12(b)). 


Problem 4.71** 
Suppose that y,h € C(R;RY), h is a-homogeneous and nondegenerate (see Prob- 
lem 4.70). Suppose that 


|ul|—-Foo 


Show that for every y € R, we have 


(see Definition 4.12(c)). 
Remark. Hence, if y € C(IR%;RY) is asymptotically linear with y’(oo) invertible 
(see Definition 4.97(b)), we have ioo(y, y) = sgn det y/(0o) for every y € RX. 


Problem 4,72*** 

Suppose that a,b € R, V C [a,b] x R% is a bounded and open (for the rela- 
tive topology from R%*") set, yp € C(V;R%), h € RX with h ¢ 9, ee 
S={(t,u)€V: oy(t,u) =h} and for each t € [a,b] we introduce the section 


= {ue RN: (t,u)eV}. 


Suppose that there exists t € [a,b] such that d(y(t, -),V;,h) #4 0. Show that there 
exists a connected component C' of S' such that 


Cone} x8.) 40 and CoOUb} xs) x @. 


Problem 4.73*** 

Suppose that Q C RY is an open set and y € C?-°(0; RY) (that is, g € C1(0;RY) 
and y’ is locally Lipschitz). Suppose that there exists 7 € R such that the set 
gl ={uEQ: y(u) <n} is compact and also there exist 0 < n, r > 0 and up € 2 
such that y® ={uEQ: y(u) <9} CB,(u) Cy" ={uEeQ: yu) <n} and 


g(u) #0 Wuegi\y”. 


Show that 

d(Vy,y",0) = 1 
(here Vy is the gradient of y, that is, Vp(u) € RY and (y'(u), hk) = (Ve(u), h)pw 
for allh € RY). 
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Problem 4.74** 
Let y € C?-°(R%; R") (see Problem 4.73) be such that 


y'(u) # 0 VueER, jul >ro>0 
and ¢ is coercive (that is, p(w) —> +00 and |u| + +00). Show that 
d(Vy, B-(0),0) = 1 Yo Ta: 


Problem 4.75** 

Suppose that 2 C R% is an open set, ug € Q and y € C?-°(N; RY) (see Problem 4.73). 
Suppose that ug is an isolated critical point of y which is a local minimizer of y. Show 
that for all 9 > 0 small, we have d(Vy, Bo(uo), 0) = 1. 


Problem 4.76*** 

Suppose that Q C R is a bounded, open, and connected set with intQ = Q, 
yo € C(O;RY) is an injection, p € C1(Q;RY) NA C(Q;RY) with J,(u) > 0 for all 
u € Q and such that Yo|,. = Y|gq. Show that 


yo(2) = 9(Q), yo(Q) = v(Q) 
and y is a homeomorphism on 2 and a C!-diffeomorphism on 1. 


Problem 4.77** 

Let X be a reflexive Banach space and let y: X —> R be a continuous and Gateaux 
differentiable function such that py: X —+ X* is demicontinuous and (5)+, p(u) — 
+oo and ||ul|x — +00 (that is, y is coercive) and there exists r9 > 0 such that 
Yo(u) 4 0 for all ||u||x > ro. Show that there exists r; > rq such that 


dis), (¢@, B,(0), 0) = 1 Vr2 Ty. 


Problem 4.78*** 
Suppose that X is a reflexive Banach space, U C X is a nonempty open set and 
y € C'(U;R) is such that vy’: U —> X* is an (S);-map. Suppose that uo € U is 
a local minimizer and an isolated critical point of y. Show that there exists r; > 0 
such that 

dis), (y’, B-(uo),0) = 1 Vreé (0,ri]. 


Problem 4.79*** 

Suppose that X is a reflexive Banach space furnished with a norm such that both 
X and X™* are locally uniformly convex (by the Troyanski renorming theorem this 
is always possible; see Theorem I.5.192 or Remark 2.115), U C X is a nonempty, 
bounded, open set, A: X D D(A) —> 2*” is a maximal monotone map with 
(0,0) € GrA and h* € (F + A)(U) with F: X —> X* being the duality map. Show 
that d,,(7 + A,U,h*) =1. 
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Problem 4.80*** 

Suppose that X is a reflexive Banach space furnished with a norm such that both 
X and X™* are locally uniformly convex (by the Troyanski renorming theorem this 
is always possible; see Theorem I.5.192 or Remark 2.115), U C X is a nonempty, 
bounded, open set, f: U —> X* is a bounded, demicontinuous, monotone and ($)+- 
map, A: X D D(A) —> 2*° is a maximal monotone map with (0,0) € GrA and 
h* € (f + A)(U) \ (f + A)(OU). Show that d,,(f + A,U,h*) =1. 


Problem 4.81*** 

Suppose that X is a reflexive Banach space furnished with a norm such that both 
X and X™* are locally uniformly convex (by the Troyanski renorming theorem this 
is always possible; see Theorem I.5.192 or Remark 2.115), { y" }rejoj C To(X) (see 
Remark 3.56) is such that 


yt(u) > y*(0) Vie [0,1], we xX 


and assume that y* = vy’ as tn > t in [0,1] (see Definition 3.149(b)). Show that 
{ dy* }te[o,1) is a pseudomonotone homotopy. 


Problem 4.82*** 

Suppose that X is a reflexive Banach space furnished with a norm such that both 
X and X™* are locally uniformly convex (by the Troyanski renorming theorem this 
is always possible; see Theorem I.5.192 or Remark 2.115), y°, yy! € To(X) (see Re- 
mark 3.56) with y°(0) < y°(u), y'(0) < yl (u) for all u € X and domy® = domy!. 
Suppose that there are functions cz: (0,1] —> [0,+00) (for k € {1,2}) such that 
lim cx(A) = 0 and 

»\O 


(1 + e1(A))y°(u) + c2(A) VA>0, uedomy®, 
(1 + e1(A)) yt (u) + c2(A) VA>0, u€domy’. 


(FRY (u)) 
pl (JF (u)) 


Let y! = (1—t)p° + ty! for all t € [0,1]. Show that { O¢° }4<)0,1) is a pseudomonotone 
homotopy. 


< 
< 


Problem 4.83** 
Let (X,d,.) be a complete metric space and let y: X —> X be a function. Suppose 
that there exists a right continuous function V7: [0,-+co) —> [0, +00) such that V(r) < 
r ifr >0O and 

dx (plu), 9(v)) < V(dy(u,v))  Vuve xX 
Show that » has a unique fixed point uw € X and for any uo € X, we have 
gy) (ug) —> Gin X. 


Problem 4.84** 
Let (X,d,) be a complete metric space and let yp: X —> X be a continuous map. 
Suppose that there exists a function 0: X —+ [0,+00) such that 


dx(u,p(u)) < Wu)—Vy~u))  Vuex. 


666 Chapter 4. Degree Theory and Fixed Point Theory 


Show that y has a fixed point and for any uo € X, the sequence {y)(ug)}n>1 
converges to a fixed point of y. 


Problem 4.85** 

Let (X,d,) be a compact metric space and let y: X —> X be contractive (see 
Definition 4.58(c)). Show that y has a unique fixed point w € X and for any up € X, 
we have y\") (ug) — @. 


Problem 4.86** 

Let (X,d,.) be a locally compact complete metric space, let yo: X —> X be a map 
and let { pn: X —+ X },,5, be a sequence of map such that for each n > 0 there 
exists mn > 1 such that y"”) is a ky-contraction. Assume that y,(u) —> yo(u) for 
all u € X and that the sequence { Yp },,5, is equicontinuous. Show that 


Un = Yalta) —? po(to) = uo, 
where Uy, is the unique fixed point of yp for all n > 0 (see Proposition 4.62). 


Problem 4.87*** 

Let (X,d,) be a complete metric space and let { yn: X —>+ X },,5, be a sequence of 
maps such that each y, has at least one fixed point tw, € X for all n > 1. Suppose 
that yn — y uniformly on X with y: X — X a uniformly continuous map such 
that vy!” is a k-contraction for some m > 1. Show that y has a unique fixed point 
ue€ X and 


Problem 4.88* 
Suppose that (X,d,.) is a complete metric space, B,(u) = {v € X : d,(v,u) <r} and 
yp: B-(u) —> X is a k-contraction such that d,(y(u),u) < (1—&)r. Show that y 
has a fixed point. 


Problem 4.89% 
Suppose that X is a Banach space, py: X —> X is a k-contraction and f = 1, — ». 
Show that f is a homeomorphism of X onto itself. 


Problem 4,.90* 

Suppose that X is a Banach space, C’ C X is a nonempty, closed, and convex set, U 
is a relatively open subset of C, 0 € U and y: U —> C is a bounded k-contraction 
such that for all u € OU at least one of the following conditions holds: 

(a) |ly(u)llx < llullx; 

(b) ||y(u)|Lx < llu— e(u)|Lx; 

(c) le(u)II& < llull& + Ile — ee) IK: 

(d) X is a Hilbert space with the inner product (-,-)y and (y(u),u)y < |lul|%.- 
Show that y has a unique fixed point. 
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Problem 4.91* 

Suppose that X is a Banach space, U C X is an open, symmetric set with 0 € U and 
y: U —+ X is a bounded k-contraction such that ¢|,,, is odd. Show that y has a 
unique fixed point. 


Problem 4.92* 

Suppose that X is a Banach space, U C X is a bounded open set with 0 € U and 
y,w: U —+ X are two k-contractions such that y|,,, = W|5,. Show that y has a 
fixed point if and only if q has a fixed point. 


Problem 4.93** 
Suppose that H is a Hilbert space, U C H is an open set and y: U — 4H isa 
Lipschitz map such that 


(y(u) — y(v),u—v)y > ellu—vllz Vu,vu € H, 
with c > 0. Show that y is an open map and a homeomorphism of U onto y(U). 


Problem 4.94** 
Suppose that (X,d,) is a complete metric space, { Yn: X —> X },,5) is a sequence 
of k-contractions, y: X —> X is a k-contraction all with the same k € (0,1), 


Yn(u) — y(u) VuEeXx 


and let Un = Yn(tn) for n > 1 and U = ¢y(U) (see the Banach fixed point theorem; 
Theorem 4.59). Show that w@,, —> wu in X and this convergence is no longer true if 
the contraction constant k € (0,1) is not the same for all yp. 


Problem 4.95** 

Suppose that X is a uniformly convex Banach space, C C X is a nonempty, bounded, 
closed, and convex set and y: C' —> C is a nonexpansive map. Show that the set 
Fix(y) ={ueEC: u=y(u)} is nonempty, w-compact, and convex. 


Problem 4.96* 

Suppose that X is a Banach space, C C X is a nonempty, closed, and convex set and 
yp: C —> C is a nonexpansive map with y(C) being compact. Show that y has a 
fixed point. 


Problem 4.97* 

Suppose that X is a Banach space, C C X is a bounded, closed, and convex set and 
y: C —> C is a nonexpansive map. Show that for every ¢ > 0 there exists uz € C 
such that ||p(te) — Uel|x <€ 


Problem 4.98*** 
Let (X,d,.) be a complete metric space such that for any points u,v € X and for 
some € > 0, we can find points yo, y1.--,Yn € X with yo = u, Yn = v such that 
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dy (Yk-1, Yk) < € for all k © {1,...,n} (such a metric space is usually called e- 
chainable and the collection yo, y1...,Yn is an €-chain for (u,v)). Suppose that 
F: X —+ Py¢(X) is a multifunction such that 


if d, (u,v) <e, then h(F(u), F(v)) < Ed, (u, v) 


with € € [0,1) (here h denotes the Hausdorff metric on P,¢(X); see Definition 2.49). 
Show that F’ has a fixed point. 


Problem 4.99** 
Suppose that X is a uniformly convex Banach space, C C X is a bounded, closed, 
and convex set and y: C —> X is a nonexpansive map such that 


inf |ju — x = 0. 
Show that y has a fixed point. 


Problem 4.100* 

Suppose that (X,d,.) is a metric space, AK C X is a compact set, yp: X —> K isa 
continuous map and for every ¢ > 0 we can find uz € X such that d, (y(ue), Ue) < €. 
Show that y has a fixed point. 


Problem 4.101** 
Is it true that the set of fixed points of a nonexpansive map when it is nonempty 
must be connected? Justify your answer. 


Problem 4.102** 
Let H be a Hilbert space and let By = {u€ H: |lulla < o} (with @ > 0). Consider 
the radial retraction map 


sles ae if |lulla < @, 
opic if lull > o 


Show that r: H —+ B, is nonexpansive. 


Problem 4.103** 
Suppose that (X,d,) is a complete metric space, uo € X, r > 0, B,(uo) = 
{ue X: dy(u,uo) <r}, F: B-(uo) — Py¢(X) is a multivalued k-contraction, i.e., 


h(F(u),F(v)) < kd, (u,v) Vu,ve X, 


with k € (0,1), where h is the Hausdorff metric corresponding to d, (see Defini- 
tion 2.49) and suppose that 


dist(ug, F(ug)) < (1—&)r. 


Show that F has a fixed point (this is the multivalued analog of Problem 4.88). 
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Problem 4.104*** 
Suppose that (X,d,) is a complete metric space, U C X is an open set, 
F,G: U —+ Pyf(X) are two multifunctions and H: [0,1] x U —> P,-(X) is a multi- 
functions such that: 

(i) H(0,-) =F and A(1,-:)=G 

(ii) u ¢ H(t, OV) for all t € [0, 1) all u € OU; 
(iii) h( A(t, u), H(t,v)) < kd, (u,v) for all ¢ € [0,1], all u,v € U, with k € [0, 1); 
(iv) there exists a continuous, nondecreasing function J: [0,1] —> R such that 


h(H(t,u), H(s,u)) < |v(t) — V(s)| Vi,s € [0,1], we U. 
Suppose that F’ has a fixed point in U. Show that G has a fixed point in U too. 


Problem 4.105** 

Suppose that X is a Banach space, U C X is an open set with 0€U and 
G: U —>+ P;(X) is a multivalued k-contraction such that the set G(U) C X is 
bounded. Show that at least one of the following properties holds: 

(a) G has a fixed point in U. 

(b) There exist t € (0,1) and u € OU such that u € tG(u). 


Problem 4.106** 

Suppose that X is a Banach space, U C X is an open set with 0 € U and 
F:U —+ P;(X) is a multivalued k-contraction such that the set F(U) C X is 
bounded and mpr(u) = h({0}, F(u)). Suppose that one of the following conditions 
holds: 


(i) mp(u) < |lullx for all u € U; 
(ii) mp(u) < dist(u, F(u)) for all u € U; 
1 — 
(iii) mp(u) < ((dist(u, F(u)))? + ves for all u € U; 
(iv) mp(u) < rine tllullgs aise F(u))} for all u € U. 
Show that F has a fixed point in U. 


Problem 4.107** 
Let X be a Banach space and let F': X —>+ P,-(X) be a multifunction such that for 
every r > 0, F Le “ is a multivalued k-contraction. Let 


E(F) ={ue X: we tF(u) for some t € [0,1]}. 
Show that either E(F’) is unbounded or F has a fixed point. 


Problem 4.108** 

Suppose that X is a uniformly convex Banach space, C C X is a nonempty, bounded, 
closed, and convex set and { y:: C —> C ter is a family of commuting nonexpansive 
maps (ie., Y:° Ys = Ys 0 Y for all t,s € T). Show that the family { y }rer has a 
common fixed point. 
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Problem 4.109** 
Suppose that X and Y are two Banach spaces, uo € X, r > 0, B,(uo) = 
{we X: |lu—uollx <r} and vy: B,(uo) — Y is a Fréchet differentiable map. Sup- 
pose that 
(i) y’(uo) is invertible; 
(ii) ||) — oo) || 2 < alte —tolla for all w € B,(oig) and some 4 > 0: 
(8) px = Alle (uo) "I. |leCuo) lv < 1 
(iv) 0 = Ile’ (wo)lelloluo)lly <r. 
Show that there exists unique u € B,(uo) such that y(u) = 0. 


Problem 4,.110* 

Using a fixed point argument, show that the equation cos u = u has a solution in [0, 5]. 
Problem 4.111* 

Let X be any nonempty set and let y,w: X —>» X be two maps such that 
pow=wow. Suppose that y has a unique fixed point u € X. Show that w is 
also a fixed point of w. 


Problem 4.112** 

Let X be a complete metric space and let { y;: X —> X }rer be a commuting family 
of maps (i.e., Ye Ys = Ys © Y for all t,s € X). Suppose that for some to € T, the 
map Yi, is a k-contraction. Show that the family { y }zer has a common fixed point. 


Problem 4.113* 
Suppose that X is a Banach space, r > 0, B,(0) = {we X: |lully <r} and 
y: B,(0) —> X is a compact map such that 


plu) # tu Vu € OB,(0), t > 0. 
Show that there exists 7 € B,(0) such that y(@) = 0. 


Problem 4.114* 


(a) Suppose that X is a Banach space, r > 0, B,(0) = {we X: |lullx <r} and 
y: B,(0) —+ X is a compact map. Suppose that for every u € OB,(0) there 
exists u* = u*(u) € X* such that 


(u*,u) =|lullx and (u*,p(u)) > 0. 


Show that there exists @ € B,(0) such that p(w) = 0. 
(b) Let y: RY —+ R™ be a continuous map such that 


ee) an 


lim = +00. 
lull x +00 


Show that ¢ is surjective (see also Problem 4.66). 
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Problem 4.115** 
Suppose that X is a Banach space, C' C X is a nonempty, closed, and convex set and 
y,w: C — X are two maps such that: 
(i) y is compact; 
(ii) ~ is a k-contraction; 
(iii) g(C) + ¥(C) CC. 
Show that there exists wu € C such that p(u) + v(u) = wu. 
Remark. In the literature, this result is known as the Krasnoselskii fixed point 
theorem. 


Problem 4.116** 

Let X and V be two Banach spaces with V being reflexive and assume that 
Vox oV* with both embeddings being compact and dense. Also, let A € 
L(V;V*) and let y: X —>+ V* be a continuous and bounded (i.e., maps bounded 
sets to bounded sets) map. Suppose that there exist cp > 0, c > 0 and 7 € (0,2) such 
that 


(A(u),u) > collulli and (p(u),u) > -a(l+llull?) Vue, 
with (-,-) being the duality brackets for the pair (V*, V). Show that A+ is surjective. 


Problem 4.117** 
Suppose that X is a Banach space, C' C X is a closed, convex set, U C Cisa 
relatively open set, ug € U and y: U —> C is a compact map such that 


u # rA~y(u) + (1— A)uo Yue ou, r€ (0,1). 
Show that y has a fixed point in U. 


Problem 4,118* 

Suppose that (X, d,.) is a metric space, {F;,: X —> Po (X) brs is a sequence of mul- 
tivalued contractions with fixed points {tn}, 1 respectively and Fo: X —+ Po-(X) 
is another multivalued contraction such that 


F(a) me Fo(u) Vuex 


and the sequence {tn}n>1 admits a subsequence {Up, }x>1 Such that Up, —> u. Show 
that u € Fo(u). 


Problem 4.119*** 
Suppose that (X,d,) is a complete metric space, {F,: X —> P,(X)},51 is a se- 
quence of multivalued contractions, U, € F,(tn) for all n > 1 (see Theorem 4.68) 
and let Fo: X —> P,(X) be another multivalued contraction. Suppose that one of 
the following conditions holds: 

(i) All multifunctions F;, (for n > 1) have the same contraction constant k € (0, 1) 


and F;,(u) ats F(u) for allu € X. 
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(ii) sup h(F,,(u), F(u)) — 0. 
uEx 


(iii) (X,d,,.) is a locally compact metric space and F;,(w) ae F(u) for allue X. 
Show that there exists a subsequence {tn, }x>1 of {U}, 1 such that Un, —> U, with 
U € Fo(u). 


Problem 4,120*** 

Suppose that X is a locally convex space, C C X is a nonempty, compact, convex 
set and F: C —>+ Py-(C) is an upper semicontinuous multifunction. Show that there 
exists u € C such that u € F(u). 


Problem 4.121** 

Suppose that X is a locally convex space, C C X is a nonempty, compact, and convex 
set, and F: C —> 2° \ {0} is a multifunction with convex values and closed graph. 
Show that F’ has a fixed point. 


Problem 4.122** 

Suppose that X is a locally convex space, C C X is a nonempty, compact, and 
convex set and F’: C —+ Pr,(X) is an upper semicontinuous multifunction such that 
F(u)AC 4 0 for all u € C. Show that F has a fixed point (that is, there exists @ € C 
such that u € F(w)). 


Problem 4.123** 
Let X be a Banach space and let CC X be a nonempty, compact set. Suppose that 
there exists a family {h,: [0,1] —>+ Chuec of functions such that 
hy(1) = Vuecd, 
I[ru(t) —ho)Ilx < €(f)llu-vlx Vuvecd, 
with €: (0,1) —> (0,1) and if t, —> t in (0, 1], un —> u in C, then hy, (tn) — hu(t) 
in C. Show that every nonexpansive map y: C —> C has a fixed point. 


Problem 4.124** 
Suppose that X is a Banach space, C C X is a compact, star-shaped set with star 
center yo and y: C —> C is a nonexpansive map. Show that vy has a fixed point. 


Problem 4.125% 

Suppose that X is a Hausdorff topological space with the fixed point property (see 
Definition 4.115) and C C X is a retract of X. Show that the set C also has the fixed 
point property. 


Problem 4.126*** 
Let H be the Hilbert cube, i.e., 


H = {n= {ur}es1 € I? > |ux| < ¢ for all k > ih. 
Show that: 
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(a) H has the fixed point property (see Definition 4.115); 

(b) if X is a Banach space and C C X is a compact and convex set, then C’ is 
isomorphic to a compact, convex subset of H; 

(c) any closed, convex subset of H. has the fixed point property. 


Problem 4,127* 

Suppose that X is a reflexive Banach space, C' C X is a nonempty closed convex set 
and y: C —>+ C is a sequentially weakly continuous map such that y(C) is bounded. 
Show that y has a fixed point. 


Problem 4,128*** 
Let X be a Banach space and let y: X — X be a sequentially weakly continuous 
map which is weakly compact (i.e., maps bounded sets to relatively w-compact sets) 


and limsup ex < 1. Show that I,. + y is surjective. 


U 
lilacs Ilell x 


Problem 4.129** = 
Suppose that X is a Banach space, B, = {ue X: |lul|x <r} andy: B, > X isa 


continuous map such that y( B,) is relatively compact in X. 
(a) Show that if for every u € X with ||ul|x =r, we have 


lo(u) = ull > Meee II — leah, 


then y has a fixed point. 
(b) Show that, if y(0B,) C B,, then y has a fixed point. 


Problem 4.130** 
Suppose that X is a Banach space, C C X is a nonempty, closed, convex set, and 
yp: C —+ X is a compact map such that y(OC) C C. Show that y has a fixed point. 


Problem 4,131*** 
Suppose that X is a uniformly convex Banach space, C C X is a nonempty, bounded, 
closed, and convex set and y: C —> C is a nonexpansive, compact map. Given 
ug € C we define 

Unt = 5 (un + y(Un)) YVn>0. 


Show that there exists u € X such that u, —> vin X and u = y(u). 
Problem 4.132** _ 
Suppose that X is a Banach space, y € X,r >0, B-(y)={ueEX: |lu—yllx <r} 
and y: B,(y) —> X is a k-Lipschitz map (k > 0). Show that for every \ € R with 
|A|& < 1, the map I, — Ay is injective, 
Boly—A~(y)) © RUx — ro), 

where 90 = 1— |A|kr > 0 and 

ley) *(u)— (x A) (¥)[_x_<_ (L-[AN) |u| x 

Vu,v € RII, —Ap). 
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Problem 4.133*** 
Show that a contractive map (see Definition 4.58(c)) on a complete metric space into 
itself need not have a fixed point. 


Problem 4.134* 

Suppose that X is a Banach space, C C X is a nonempty, bounded, closed, and 
convex set and y: C' —> C is a continuous map which is y-condensing (with y being 
the Kuratowski or Hausdorff measure of noncompactness). Show that the set 


Fix(y) = {weEC: y(u) =u} 


is nonempty and compact. 


Problem 4.135** 

Suppose that X and Y are two Banach spaces, C C X is a nonempty, closed, and 
convex set, p: C —> Y is a compact map and €: C x y(C) —> C is a map such that: 
(i) the map u+—> €(u,y) is a k-contraction for every y € y(C); and 

(ii) the map y +> €(u, y) is continuous on y(C) uniformly with respect to u € C. 
Show that there exists w € C such that u = €(u, y(u)). 


Problem 4.136** 

Suppose that X and Y are two Banach spaces, C' C X is a nonempty, closed set, 

D CY isa nonempty set and €: C x D —>+ X is a map such that: 

(i) for every y € D, the map u +> €(u, y) is continuous and there exists yo € D 

such that € is continuous at every (u, yo), with u € C; 

(ii) there exists a unique u(yo) € C such that u(yo) = €(u(yo), yo); 

(iii) for every subset Co C C with 7(Co) > 0 (with y being the Kuratowski or 
Hausdorff measure of noncompactness), three exists an open neighborhood V of 
yo such that for any relatively compact set Do C DMV we have 


7(€(Co, Do)) < (Co); 


(iv) for every y € DNV, the equation u = €(u, y) has a solution u(y) € C. 
Show that u(y) —> u(yo) in X as y > yo in Y. 


Problem 4.137** 
Suppose that X and Y are two Banach spaces, C' C X is a nonempty, closed set, 
D CY isa nonempty set and €: C x D —> X is a map such that: 

(i) for every y € D, the map u +> €(u,y) is continuous, 7-condensing (with y 
being the Kuratowski or Hausdorff measure of noncompactness) and there exists 
yo € D such that the map y +> €(u,y) is continuous at yo uniformly for all 
ueC; 

(ii) there exists a unique u(yo) € C such that u(yo) = €(u(yo), yo); 

(iii) there exists an open neighborhood V of yo such that for all y¢ DNV, the 
equation u = €(u, y) has a solution u(y) € C. 
Show that u(y) — u(yo) in X asy> yo in Y. 
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Problem 4.138** 
Let A = (aij)? ;-1 be an x n matrix with aj; > 0 for i,j € {1,...,n}. Show that A 
has a strictly positive eigenvalue. 


Problem 4.139* 

Suppose that X is a vector space, CC X is a nonempty, convex set and F: C —> 2° 
is a multifunction such that u € F(u) for all u € C and the sets X \ F7!(u) are 
convex for all u € C (here F~1(u) = {vEC: ue F(v)}). Show that F is a KKM- 
multifunction (see Definition 4.111). 


Problem 4.140* 

Suppose that X is a vector space, C' C X is a nonempty convex set and 
F: C —> 2© \ {0} is a multifunction such that u +> C \ F7!(u) is not a KKM- 
multifunction. Show that there exists wu € C such that wu € conv F(w). 


Problem 4.141** 

Suppose that X is a locally convex space, C C X is a nonempty, compact, and convex 
set and F: C —> 2° is a multifunction with convex values such that for every u € C, 
the set F~1(u) is open or F has open values and for every u € C, the set F~'(u) is 
nonempty convex. Show that F' has a fixed point. 


Problem 4,142** 

Suppose that X is a locally convex space, C C X is a nonempty, compact, convex set 
and y: C x C — R is a function such that: 

(i) for all y € C, the function u +> y(u, y) is lower semicontinuous; 

(ii) for all u € C, the function y +> y(u, y) is concave. 

Show that for any \ € R one of the following properties holds: 

(a) There exists w € C such that ey p(t,y) <A; 


(b) There exists y € C such that x : p(y, y)- 


Problem 4.143** 

Suppose that X is a locally convex space, C C X is a nonempty, compact, and convex 
set and y: C x C —> R is a function such that: 

(i) for all y € C, the function u +> y(u, y) is lower semicontinuous; 

(ii) for all u € C, the function y+ y(u, y) is concave. 

Show that there exists wu € C such that 


sup y(u,y) < sup y(y,y)- 
yeC yeC 


Problem 4,144** 
Suppose that X is a uniformly convex Banach space, C C X is a nonempty, bounded, 
closed, and convex set and y,w: C —> C' are two maps such that: 
(i) (p+BC) CC: 
(ii) vy is nonexpansive; 
(iii) ~ is completely continuous. 
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Show that there exists u € C' such that p(w) + w(w) = u. (Compare with Prob- 
lem 4.115.) 


Problem 4.145*** 
Is it possible to extend Theorem 4.70 to k-set-Lipschitz maps (see Definition 2.31) 
with k = 1? Justify your answer. (Compare with Problem 4.133.) 


Problem 4.146*** 
Suppose that (X,d,) is a complete metric pace and F,G: X —+ P,;(X) are two 
k-Lipschitz multifunctions with k € [0,1) (that is, h(F(u),F(v)) < kd, (u,v) and 
h(G(u), G(v)) < kd, (u,v) for all u,v € X). Let 
Fix(F)={ue x: we F(u)}, Fix(G)={uex: ue G(u)}. 
From Theorem 4.68, we know that both sets are nonempty. Show that 
h(Fix (F), Fix(G)) < 74; sup h(F(u), G(u)). 
UuEx 


Problem 4.147** 

Suppose that (X,d,.) is a complete metric space, F': X —+ P,r(X) is a k-Lipschitz 
multifunction and {Fp: X —> Prf(X)tn51 S Pop(X) is a sequence of k-Lipschitz 
multifunctions (with k € [0,1)) such that 


sup h(F;,(u), F(u)) — 0. 
ue xX 


Also let 
Fix(F,) = {ue X: we F,(u)} Vn2>1 
and 
Fix(F) = {we X: ue F(u)}. 


Show that Fix (Fy) —", Fix (Ff). (Compare with Problem 4.119) 


Problem 4.148** 
Suppose that H is a Hilbert space, A: H D D(A) —> 2” is a maximal monotone 
map and G: H D> D(G) — H is a monotone map such that the set D(G) C H is 
closed and 

|G) -— Gla < kllu-vla  Vu,ve DG), 
with k € (0,1). Show that A+ G is maximal monotone. 


Problem 4.149* 

Let X = co = {ti = {UK} es1 : Uk — o} and B; = {ti a {Un}n>1 EX: |ullx < 1} 
Produce an isometry on B, into itself which is fixed point free. 

Problem 4.150* 


Give an example of a continuous function y on a complete metric space which is not 
a k-contraction (with k € (0,1)), but y) is a k-contraction for some n > 1. 
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Problem 4.151* 

esi that X is a Banach space, C C X is a nonempty, w-compact, convex set and 
: C —+ C'isa function. Show that there exists a nonempty, closed, and convex set 

G C C such that y(C) C C (that is, C is y-invariant) and C is minimal with respect 

to inclusion. 

Remark. If C is a singleton, then y has a fixed point. 


Problem 4.152** 

Let X be a compact Hausdorff topological space and let y: X —> X be a continuous 
map. Show that there exists @ € Mj'(X) (see Proposition 1.95) such that 7 = fip7! 
(that is, 2 coincides with its image measure under y; such a measure is usually called 
invariant under ¢). 


Problem 4.153* 
Let X be a Hausdorff topological space which is an AR and let C C X be a retract 
of X. Show that the set C is an AR too. 


Problem 4.154** 
Let X be an infinite dimensional Banach space and let 0B, = {u€ X: |lullx =r}, 
with r > 0. Show that OB, is an AR. 


Problem 4.155* 
Let X be a nonempty set and let B(X) be the complete metric space of all bounded 


functions y: X —+ R furnished with the supremum metric d,, oe defined by 


dacx) (pv) = oe |p(u) — (u)|. 


Let V be a closed, linear subspace of B(X) which contains the constant functions. 
Suppose that S: V —> V is a map such that: 

(i) if y,w € V and y < y, then S(y) < S(w) (monotonicity of S); 

(ii) there exists 7 € [0,1) such that S(y +c) < S(y) + nc for each cE R. 

Show that S' has a unique fixed point. 


Problem 4.156** 

Let K be a compact metric space and let y: K —+ Kk bea continuous map such that 
there exist an AR X and continuous maps f: kK —> X and g: X —> K such that 
yp=gof. Show that y has a fixed point. 


Problem 4.157** 
Let X be an AR and let y: X —+ X be acontinuous map such that the set p(X) C X 
is relatively compact. Show that y has a fixed point. 


Problem 4.158* 
Let X be an ANR. Show that any open subset of X is an ANR too. 
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Problem 4.159** 
Let X be a Hausdorff topological space. Show that X is AR if and only if it is a 
contractible ANR. 


Problem 4.160* 
Suppose that Z and X are two metric spaces, X is an AR, and y,w: Z —> X are 
continuous maps. Show that y and w are homotopic. 


Problem 4.161* 

Suppose that X is a vector space, D C X is a nonempty set, and F: D —>+ 2* \ {0} 
is a KKM-multifunction. Suppose that C’ is a convex subset of D. Show that the 
multifunction u-—+ G(u) = F(u) NC is also a KKM-multifunction. 


Problem 4.162** 
Suppose that X is a topological vector space, D C X is a nonempty subset and 
F: D —+ P;(X) is a KKM-multifunction such that F(uo) € P(X) for some up € D. 
Show that () F(u) € Py(X). 

uEeD 
Problem 4.163** 
Suppose that X is a locally convex space, C C X is a nonempty, compact, and convex 
set and ~ is a binary relation on C' which has the following properties: 
(i) For every u € C, we have u ¢ conv {yEC: u~ y}; 
(ii) For every u € C, the set {y EC: u X y} is open in C. 
Show that the set of the elements of C which are <-maximal is nonempty and 
compact. 


Problem 4.164** 
Suppose that X is a locally convex space, C C X is a nonempty, compact, and convex 
set and &*: C —> X®* is a continuous map. Show that there exists uo € C such that 


(E*(ug),u—-uo) > 0 Vue. 


Problem 4.165** 
Suppose that X is a locally convex space, C C X is a nonempty, compact, and convex 
set and F’: C —+ Py,(X) is an upper semicontinuous multifunction such that 


(F(u)-—u)NTo(u) £O Vued, 


with To(u) being the tangent cone to C' at u € C (see Definition 3.112). Show that 
F has a fixed point. 


Problem 4.166** 

Suppose that X is a locally convex space, C C X is a nonempty, compact, and 
convex set and F’: C —+ Pr,(X) is an upper semicontinuous multifunction such that 
for every u € C, there exist v € C and > 0 such that u+ A(v — u) € F(u). Show 
that F has a fixed point. 
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Problem 4.167** 

Suppose that X is a locally convex space, C C X is a nonempty, compact, and convex 
set and F,G: C —+ Pr,(X) are two upper semicontinuous multifunctions such that 
for every u € C at least one of sets F'(u) or G(u) is compact and for every u € C, we 
can find y € F(u), h € G(u) and A > 0 such that u+ A(y — h) € C. Show that there 
exists u € C such that F(u) A G(u) 4 0. 


Problem 4.168** 

Suppose that X is a locally convex space, C C X is a nonempty, compact, and convex 
set and F: C —+ Py,(X) is an upper semicontinuous multifunctions such that for 
every u € C we can find y € Fu) and \ > 0 such that u+ Ay € C. Show that there 
exists u € C such that 0 € F(u). 


Problem 4.169** 

Suppose that X and Y are two metric spaces, Y is an ANR, C C X is a nonempty, 
closed set. Show that every y € K(C;Y) is compactly extendable to an open set 
UDC. 


Problem 4.170* 

Suppose that X and Y are two metric spaces, Y is an ANR, C' C X is a nonempty, 
closed set and y,w € K(C;Y) are compactly homotopic (see Definition 4.113(b)). 
Suppose that p is compactly extendable to ¢ € K(X;Y) (see Definition 4.113(a)). 
Show that ~ is also compactly extendable to a y € K(X;Y) and w can be chosen in 
such a way so that the given homotopy of y to ~ extends to a compact homotopy of 


@ to w. 


Problem 4.171** 
Let X be an ANR and let y € K(X;X) be a compactly nullhomotopic map. Show 
that vy has a fixed point. 


Problem 4.172** 

Suppose that X is an ANR, U C X is a nonempty open set and y € K(U;X) is 
compactly nullhomotopic to a constant map in U and fixed point free on OU. Show 
that vy has a fixed point. 


Problem 4.173** 

Let X be a Hausdorff topological space and let C C X be a nonempty closed set. 
Show that C is a deformation retract of X if and only if C is a retract of X and X 
is deformable into C. 


Problem 4.174* 

Let X be an AR and let CC X be a nonempty closed set. Show that: 
(a) if C is an AR, then C is a strong deformation retract; 

(b) if C is a deformation retract, then C is an AR. 
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Problem 4.175** 
Is the Hilbert cube H = {a = {ur}eo1 € I? : |uxz| < Z for all k > 1} an AR? Justify 
your answer. 


Problem 4.176** 
Let (X, xX) be a partially ordered space (see Definition 4.116) and let y: X —>R be 
a map such that: 
(i) ifuxvandu Fy, then y(u) < y(v); 
(ii) for any increasing sequence {un}, 51, C X such that p(un) < M < +00 for all 
n>1and some M > 0, there exists u € X such that uy, < wu for all n > 1; 
(iii) for every u € X, the set y(S(u)) is bounded above, where S(u) = 
{ve X: urxv}. 
Show that for every u € X, there exists uw € S(u) such that S(u) = {u} (that is, U is 
~<-maximal). 


Problem 4.177 
Use Problem 4.176 to prove Theorem 4.66 (the Caristi fixed point theorem). 


Problem 4.178* 

Let (X, <x) be a partially ordered set. Show that the following statements are equiv- 
alent: 

(a) X has a maximal element. 

(b) Every multifunction F: X —+ 2* \ {0} which has the property: 


“for every u € X, there exists y € F(u) such that u x y” 


admits a fixed point. 


Problem 4.179** 
Suppose that (X,d,.) is a complete metric space, J: R; —+ R, is a nondecreasing 
continuous function such that there exist c > 0 and 6 > 0 for which we have 


Ot) > ct =VtE [0,6], 


€: X —>+ Ris lower semicontinuous function which is bounded below and y: X —> X 
is a map which satisfies 


D(dx(u,p(u))) < &(u)—€(y(u)) Vue X, 


Show that y has a fixed point. 


Problem 4.180* 
Let X be an OBS with ordered cone K (see Definition 4.124). Suppose that uo € 
int K. Show that for every u € K, we can find X, > 0 such that A,ug — u € K. 


Problem 4.181*** 
Let X be an OBS with order cone K. Show that the following properties are equiv- 
alent: 
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(a) K is normal. 

(b) There exists c > 0 such that ||u + v||x > cmax{|lul|x, |/ul|x} for all u,v € K. 

(c) There exists c; > 0 such that |/u||x < c|lv||x for all u,v € K with u< v. 

(d) There exists an equivalent norm |-| on X such that |u| < |v| for all u,v € K 
with u < v. 

(e) If un < Yn < Un for all n > 1 and un — u, vp — win X, then y, —> win X. 

(f) If Bi ={ue X: |lullx < 1}, then the set (By + K)N( Bi — K) is bounded. 

(g) Every order interval [u,v] = {ye X: u<y< v} is bounded. 


Problem 4.182*** 
Let X be an OBS with order cone K. Show that the following implications hold: 


K is fully regular => Kiisreguliar = >  K is normal. 
Also, show that the reverse implications are not in general true. 


Problem 4.183* 
Let X be an OBS with order cone K and let v € X \ K. Show that there exists 
u* € K* (see Definition 4.127) such that (v*,v) <0. 


Problem 4.184** 
Let X be an OBS with order cone K. Suppose that int K #0. Show that u € int kK 
if and only if (u*,u) > 0 for all u* € K* \ {0}. 


Problem 4.185** 
Let X be a separable OBS with order cone K. Show that there exists u* € K* such 
that 

(u*,u) > 0 Vue K \ {0}. 


Problem 4.186* 
Let X be an OBS with order cone K. Suppose that int kK 4 @. Show that K is 
generating. 


Problem 4.187* 

Let X be an OBS with order cone K and let vy: [uo, v0] —> [uo, vo] be an increasing 

map (that is, if u,v € [uo, vo] with u < v, then y(u) < y(v)). Suppose that one of 

the following conditions is satisfied: 

(i) K is regular and ¢ is continuous; 

(ii) K is normal and ¢ is 7-condensing (with y being the Kuratowski of Hausdorff 
measure of noncompactness). 

Show that y has a fixed point. 


Problem 4.188** 

Let X be an OBS with order cone K and let y: [uo, vo] —> [uo, vo] be an increasing 
map (see Problem 4.187). Suppose that the set y([uo, vo]) C X is relatively compact. 
Show that y has a fixed point. 
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Problem 4.189** 

Let X be an OBS with order cone K and let y: [uo, v0] —> [uo, vo] be an increasing 
map (see Problem 4.187). Suppose that K is minihedral and the set y([uo, vo]) C X 
is relatively compact. Show that y has extremal fixed points in [ug, vo], that is, a 
maximal fixed point U € [uo, vo] and a minimal fixed point U € [uo, vo]. 


Problem 4.190* 

Suppose that X is an OBS with order cone K, 2 C X is a bounded open set with 
0€Q and »y:QNK — K is a 4-condensing map (with 7 being the Kuratowski or 
Hausdorff measure of noncompactness) such that 


p(u) # Au Yue aQn kK) =d00NK, X21. 
Show that i(y,QN K, K) =1. 


Problem 4.191*** 

Suppose that X is an OBS with order cone K, 2. C X is a bounded open set and 
y: ON K —>+ K and g: 000 K —> K are two compact maps. Suppose that 

(i) inf llg(u)llx > 0: 

(ii) u— y(u) A Ag(u) for all A > 0, all ue OONK =A(OQNK). 

Show that i(y,QN K, K) =0. 


Problem 4.192** 

Suppose that X is an OBS with order cone K, 2 C X is a bounded open set and 
y: 2A K —>+ K is a compact map such that: 

(3) inf lle(u)Ilx > 0: 

(ii) y(u) A Au for all A € (0, 1], all ue OONK. 

Show that i(y,QN K, K) =0. 


Problem 4.193* 
Let (vy, 2, K) € J; (see Definition 4.134) and suppose that there exists v € 2 such that 


p(u) -—u # A(u—v) VA>0, we an. 
Show that i(y,, K) =1. 


Problem 4.194* 
Let (y,Q, K) € J; (see Definition 4.134) and suppose that there exists v € K \Q 
such that 

piu) -—u # A(u— v) VA>0, we an. 


Show that i(y,, K) =0. 


Problem 4.195** 

Suppose that X is an OBS with order cone kK, C C X is a nonempty, bounded, 
closed, and convex set, 2;,Q2 C C are two relatively open sets with Q;NQ2 = @ and 
yp: C —> C is a compact map such that: 
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(i) there exists v; € Q1 such that 

p(u) —u # A(u— v1) VA20, u€ 0; 
(ii) there exists vg € Q2 such that 

p(u) —u 4 A(u— v2) VASO, wu € ANz2. 
Show that y has at least three fixed points u1,u2,u3 € C such that 


uy € Oy, ugEQe and ug €EC\ QV UN. 


Problem 4.196** 
Suppose that X is an OBS with order cone K, y: K —> K is a compact map such 
that y(0) = 0 and there exists L € £(X;X) such that 


im le@=L@lx _ 9 
<a Mele 
hek 


1 is not an eigenvalue of L corresponding to a positive eigenvector and L has no 
positive eigenvector for eigenvalues A > 1. Show that there exists rg > 0 such that 


io,Ky,K) = 1 Vr eé (0,70, 


where K, = Bp K with Bp ={uweE X: |lullx <r}. 


Problem 4.197** 

Let X, K, p: K — K and L€ £(X;X) be as in Problem 4.196. Suppose that 1 is 
not an eigenvalue of L corresponding to a positive eigenvector and L has a positive 
eigenvector corresponding to an eigenvalue \ > 1. Show that there exists ro > 0 such 


that 
i(y,Kr,K) =0 Vre(0,rol. 


Problem 4.198** 
Let X be a separable OBS with order cone kK. Show that if K is regular and mini- 
hedral, then it is strongly minihedral. 


Problem 4.199** 

Let X be an OBS with order cone K which is strongly minihedral and let 
y: [uo, Vo] —> [uo, vo] be an increasing map (see Problem 4.187). Show that y has a 
greatest fixed point @ and a smallest fixed point U in [uo, vo]. 


Problem 4.200** 
Let X be an OBS with order cone K and let y: [uo, v0] —> [uo, vo] be an increasing 
map (see Problem 4.187). Suppose that K is minihedral and the set y([uo, vo]) C X 
is relatively compact. Show that y has a greatest fixed point wu and a smallest fixed 
point U in [uo, vo]. 
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Problem 4.201** 

Suppose that X is an OBS with order cone K, 2 C X is a bounded open set and 
y: 2A K —+ K is a compact map such that: 

(i) y(u) ¥ Au for all A € [0,1], all OON K =0(Q7K); 

(ii) the set {eo : u€ 0QN K} is relatively compact. 

Show that i(y,QN K, K) =0. 


Problem 4.202** 

Suppose that X is an OBS with order cone AK which is normal and 
y: [uo, vo] —> [uo, vo] is an increasing map (see Problem 4.187) which is y-condensing 
(with y being the Kuratowski or Hausdorff measure of noncompactness). Show that 
y has a greatest fixed point @ and a smallest fixed point U in [uo, vp] and 


u = lim vy, and 0 = lim up, 
n—-+00 n—-+oo 


where Up = Y(Un_1) and Un = Y(Un—1) for all n > 1. 


Problem 4.203** 

Suppose that X is a Banach space, C C X is a nonempty, bounded, closed, and 
convex set and y: C —> C is a weakly continuous map which is €-condensing (i.e., 
E(p(D)) < €(D) for all D C C with €(D) > 0, where € denotes the weak measure of 
noncompactness; see Definition 2.33). Show that the set 


Fix(y) = {weEC: y(u) =u} 


is nonempty and w-compact. 


Problem 4.204** 
Suppose that X is a Banach space, C' C X is a nonempty, closed, and convex set and 
y: C —> C is a continuous map with the following property: 
(W): “For any weakly convergent sequence {Un}n>1 C C, the sequence 
{v(un) ei C C has a strongly convergent subsequence.” 
Suppose that y is €-condensing (see Problem 4.203) and y(C) C C is bounded. Show 
that vy has a fixed point. 


Remark. Mappings that satisfy condition (W) need not be weakly continuous. 


Problem 4.205*** 
Suppose that X is a Banach space, C C X is a nonempty, bounded, closed, and 
convex set, p: C —> X and w: X —> X are two maps such that: 

(i) vy satisfies condition (W) (see Problem 4.204), it is continuous and 


&(y(D)) < kD) VDC, 
with k € [0,1), where € is as in Problem 4.203; 
(ii) ||lY(u) — Yr) |x < n(\lu — v||x) for all u,v © X, with 7: Ry —> Ry, being 
continuous, nondecreasing and such that 7(t) < (1—k)t for all t > O and if 


{Un}ns1 © X is a weakly convergent sequence, then the sequence {7)(un)}y54 
has a weakly convergent subsequence; 
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(iii) if w= y(v) + Y(u) for some v € C, then u € C. 
Show that there exists wu € C such that u = y(u) + (Ww). 


Problem 4.206** 

Let X be a Banach space and let y: X —+ X be a continuous map which is €- 
condensing (see Problem 4.203). Suppose that y satisfies condition (W) (see Prob- 
lem 4.204). Show that at least one of the following two properties holds: 

(a) ¢ has a fixed point; or 

(b) for some t € (0,1) the set {ue X : u=ty(u)} is unbounded. 


Problem 4.207% 
Suppose that X is a Banach space, C C X is a nonempty, bounded, closed, and 
convex set and y: C —> X and w: X —> X are two maps such that: 
(i) y is completely continuous and the set y(C) C X is relatively w-compact; 
(ii) ~ is nonexpansive and €-condensing (see Problem 4.203); 
(iii) I, — w is demiclosed (see Definition 4.77); 
(iv) if t € (0,1) and u = ty)(u) + y(v) for some v € C, then ue C. 
Show that there exists u € C such that u = y(u) + Yu). 
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4.3 Solutions 


Solution of Problem 4.1 

The set 2 C R% is compact. So, if we show that each h-point (see Definition 4.12) 
is isolated, then we will have that the set y~!(h) is finite. Arguing by contradiction 
suppose that we can find a sequence {un}n>1 © CQ such that u, — u and (un) =h 
for all n > 1. We have that u € 0 and y(u) = h. Hence 


0 = v(un)— elu) = (v'(u), Un — U) gw +7([Un — ul), (4.12) 
with 7 r(t) )_ +0ast \, 0. Since u is a regular point, y/(u) is invertible and so 
|y’(u)v| > clv| VveER, (4.13) 
for some c > 0. Form (4.12) we see that for n > 1 large, we have 
| (y'(u), tn — U) pw | < §|un — ul. (4.14) 


Comparing (4.13) and (4.14) we reach a contradiction. So, each h-point is isolated 
which in turn implies that the set ~~ !(h) is finite. 


Solution of Problem 4.2 

Let N = dimX. Then X is homeomorphic to RY. We fix a basis on X and 
consider the linear mouico ie pba aD RYN corresponding to this basis. Let 
Q= E(2) CRY, p = Eo yok! and h= €(h) € RX. Then Q is a bounded open set 
in R% and we asin the Brouwer degree on X by setting 


d(p,Q,h) = d(p,Q,h). (4.15) 


In order for this to be a well-defined notion, we need to show that this is independent 
of the choice of the basis on X. To this end, we consider another basis on X and 
let €: X —+ R% be the linear homeomorphism corresponding to this new basis. We 
know that there exists an N x N matrix A with det A 4 0 such that € = A€. We set 


Q = &0), p= EopoE? and & = Alu). 


J-(%) = (det A!) Jy(u)(det. A) = Jy(u). 


So, the degree remains the same in both bases (see (4.15)), provided y € Cl(Q; X) 
and h ¢ y(S,) (see Definition 4.4). By suitable approximation of y and h, we extend 
this definition to all y € C(Q; X) and h ¢ (OQ). 
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Remark. We can be more general and consider two N-dimensional normed spaces 
X and Y. Let Q C X be a bounded open set, y € C(O; Y) and y ¢ y(OQ). Then we 
can define d(y, Q, y) provided that X and Y are oriented. We call a finite dimensional 
normed space oriented, provided we consider as admissible only those bases on X for 
which the transition matrix has a positive determinant. 


Solution of Problem 4.3 
Let 


h(t,u) = (1—t)yp(u)+tv(u) V(t, u) € [0,1] x RY. 
Then 


h(t,u) = y(u) = wv(u) V (t,u) € [0,1] x 0Q, 


soh ¢ h((0, 1] x OQ). Thus, from the homotopy invariance of the Brouwer degree (see 
Theorem 4.11(c)), we have d(y, 9, h) = d(w,Q,h). 


Solution of Problem 4.4 
For every t € [0,1] consider the triple (y — ty, 0, h — ty). Evidently 


h—ty € (p—ty)(OQ). 
Hence 
(y—ty,Q,h-ty)e Y VteEl[0,1]. 
Thus we can define the map ¥: [0, 1] —> Z be setting 
H(t) = d(ip—ty,Q,h—-ty) Vte [0,1]. 


From Theorem 4.11(f), we know that J is continuous, hence it must be constant 
(being Z-valued). Therefore 


(as 0(0) = W(1)). 
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Solution of Problem 4.5 
For each k € {1,...,n} we can find rz > 0 such that y| is a C!-function, 


Bry (up)NQ 
where B,, (ux) ae ERY: ju—ug| < rr}. Let 


O = (J (Br (ux) 9). 


> 
ll 
mn 


This is an open set in 2. which contains all the solutions of the equation y(u) = h. 
Hence the excision property of the Brouwer degree (see Theorem 4.11(e)) implies that 


d(v,Q,h) = d(y,Q,h). (4.16) 


Evidently we can always choose r, > 0 small such that the sets {B,,(u) 0) ae 
are pairwise disjoint. Hence by the domain decomposition property of the Brouwer 
degree (see Theorem 4.11(b)), we have 


d(y,Q,h) = S~ d(y, By, (ug) VQ, h). (4.17) 
k=1 


From Remark 4.23, we have 
d(y, By, (ux) NQ, h) = UY, Uk, h) = sgn Jg(ur) VkeE {1, tact nt : 
So, from (4.16) and (4.17), we conclude that 


d(y, Q, h) = Yoel ue). 


Solution of Problem 4.6 
From Problem 4.1 we know that up is an isolated h-point. Let U C Q be an open set 
such that up € U, y(u) # A for all u € U \ {uo}. From Definition 4.12(b), we have 


i(y,uo,h) = d(y,U,h) = sgn Jy(uo) (4.18) 
(see Definition 4.4). Let A1,...,Ay be the eigenvalues of y/(uo). We know that 
J(uo) = Ay oes AN: 
Complex eigenvalues appear in conjugate pairs \ and A and so \\ > 0. Therefore 


Je(uo) = (-1)! 
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Solution of Problem 4.7 
Let h(t, u) = y(u) — ty(—u) for all t € [0,1] and all uw € Q. Then we see that 


h(t,u) #0  V (t,u) € [0,1] x ag. 


So, by the homotopy invariance property of the Brouwer degree (see Theorem 4.11(c)), 
we have = 

d(y, 2,0) d(h(1,-), ,0). (4.19) 
But A(1,u) = y(u) — y(—u), hence A(1,-) is odd. Invoking the Borsuk theorem 
(see Theorem 4.18), we have that d(h(1,-),2,0) is odd and thus d(y,Q,0) is odd 
(see (4.19)). 


Solution of Problem 4.8 

No. Consider 2 = (—2,2) C R, y: Q —> R defined by y(u) = u2—1 and h = 0. The 
equation y(u) = 0 has two solutions +1 in Q and h = 0 is a regular value of vy. Note 
that 


gi(1) > 0 and y(-1) < 0. 


So, from Definition 4.4 we have 


d(p,,0) = sgny’(1)+sgny(-1) = 1-1 = 0. 


Solution of Problem 4.9 
We need to show that given any ug € 2, we can find r > 0 small enough such that 


Br(p(uo)) S v() 


(where B,(y(uo)) = {y ER : |y—y(uo)| <r}). If we replace Q by Q = 2-9 
and y by G(u) = ¢(u + uo) — Y(u) for all u € ©, we see that without any loss of 
generality, we may assume that ug = 0 and y(0) = 0. 

Since by hypothesis ¢ is locally injective, we can find @ > 0 such that B,(0) C 


and ¢| is injective. We consider the homotopy hit, u) defined by 


Bo (0) 


n 


hG,u) = o( pau) p( ma) Y (t,u) € [0,1] x B,(0). 
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Clearly h is continuous and 
hO,-) = 9), A(L,u) = vGu)—¢(-ju) Vue B,(0) 


and so h(1,-) is odd. Suppose that h(t, u) = 0 for some u € 0B,(0) and all t € (0, 1]. 
Since ¢ is an injection on B,(0), we must have 


ou = hu Vite (0,1, 


so u = 0, a contradiction (since u € 0B,(0)). Thus, h is an admissible homotopy and 
by the homotopy invariance property of the Brouwer degree (see Theorem 4.11(c)), 
we have 


d(y, Bo(0),0) = d(h(1,-), Bo(0), 0). (4.20) 
Since h(1,-) is odd, from the Borsuk theorem (see Theorem 4.18), we have 
d(h(1,-),Bo(0),0) # 0, 
so 
d(~, Bo(0), 0) a 0 
(see (4.20)) and thus 
d(y, B,(0), h) #F 0 V he B,(0), 


with ¢ > 0 small (see Theorem 4.11(f)). Then the existence property of the Brouwer 
degree (see Theorem 4.11(d)) implies that 


B-(0) © p(B(0)) © (2), 


so the set y(Q) is open. 


Solution of Problem 4.10 
From Problem 4.9 we have that 


y(int D) C int y(D). (4.21) 


Let h € int y(D) and r > 0 be such that B,(h) C y(D). Let u € D be such that 
h = y(u) € B,(h) C y(D). Then u € y1(B,(h)) C wt (y(D)) = D (since ¢ is an 
injection). The continuity of y implies that the set y~!(B,(h)) is open and we infer 
that u € int D, hence h € y(int D). Therefore 


= 
~ 


int p(D) © g(int D), 
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so int y(D) = (int D) (see (4.21)). 


Solution of Problem 4.11 

From Problem 4.9, we know that y(R%) is open. We will show that y(R) is also 
closed, hence y(RY) = R%. So, let {hntnsir © y(R) be a sequence such that 
hyn —> h. We have h, = y(un) for all n > 1 for some sequence {Un}nd1 CRY. Our 
hypothesis on y implies that the sequence {Un}nd1 C R% is bounded. Hence, passing 


to a subsequence if necessary, we may assume that u, —> u in RX and so h = y(u), 
that is, h € y(R) and so y(RY) is closed. Therefore y(R*) = RY. 


Solution of Problem 4.12 

(a) If 0 € y(OQ), then there exists u € OQ C © such that y(u) = 0. Otherwise 
the degree d(y, 2,0) is well defined and nonzero (from the Borsuk theorem; see 
Theorem 4.18). So, the existence property of the Brouwer degree (see Theo- 
rem 4.11(d)) implies that there exists u € 2 such that y(u) = 0. 

(b) Let 2(u) = u— y(u) for all u € OD. Evidently » € C(Q;R%) and |,, is odd. 
Therefore by part (a) we can find v € 2 such that ~(v) = 0. Then y(v) = v. 


Solution of Problem 4.13 

From the existence property of the Brouwer degree (see Theorem 4.11(d)), we know 
that there exists uo € 2 such that y(uo) = h. Let V be the connected component of 
R* \ y(0Q) containing h. From Theorem 4.11(f) we know that 


0 4 d(y,Q,h) = diy,Q,h') Vie, 


so V C y(Q). Since V is an open set, we conclude that y(Q) is a neighborhood of h. 


Solution of Problem 4.14 
Let V ¢ X be a dense subspace of X (for example, the kernel of an unbounded 
linear functional on X). Then Dy = OB,(0) MV is dense in OB,(0) and by the 


Dugundji extension theorem (see Theorem 2.8), J,,,. (o) has a continuous extension 
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y: B,(0) —> OB,(0) U conv Dy C OB,(0) U(B,(0) NV) C B,(0). Choose any 
up € Br “(0 )\ ¢(B;,(0)) and let @ = 5. We introduce &: B,(0) \ {uo} —> OB,(0) 
defined by 


o(u—uo)+u—uo]u : 
fo(u) = [eles Flas al if 0 < |lu—wollx <2, 
io if |lju —wollx > a. 


ullx 
Evidently 7 continuous. Hence £9 o y: B,(0) —+ OB,(0) is continuous and 


£0° Ploz.c) = Lop,.o): 590, OBr(0) is a retract of B,(0). 


Solution of Problem 4.15 _ 
Arguing by contradiction, suppose that OB,(0) is a retract of B,(0) and let 
€: B,(0) —>+ OB,(0) be the retraction (i.e., € is continuous and fl iecay — taal 


Let y = —€. Then y: B,(0) —>+ B,(0) is a continuous map which has no fixed point, 
contradicting the Brouwer fixed point theorem (see Theorem 4.81). 


Solution of Problem 4.16 
(a) Arguing by contradiction, suppose that 0B,(0) is contractible. This means that 
there exists h € C([0, 1] x 0B,(0),0B,(0)) such that 


h(0,u) = u VueOB,(0) and A(1,u) = uo, (4.22) 


for some ug € OB,(0) fixed. Invoking the Tietze extension theorem (see Theo- 
rem [.2.138), we can find a continuous extension h: [0, 1] x B,(0) —> R® of h. 
We set 7 m n 

P(:) = AO,-) and ¥(-) = A(1,-). (4.23) 
From the homotopy invariance property of the Brouwer degree (see Theo- 
rem 4.11(c)), we have 


so 
d(Iw ,B,(0),0) = d(uo, B(0), 0) 

(see (4.22), (4.23) and Problem 4.3). Here by uo, we mean the constant function 
W(u) = uo for all u € OB,(0). Note that dU, ,B,(0),0) # 0 (see the Borsuk 
theorem; Theorem 4.18), while d(uo, B,(0),0) = 0 (recall that ug € OB,(0)). 
This leads to a contradiction which proves that 0B,(0) is not contractible. 

(b) From Problem 4.14 we know that 0B,(0) is a retract of B,(0). Let 
€: B,(0) —> OB,(0) be such a retraction. Then 


h(t,u) = €((1—t)u) V (t,u) € [0,1] x OB,(0) 
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is a deformation which deforms 0B,(0) into {€(0)}. This proves that 0B,(0) is 
contractible. 


Solution of Problem 4.17 
We have {t} x OV; C OF saint 
t€ [a,b]. Let K = {(t,u) eV: h(t, u) =h}. This is a compact subset of V. So, we 
can find an open set W C [a,b] x R% such that K CW CW CV. Given to € [a,b], 
we can find a subinterval |y, 4] of [a,b] containing to such that [7,6] x Wi, C V and 
for all (t,u) € V with t € [7,6], u ¢ Wi, we have h(t,u) = h. From the excision 
property of the Brouwer degree (see Theorem 4.11(e)), we have 


n 


V. Therefore d(h(t,-),Vi,h) is well defined for all 


d(h(t,-),Vi,h) = d(h(t,-),We,h)- (4.24) 


Moreover, from the homotopy invariance property of the degree (see Theo- 
rem 4.11(c)), we have that the function t > d(A(t,-),W2),h) is constant on [y, 6]. 


From (4.24) it follows that the map t +> d(h(t,-), Vi, h) is locally constant, Z-valued 
on [a,b], hence it is constant. 


Solution of Problem 4.18 
Let h: [0,1] x Q —> RN be defined by 


n 


A(t,u) = p(u)+ty(u) ‘V(t, u) € [0,1] x Q. 


Evidently r(-, -) is continuous. Suppose that we can find (t,u) € [0,1] x OQ such that 


n 


hi) =D, 


—ty(u) = y(u) 
and thus 
td(u)| = lp(u)| > IWw)I, 


a contradiction (since t € [0,1]). So, it follows that 0 ¢ h(t, OQ) for all ¢ € [0,1]. 
Then the homotopy invariance of the Brouwer degree (see Theorem 4.11(c)) implies 
that d(y + p, 9,0) = d(y, Q, 0). 
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Solution of Problem 4.19) _ 
Let v € Q and consider the map h: [0,1] x Q —+ R% defined by 


n 


h(t,u) = (1—t)(y(u) —v) + t(u— v) V (t,u) € [0,1] x Q. 


Evidently r(-, -) is continuous and for all (t,u) € [0,1] x 0Q, we have 


n 


h(@,u) = (1-t)u-—v)+tu-v) = u-v £ 0. 


So, the homotopy invariance of the Brouwer degree (see Theorem 4.11(c)) implies 
that 
d(p —v,2,0) = dy —v,2,0). (4.25) 


From Problem 4.4 and the normalization property of the Brouwer degree (see 
Theorem 4.11(a)), we have 


sO 
d(p — v, Q, 0) # 0 


(see (4.25)). The existence property of the Brouwer degree (see Theorem 4.11(d)) 
implies that we can find wu € © such that p(u) = v. Since v € © is arbitrary and 


p(dQ) = OQ, we conclude that y(Q) = 2. 


Solution of Problem 4.20 
We assume that 0 ¢ y(0Q) or otherwise there is nothing to show. Since by hypothesis 
(p(u), U)px > 0 for all u € OQ, we see that for all u € OQ, y(u) never points opposite 


to u, that is, 
y(u) +Au 4 0 Yue da, AS 0. (4.26) 


We consider the continuous map h: [0, 1] x Q —+ RX defined by 


A(t,u) = (1—-t)p(u)+tu ——*V (t,u) € [0,1] x ©. 


Because of (4.26) we see that 0 ¢ h(t, OQ) for all t € [0,1]. Hence from the homotopy 
invariance of the Brouwer degree (see Theorem 4.11(c)), we have 


a(y,9,0) = a(F,y,,0). (4.27) 
The normalization property of the Brouwer degree (see Theorem 4.11(a)) implies that 
d(I,y,2,0) = 1, 


sO 
d(p,2,0) 4 0 
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(see (4.27)). So, the existence property of the Brouwer degree (see 
Theorem 4.11(d)) implies that there exists uo € 2 such that y(uo) = 0. 


Solution of Problem 4.21 
Arguing by contradiction, suppose that there exists a continuous injection y: R” —> 
R™. Let ~: R” —> R” be defined by 


w(u) = (~(u), 0) YueR”, withOeR”™. 


Clearly ~ is a continuous injection and so from Problem 4.9 we have that the set 


YR") = 9(R") x {0} 


is open in R”, a contradiction. 


Solution of Problem 4.22 

First we show that if for every k € N, J, = [—k,k], then the set R™” \ y(J/) is dense 
in R™. To show this, we argue by contradiction. So, suppose that we can find vg € R™ 
and r > 0 such that 


By(vo) & eUr); 
where B,(v9) = {v ER™: |v—vo| <r}. Let K = y1(B,(v9)). Then the set K C 
R” is compact and since ¢ is injective, f = y|,,: K —+ B,(vo) is a homeomorphism. 
Then f~!: B,(vg) —+ K is a homeomorphism, which contradicts the Borsuk—Ulam 
theorem (see Theorem 4.20). This proves that the set R™ \ y(J7’) is dense in R™ for 
alk EN. 


Next note that R” = LU J?. Hence 
k>1 


e(R") = LU eGR), 


R™\ o(R") = () (R™\ UR). 
k>1 


From the first part of the solution, we know that for every k > 1, the set R™ \ y(J/7’) 
is dense and open in R”, so the set 


R™\ 9(R") = (} (R”\ eUR)) 


k>1 
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is dense (by the Baire category theorem; see Theorem I.1.26). 


Solution of Problem 4.23 
Arguing by contradiction suppose that we have 


p(u) # Au Yue don, AER. (4.28) 
We consider the following two homotopies 
hi(t,u) = (l—t)y(u)+tu VteE [0,1], vweQ, 
ho(t,u) = (l—-t)y(u)-—tu Vite [0,1], wen. 
From (4.28) we see that 
0 ¢ hy(t,OQ) Wte [0,1], ke {1,2}. 


So, the homotopy invariance of the Brouwer degree (see Theorem 4.11(c)) implies 
that 
d(y, Q, 0) = dL nw 12,0) = d (4.29) 


(see the normalization property of the Brouwer degree; Theorem 4.11(a)) and 
d(y,0,0) = d(-1,,,9,0) = (-1)% = -1 (4.30) 


(see Remark 4.23 and recall that N is odd). Comparing (4.29) and (4.30), we reach 
a contradiction. So, (4.28) cannot be true and we can find u € OQ and A 4 0 such 
that y(u) = Au. 


Solution of Problem 4.24 
By the Tietze extension theorem (see Theorem I.2.138), we can find a continuous 
map @: RN+! —+ R+! such that 

Gly = % (4.31) 


Note that N +1 is odd and @(S%) = y(S%) C SN, hence 0 ¢ G(S%). So, we can use 
Problem 4.23 and find @ € SX and A 4 0 such that 


n~ 


Plu) = Au, 


so 
g(a) = da 
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(see (4.31)). We have 1 = |y(u)| = |A|. Since y(w) # —U, we must have A = 1 
U 


and so we conclude that y(w) = 


Solution of Problem 4.25 
“(a) ==> (b)”: Note that for a constant map c, we have 


dy (c) = 0 (4.32) 
(see Definition 4.16). So, if y is not homotopic to a constant map, then 
d(G, By'*",0) # 0 


(see (4.32) and Definition 4.16). By the existence property of the Brouwer degree 
(see Theorem 4.11(d)), we see that we can find ug € BNt! such that G(ug) = 0. 
“(b) => (c)”: We prove the contrapositive. So, suppose that for some continuous 
extension @: a —>+ R'*+1 we have d(¢, BN*',0) = 0. Then by the Hopf theorem 
(see Theorem 4.15), @ is homotopic to a constant map c € S%. So, we can find a 
continuous map h: [0,1] x SY —> $% such that 


h(0,-) = ¢ and A(1,-) = y(-). (4.33) 


Let Gy): By '’ —> SN be defined by 
Go(u) = R(lul, 4) VueBr™. (4.34) 
Using (4.33), we can easily see that po is continuous. We have 
Yolen = ¥ 


(see (4.33)) and 

& —=N 

Po(u) # 0 Vue By ae 
“(c) ==> (a)”: Again we prove the contrapositive. So, suppose that y is homotopic to 
a constant c € S%. Let h(t,u) be the corresponding homotopy as above (see (4.33)). 
Again we introduce @. This is a continuous extension of y which is homotopic to 
the constant c € S“. Hence by Theorem 4.15, we have d(Go, Bo) = 0. 


Solution of Problem 4.26 
(a) Recall that d(-I,y4,,By**, 0) = (-1)%t!. So, the hypothesis and the Hopf 
theorem (see Theorem 4.15) imply that, if 


n 


h(t,u) = (1-t)p(u) — tu V (t,u) € [0,1] x SY, 
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then we can find to € [0,1] and up € S% such that 


nN 


h(to,uo) = 9, 
sO 

y(uo) = uo 
thus 


and hence tg = 5: Therefore, we have y(ug) = uo. 

(b) Arguing by contradiction, suppose that y(u) 4 —u for all u €¢ S%. This means 
that —y has no fixed point and so by part (a) we have d;(—y) = (—1)‘*!. But 
from Definition 4.16, we have d(—y) = (—1)%*+1di(y). Therefore 


(-1)"" = (-1)""ar(¢), 


so di(y) = 1, a contradiction to the hypothesis. 


Solution of Problem 4.27 

(a) Arguing by contradiction, suppose that 0 ¢ (OQ). By hypothesis 
(dQ) C RN-!. Using the Tietze extension theorem (see Theorem I.2.138), we 
can find ¢ € C(Q;R*~!) such that G|,, = y and @(Q) C RX—!. From the Bor- 
suk theorem (see Theorem 4.18) and Problem 4.13, we know that ¢(Q) contains 
a neighborhood of the origin in R™, contradicting the fact that @(Q) C RN71. 
Therefore 0 € y(OQ) and so we can find up € OO such that y(uo) = 0. 

(b) Reasoning indirectly, suppose that there exists an odd map y € C($";S™). 
Then from part (a), we can find uo € S” such that y(uo) = 0, a contradiction 
(since y has values in S$”). 


Solution of Problem 4.28 

From Problem 4.9 we know that the set y(Q) C R% is open and y: Q —> y(Q) 
is a homeomorphism onto y(Q). Let r > 0 be such that B,(h) C y(Q) (where 
B,(h) = {ue RX: |u—h| <r}). Then the set y~'(B,(h)) is connected. We con- 
sider the composition yo y~!: B,(h) —> y(Q) and apply the multiplication theorem 
(see Theorem 4.14). Note that by the Jordan separation theorem (see Theorem 4.22), 
the set RY \ y(0B;,(h)) has two connected components A and A with A bounded 
and A unbounded. So, we have 


L= d(p op *, Bp(h), h) = d(p, A, h)d(y", By(h), A) (4.35) 
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(see the normalization property of the Brouwer degree; Theorem 4.11(a)). But by the 
excision property of the Brouwer degree (see Theorem 4.11(e)) and the injectivity of 
vy, we have 


Solution of Problem 4.29 
Let u,v € Q with u 4 v. We have 


lo(u) — p(v)| = Ju-v+ flu) — f(v)| 2 Ju-v|—If(u)— Ff) > 9, 


so y(u) # y(v) and hence is an injection. Then invoking Problem 4.28 we infer 
that d(y,Q,h) = +1 for every h € y(Q). 


Solution of Problem 4.30 
Clearly, we can define d(y,0,h) and d(w,Q,h). We consider the continuous map 
h: (0, 1] x 2 — RN defined by 


h(t,u) = (1—t)y(u) +ty(u) VV (t,u) € [0,1] x ©. 


By hypothesis h ¢ h(t, OQ) for all t € [0,1]. So, the homotopy invariance of the 
Brouwer degree (see Theorem 4.11(c)) implies that d(y,Q,h) = d(w,Q,h). 


Solution of Problem 4.31 
Evidently d(y,, h) exists. Let 


w(u) = (6) (9) (y _ @) + v(a) Vu € {a, dB]. 
If y(a) = ¢(b), then w is constant (¢(u) = y(a) for all u € [a,b]) and so 


d(y,Q,h) = 0 
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(recall that h 4 y(a)). If yp(a) F v(b), then 


0 if h¢ [p(a), 9(0)] 


(see Definition 4.4). Note that (a) = y(a) and y(b) = v(b). Then, from Problem 4.3, 
we have 


d(w, Q, h) = oe if he [y(a), y(d)], (4.36) 


dy, Q, h) = dw, 2, h), 
so d(y,2,h) € {41,0} (see (4.36)). 


Solution of Problem 4.32 
From Definition 4.16 we have 


dit 


SN 


)= (CH = 1 


(since N is odd), so 
di(—I,y) -_ di (In) 
and thus —I,, and I, are homotopic (by the Hopf theorem; see Theorem 4.15). 


Solution of Problem 4.33 
Let 


n 


h(t,u) = (1—t)y(u)—ty Vte (0,1). 


This is a continuous homotopy and by hypothesis 
h(t,u) £0 VteE [0,1], wean. 


Then from the homotopy invariance of the Brouwer degree (see Theorem 4.11(c)), we 
have 


(since y 4 0). 
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Solution of Problem 4.34 
Arguing by contradiction, suppose that 


inf {|[A(t,w)||x : t € [0,1], we AQ} = 0. 


Then we can find two sequences {tn},51 © [0,1] and {un},51 G OQ such that 


nN 


h(tn,Un) —>O in X. 


Because of the compactness of ee -) and by passing to a subsequence if necessary, 
we may assume that = 
ho(tn,; Un) —> vo in X. 


Evidently, we may assume that t, —> to € [0,1]. Then 
(tn, Un) — (to, vo) = (0, 1] x OQ, 


so 
h(to, vo) = im, h(tn, Un) = (), 


which contradicts our hypothesis that 0 ¢ h(t, OQ) for all t € [0,1]. Therefore 


inf {|[A(t,u)||x : t€ [0,1], ue AQ} > 0. 


Solution of Problem 4.35 _ _ a 
Let @: 2 — X be such that f= 1, —¢@ € K(Q;X) with h,y, f(Q) contained in a 
finite dimensional subspace Xg C X and 
|P(u) — e(u)||x < dist(h,p(AQ)) Yuen. 
From Definition 4.25, we know that 
d,(9,Q,h) = d(%,Q, h), (4.37) 

where Q9 = QM Xo. Similarly, we have 

dis(e—y,Q,h—y) = de—y,O,h—y). (4.38) 
But from Problem 4.4 and Remark 4.10, we have 
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Combining (4.37), (4.38), and (4.39), we have 


dis (Y, Q, h) = d,o(p —%y, Q, = y)- 


Solution of Problem 4.36 
Let Xo = span {h,y}. Then from Definition 4.25 and Proposition 4.21, we have 


Oral. —y,Q, h) = d((I, = Ylanxy: 2M Xo, h). (4.40) 


From the normalization property of the Brouwer degree (see Theorem 4.11(a)), we 
have 
_ 1 if h+yeQ, 
Ae = Wlanxy» 2M Xo,h) = { 0 if h+y¢ Q, 
so 
if it Bapeo, 
dusUx —w Mh) = { 0 if At+y¢Q 


(see (4.40)). 


Solution of Problem 4.37 
Note that 


(I, + fog ")op = +f = 


soy t=I1,+ fog. We claim that foy le ge ©); X). First we show the 
continuity of f oy !. To this end let {Ynknoi CS ~(Q) be a sequence such that 
co 


Yn —> y € v(Q) in X. We can find a sequence {Un}nsy GQ and u € Q such that 


Yn = (Un) Vne1 and y=y(u). 


Since the sequence {Yn}n>1 C X is relatively compact and using Proposition 2.16, 
we have that the sequence Lt = a) bss C X is relatively compact. So, by 
passing to a suitable subsequence if necessary, we may assume that 


Un —> BENQ, 
so 


Yn = Yun) — vu) = y = vu). 


Since y is injective, we get U = u, so 


Un —>u inX, 
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1 


for the original sequence and hence y~ is continuous. 


Also, let D C y(Q) be a bounded set. Then 
gy *(D) © p*(e(Q) =2 
(since y is injective) is bounded. Since f is compact, we have 
(foe ')\(D) = f(g (D)) © X 


is relatively compact. Therefore y~! € K(yp(Q);X). 
Finally note that y(Q) = (g~!)~1(Q) and so from the continuity of y~ 
that the set y(Q) C X is open. 


! it follows 


Solution of Problem 4.38 

Let V C U be an open set and let h € y(V). Let B be a ball such that y-!(h) C BC 
V. Then h € y(B) C v(V) and from Problem 4.37, we know that the set y(B) C X 
is open. Since h € y(V) is arbitrary, it follows that the set y(V) C X is open and so 
y is an open map. Finally from the solution of Problem 4.37, we know that y7! is 
continuous and so we conclude that y is a homeomorphism from U onto y(U). 


Solution of Problem 4.39 
From the hypothesis on y, it follows that given ¢ > 0, we can find 6 > 0 such that 


diamy1(Bs(u)) < « VueXx. 
Then we have 
if ||(w— v) — (f(u) — f(w)) |x < 6, then |lu—vl|x <e. (4.41) 
Let 
gu) = ftu)—f0) Wuex 


and let Be(0) ={weE X: |lullx < el}. 
We consider the homotopy h: [0,1] x B:(0) —+ X defined by 


A(t,u) = f(a) — f(= 4). (4.42) 
Suppose that h(t, u) = u for t € [0,1]. Then 
fice) -fG) =4 = h-C 


so ||u||x <«€ (see (4.41)) and thus 
0 ¢ (Ux —hit,-))(OB-(0)). 
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So, by the homotopy invariance property of the Leray—-Schauder degree (see Theo- 
rem 4.27(c)), we have 


d-g4, —9,8-(0),0) = dg, —h,-), BA{0), 0). (4.43) 
But from (4.42), it is clear that J, — h(1,-) is odd. Hence Theorem 4.31 implies that 
dy 5(1x —h(1,-), Be(0),0) 4 9, 


sO 
dally —g,B-(0),0) # 0 (4.44) 


(see (4.43)). 


Next, let h € X with ||h|| <6 and consider the compact homotopy 
R(t,u) = g(u)+th V(t, u) € [0,1] x B.(0). 
Suppose that h(t, u) =u. Then 
I|f(u) — f(0) —ullx < tI|AIlx < 4, 
so ||ul|x <e (see (4.41)), thus 
0 ¢ (Ud, —hit,-))(OB-(0)) V te [0,1]. 
Once again the homotopy invariance property implies that 
0 # disUy — 9, B-(0),0) = disUx — 9 +h, B-(0),0), 


so Bs(y(0)) C y(B.(0)) (by the existence property; see Theorem 4.27(d)). So, for 
each h € y(X), we have Bs(h) C y(X) and so ¢ is surjective. 


Solution of Problem 4.40 
We have yp =I, — f and =T, —g with f,g € K(Q;X). Let 
A(t,u) = (1-t)f(u)+tg(u)  -V (t,u) € [0,1] xO. 


This is a compact map and since y]|,,. = W|,,, we see that 


h @ (ly —h(t,-))(OQ) VteE [0,1]. 
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Hence we can use the homotopy invariance property of the Leray—Schauder degree 
(see Theorem 4.27(c)) and infer that d,,(y,Q,h) = d,,(~,Q,h). 


Solution of Problem 4.41 


No. Arguing by contradiction, suppose that we could find a retraction 
€: B,(0) —> OB,(0) of the form € = I, — f with f © K(B,(0);X). Since 
shears = I,,,,(9), from Problem 4.40, we have 


d,5(,Br(0),0) = d,s, Br(0),0) = 1 


(see Theorem 4.27(a)). From the existence property of the Leray—Schauder degree 
(see Theorem 4.27(c)), we see that we can find u € B,(0) such that 


Solution of Problem 4.42 
The Fréchet differentiability of y at u = 0 implies that 


g(u) = u—f'(O)u+r(u), 


with 7o2 —+0 in X as u— 0. Let 


A(t,u) = hy(u) = u—f’(O)u+tr(u) — V (t,u) € [0,1] x ©. 


Then we have 


hi(u) = 0, 
so 
wu = (Ix — f'(0))-*(-tr(u)). (4.45) 
Since by hypothesis ~ = 1 is not an eigenvalue of f’(0), we have 


(I, — f’(0))~* € L(X). Since r(u) = o(||ul|x), from (4.45), we see that we can find 
€ > 0 such that 7 
hou) AO Wwe Bq(0)\ {0}, t€ [0,1, 


i(p, 0, 0) = d,(y, Be(0), 0) (4.46) 
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(see Definition 4.12 and Remark 4.26). From Problem 3.1, we know that 
f'(0) € £-(X) and so it follows that r € K(Q;X). Therefore h;(u) is an admissi- 
ble homotopy (see Theorem 4.27(c)). Hence, we have 


d,5(Y, Be(0),0) = d,5(Zx — f'(0), Be(0), 0). (4.47) 
But from Theorem 4.29 we have 
d,s(Ix — f'(0), Be(0),0) = (-1)”, 
so i(y,0,0) = (—1)™ (see (4.46) and (4.47)). 


Solution of Problem 4.43 
It suffices to assume that m = 2 and the general case follows by induction. Let 
proj,: X —> V;, (for k € {1,2}) be projection operators. We set 


S, = I, —Aoproj, Vke {1,2}. 
Then $j, S2 are injective and Ao proj,, Ao proj, € £.(X). We have 
L= S10 Sp. 


From the multiplication theorem (see Theorem 4.30), we have 


d,<(L, Bi(0),0) = d,,(51, Bi(0),0)d,,(S2, Bi (0), 0). (4.48) 
From the reduction property of the Leray-Schauder degree (see Remark 4.26), we 
have 
d,.(Sx,-B1(0), 0) = di 5(Sklonv, Pi (0) qm Vz, 0) VkeE 1426 
so 


2 
nell, B,(0),0) = II d,s (Ly, , B1(0) a Vi, 0). 


Solution of Problem 4.44 . 
As in the solution of Problem 4.17, we have that d,,(h(t,-),Vi,h) is defined for all 
t € [a,b]. Let ¢ > 0 be such that 


BA(R)OROyxxV¥) = 0 


and consider a finite rank map kj: V —> X such that ||k — ky||o. < € (see Theo- 
rem 2.6). Let Y be a finite dimensional subspace of X such that k,(V) C Y and 
heY. We set : 

hi(t,u) = u—ky(t,u) V (t,u) EV. 
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From Problem 4.17, we know that the map 
ae ad d(hy(t, ‘), Vi ‘a x h) = dine (hi(t, -), Vi ‘a be h) 


(see Definition 4.25) is constant on |a, }]. 


Solution of Problem 4.45 
Let v € 2 and define 


n 


h(t,u) = tf(u)—v Vite [0,1], we Q. 
Evidently this is a compact map. Suppose that for some (t, wu) € [0,1] x 0Q, we have 


hit) = 


so —v = u (since f(u) = 0), a contradiction (since v € 2, u € OQ). Therefore h(-,-) 
is an admissible compact homotopy. Hence by the homotopy invariance property of 
the Leray—Schauder degree (see Theorem 4.27(c)), we have 


dis, —-f—v,9,0) = d,,(Z, —v,,0). (4.49) 
From Problem 4.36, we have 
digU, —v,9,0) = 1, 
so d,,(, — f — v,0,0) = 1 (see (4.49)). Then from the existence property of the 


Leray—Schauder degree (see Theorem 4.27(d)), we know that there exists u € 2 such 
that 


Since (Ly — f)loq = Inq and v € 2 is arbitrary, we conclude that (I, — f)(Q) = Q. 


Solution of Problem 4.46 
Note that A~tok: [0,1] x Q —+ X is a compact map. So, if we replace k with A~'ok 
and k with A~'(h), without any loss of generality, we may assume that X = Y and 
A=d,. 

If we can find u € 02 such that u—k(1,u) = h, then we are done. So, because of 
our hypothesis, we may assume that 


u—k(t,u) Ah V (t,u) € [0,1] x an. 
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Invoking the homotopy invariance property of the Leray—Schauder degree (see Theo- 
rem 4.27(c)), we have 
1 = d,,0,h) = dU, —k(,-), 0, A) 


(see Theorem 4.27(a)). So, the existence property (see Theorem 4.27(d)) implies the 
existence of u € 2 such that u — k(1,u) =A. 


Solution of Problem 4.47 
Let {Rn}nsi CR be a sequence such that R, > R for alln > 1 and R, \ R. Using 
Problem 4.46 with Q = Br, (0), we obtain uy € Br, (0) such that 


A(tn)-—KQ,un) = h Vn. (4.50) 


The compactness of k implies that by passing to a subsequence if necessary, we may 
assume that 
kK(1,un) — v my. 


Then from (4.50) we see that 
A(tn) —> h+v in Y, 


so 
un —> Al(h+v)=u 


(recall that A is an isomorphism). Evidently u € Br(0) and from the continuity of 
A and k(1,-) and from (4.50), we have 


Solution of Problem 4.48 
Since A is an isomorphism, we can find c > 0 such that 


cllullx < ||A(u)|ly Vue X. (4.51) 


Let k: [0,1]x X —+ Y be the compact map defined by k(t, u) = ty(u). So, k(0, u) = 0 
for allu € X. Let y € Y. Using the hypothesis on y, we see that we can find 
R> ||A7!(y)||x such that 


lle@) ly +llylly 
Jullx 


6 Yue X, |lullx > R. (4.52) 
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If (t,u) € (0,1) x X is such that A(u) — ty(u) = y, then 
ellullx < |A@lly < leC)lly + Ilylly, 


sO 
= ate Vue, 


lull x 


thus |lul|x < R (see (4.52)). So, we can use Problem 4.47 and find u € Br(0) such 
that A(u) — y(u) = y. 


Solution of Problem 4.49 
Let . 
(tu) = (L—t)y(u) +tv(u) —Y (t,u) € [0,1] x ©. 
This cannot be an admissible homotopy, or otherwise the homotopy invariance prop- 
erty of the Leray—Schauder degree (see Theorem 4.27(c)) would imply that 


dis (Y, Q, 0) = dys (W, Q, 0), 


a contradiction to our hypothesis. Since h(t, u) is not admissible, there exist 
(t,u) € (0,1) x OQ (we cannot have t = 0 or t = 1, since 0 ¢ y(OQ), 0 ¢ W(ON)) 
such that 


so y(@) = (i) with A= —--& <0. 


Solution of Problem 4.50 
Note that in both cases, we have 


0 # d(I,,0,0). 


So, according to Problem 4.49, we can find A < 0 and @ € 02 such that 


u— fu) = Au, 


sO 
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Solution of Problem 4.51 
Let p = I, — f with f © K(Q;X) and consider the compact homotopy 
h: [0,1] x Q —+ X defined by 


n 


A(t,u) = (1—t)f(u)+tg(u) -V (t,u) € (0,1) x O. 


Then we have 


sO 


lu —h(t,u) —Allx > |lb(u) —Allx — [le(u) — d(w)|Lx 
> 0 Vte [0,1], ue ag, 


thus 
h @ (ly —hit,-))(OQ) Vte [0,1], 


hence (w,2,h) € Vo. So, R(t, u) is admissible and the homotopy invariance property 
of the Leray—Schauder degree (see Theorem 4.27(c)) implies that 


Solution of Problem 4.52 
The set y(Q) is bounded. So, we can find g > 0 such that v ¢ y(Q) for all ||v||x > a. 
Let h* € Rf with ||h*||x > @ be such that d(y,Q, h*) = 0 (see Theorem 4.27(d)). We 
define . 

A(t,u) = y(u) — ((1—t)h + th*) V (t,u) € [0,1] x ©. 


Note that 
ish] Re 


where [h,h*] = {we X: u=(1—-t)h+th*, te [0,1]} and by hypothesis 
Ri p(dQ) = 0. We infer that 


h(t,u) £0  V (t,u) € [0,1] x aa. 


therefore h is an admissible homotopy and by the homotopy invariance property (see 
Theorem 4.27(c)), we have 


di gl _ h, Q, 0) — di g(y — ie 2, 0), 


sO 
d,,(p, Q, h) = d,,(y, Q, h*) = 0 
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(see Problem 4.35). 


Solution of Problem 4.53 

Since by hypothesis d,,(y,,0) # 0, we see that S(y) # 0. Also from Proposi- 
tion 2.16, we know that the set S(y) C X is compact. Arguing by contradiction, 
suppose that the set S(w) is not connected. Then we have 


Sly) = CrU Cz, 
with C1, C2 C X nonempty, compact, and disjoint. We can find open sets Q),Q2 C 


with Q; 9 Q2 = 0 such that 
Cy C Qy and Cy C Oo. 


From the excision and the domain decomposition properties of the Leray—Schauder 
degree (see Theorem 4.27(e) and (d)), we have 


d,s(y, 0,0) = d,s (~,1, 0) +ideglY, Q2, 0). (4.53) 


Suppose that y(ui) = ur € Cy. Given < > 0, let f. be the compact ¢-approximation 
of f postulated by our hypothesis. We define 


be(u) = u—fe(u)—(wi—fe(u)) Vued (4.54) 
and consider the homotopy 
h(t,u) = (1—t)y(u)+tue(u) V(t, u) € [0,1] x 
Let m = {||y(u)||x : we O\ (OQ, UQ2)} > 0 and let ¢ € (0, ). We have 
AE, w)llx = le(u) + t(F(u) — fe(u)) — t(u — fe(ua))Ihx 


le(u) [|x — tll f(u) — fe(u)|lx — tl]ur — fe(ur)|[x 
ly(u)|\|x —26 > m—22e > 0 Yue Q\ (Q1U Qs), 


WV W 


so h is an admissible homotopy. Thus, the homotopy invariance property (see Theo- 
rem 4.27(c)) implies that 


0 = d,,(y, Q,0) = dg (We, 0,0). 


From (4.54) and our hypothesis, we infer that w- has only one zero w. Since u, € Ci, 
we see that wu € 1 and so it follows that w, has no zeros on Q2. Therefore 


dig (Y, Qa, 0) = dys (We, Qo, 0) 


If uy € Co, then a similar argument shows that 


ds (v, 91,0) = dg (We, 21,0) = 0. 


0. 
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From (4.53) we conclude that d,.(y, 2,0) = 0, a contradiction to our hypothesis. 


Solution of Problem 4.54 
Arguing by contradiction, suppose that y(u) 4 0 for all u € OQ. Using the Dugundji 
extension theorem (see Theorem 2.8), we can find fek (Q; X) such that flex oe 
We define 

@6=1,-f:N—X. 


Since ¢|,,. = y, we have 0 ¢ G(OQ) and then by Theorem 4.31, we have that 


On the other hand, since y(0Q) C V, we can find a ray Rj (with y © X \ V) such 
that Rj. G(dQ) = 0. So, invoking Problem 4.52, we have 


di,(@, Q, 0) = 0. (4.56) 


Comparing (4.55) and (4.56), we reach a contradiction. This means that there exists 
u € OO such that y(u) = 0. 


Solution of Problem 4.55 
We introduce 


iu) = eee) _ y_ MWY Vy an, 


Then ~ satisfies the conditions of Problem 4.54. So, we can find @ € OO such that 


thus 


Solution of Problem 4.56 
Let A = f’(co) € £-(X). From Definition 4.97(b), we have y = I, — A+ e with 
lle(u)|Lx 
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Since A € £,(X), for Q C X large, bounded, open with 0 € 2, we have 
0 ¢ y(0Q). 
Let 


n 


h(t,u) = A(u) + te(u). 


Because A(Q) C X is compact and using (4.57), we see that by taking Q even bigger 
if necessary, we have that h(t, u) is a compact homotopy. We have 


n 


0 ¢ (I, —Alt,-))(OQ)  Vte (0,1). 


Indeed, suppose that _ 
u = hit,u), 
for some t € [0,1] and u € OQ. So 
u = A(u) + te(u) 
and hence 
ellullx < Ux -A)@llx = tlle(u)Ilx < le(u)|lx 


for some c > 0 (since J, — A is invertible). This contradicts (4.57). So, we can use the 
homotopy invariance property of the Leray—Schauder degree (see Theorem 4.27(c)) 
and have 

d6(6,0,0) = dg, — AQ, 0). (4.58) 


But from Theorem 4.29, we have 
dig (Ly =A, 0) = (=])” 


(recall that A € £,(X)), so d,,(y, 0,0) = (-1)™. 


Solution of Problem 4.57 

Let D,, be the connected component of X \ y(OQ) containing h. Since by hypothesis 
y(Q) C V, we can find y € Dp, such that y ¢ y(Q) or otherwise Dy, C y(Q), hence 
int y(Q) ¥ 0, a contradiction to the hypothesis that V is a proper linear subspace of 
X. From Theorem 4.27(f), we have 


dig(y, Q, h) = drg(y,Q,y) = 0 


(see Theorem 4.27(d)). 
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Solution of Problem 4.58 

Let y € X and let J = [y,h] = {vEX: v=(1—-t)y+th, t € [0,1]}. Evidently 
IC X is compact and so y!(I) C X is compact (see Proposition 2.16), hence it is 
bounded. Let r > 0 be large enough so that B,(0) D y~'(1). Then by hypothesis 


d,s(~, Br(0), A) # 0. (4.59) 


Let €(t) = (1 —t)y+ th for t € [0,1]. Hence J = €([0,1]). From Theorem 4.27(c), we 
have 


d(p, B,(0), y) = d(y, B,(0), h) # 0 
(see (4.59)). So, from Theorem 4.27(d), we know that there exists u € B,(0) such 
that 


Solution of Problem 4.59 
We start by showing that there exists ¢9 > 0 such that 


fe(u) # Au WV (A,u) € [0,1] x AQ, 2 € (0,60), (4.60) 


with f- being the uniform finite rank ¢-approximation of f (that is, 
| fe(u) — f(u)||x <e for all u € Q; see Theorem 2.6). Suppose that (4.60) is not 
true. This means that we can find three sequences {€n},51 CR, {Un}ns1 C OM and 


{Ankn>i S [0,1] such that en, \ 0, An — d and 
falta) = Angin Vno1, 
sO 
f(Un) —Anun —> 0 in X. (4.61) 
Since by hypothesis 0 ¢ f(0Q), from (4.61) we infer that a #0. Also, from (4.61), it 
follows that {Un},51 G X is relatively compact and so we may assume that up, — @ 
in X. Thus in the limit as n — +00, we have 
f(@) = XM, 
which contradicts our hypothesis. So, (4.60) holds. By taking ¢ € (0,¢9) small from 
Definition 4.25, we know that 
iagils={,0,0) =dd, =f, 0nV,0), (4.62) 


with V being finite dimensional subspace of X such that span fe (Q) C V. We consider 
he € C([0,1] x (QN V);V) defined by 


n 


h.(t,u) = tu-f.-(u) — V (t,u) € [0,1] x (QNV). 
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Our hypothesis implies that 0 ¢ h- (t, 0(0QNV)) for all t € [0,1]. So, by the homotopy 
invariance of the Brouwer degree (see Theorem 4.11(c)), we have 


d(I, — fe,2NV,0) = d(—fe,QNV,0). (4.63) 


We can always assume that span f-(() is a strict subspace of V. So, for h € V close 
to 0, we have 
d(—fe, Q a V, 0) = d(—fe, Q a V, h) = 0, 


therefore 


(see (4.62) and (4.63)). 


Solution of Problem 4.60 
The set y~!(0) is bounded (see Proposition 2.16). Hence for r > 0 big, we have 


dis (y, B,(0),0) A 0. 


We can apply Problem 4.58 to conclude that y is surjective. 


Solution of Problem 4.61 

We have y = I, — f, with f: Q —> X condensing (see Definition 2.31(d)). Let 
h € B,(0) and consider the condensing map fo: 2 —+ X defined by fo(u) = f(u) +h 
and yo =I, — fo. We consider the homotopy h: 2 x X —+ X defined by 


n 


A(t,u) = (1—t)f(u)+tfo(u) VV (t,u) € (0,1) x &. 


Evidently this is a condensing homotopy. If for some (t, w) € [0,1] x OQ we have that 


n 


0 = A(t, u), then 


lu — f(u)||x = thx <r < inf |lu— f(u)||x 
uecoan 


(since y(0Q)N B,(0) = 0), a contradiction. So, h(t, u) is an admissible homotopy and 
by Theorem 4.39, we have 


de (Yo, Q, 0) _ de (y, 0. 0) # 0. 
Hence there exists u € Q such that yo(w) = 0. So 


a f(a) = h, 
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Solution of Problem 4.62 
First we show that 
e = inf |lu—f(u)|lx > 0. (4.64) 
ueoQ 


Arguing by contradiction, suppose that we can find a sequence {Un}ns1 C OQ such 
that 
lun — f(un)ilx Nv O. 


So, given ¢ > 0 we can find no = no(e) > 1 such that 
Un € f(Un) +eBi(0) and f(un) € Un +eBi(0) Yn no. (4.65) 
Then we have 


V({Untns1) = {Un}nono) < VWAf(un)}nono) + VE 
= VW{f(un)bn>1) + Ve (4.66) 
( 
( 


WF (Un)bnsi) = WF (Un) }nono) < WUn}ndno) + VE 
= V{Untnoi) + VE, (4.67) 


with J = 1 or J = 2 (see (4.65)). Since € > 0 is arbitrary, from (4.66) and (4.67) we 
have 


VW{Untnsi) = WF Un) dns): 
WUnInz1) = 0 


(since f is condensing) and hence the sequence {tUn},51 C OQ is relatively compact. 
So, by passing to a subsequence if necessary, we may assume that u, —> u € OL). 
Then 
lu — f(u)|lx = 0, 
so 0 € y(OQ), a contradiction. Thus, ¢ > 0 (see (4.64)). Let m = sup ||f(u)||x and 
uEQ 


choose 7 € (1 — =,1). We have 


IInf(u) — f(w\lx < € Yue 


and 7f is a strict y-contraction. Moreover, via the condensing homotopy 


h(t,u) = (1—t)f(u) +tnf(u) V (t,u) € [0,1] x Q, 


we see that f and 7f are homotopic. Exploiting the homotopy invariance property 
of the degree d, (see Theorem 4.39), we see that without any loss of generality, we 
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may assume that f € SC;,(Q;X). 
Inductively, we define 


Ci = conv (f(®) U (—F(Q))) 


and 
Cy = conv (f(QN Cy_1) U (—f(QN Ce_-1))) Veo 
Then C = () C; is a nonempty, compact, convex, and symmetric subset of X. So 
k>1 
by the Dugundji extension theorem (see Theorem 2.8), C’ is a retract of X. Let 
r: X —>C bea retraction of X onto C. We set 


ro(u) = 9(r(u) — r(—u)). 


Then this is an odd retraction of X onto C. As above, we can check that f and ro0 f 
are homotopic in SC,(Q; X) (see Remark 4.35). But roo f is compact. Hence 


dq (Y, Q, 0) = dys (Yo, Q, 0), 


with yo =I, —1roo f. We apply Theorem 4.31, to conclude that d,(y, 9,0) is odd. 


Solution of Problem 4.63 
Let h: [0,1] x Q —+ X be the homotopy defined by 


n 


Misa) = mil (u) cet u) V (t,u) € [0,1] x 2. 


From the hypothesis on y, we have 
0 ¢ (I, —Alt,-))(AQ)  VeteE (0,1. 
Also, for every D C [0,1] x 2, we have 
h(D) © conv (f(D) U(—f(-D))), 
so h(t, u) is an admissible condensing homotopy (see Remark 4.38). Therefore 
do(,2,0) = d(T, — A(1,-), 2,0) (4.68) 


(see Theorem 4.39). Note that 


n 


Au) = 2(fw)- fw) vue®, 
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so (A, -) is odd, thus d, (I, — h(1,-),Q,0) is odd (see Problem 4.62) and hence 
d.(y, 2,0) is odd (see (4.68)). 


Solution of Problem 4.64 
Arguing by contradiction, suppose that we can find v € OQ such that 


u # f(u)+tv Yue on, t>0, (4.69) 


where yp = 1, — f, with f € S(Q;X). The set y(Q) C X is bounded. So, there exists 
0 > 0 such that 


m = sup|ly(u)lix < sells. 
uEQ 


Then we define the homotopy 
A(t,u) = f(u)+tdv  V (t,u) € [0,1] x ©. 


Evidently h is condensing and h(t, u) # u for all t € [0, 1], all wu € OO (see (4.69)). So, 
h is an admissible condensing homotopy (see Remark 4.38) and by Theorem 4.39, we 
have = 

0 F-a2(0,0),0) = id, = 20) 0). (4.70) 


But A(1,u) # u for all u € Q. To see this, note that if for some u € Q, we have 
u = h(1,u), then y(u) = Ju and so ¥]lv||x < m, a contradiction. So, we have 


d.(Iy —h(1,-), 2,0) = 0. (4.71) 
Comparing (4.70) and (4.71), we reach a contradiction. This shows that 


RN ~p(0Q) £0 Vveda. 


Solution of Problem 4.65 
Arguing by contradiction, suppose that y(u) # y(—u) for all u € OB, (0). Let 


o(u) = Z(y(u)—y(-u)) Vue Bi (0). 


Then w is odd and 0 ¢ W(0Bi(0)). So, (Ww, Bi(0),0) € Ye (see Theorem 4.39). From 
Problem 4.63, we have d,(w, B:(0),0) #0 and this by Problem 4.64 implies that 


Ron ~p(0Q) #40 Vveda. (4.72) 
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But, if v € (X \V)0B,(0), then 
Ron v(AQ) = OF. (4.73) 


Comparing (4.72) and (4.73), we reach a contradiction. So, we conclude that there 
exists u € OB,(0) such that y(t) = y(—u). 


Solution of Problem 4.66 
Let h € R%. From the strong coercivity of y (see Definition 3.105(b)), we see that 
we can find M > 0 such that 


(plu) — hy U)pw 2 (Yu), Uen —|Allul 20 VW lul > M. (4.74) 
Let yo(u) = y(u) —h for u € RX. Then from (4.74) and Problem 4.20, we know 


that there exist ug € By(0) such that yo(uo) = 0, hence y(ug) = h. Since h € RX is 
arbitrary, we conclude that y is surjective. 


Solution of Problem 4.67 

Using the Dugundji extension theorem (see Theorem 2.8), we can find a compact map 
g: Q — X (that is, g € K(Q;X)) such that g|,, = g. Let h: [0,1] x Q — X be 
the homotopy defined by 


n = 


h(t,u) = (1-t)f(u) + tg(u) V (t,u) € [0,1] x 2. 
This is a condensing homotopy and by hypothesis 
0 ¢ (Ty —hi(t,))(0Q) Vt [0,1]. 


So, it is admissible in the sense of Remark 4.38. Hence according to Theorem 4.39, 
we have 


doy, — f,Q,0) = dg, —g,, 0). (4.75) 
But the hypothesis on g = g|,, implies that we can use Problem 4.59 and have 


dolly — g, 2,0) = 0, 
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SO 


Solution of Problem 4.68 
Consider the map g: 0Q —> X defined by g(u) = —h for all u € OQ. Evidently 
g € K(0Q0; X). Suppose that 


(1-2) f(u) +tg(u) = u 


for some t € [0,1] and some u € 0. Evidently the hypotheses on f € S(Q;X) and 
h € X imply that t € (0,1). We have 


f(u) = qyutth = \U-(1-A)A, withA= 4 >1, 
which contradicts our hypothesis on f. Therefore 
(1—t)f(u)+tg(u) Au V (t,u) € [0,1] x 0Q. 
So, we can use Problem 4.67 and conclude that d, (1, — f,,0) = 0. 


Solution of Problem 4.69 
By hypothesis y’(uo) € C(R%; RY) is invertible. So, there exists c > 0 such that 


clul < |y’(uo)ul VueR’. (4.76) 
Also, there exists Up > 0 such that 
if ju — v| < Yo, then |f(u) — f(v) — f’(uo)(u— v)| < slu— |. (4.77) 
So, for all 0 € (0, Vo], all t € [0,1] and all u € OBy(uo), we have 
(1 — t)(p(u) — (uo) + ty’ (uo) (u — uo)| 


= |y'(uo)(u — uo) + (1 — t)(y(u) — (uo) — v'(uo)(u — uo) | 
> |p'(uo)(u— uo)| — |p(u) — yuo) — g(uo)(u — uo)| 
= 5|u — uo| => sv > 0 


(see (4.76) and (4.77)). Then we have 


d(p, By(uo), h) = d(p — (uo), By (uo), 9) 
= d(y'(uo)(-— uo), Ba(uo),0) = d(y'(uo), Bs(0), 0) 
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(see Problem 4.4 and use the homotopy invariance of the Brouwer degree; 
see Theorem 4.11(c)), so i(y,uo,h) = sgnJ,(uo) (see Definition 4.12(b) and Re- 
mark 4.33). 


Solution of Problem 4.70 
The nondegeneracy hypothesis on h implies that there exists c > 0 such that 


|h(u)| > ¢ Vue OB,(0). (4.78) 
From the hypothesis on y and h we see that there exists €¢9 € (0,1) such that 
|p(u) — A(u)| < slul® Vue Bz,(0). (4.79) 
Let € € (0,€0), u € B-(0) \ {0} and t € [0,1]. We have 


|(1 — t)y(u) + th(u)| = ful“|rG2,) — a — 2) Ree) | 


Iu} 


> jul®(|A(4)| — BAecal) > glul* > 0 


u|@ 


(see (4.78) and (4.79)). Therefore by the homotopy invariance property of the Brouwer 
degree (see Theorem 4.11(c)), we have 


d(y, B-(0),0) = d(h, B-(0),0), 


so i(y, 0,0) = i(h, 0,0) (see Definition 4.12(b)). 


Solution of Problem 4.71 
Since h is nondegenerate, we can find c > 0 such that 


|h(u)| > ¢ Vue OB,(0). (4.80) 


Let y € RX. From the assumption on y and h, we see that we can find Rp > 1 such 
that 
lp(u) —y—h(u)| < slul* VW [ul > Ro. (4.81) 


Then for all u € RY with |u| > Ro and all t € [0,1], we have 


J (() — w) + Ahw)] = felt |AG) — yA) | 


Qa u h(u)—p(u Cc a Cc 
> |ul@(laqe)| -— Peel) > slul* > §Ro > 0 
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(because of the homogeneity of h and using (4.80) and (4.81)). So, for all R > Ro, 
we have 
dy, Br(0), y) = d(y —Y; Br(0), 0) = d(h, Br(0), 0) 


(see Problem 4.4 and use the homotopy invariance property of the Brouwer degree 
(see Theorem 4.11(c)), so 


too (y, y) == too(h, 0) 


(see Definition 4.12(c)). 


Solution of Problem 4.72 

From Problem 4.17, we know that the map t+—> d(y(t,-), Vi, h) is constant, hence it 
is different from zero for all t € [a,b]. Evidently the set S is compact and for every 
t € [a, b], the set {t} x S; C S is closed. It follows that the sets 


K, = ({a}xVa)NS and Ky = ({o}xW)NS 


are nonempty, disjoint, closed subsets of S. Arguing by contradiction, suppose that 
no component of S intersects both {a} x Sq and {b} x S,. Then invoking the Whyburn 
separation lemma (see Theorem 4.142), we can find compact sets Ky and K2 such 
that 


ky Cc Ey, Ko C Ks, S= eaene and Kiitiie = 0. (4.82) 
Let ¢ = 5 min {|vy —v2|: vu, € er v2 € Ky} > 0 and 
U = {(t,u) eV: dist((t,u), Ki) <e}. 


The set U is bounded open and from the choice of ¢ > 0 and (4.82), we see that 
UM Ky =@ and OUMS =. Then from Problem 4.17, we have 


0 F d(p(a, +), Ua, h) = d(p(b, -), Us, h). (4.83) 


But note that Up = 0. So, d(y(b,-), Us, h) = 0, a contradiction (see (4.83)). 


Solution of Problem 4.73 
We consider the gradient system 


u(t) = —Vy(v(t)). (4.84) 
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For every \ < n, the set py = {uEQ: y(u) < A} is compact and positively in- 
variant for the flow of (4.84). The compactness is evident from the inclusion y C 9". 
For the positive invariance let v(-,2) be the unique local solution of (4.84) emanating 
from x (that is, v(0,z) = x). We have 


He (v(t, 2) (Ve(v(t, 2), u(t, 2)) giv 


—|Ve(v(t,x))|? < 0 (4.85) 


(see (4.84)). Hence, if « € y, then from (4.85), we see that 


p(v(t,x)) < v(v(0,4)) = y(t) < A VtE[0,74(2)), 
with 7,(x) being the maximal time of existence of the local solution v. We have 
v(t,z) Cp VtE [0,74(z)) 


and since y is compact, we infer that 74 (x) = +00 (that is, the solution is global). 
If x € Oy" (that is, p(x) = 7), then 


&P(v(t,x))| | = [Vela < 0 
(see (4.85) and the hypotheses), so 
oda) < az) Vt>0. 
Therefore 
dln — v(t, 25 yp", 0) = (-1)d(-Vy, g", 0) = d(Vy¢, ge", 0) (4.86) 
(see the solution of Problem 4.69). We introduce 
m = min{|Vy(z)?: ce y7\y"} > 0 
(see the hypotheses). 


If z € Oy", then from the positive invariance of y", we have u(t, x) € y” for all 
t > 0. If v(t, xz) € G7 \ y® for all t € [0,7], then 


0 
n-8 > y()—glo(r,2)) = / 4 (u(t, x) dt 


= / [Vo(v(t,2))Pdt > mr, 
0 


soT< nt Thus, for t > m8 we have v(t, 2) € y” and so by hypothesis 
u(t,z) € B,(uo). 
Therefore, for every s € [0,1] and every x € Oy", we have 
|(1 — s)(x — uo) + s(x — v(7,x))| = |x — uo — t(v(7, x) — uo)| 


> |x —vo| —|v(7,2) —uol > 0 
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(for x € Op", we have |x — up| > 7). By the homotopy invariance property of the 
Brouwer degree (see Theorem 4.11(c)), we have 


Old og =9(t5-)x@",0) = d(Iw — uo, 9", 0) = d(I.nw, 9", Uo) = 1 


R 


(see Problem 4.4 and the homotopy invariance of the Brouwer degree; Theo- 
rem 4.11(c)), so d(Vy, yp", 0) = 1 (see (4.86)). 


Solution of Problem 4.74 
Let 9 = max {y(u): |u| < ro}. The coercivity of y implies that y” is bounded and 
so we can find r > 0 such that _ 
gy? C B,(0). 
Let 7 > max{y(u): |u| <r}. Then with up = 0, we can use Problem 4.73 and have 
that 
d(Vy,y",0) = 1. (4.87) 


Since by hypothesis Vy(u) 4 0 for all |u| > ro, from the excision property of the 
Brouwer degree (see Theorem 4.11(e)) and (4.87), we have 


d(V¢, B,(0),0) =1 V eS to: 


Solution of Problem 4.75 

By replacing y by @(u) = y(u + uo) — y(uo), we may assume without any loss of 
generality that ug = 0 and y(0) = 0. Also, we can take 2 = B,.(0) such that y(u) > 0 
for all u € B,(0) \ {0} (recall that uo = 0 is a strict local minimizer of y). Let 
r1,r2 € (0,r) with r; < rg and let 


n = min{y(u): 71 <|ul <r} > 0. 


The level set yp" is open and 0 € vy". So, we can find g@ € (0,71) such that B,(0) C y”. 
Let 
8 = Imin{y(u): o<|ul <r} > 0. 


2 
We have ? < 7 and y? C B,(0) C vy" with ~7 compact. So, we can use Problem 4.73 


and have 
ave 0) = 1, (4.88) 
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Since Vy(u) # 0 for all u € y" \ B,(0), from the excision property of the Brouwer 
degree (see Theorem 4.11(e)) and (4.88), we have 


d(Vy, Bo(uo),0) = 1 VY o> 0 small. 


Solution of Problem 4.76 
First we show that go(Q) C y(Q) and y!(h) is a singleton for all h € yo(Q). Let 
h € po(Q). Using Problems 4.3 and 4.28 we have 


d(y,Q,h) = d(yo,Q,h) = +1, (4.89) 


so y!(h) #0 (see the existence property of the Brouwer degree; Theorem 4.11(d)). 
From Definition 4.4 and the hypothesis on vy, we have 


d(y,Q,h) = > sen J(u) = card *(h). (4.90) 
wey (h) 


From (4.89) and (4.90) we infer that card y~!(h) = 1 and so Pleo 
and yo() € y(). 
Next we show that 


q) 18 an injection 


y(Q) © go(Q). (4.91) 
Let h € R% \ yo(Q). Then from the existence property of the Brouwer degree (see 
Theorem 4.11(d)) and Problem 4.3, we have 


0 = d(yo,2,h) = d(y,Q,h). (4.92) 


From (4.90) and (4.92), it follows that h ¢ y(Q). Since h ¢ yo (OQ) and Yolog = Ylag: 
it follows that h ¢ (OQ). Therefore, h € R% \ y(Q) and so we have proved (4.91). 
We have that the set yo(Q) C R™ is compact and so 


yo(2) © vol). (4.93) 
Suppose that h € yo(Q). Then hk = yo(u) with u €¢ OQ. Let {un}ys, C 2 bea 
sequence such that u, —> u and hn = y(un) — y(u) =h. Since hy € v(Q) for all 
n > 1, we have h € vo(Q) and so 


yo(Q) = ¥o(2) (4.94) 
(see (4.93)). From (4.89), (4.91), and (4.94), we infer that 
yo(Q) = (Q). (4.95) 


From Problem 4.10 and the hypothesis on 2, we have 


int yo(Q) = yolintQ) = yo(Q). (4.96) 
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Moreover, since J,(u) > 0 for all u € Q, from the inverse mapping theorem (see 
Theorem 3.26), we have that is locally an injection and so using Problem 4.9, we 


have 
int p(Q) D y(intQ) = y(M). (4.97) 
From (4.95), (4.96), and (4.97), it follows that 
po(2) = v(Q). (4.98) 


From (4.89) and (4.98) it follows that y|, is an injection. Also, because Yo|5, = ¥loq; 
we have that y|,,. is an injection. Finally suppose that u € Q, v € OQ. From (4.98) 
we see that, we can find z € 2 such that 


plu) = volz). (4.99) 
Also, since Yo|sq = Ylaq, we have 
e(v) = vole). (4.100) 


Since 0 3 v 4 z EL: and ¥p is an injection, we have that yo(z) # yo(v), hence 
y(u) # y(v). This means that vy is an injection and so y is a homeomorphism and 
y|, is a Cl-diffeomorphism. 


Solution of Problem 4.77 


Let7 > sup g(u)andr;=_ sup |u|. For r > 14, let 
ue Brg (0) wet <n} 


0 > max{n, sup ¢(u)}. 
ué B,(0) 
Apply Theorem 4.48 with up = 0, Q = X¥,b=0,a=nandV={y<V}. We 
obtain 
dis), (Pa, V, 0) — we (4.101) 


Finally the excision property with C = V \ B,(0) implies that digy, @e,Br(0),0) =41 
for allr > ry. 


Solution of Problem 4.78 . 
Let G(u) = y(u) — y(uo) for all u € U and let U C U be a convex open neighborhood 
of uo. We will show that $7; is sequentially weakly lower semicontinuous. Arguing 


by contradiction, suppose that we can find a sequence {Unkns1 Cc U such that 


Un —> u€U and lim Gun) < Glu). (4.102) 
N—+-+00 
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By the mean value theorem (see Theorem 3.16), we can find t, € (0,1) such that 
Plun) — Plu) = (P(t tn(un — u)), Un — u) , (4.103) 


so 
lim sup (@'(u + tn(un — U)),un—u) < 0 


n—- +00 


(see (4.102)), hence 
Uttn(u,—-u) > u nx 


(since y’ is an (S)+-map; see Definition 2.137) and thus 


P(Un) —> lu) 


(see (4.103) and recall that y’ is continuous). This contradicts (4.102). Therefore the 
map Gl is sequentially weakly lower semicontinuous. 


Since, by hypothesis ug € U C U is a local minimizer and an isolated critical 
point of @, we can find rg > 0 such that B,,.(uo) C U and 


0 = Guo) < G(u) and @(u) # 0 Vu € Byo(uo) \ {uo}. (4.104) 
We claim that 


ip = —_, inf piu) > 0 = Vre (0,ro]. (4.105) 
ue Bro (uo)\Br (uo) 


Again we argue indirectly. So, suppose that we can find r € (0,7r9] and a sequence 
{Un}n>1 S Bro(uo) \ Br(uo) such that 


lim olin) = Glug) =O, (4.106) 


n—-+00 


Since {Un}nsi © B,,(uo) and the space X is reflexive, by passing to a suitable 


subsequence if necessary, we may assume that up, —> u € Bry (uo) C U. Recall that 
the map %|5 is sequentially weakly lower semicontinuous. So, we have 


p(u) < liminf G(un) = (uo) = 0 


n—-+00 


(see (4.106)), so u = ug (by the hypothesis on ug € U). The mean value theorem (see 
Theorem 3.16) implies the existence of tn € (0,1) such that 


Blin) — BE) = (y'(yn), SM) Vn BI, (4.107) 


where Yn = tnun + (1 ty) ee. Then using the fact that Hn Fuo —“+ up in X and 
that J, is sequentially weakly lower semicontinuous, from (4.106) and (4.107), we 
obtain 


lim sup (y' (Yn), “5%2) < 0, 


n—-+00 
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so 
lim sup(1 + tn) (¢'(Yn), 5%") < 0, 


n—-+00 


thus 
Yn —> up in X (4.108) 


(since y’ is an (S)4-map; see Definition 2.137). But note that 
ll¥n — Uollx = *A&|lun—uollx > § em © (4.109) 


Comparing (4.108) and (4.109) we reach a contradiction. This proves (4.105). 
Let 
V = {u€ B,.(uo): Gu) < Piro J. 


Clearly the set V is nonempty, open and V C Bro (uo). Fix ry € (0,9) such that 


B,,(uo) C V and choose A € (0,m,). We have 
{u € Bro(uo): E(u) <A} C B,(up) C Bp(u) C Vo Vre(0,rij. (4.110) 


Because of (4.104) and (4.110), we can apply Theorem 4.48 to the functional | Bry (U0) 
and the numbers \ < m ro and have 


dig), (y’,V,0) = 1. 


Since 0 ¢ y'(C) with C = V \ B,(uo), from the excision property (see Remark 4.47), 
we have 


d... (y’, Br(up),0) = 1 Vr eé (0,70. 


Solution of Problem 4.79 
Let ug, u, € X be the unique solutions of 


h* € F(up) + A(uop) and h* = F(uy)+Ay(uy), A> 0 (4.111) 


(see Theorem 2.116 and Problem 2.163). Since h* € (F + A)(U), it follows that 
uo € U and that h* ¢ (F + A)(OU). Therefore d,,(7 + A,U,h*) is well defined (see 
Theorem 4.52). 


Claim 1: wu, —> ug in X as A, 0. 
For every \ > 0, we have 


(h*,uy) = (F(uyx), ur) + (Aa(uy), ur) 


(see (4.111)), so 
ler << [P* lla lleallx 
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(recall that A)(0) = 0), thus the family {u,},s9 CG X is bounded and hence the 
family {A)(u,)},s9 C X* is bounded (see Problem 2.163). 
Consider a sequence {An }y51 © (0, +00) such that 


Ag Sy “ty = i ih Te” and 


Ay,,(uy,,) — u* in X* as n > +00. (4.112) 
We have 
h* = F(tn) + Ay, (un) Vn 2 1. (4.113) 
Note that 
lim inf (F(tn),Un —u) 2S 0. (4.114) 
N—-++00 


Indeed, if (4.114) is not true, then by passing to a suitable subsequence, we would 
have 
lim (F(tn),tn—u) < 0. (4.115) 


n—++00 
But F is an (S)4-map (see Problem 2.185). So, from (4.114) it follows that 
Un —> u in X, 


so 
(F(un),Un —u) —> 0, 


a contradiction to (4.115). Therefore (4.114) holds. 
From the definition of Ay and J; (see Problem 2.160), we have 


|| F(t) — Unllx = An||Ar, (um) |e —? 0 as n—> +oo. (4.116) 


So, we have 


lim sup (Ay, (Un) — u* ae (Un) — Un) 
n—+oo 
= limsup (A), (un) — u*, un — u) 
n—++00 
= limsup (A), (Un), Un — u) 
n—++00 
_ i ee 7 2 
Rowe oa (un) 7 Ay, (un), Un u) at (F (un); Un u) < 0 


(see (4.114)), thus 

lim sup (A), (tn), JS, (un)) < (u*,u). 

n— +00 
Recalling that (Je (Un), Ay, (Un)) € Gr A for all n > 1 (see Problem 2.163) and using 
Problem 2.162, we have that 


(u,u*)€GrA and (A), (Un),Un) — (u*,u), (4.117) 
so 


lim (F(un),tn—u) = 0, 


n—>+00 
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thus u, —> u in X (since F is an (S')4-map; see Problem 2.185). So, finally, we have 
h* = Flu)t+u*" € F(u)+A(u) 


(see (4.117)), so u = uo (see (4.111)) and hence wu, —> up in X as A \, 0. This proves 
Claim 1. 
Since ug € U, from Claim 1 and Definition 4.49, for small \ > 0, we have 


u,€U and d,(F+A,U,h") = d. (F + A),U,h’*). (4.118) 


(sy 


Because the set U is bounded, we can find r > 0 such that U C B,(0). From (4.111), 
we have 
h* € (F + Ay)(B,(0)\U), 


sO 


d... (F+Ay,U,h*) = d. (F +A), B,(0),h*) WA>Osmall (4.119) 


(S)4 (S)4. 


(by the excision property). 


Claim 2: ds), (F + Ay, B,(0),h*) = 1 for \ > 0 small. 

Let h(t,u) = F(u) +tA(u) for all (t,u) € [0,1] x B,(0). Recall that F is of 
type (S)4 (see Problem 2.185) and A) is maximal monotone (see Problem 2.163). 
Moreover, both are demicontinuous. Therefore h is a homotopy of type (S) (see 
Definition 4.45). We will show that 


th* ¢ h(t,OB,(0)) Vt (0,1). (4.120) 


Arguing by contradiction, suppose that we can find t € [0,1] and u € OB,(0) such 
that 
th® = F(u)+tAy(w). (4.121) 
Since h* ¢ (F + Ay)( B,(0) \U), we must have ¢ € [0,1). From (4.111) and (4.121), 
we have 
t(F (uy) + Ar(uy)) — HF (u) + Ar(u)) = (1-t)F(u), 


0 < (1-t)(F(u), uy — u) 


(since F + A, is monotone), thus 
0 < (1-2)(rlluallx —r?) < 0 


(since u, € U C B,(0) for > 0 small), a contradiction. This proves Claim 2. 


Using the homotopy invariance property of d 5)4 (see Theorem 4.46), we have 


dis), (F + Ax, Br(0),h*) = dig), (F,Br(0),h*)  V A> 0 small, 
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so d,,(F + A,U,h*) = 1 (see (4.118), (4.119) and Theorem 4.46(a)). 


Solution of Problem 4.80 
Let uo € U be such that h* = f(uo) + ug with uj € A(uo). Let y* € F(uo) + ug. We 
introduce the map 


h(t,u) = (1—t)f(u) +tF(u) + A(u) V (t,u) € [0,1] x U. 


We claim that 
(1—t)h*+ty* ¢ h(t, OU) Vt e (0,1). (4.122) 


Arguing indirectly, suppose that we can find (t,w) € [0,1] x OU (evidently u 4 uo) 
such that 


(1—t)h*+ty* = (1—-t)f(u)+tF(u)+u* with u* € A(u). (4.123) 


If t = 0, then h* = f(u) + u* © (f + A)(OU), a contradiction. Hence t € (0,1]. We 
have 


(1 —t)f(uo) + tF (uo) + ug — (1 —t)f(u) —tF(u) —u* = 0 (4.124) 


(see (4.123)). On (4.124) we act with ug — u and using the monotonicity of f and A 
and the strict monotonicity of F, we reach a contradiction. Therefore (4.122) holds. 
Also u +> tF(u) + A(u) is a pseudomonotone homotopy (see Definition 4.50(a)). 
Then the homotopy invariance property of d,, (see Theorem 4.52(c)) implies that 


dy, (f +A, U, h*) = d(F¥ + A,U,y*), 


sO 


dy (f +4,U,h*) = 1 


(see Problem 4.79) 


Solution of Problem 4.81 
We will verify Definition 4.50(a). So, suppose that t, —> t in [0,1], (unu*) € Grdg' 
for alln > 1, un —9 u in X, ut > u* in X* and 


lim sup (un, Un) < (u*,u). 
n—>+00 
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Let v € domy’. From Definition 3.149(b), we know that we can find a sequence 
{Un}n>1 G X such that v, —> v in X and y'" (Un) —> y(v). Since (un, u*) € 


Gr Oy" for all n > 1, we have 
(ux, Un —Un) < y™(un) — 9 (un) eee (4.125) 


(u*,u-—u) < y'(v) = y'(u) (4.126) 


(see Definition 3.149(b)). Since v € dom ¢* is arbitrary, from (4.126) we infer that 
(u,u*) € Grdg’. 
If we take v = u (hence v, —> u in X), then from (4.125) we have that 
(u*,Un) —> (u",u), 


so { O¢" }1e[0,1] is a pseudomonotone homotopy (see Definition 4.50(a)). 


Solution of Problem 4.82 
Evidently y’ € T'9(X) for all t € [0,1]. Suppose that ¢, —> t in [0,1]. We claim that 


ye a yg" (4.127) 


(see Definition 3.149(b)). Since y®°, y! € T9(X), if un > u in X, then 


t < . . ny . } 
g(u) < liminf y' (un) (4.128) 
Next, let u € domg’. If t € (0,1), then domy’ = domy® Ndomy! and so the 
sequence {Un = U},>1 satisfies y'” (un) —> y'(u) and we conclude that (4.127) holds 
(see (4.128) and Definition 3.149(b)). 
Suppose that t = 0. Then we define 


By hypothesis, we have u € domy® C domy! = D(dy!). So, from Problem 2.164, 
we have u, —> u in X. By hypothesis 


Pun) < (1+ cr(tn))e°(u) + c2(tn), 
when t,, > 0, so 


lim sup g°(tn) < y°(u) 


nN— +00 
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and hence 
y?(tn) —> v°(u) (4.129) 
(since y® € To(X)). On the other hand, from Problem 2.161 and the hypothesis, we 
have 
g'(0) < g'(un) < vi(u) Vn>1 


so the sequence { y" o (tn ven , © Ris bounded. This fact and (4.129) imply that 
gy (Un) —> y®(u) (4.130) 


(recall t = 0). From (4.128) and (4.130), we infer that (4.127) holds. 
Similarly, if t = 1, by interchanging the roles of y® and vy! in the above argument. 
So, we can use Problem 4.81, to conclude that { dy" }te[o,1) is a pseudomonotone 
homotopy. 


Solution of Problem 4.83 
Suppose that u,v € X are fixed points of y. Then 


dx(U,0) = dx(p(u),@)) < Vdx(u,%), 


so U =U. This proves the uniqueness of the fixed point. 

Next we prove the existence. So, let uo € X and set wi = y(uo) and un+1 = Y(un) 
for alln > 1. We claim that {un},,51 is a Cauchy sequence in (X,d, ). 

Let £n = d, (tn, Un41) for alln > 1. Then 


Enti < V(En) < &h Vn 21, (4.131) 


so the sequence {€n},> 1 is nonincreasing. Let &; \y € > 0. Exploiting the right 
continuity of 0, from (4.131) we have € = W(€), so € = 0. Arguing by contradiction, 
suppose that {Un}ns1 is not d,-Cauchy. Then we can find ¢ > 0 and for every k > 1 
we can find integers mz > nz > k such that 


Ce Sa Aigcin,) Se Viel 
Moreover, by choosing the smallest m,, we may assume that 
Oy Qing ti) SS OC ee ig (4.132) 
(recall that £, —> 0). So, for k > 1 big, we have 
oS Oe S Beles thn 3) Oye Onan) =< Gay ee 


(by the triangle inequality and (4.132)), so 6B, —> ¢ (recall that &m, \, 0). 
Also, we have 


Br < Prt =F Emeyt +P onic = O(Br) =F Emeyt + Sri 
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so € < We), a contradiction. 
So, { yl) (uo) TF ss is a Cauchy sequence. The completeness of (X,d,) implies 
that 
ltin-1) = p"(uo) —+ @ in (X,d,), 
so p(t) = lim (un) =U. 


n—-+00 


Solution of Problem 4.84 

Let tm = ¢(tm—1) for all n > 1 (that is, un = vy”) (uo) for all n > 1). From the 
assumption, we see that the sequence {V(Un)}, 59 18 decreasing, hence convergent. 
Then for n,m > 1, we have 


m—1 
ie (tip fas Un) < dy (trie, ieee te) 
k=0 
m—-1 
< (P(Untk) — P(Un+kt+1)) = Bun) — ¥(Un+m); 
k=0 


80 {Un},>9 18 a Cauchy sequence. The completeness of (X,d, ) implies that up, — w. 
Then from the continuity of y, we have 


e@) = lim yp (uo) = lim (oY (uo) 
~ pit, P(un—1) . oe is 


Solution of Problem 4.85 
The uniqueness of the fixed point follows at once from the contractivity property of 
wy. We prove the existence of a fixed point. Let €: X —>+ R, be defined by 


E(u) = dy (u, p(u)) Vue X. 


Evidently € is continuous. The compactness of X implies the existence of @ € X such 
that 
€(@) = inf €(w). 


UuEx 
If u € y(u), then 


dx (u,p(u)) = mind,(u,y(u)) < dx (ple), p(e(u))) < dx (u, p(u)), 
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a contradiction. So, u = y(u), that is, Ww € X is the unique fixed point of y. 
Next, let uo 4 @ be given and let B, = d,.(y'") (uo), @). We have 


so the sequence {8n},,51 is strictly decreasing so Bn \, 8* > 0 
Let {y"*(uo)}k>1 be a subsequence of fp) (uo) so such that y'"*) (ug) —> @. 
Suppose that u 4 wu. Then 


BY = d,(u,u) = lim 6, = lim Bp,,, 
k—+00 k— +00 
= dim dx (po “(ug)),@) = dx (pu), @) 
aa dy (p(t), p(u)) = ds (u,U), 


a contradiction. So, i = @ and the compactness of X implies that vy (ug) —> @. 


Solution of Problem 4.86 

Proposition 4.62 implies that for every n > 0, yp, has a unique fixed point U,. Since 
the space X is locally compact, we can find r > 0 such that B,(t9) is compact 
(where B,(tio) = {ue X: dy(u,to) <r}). Then, since the sequence {Yn }n>1 is 
equicontinuous (see Definition 1.1.83) and converges pointwise to yo, by the Arzela— 
Ascoli theorem (see Theorem I.2.181), we have that », —> ~o uniformly on B,.(to). 
Hence, given € € (0,7r], we can find np = no(e) > 1 such that 


dy ()(u), oh"(u)) < e(1—ko)  Wue Be(fio), n> n0. (4.133) 


Then for all u € B-(t) and all n > no, we have 


(98) (u), i) = eee ie 


(ee (u), eh (u)) + dy, (Gh) (x), eh” (Gig)) 
e(1 — ko) + kod, (u, Uo) <e 


d 
d 
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(see (4.133)). So, we have proved that 


pl") (Be(fio)) © Be(fio) Vn no, 


thus 
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and hence ti, —> Up in X. 


Solution of Problem 4.87 
The existence of a unique fixed point u € X for y, follows from Proposition 4.62. 
First suppose that m = 1 (that is, y is a k-contraction). Since y, —> y uniformly 
on X, given ¢ > 0, we can find np = no(e) > 1 such that 
dx (Yn(u),p(u)) < e1-k) Vuex, nono. (4.134) 


Then for all n > no, we have 
dy (Un, U) = dy (Pn(tn), p(u)) 


dy (Yn(Un), P(Un)) + dy (p(tin), p(%)) 


< 
< e(1—k) + kd, (tin,@) 


(see (4.134)), so 


dy (fn,@) <€ Wn>no, 
thus 

Un — uU inX. 
Now, we consider the general case m > 1. Then 


d,(p™ (uw), y™ (v)) < kd, (u,v) Vu,ve Xx (4.135) 


with some k € (0,1). We consider the following metric on X equivalent to d,: 
dx (u,v) = wax (eu), pw) VuveX. 


Since y is uniformly continuous, we see that y, —> y uniformly on (X, d,). Also, 
for all u,v € X, we have 


IN 
os 
=H 
Q 

» 
ac 
= 
6 
= 
iad 
ow 
+ 
sx 
Q 
o> 
= 
= 
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(see (4.135)), so y is a k-contraction for the new metric dy. Therefore we are 
back to the previous case. 


Solution of Problem 4.88 
Let € € (0,r) be such that 


dx(p(u),u) < —-k)e < (1—k)r 
and let B.(u) = {ve X: d,(v,u) < e}. For v € B.(u), we have 


dx(p(v),u) < dx (v(v), e(u)) + dx (P(u), w) 
< kd,(v,u)+(1—-k)e < e. 


So, y: B-(u) —> B.(u) and is a k-contraction. Invoking the Banach fixed point 
theorem (see Theorem 4.59), we infer that y has a fixed point. 


Solution of Problem 4.89 
According to Theorem 4.65, we need to show that f is a surjection. To this end, 
given any hg € X, let Ww: X —>+ X be defined by 


wu) = hot yv(u) Vue X. 


Evidently w is a k-contraction. So, the Banach fixed point theorem (see Theorem 4.59) 
implies the existence of a (unique) w € X such that 


pu) = hot+y(u) = 4, 


so ho = f(u). Since ho € X is arbitrary, we conclude that f is surjective. 


Solution of Problem 4.90 

We do the solution under condition (c). The other cases are treated similarly. 
Arguing indirectly, suppose that y has no fixed point. Then according to Theo- 

rem 4.79, we can find ug € OU and t € (0,1) such that 


uo = ty(uo). (4.136) 
Since (c) holds, we have 


lle(wo)IIe < |eoll + Ilo — Y(uo) Ih 
= t'lp(uo)|lx + (1 — t)?lle(wo) Ili 
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(see (4.136)), so 
1< ?+(1-4) < t+(1-2 = 1, 


a contradiction. Therefore, y has a unique fixed point (see Theorem 4.79). Similarly 
for the other conditions. 


Solution of Problem 4.91 
Note that for all u € OU, we have 


Ile(u) — e(—u)|Lx < 2kllullx, 
sO 
Ie(u)Ilx < klfellx 


(since y|,,, is odd). So, we can apply Problem 4.90(a) and conclude that y has a 
unique fixed point. 


Solution of Problem 4.92 
Suppose that y has no fixed points. Then Theorem 4.79 implies that there exist 
ug € OU and t € (0,1) such that 
ug = tip(uo), 
so 
uo = ty(uo) 
(since y|,,, = V5,) and hence w has no fixed points (see Theorem 4.79). 


Solution of Problem 4.93 
For every u,v € U and t > 0, we have 


(Zap — te) (2) — (Ly — t) (0) 13 
= |ju— oll}; — 2t (@(u) — vlv), uv) gy + Clow) — G(o)Il3 
<_|ju— ull}; — 2tellu— vl}, + CL Iu — wll} 
= (14 #€? — 2te)|ju— vll%y. 


for some € > 0. For t € (0, 7) we have that k = 1+ t7" — 2te < 1. So, I, — ty is 
a k-contraction. Using Theorem 4.65, we conclude that y is an open map, y(U) is 
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open and ¢ is a homeomorphism onto y(U). 


Solution of Problem 4.94 
From Remark 4.60 (see (4.8)), we know that for every n > 1, we have 


dy (Ql (u), tm) < Pydy(uyn(u)) Vuex, m>0. 


sO 


The result fails if the contraction constant k € (0,1) is not the same. To see this let 
X =F? and consider maps y,,: 1? —> I? defined by 


Pn({Uk bess) = (0, bee = ain oe ai: i .) Vv {Uk bas1 el. 


Clearly each yy, is a ky-contraction with k, = 1 — 4 and Yn, — » = 0 pointwise. 
But ||tn||x = 1 for all n > 1 and so Ut, A> u=0. 


Solution of Problem 4.95 
From Theorem 4.70 we know that Fix(y) 4 @ and clearly it is closed and bounded. 
Let u,v € Fix (vy) with u ¥ v and define 


yx = (1—-A)u+Av_ with r€ (0,1). 
We have 


lu — pyadllx + lea) — ollx 
leu) — v(ya)ilx + Ile) — eo) Ix 
llu— yallx + Ilya — elle = |lu—vllx 
lu — prdllx + le@a) — ollx 
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(since u,v € Fix (yw) and ¢ is nonexpansive, that is, Lipschitz continuous with Lips- 
chitz constant 1), so u, p(y,),v are colinear and 


lu-yallx = llu-¢(yadix, lle-yllx = lle - eQa)llx. 
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The uniform convexity of X implies that y, = y(y,) which means that the set Fix (vy) 
is convex. Therefore Fix (y) is also w-compact. 


Solution of Problem 4.96 
Let uo € C' and let 


gn(u) = (1- +) o(u) + du Vn>2. 


Then since the set C is convex, we have that y,: C —> C and it is a k-contraction. 
So, we can apply the Banach fixed point theorem (see Theorem 4.59) and find ti, € C 
such that 


tin = Olly) = (l= +)p(tn) + +u0. (4.137) 


Since yp (Un) € y(C) for every n > 2, by passing to a suitable subsequence if necessary, 
we may assume that 
y(tn) <> U inX, 


sO 
in <> @ inX (4.138) 


(see (4.137)). The continuity of y implies that 


e(tin) —> ¢(u), 


so 
Un —> p(t) inX (4.139) 


(see (4.137)). From (4.138) and (4.139) it follows that u = y(w). 


Solution of Problem 4.97 
It suffices to show that 


inf = =i. 
inf Ilp(u) ullx = 0 


To this end fix uo € C and « € (0,1) and consider the map y-: C —> C defined by 
pe(u) = (1—e)y(u) + eu Vuecd. (4.140) 
Note that for all u,v € C we have 


Ilee(u) — ve(v)lx = (—e)lle(u)— glx < (—)llu—llx, 
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so yz is a k-contraction with k = 1—e < 1. Using the Banach fixed point theorem 
(see Theorem 4.59), we can find ue € C such that 


ts = wel). (4.141) 
Then we have 


I|ue — p(ue)|_x = || — €)p(ue) + un — p(ue)|Lx 
< eElluo— y(ue)||x < ediamC —> 0 ase, 0. 


(see (4.140) and (4.141)). 


Solution of Problem 4.98 
We introduce a new metric on X, by 


dy, (ie) = ant { es (Ye—15Yk) ? YO-+++Yn is an e-chain for (u,v) }. 
k=1 


It is easy to see that dy is indeed a metric on X. Note that 


n 


d(u,@) = a,(u,) Vuvex 


and . 
if d,(u,u) <2, then d,(u,v) =dy(u,v). (4.142) 


So, (X, d,) is also a complete metric space. Let h be the Hausdorff metric on Pyp(X) 
generated by the metric d,. 
Let u,v € X and let yo,...,Yn be an €-chain for (u,v). We have 


A(F(yp_1),F (ye) < €dy(Ye-1,yz) Vk {1,..., 7} 


(see the hypothesis on F'), so by the triangle inequality, also 


h(F(u) < Dir (yr—1), F (yx)) 


(see (4.142)), so 
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So, we can apply Theorem 4.68 and obtain u € X such that wu € Fu). 


Solution of Problem 4.99 
Let {Unni C C be a sequence such that 


(I, -—v)(tn) — 0 in X., (4.143) 


Since X is uniformly convex, from the Milman—Pettis theorem (see Theorem I.5.89), 
we have that X is reflexive. Hence C’ is w-compact. So, by the Eberlein—Smulian 
theorem (see Theorem 1.5.78) and by passing to a suitable subsequence if necessary, 
we may assume that - 

Un —> U in X. (4.144) 
From (4.143), (4.144) and Proposition 4.78, we have 0 = (I, — y)(U), so U= (U). 


Solution of Problem 4.100 
Let {Un}ns1 G X be a sequence such that d,(y(un),un) \v 0. We have that 
{ (un) }ns1 G K and so by passing to a suitable subsequence if necessary, we may 
assume that 

dx (p(un),y) —> 9, (4.145) 


with y € K, so 


dy (Un, y) < dy (un, p(un)) + dx(ylun),y) — 0 


and by the continuity of y, we get 


dy (p(tn), p(y)) —> 0 


thus y(y) = y (see (4.145)). 


Solution of Problem 4.101 
No. Suppose that X = co = {ti — {Uk best : Up Oo}, Bi, ={ueX: |lully <1} 
and y: B, —> B, is defined by 


p(uy, ua, .- .) = (u1, 1- |ui|, U2, Us, .. ae 
Note that y is nonexpansive. Suppose that U = y(u) with w= {ux},s1 € co. Then 


up = 1-—|u1| Vk > 2. 
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But since uz —> 0 as k > +00, we must have 


aig) = 1 md sug = 0 Vk 2S. 


So, the set of fixed points of y is €1, —€; with €; = (1,0,0,...), which is disconnected. 


Solution of Problem 4.102 


Note that r is the metric projection map on B, (the best approximation map). So, 
for any u,v #0, we have 


(4.146) 
Then 
u—v r(u) —r(v) tu—r(u)+r(v)—v r(u) —r(v) +h, 
with h=u—r(u)+r(v) —v. Hence 
lu oll = Ir) —r(e) lz +2 (A, ru) — °(Y)) x + Ulli 
We have 
(h, r(u)—r(v)) 7 =— (u-r(u), r(v)—r(u)) 7 — (vr (wv), r(u)—r(v)) 4 20 
(see (4.146)), so 
lu ol > Ir) — reli 
and hence r is nonexpansive. 
Solution of Problem 4.103 
Because F' is a multivalued k-contraction, we can find u; € F'(uo) such that 
ad, (u1, Uo) < (1 = k)r. 
Now suppose that we have generated 
Un € F(un—1) such that dy (un, Un—1) <k”'(1—k)r Vn> 1. (4.147) 
From the k-contractivity of F' and (4.147) we have 


A(F (un), F(tn—1)) < kdy(un,Un1) < k™1(1—k)r 
So, from Definition 2.49 we see that we can find un+1 € F(un) such that 


d,(tins1,tn) < RY 11 —-k)r. 
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Therefore by induction we have produced a sequence {Un}n51 © B,(uo) which satis- 
fies (4.147). Note that for m > n we have 


d,(f@m,2n) < (1 +k4+...+k™ "ke" —&)r 


and so we infer that {Un}ns1 C X is a Cauchy sequence. The completeness of X 
implies that u, —> @ € B,(uo). We have 


dx (Unti;F(U)) < Aun), FW) < kdy (un, %), 


so d, (u, F(u)) = 0, hence u € F(w) (since F is closed valued). 


Solution of Problem 4.104 
Let 
S = {(t,u) €[0,1]}xU: we H(t,u)}. 


By hypothesis S 4 9. On S we introduce the following partial order 


(t,u)<(s,v) <— > tx<sandd,(u,v) < 20(8) 9) (4.148) 


It is easy to see that ~ is a partial order (see Definition 4.116). Let T be a chain in 
S (see Definition 4.118) and define 


to = sup Ff. 
(t,ujET 


We consider a <-increasing sequence {(tn,Un)}n51 © T such that t, — t. We have 
2(0(tm)—0O(tn 
do (tha, ti) = 2rd On) VYm>n 


(see (4.148)), so {tn},51 G X is a Cauchy sequence. 

The completeness of X implies that un —> uo € U in X. From hypotheses 
(iii) and (iv) and the triangle inequality for the Hausdorff metric, we see that the 
map (t,u) +> HA(t,u) is h-continuous. Since (tn,un) € S for all n > 1, we have 
Un € H(tn, Un) for all n > 1 and so @ € H(t, i). Also 


(t, u) x (to, uo) Vv (t, u) € a 


so (tp, uo) is an upper bound for T. 

Since T is an arbitrary chain in S, from the Kuratowski-Zorn lemma (see 
Theorem 4.120), the set S admits a maximal element (¢,%) € S. We need to show 
that t = 1. We proceed by contradiction. So, suppose that t < 1. We can choose 
r > 0 and ¢ € (¢,1] such that 


BAG 2(9(t)—0 (0) 
B,(@) © U and r = 2O-%@) 
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We have 


(where we used Proposition 2.51(a), the fact that (¢,@) € S and hypothesis (iv)). 
Invoking Problem 4.103 we can find u € B,(@) C U such that & € H(t, 7%), so 


n n 


(t,u)ES and (t,u)x<(t,u), (t,u) A (¢,4), 


which contradicts the maximality of (t,@). Therefore t = 1 and so G has a fixed point 
in U. 


Solution of Problem 4.105 
Suppose that (b) does not hold and G],,, has no fixed point. Hence u ¢ tG(u) for all 
t € [0,1], all we OU. Let H: [0,1] x U —> Pyf(X) be defined by 


H(t,u) = tG(u). 


Let F be the trivial multifunction, i.e., F(u) = {0} for all u €¢ U. Then we can apply 
Problem 4.104 and conclude that G has a fixed point in U. 


Solution of Problem 4.106 
We do the proof when condition (iii) holds. The other cases can be treated similarly. 
Suppose that we can find t € (0,1) and u € OU such that 


u € tF(u). (4.149) 
Then using Proposition 2.51(a) and (4.149) we have 
Fllull.x < mp(u) and dist(u,F(u)) < (+ — 1)|lullx. (4.150) 


Because of (iii) and (4.150), we have 


i 
gllullx < (CG — 1)? lull + Mell)? 
sO 
Bllull < gllull — Zlleully + 2llullx, 


thus + < 1, a contradiction. Therefore (4.149) cannot hold for t € (0,1) and u € OU. 
Using Problem 4.105, we conclude that F' has a fixed point in U. Similarly for the 
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other cases. 


Solution of Problem 4.107 
Suppose that the set E(F’) is bounded. Then we can find r > 0 such that 


E(F) C B,(0) = {ue X: |lullx <r}. (4.151) 


By hypothesis F|, is is a multivalued k-contraction. Also, for every u € B,(0) and 
every y € F'(u), we have 


dx(y,F(0)) < ACF(u), FO) < kllullx <r, 


so 
lIyllx < r+|F(O)], 
where |F'(0)| = sup |lv||x < +00 (since F(0) is bounded), thus the set F'( B,(0)) is 
ve F (0) 
bounded. 
Also note that (4.151) implies that for all u € 0B,(0) we have u ¢ tF(u) with 
t € [0,1]. Therefore invoking Problem 4.105 we conclude that F' has a fixed point. 


Solution of Problem 4.108 
For every t € T let 

Fix(y:) = {uEeC: u=yr(u)}. 
From Theorem 4.70 and Problem 4.95 we know that Fix (y;) is nonempty, w-compact, 
and convex. Also, since the family { vy: }:er is commuting, the family of sets 
{Fix (v1) }zer has the finite intersection property. Since the set C is w-compact, 
we infer that 


() Fix (v2) # 9, 


teT 


so the family { y: }ter has a common fixed point. 


Solution of Problem 4.109 
Let w: B,(uo) —> X be defined by 


b(u) =u—¢'(uo)“(p(u)) Vue Bo(uo). 
Evidently w is Fréchet differentiable and 
W(u) = I, — (uo) og (u) Vue Bo(uo), 
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sO 


Ie’ (u)lle < |le’(uo)* He lle"(uo) — ¢'(u)Ile <_ nelle (uo) "Ile 
= Alle'(uo) *Elle(wo)lly = § 
(use hypotheses (ii), (iv), (iii) and recall that u € B,(uo)). So, by the mean value 


theorem it follows that w is Lipschitz continuous with Lipschitz constant € < 5 < 5 
(see (iii)). Also, we have 


l|o(uo) — wollx < [le’(uo)"WWelle@o)lly = §; 
thus 
I[b(u) — uollx <_ [(u) — b(uo) |x + II(uo) — vollx 
< fllu-uollx+ 3 < @ Vue Bo(uo). 


Hence w: B,(uo) —> B,(uo) and it is a €contraction. So, using the Banach fixed 
point theorem (see Theorem 4.59), we can find a unique @ € B,(uo) such that 


so y(u) = 0. 


Solution of Problem 4.110 
Note that the function u +—+ cos u is not a k-contraction on [0, 5]. So, we cannot apply 
the Banach fixed point theorem (see Theorem 4.59). On the other hand, cos’) (u) is 
a k-contraction since 

4 (cos) (u)) = sin(cos wu) sin u, 
so 

\4 cos) (u)| < sinl € (0,1). 


So, by the mean value theorem, we have that wu +> cos?) (u) is a k-contraction on 
(0, 5], with k < sinl. Then we can apply Proposition 4.62 and have w € [0, 5] such 
that cost = U. 


Solution of Problem 4.111 
Since by hypothesis y and 7 commute, we have 
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so w(u) = U (because U € X is the unique fixed point of vy). 


Solution of Problem 4.112 

By the Banach fixed point theorem (see Theorem 4.59), the map y, has a unique 
fixed point uw € X. Using Problem 4.111 we conclude that u@ € X is a fixed point for 
all y with te T. 


Solution of Problem 4.113 = 
Arguing by contradiction, suppose that gy has no zeros in B,(0). Then 
w: B,(0) —> B,(0) defined by 


=, Ho = 
vu) = Teas Yue B(0) 


is continuous and the set y( B,(0)) is compact. So, we can apply the Schauder fixed 
point theorem (see Theorem 4.89) and obtain w@ € B,(0) such that (a) =U. Thus 


) = W@lxg, 


y(u 


so ||%||x =r and this contradicts our hypothesis on y. 


Solution of Problem 4.114 = 
(a) We argue indirectly. So, suppose that y has no zeros in B,(0). Hence we can 
define the map wo: B,(0) —> B,(0) by 


- rp(u) B 
You) = —paytxe Vue B,(0). 

The Schauder fixed point theorem (see Theorem 4.89) implies that there exists 
u € B,(0) such that Wo( a) = 7, so 


y(t) = — eC) x a, 


thus ||t||x =r. 
Let u* € X* be such that (u*,@) = ||U||_x (it exists by the Hahn—Banach theorem; 
see Theorem 1.5.24). Then 


(a, p(u)) = —@lx\aIx = -lle(@llx < 0, 


which contradicts our hypothesis on yp. 
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(b) We fix ho € R% and consider the map 
v(u) = v(u) — ho VueR’. 
From our hypothesis on y, we see that for r > 0 big, we have 


@@)RY > 9 Yue dB,(0). (4.152) 


Iu} 


For every u € OB,(0), let u* = u*(u) = ie RN. Then (u*,u)pw = |u| and 


~ | 
py > 0. Using part (a) of the problem, we can 
so Y 


from (4.152), we have (u*, ¢(w) 
find @ € R% such that ~(@) = 
conclude that y is surjective. 


Sa 


(a) = ho. Since ho € R% is arbitrary, we 


Solution of Problem 4.115 
We have that J, — ~ is continuous and for all u,v € C' we have 


(Ze — b)(u) — Te — Y)@)ILx 


Iu — ollx — [b(u) — de) Ilex 


2 
2 (1—k)llu—ollx, 


so (I, —)~! is continuous. Hence I, —w is a homeomorphism of C onto (I, — w)(C). 

For fixed u € C, the map v+—> y(u) + ¢(v) is a k-contraction on C and so by the 
Banach fixed point theorem (see Theorem 4.59) (see hypothesis (iii)), there exists a 
unique 0 = U(u) € C such that 


B= glu) +4), 
d= (I, -¥) yu) € C. 


Hence the map (I, —7~)~toy: C —> C is compact (being the composition of a com- 
pact and a continuous map). So, the Schauder fixed point theorem (see Theorem 4.89) 
implies that there exists @ € C such that 


so yp(u) + Y(u) = w. 
Remark. See also Remark after the solution of Problem 4.135. 
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Solution of Problem 4.116 
From the hypothesis, we see that A~! exists and A~! € L(V*;V). Moreover, from 
Theorem 2.119, we have that A is surjective. So, given h* € V* and x € X, we can 
find a unique v € V such that 


A(v) = h* — (2), 


hence 
v = AT(h* — (2). 


Let g: X —> X be defined by 
g(x) = A-*(h* — y(a)) Vane X. 


Exploiting the compactness of the embedding of V into X and the continuity of y, 
we see that g is compact. 
Let A € (0,1) and suppose that v, = Ag(v,). Then we have 


A(v,) + Av(v,) = Ah*. (4.153) 
Acting on (4.153) with v, and using the assumptions on A and y, we obtain 
collually < c1(1 + [lually) + [lh*livelleally = VA € (0,1). (4.154) 
Since 7 € [0,2), from (4.154) we infer that there exists M > 0 such that 
lolly < M Ve (0,1). 


Applying the Leray-Schauder alternative theorem (see Theorem 4.93), we obtain 
v € V such that v = g(¥), so 


A(é) + 9(6) = hr. 


Since h* € V* is arbitrary, we conclude that A+ y is surjective. 


Solution of Problem 4.117 
We assume that ylay is fixed point free (or otherwise there is nothing to prove). So, 
we have 
u # rA~Y(u) + (1— A)uo Yue ou, r€ (0,1). (4.155) 
Let 
D = {weU: u=Ay(u) + (1— A)uo for some 2 € [0, 1]}. 


Evidently uo € D and so D # @. Also, D is closed and DM OU = 9 (see (4.155)). 
Invoking the Urysohn lemma (see Theorem I.2.136), we can find a continuous function 
0: U —+ [0,1] such that ¥|,, = 1 and ¥|,,, = 0. Let g: C —> C be defined by 


feel a ee ae 
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Evidently g is compact. So, the Schauder fixed point theorem (see Theorem 4.89) 
implies that we can find u € C such that g(u) = U. Since uo € U, from (4.156), we 
see that @ € U. Hence 


Du)eu) +(1— Vu) )uo = 4, 


so u € D and thus y(wu) = u (since V|,, = 1). 


Solution of Problem 4.118 
Given € > 0, we can find np = no(e) > 1 such that 


d,(tn,,¥) < § and A(Fn,(u),Fou)) < § V nk > no. (4.157) 
Then for nz > no we have 


< 
< dy (Un,,U) + h( Fn, (u), Fo(u)) < € 


(see (4.157)), so 
h 


Fn,(tn,) —> Fo(t). 
Since Un, € Fn, (Un,), we have 


dist (@in,,Fo(@)) —> 0, 


so dist(w, Fo(u)) = 0, hence u € Fo(w). 


Solution of Problem 4.119 
Let Ry: Py(X) — P,(X) (for n > 0) be as in Problem 2.70. We know that R, is a 
k,-contraction on the complete metric space (P,(X),h) (here k,, € (0,1) denotes the 
contraction constant of the multifunction F;,). By the Banach fixed point theorem 
(see Theorem 4.59), R, admits a unique fixed point C, € P,(X) (for n > 0). If 
hypothesis (i) holds, then 

Fi, (u) uy F(u) uniformly for u€ Kk € P,(X), 
so 


If hypothesis (ii) holds, then 


sup hA(R,(K), Ro(K)) — 0 asn—- +co, 
KEP, (X) 
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so, from Problem 4.87, we get 
CG). 


If hypothesis (iii) holds, then (P;,(X),h) is locally compact and from Problem 4.86, 
we get 


C,. 6; 


Next we show that D= U Cr € P(X). To this end, let {tn}, 1 C D. Then either 
n>0 

one C;, contains infinitely many w,,’s or otherwise each Cy, contains only a finite num- 

ber of U,,’s. In the first case, we can extract a subsequence converging to an element 

of C. In the second case, every limit point of {tn },,5, belongs in Co (as Cr hs Co). 

Therefore the set D is indeed compact. 

From the Banach fixed point theorem (see Theorem 4.59), we know that 
RY (Gn) , C, as m > +00 and since @, € RY” (un) for all n > 1, it follows 
that ti, € Cy. So, {Un}ns1 C D. Since the set D is compact, we can find a subse- 
quence {tn, fk>1 Of {tn }y>1 such that Up, —> u with U € Fo(%) (see Problem 4.118). 


Solution of Problem 4.120 

Let B be a local basis at the origin consisting of open, balanced (i.e., for every U € B, 
we have AU C U when |A| < 1) and convex sets. Such a local basis exists since X is 
locally convex. For every U € B, we define 


Du = {weC: we F(u) +0}. 
We claim that the set Dy is closed. So, let wo ¢ Dy. Then 
u9€C and uo ¢ F(uo) +U. 


So, there exists V € N(0) (with (0) being the filter of neighborhoods of the origin) 
such that _ 
(uot V)N(F(u)+U+V) = 0. (4.158) 


Since by hypothesis F' is upper semicontinuous (see Definition 2.36(a)), we can find 
W (uo), a neighborhood of up in C such that 


F(u) C F(uo) +V Vu € W(uo). 
Hence, we have 
(utV)N(F(u)+U) = 0 Yue W(uo) 


(see (4.158)), so the set Dy is closed (since its complement is open). 
Next we show that the set Dy is nonempty. Since the set C C X is compact, 
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we can find cj,...Cm such that {c; +U,...,¢m+U} is an open cover of C. Let 
K =conv {c1,...,¢m} C C and define 


Fy(u) = (F(u) +0) K. 


Since F(u) C C and U = —U, we see that Fy(x) € Py-(C). The set K lies in a 
finite dimensional subspace of X which can be identified with R™. The multifunction 
Fy: K —+ Py-(K) is upper semicontinuous (having closed graph) and so by the Ky 
Fan fixed point theorem (see Remark 4.108), we can find % € Fy(t). Hence Dy # 0. 

Evidently {Dy }vep has the finite intersection property. Then the compactness 


of C implies that (| Dy #0. Let we () Dy. Then ue F(u). 
UcB UcB 


Solution of Problem 4.121 

Since the multifunction F' has closed graph, it has closed values. Also, the compact- 
ness of C and Proposition 2.45 imply that F' is upper semicontinuous. So, we can use 
Problem 4.120 and conclude that F' has a fixed point. 


Solution of Problem 4.122 

Let G(u) = F(u) OC for all u ¢ C. Then G: C —+ Py,(C) and by Proposi- 
tion 2.59(b), it is upper semicontinuous. So, we can use Problem 4.120 and find 
u €C such that u € G(u) C Fu). 


Solution of Problem 4.123 
Let th = ul for n > 1 and let y,: C —> C be defined by 
For every n > 1 and every u,v € X, we have 


Ilen(u) — en(o)|lx = [lPe(uy (tn) — hywy(tn)Il < €(tn)[lu — ollx, 


SO Yn is a €(t,)-contraction. The Banach fixed point theorem (see Theorem 4.59) 
implies that y, has a unique fixed point U, € C (for n > 1). Due to the compactness 
of C and by passing to a subsequence if necessary, we may assume that t@, —> UE C. 
We have 

Yn(Un) = Un Yn21, 
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sO 
Yn(tin) —> @ in X. (4.159) 


Also, from the definition of y,, we have 
Pn(tin) = ho(aay(tn) —* hga@(1) = (A). (4.160) 
From (4.159) and (4.160), we conclude that y(t) = wu. 


Solution of Problem 4.124 
Since the set C is star-shaped with star center yo € C, we have 


tyt(l-t)ue C Vuec, te (0,1). 
Then for every u € C, let h,,: [0,1] —> C be defined by 
hu(t) = (1—t)yo + tu. 


We have 
I|Pu(t) — ho(t)|lx = tllu—vllx. 


So, we can use Problem 4.123, to conclude that y has a fixed point. 


Solution of Problem 4.125 
Let r: X —> C be a retraction and let gy: C —> C be a continuous map. Then 
por: X —+C is a continuous map and so there exists u € X such that 


(yor)u) =UeEC. 


So, r(u) = u and it follows that y(w) = u. Therefore the set C has the fixed point 
property. 


Solution of Problem 4.126 


(a) Let P,: H — H be the continuous map defined by 
Poh) = ives sath Oya.) Vh= {ur}psi €H. 


Then given ¢ > 0, we can find n > 1 big enough such that 


Po(h) hl < ( SD BP <e) VheH. 
k>n+1 


4.3. 


(b) 


(c) 
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Since P,,(H.) is compact, it follows that H is compact. Let C,, = P,(H) for n > 1. 
Evidently, we can view C, as a compact, convex set in R”. If yp: H — H is 
continuous, then P, oy: C, — Cy, is continuous and so by the Brouwer fixed 
point theorem (see Theorem 4.81), we can find hy, € C,, such that 


> ~ 1 
llbn — e(RnJiln < ( So ze)?. (4.161) 
k>n+1 


Since H is compact and Chat C H, we may assume that Tin SS h, thus 


h = y(h) (see (4.161)). 
Since y: H — H is an arbitrary continuous map, we conclude that H has the 
fixed point property. 


ne>1 


Without any loss of generality, we may assume that C C By, (where 
By={uEeX: |lullx <1}). Let {untas, C X and {un},5) © X* be two se- 
quences such that {un}, 51 is dense in span C’ and 

[lun [Lx 


(Un,Un) = — and |lur||. = + Vn>1. 


Let L: X —+ I? be the linear map defined by 
Liu) = {(un,U) bast Vue x. 
Then L(C) CH and L € £(X;1?). Moreover, if u,v € SpanC and u F v, then 


| (uy, , Un) | — | (up, U—U— Un) | 


nlx _ Lii(y—v) — ually > 0 


| (une) — (up,v) | 2 
2 


(choosing un sufficiently close to u—v), so L|..,¢ is an injection. Therefore L is 
a homeomorphism of C' onto L(C) C H and L(C) is a compact and convex set. 


Let C CH be a closed and convex set. From the Dugundji extension theorem 
(see Theorem 2.8), D is a retract of H. By part (a) the cube H has the fixed 
point property. So, we can use Problem 4.125 to conclude that D has the fixed 
point property. 


Solution of Problem 4.127 

By the Mazur theorem (see Theorem I.5.58), the set C is also weakly closed. The 
reflexivity of X implies that y(C) is a relatively w-compact subset of X, hence the 
set Conv y(C) C C is w-compact and convex (by the Krein-Smulian theorem; see 
Theorem 1.5.86). Invoking the Tichonov fixed point theorem (see Theorem 4.101) for 
the locally convex space X, (where X,, is the Banach space X furnished with the 
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weak topology), we produce a fixed point for y. 


Solution of Problem 4.128 
Let h € X and consider the map 


v(u) = h— vy(u) Vue x. 


We need to show that w has a fixed point. Let r > Oandlet B, ={ue X: |lullx <r} 
be equipped with the relatively weak topology. Then by hypothesis, Vz, is continuous 
into X» (where X, is the Banach space X furnished with the weak topology) and 
v(B,) is w-compact in X. Let 


Mr = sup ||p(u)||x- 
uc B, 


Then from our hypothesis on y, we have 


limsup = < 1. (4.162) 
n—++00 


Also, if ||ul|x <r, then ||w(u)||x < ||Allx +m,. So, from (4.162), we see that if r > 0 
is chosen big, then =: B, —+ B, and we can apply the Tichonov fixed point theorem 
(see Theorem 4.101), to conclude that there exists @ € B, such that w(t) = @. Then 
u+ p(u) =h. Since h € X is arbitrary, we conclude that I, + vy is surjective. 


Solution of Problem 4.129 
(a) Arguing by contradiction, suppose that ¢ has no fixed point. Then Theorem 4.91 
implies that there exist u € B, and t € (0,1) such that 


lullx = r and u=ty(u). (4.163) 
Then by hypothesis, we have 
lle) — alk > Iwi — lleullx, 


so t > 1 (see (4.163)), a contradiction (since t € (0,1)). So, y must have a fixed 
point. 
(b) For all u € OB,, we have 


2 
leu) = ull > (Ihe(e)llx = Ilullax) 
= |le(u)ll — 2llullxlle@)Ilx + lel 
> leu) — eel + Mell = [eeu |3 — Mell 
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(since y(OB,) C B,). So, we can apply part (a) and produce a fixed point for y. 


Solution of Problem 4.130 

The result is trivial if intC = 0. So, we assume that intC 4 @ and by translating 
things if necessary, without any loss of generality we may assume that 0 € int C. Let 
r: X —+C be defined by 


Here p, is the Minkowski functional of C' defined by 


Po(u) = inf »X. 
A>0 
ue aC 


Note that r: X —> C is continuous, surjective and 
if r(u) € int C, then r(u) = u 
and 
if u g C, then r(u) € OC. 


Let » =rog. Then w: C —>+ C and it is compact (since y is compact). Using 
the Schauder fixed point theorem (see Theorem 4.89), we can find u € C such that 
w(t) = t. 

If w € OC, then by hypothesis y(u) € C and so U = r(y(u)) = v(u). 

If u € int C, then (ro y)(U) € int C and so 


Solution of Problem 4.131 
Let 
Fix(y) = {veC: v=y(v)} 
(the set of fixed points of the map y). From the Schauder fixed point theorem (see 
Theorem 4.89), we know that Fix (vy) 4 0. We claim that 


lunti — vilx < |lun — vilx Vv eéFix(y), n> 0. (4.164) 
To this end, we have 


lIunta —llx = |[g(un + (Un) — a(v + (r))||x 
|| 3m — v) + 3(P(tn) — V(r) || x 


allen — vllx + gllun — viLx = [lum — vllx 


Ix 
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(since v = y(v) and ¢ is nonexpansive). So, (4.164) holds. 
Suppose that we can find ¢ > 0 and no = 1 such that 


lun — p(Un)||x > € Yn >no. (4.165) 
Then 
[un — v — (p(tn) — p(v))\lx 2S € VYn2no, v € Fix(y). (4.166) 
Also, since y is nonexpansive, we have 
le(un) — P(r)Ilx < |lun —vllx < [luo - vI]x (4.167) 


(see (4.164)). Because X is uniformly convex (see Definition 1.5.88), from (4.166) we 
see that there exists 6 = 0(¢) € (0,1) such that 


(um — v) + 3(eltn) = 9C0))IL 


§ max {||tun — |x, lle(un) — v()Ilx} 
d|lun — vilx Yn >no 


[Una — vllx 


IN. IX 


(since v € Fix (y) and y is nonexpansive), so un —> v (see (4.164) and recall that 
a= 1), 

If there are no € > 0 and no > 1 for which (4.165) is true, then by passing to a 
subsequence if necessary, we may assume that 


Un —Yy(tun) —> 0 inX 


and 
p(n) —> u inX 


(recall that y is compact). So, we have 
Un, —> u inX and o(u) = Ut. 


Then, from (4.164) with v = u © Fix(y), we conclude that the original sequence 
{Unkn>1 G C converges to U. 


Solution of Problem 4.132 
For u,v € B,(y), we have 


I(x — Ae)(u) — Lx = AP) (e) IL Ilu — ollx — Alle(u) — e@)ILx 


(1 — |A|A)|lu — vllx 


2 
2 
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(since vy is k-Lipschitz), so I, — Ay is an injection and (1 — |A\|k)~! is a Lipschitz 


constant of (I, — Ay)7t. 


Let h € B,(y — A~(y)) and consider the map w: B,(y) —> X defined by 
w(u) = Ap(u) +h Vue B,(y). 
Then for u € B,(y), we have 
Iu) — yllx = Agu) +h —- yllx 


|Ae(u) — A¥(y)ILx + lh — (y — Av(y))ILx 


< 
< |Alkllu—yllx +(1—-Alk))r <r 


(since y is nonexpansive, h € B,(y — Av(y)) and u € B,(y)). This means that 
w: B,(y) — B, and 
Pu) — VO)x = LAllle@) -— e@)lx < |Alkllu-vllx  Vu,ve B,(y), 


so w is a |A|k-contraction. 
So, we can apply the Banach fixed point theorem (see Theorem 4.59) and produce 
a € B,(y) such that (a) = @, so 


thus 


Solution of Problem 4.133 
Let co = 4 U={Un}nsi i Un —> 07. We know that co furnished with the norm 


[ell eg ==" ama { in| 2 oe 1} Vu= {Un}n>1 Eco 
is a Banach space. Let By = {& € co: ||tl|ey < 1} and consider the map y: By —+ X 
defined by 
where ¥ = {Un}n>1 € Co is defined by 
v= 5(1 + |Ulleg) and uv, =(1- set )Un—1 Vn2>2. 


Since |vy| < 1 and |vp| < |Un| < 1 it follows that y( Bi) C Bi. 
Let u,v € By, u#v. We have 
le@)—EM)leo = max {3]Il%leo—llPlleo|, max(1— gar) !un—1-n—i]} 


<_ |[U-Oleo, 
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so y is contractive. Suppose that there exists @ € By, such that y(v) = % = 


{Un}nsi Then 
uy = 3(1+ [flle) > 0 


and 
jun! = (1 gbes)ein-al = [C1 — gee )(1- dh) 
n—2 
= = | (1 a sa) Ui| 
1=0 
n—2 nt+1 
> (1-\o da)lml=(1- Soa) lab Blu] > 0 Vn Be, 
i=1 i=3 


a contradiction to the fact that wu, —> 0. So, y has no fixed points. 


Solution of Problem 4.134 

Since C C u+Toc(u) for all u € C (see Definition 3.112), the nonemptiness of 
Fix (wy) follows from Theorem 4.100. Clearly the set Fix (vy) is closed. Suppose that 
(Fix (y)) > 0. Then since y is y-condensing (see Definition 2.31), we have 


y(Fix (y)) = y(y(Fix(y))) < (Fix (¢)), 


a contradiction. So, y(Fix (y)) = 0 and so Fix (y) is compact. 


Solution of Problem 4.135 

Let y € y(C) and consider the map &,(-) = €(-,y): C —> C. By hypothesis (i), the 
map €, is a k-contraction and so the Banach fixed point theorem (see Theorem 4.59) 
implies that there exists a unique u(y) € C such that 


u(y) = €(u(y),y). (4.168) 


Hypothesis (ii) implies that the map ¥: y(C) 3 y —> u(y) is continuous with the 
relative topology on y(C). Then the map ? o y: C —>+ C is compact and so the 
Schauder fixed point theorem (see Theorem 4.89) implies that there exists wu € C 
such that 


& = (Soy)(@ = E(Woy)@,~@) = E(@@) 


(see (4.168)). 
Remark. In fact this problem can be used to provide an alternative solution to 
Problem 4.115. Indeed, using the notation of Problem 4.115, we set €(u, y) = Y(u)+y 
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and y is the same. Then it is easy to see that the conditions of Problem 4.115 are 
satisfied and so we can find wu € C such that 


Solution of Problem 4.136 

Let {Yn}nsi GC DOV be a sequence such that y, —> yo in Y. Let un = €(Un, Yn) for 
n > 1 (it exists by hypothesis (iv)). Let Co = {u(yn) = un: n> 1} and clearly we 
may assume that Do = {yn : n >1}C DNV. Suppose that (Co) > 0. Then using 
hypothesis (iii), we have 


(Co) = V¥tE(un, yn): n> 1}) < VE(Co, Do)) < y(Co), 


a contradiction. So, y(Co) = 0, which mans that the set Co is relatively compact. So, 
we can find a subsequence {u(Yn,)}e>1 Of {U(Yn) ns, Such that 


u(Yn,) —rheC nx. 


Using hypothesis (i), we have h = €(h, yo) and so h = u(yo) (see hypothesis (ii)). 
Moreover, the uniqueness of u(yo) € C implies that for the original sequence, we 
have 
U(Yn) —+ ulyo) in X, 


so 
u(y) —> u(y) inX asyryo im. 


Solution of Problem 4.137 
Hypothesis (i) implies that given « > 0, we can find 6 = 6(€) > 0 such that 


if |ly — yolly < 6, then ||€(u, y) — E(u, yo)lx<e VWuec. (4.169) 


Let V = Bs(yo) ={y EY: |ly—yolly < 6} and Co C C with (Co) > 0 (see Defini- 
tion 2.31). Hypothesis (i) implies that 


V(E(Co, yo)) < ky(Co), (4.170) 


with k = k(Co, yo) € [0,1). For ¢ > 0, let 2¢ = 6y(Co) and choose ¢ > 0 small such 
that k+6< 1. We have 


E(u, y) = E(u, Yo) + (E(u, y) ~~ E(u, yo) 
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< ¥(&(Co,yo)) + 2e < ky(Co) + 2€ 
< (k+4)y(Co) < (Co) 


(see (4.169)). So, we can use Problem 4.136 and conclude that u(y) —> u(yo) in X 
asy— yo in Y. 


Solution of Problem 4.138 
Let K C R” be the compact, convex set defined by 


K = {u=(u1,...,un) € R”: Sl, up > O for all k € {1,...,n}}. 
k=1 


Consider the function y: K —> R” defined by 


Au 


y(u) — Jul’ 


n 
with ||ul]1 = >> |us| for all u= (u1,...,Un) € R”. Ifu € K, then all the components 
k=1 


of u are nonnegative and at least one is positive. So, all the components of Au are 
positive. Hence y(k) C K and of course it is continuous. Applying the Brouwer 
fixed point theorem (see Theorem 4.81), we can find u € K such that ||w||;a@ = A(w). 


Solution of Problem 4.139 

Let w1,...,Un € C and let h € conv {uj,...,Un}. By hypothesis h € F(h) and 
soh ¢ X \ F-!(h). Hence conv {uj,...,un} is not contained in X \ F~'(h). But 
by hypothesis X \ F7'(h) is convex. So, there exists kg € {1,...,n} such that 
Uk, ¢ X \ F-\(h), so h € F(ux,). Therefore 


n 
conv {tiz,-..;tn} © U F(un), 
kel 


so F is a KKM-multifunction (see Definition 4.111). 
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Solution of Problem 4.140 
Since by hypothesis the u +> C \ F7!(u) is not a KKM-multifunction (see Defini- 
tion 4.111), we can find uy,...,u, € C and w € conv {uj,...,Un} such that 


(C\ Fug) = (0) Fun), 


1 k=1 


= 


uwec\ 
k 


SO 
up € F(u) Vke {l,...,n} 


and thus U € conv Fu). 


Solution of Problem 4.141 

We consider the first case (that is, F has convex values and F~1(u) is open for all 
u €C). The other case is similar. For every u € C, the set C \ F~!(u) is compact. 
The surjectivity of F~' implies that 


@=C\U Fw = \\C\F lu), 


UEC UEC 


sout+C\ F-!(u) is not a KKM-multifunction (see Definition 4.111). So, using 
Problem 4.140 and since F’ has convex values, we can find u € C such that u € F(u). 


Solution of Problem 4.142 
Given \ € R, we consider the multifunction F: C —> 2© defined by 


F(y) = {weC: y(u,y) >A} VyeC. 


From hypothesis (i) and (ii) it follows that F' has open values and for every u € C, 
the set F~'(u) is convex. If F is not surjective, then we can find @ € C such that 
F-'(@) = 0, so y(t, y) < A for all y € C, thus property (a) holds. 

If F' is surjective, then we can use Problem 4.141 and find y € C' such that 
y € F(y), so A < vy, y). 
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Solution of Problem 4.143 


Clearly we may assume that A = sup y(y, y) < +00. Then according to Problem 4.142 
yEC 
we can find u € C such that 


sup p(t, y) < A = supy(y,y). 
yeC yeC 


Solution of Problem 4.144 
By translating things if necessary, without any loss of generality, we may assume that 
0 €C. For every n > 1, let €,: C —> C be defined by 


E(u) = (1-Z)ete)(u) Vuec 


(by hypothesis (i)). Since X is uniformly convex, it is reflexive (see the Milman—Pettis 
theorem; Theorem 1.5.89). So, Proposition 2.4 implies that w is compact. Then for 
any subset D C C’ we have 


VE(D)) < -g)v(Y(D)) < A-g)y(D) 


(since y is nonexpansive), so €, is a y-contraction, in particular 7-condensing (see 
Definition 2.31). Thus, Theorem 4.105 implies that we can find up, € C such that 


En(Un) = Un Vnel, (4.171) 


Since {Un}asi C C, the set C' C X is bounded and X is a reflexive space, passing 


to a subsequence if necessary, we may assume that u, —> @ € C in X (note that C 
being convex is weakly closed). Then, we have 


I[En(ttn) — (Y+V)(un)ILy < 7llle(un)llx + [lb(un)Ilx) — 0 (4.172) 
(since C' is bounded). Since 7 is completely continuous, we have 
W(Un) —> wu) in xX. (4.173) 
Then from (4.171), (4.172), and (4.173), it follows that 
Un — Y(Un) — o(u) in X. 


From Proposition 4.78, we know that J, — y is demiclosed. So, we have 


a y(@) = ¥@), 


thus y(u) + v(u) = wu. 
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Solution of Problem 4.145 
No. Consider the uniformly convex Banach space /? (with 1<p<-+too). Let 
yp: X —+ X be defined by y(u) = y for all @ = {un}ysi € X with Y= {Yn}nsi 
satisfying 

y = 0 and yn = Un-1 Vn>2. 
Also, let w: X —> X be defined by y¥(u) = y for all u = {Un}asi € X with 
Y = {Yn}n>1 Satisfying 


yi = 1-|lulx and yp=0 Vn>2. 


We have 
Iy(u) -—e@)|_x = |u-dlx Vuvex 


(that is, y is nonexpansive) and w is compact. 
Also, with a being the Kuratowski measure of noncompactness (see Defini- 
tion 2.31(a)), we have 


a((p+%)(D)) < a(y(D)) VY DC X bounded, 


so y + w is k-set-Lipschitz with k = 1 (see Definition 2.31). 
If ue X with ||ul|x < 1, then 
e+ Yk = (1—llellx)? + lal < 1, 


soy +%: By —> B, where Bj = {ue X: |lullx < 1}. 
We claim that y + ¥ is fixed point free on By. Indeed, suppose that we can find 
u € B, such that (py + w)(u) = u. Then 


uy = 1—|lUllx and un = Un-1 VYn> 2, 


SO Un = 1— |lul|x for all n > 1. But recall that u, —> 0. So, 1— ||u||x = 0 and 
||\|x = 1, a contradiction. 


Solution of Problem 4.146 
Given € > 0, we choose c > 0 such that 


ey nk" <1 
ne>1 


and we set €1 = 7-5 > 0. Let uo € Fix (F) and choose u; € G(uo) such that 


dx(uo,t1) < h(F (uo), G(uo)) + €. (4.174) 
Since G is k-Lipschitz, we can find ug € G(u1) such that 


d,. (ua, U1) < kd, (u1, uo) + key. 


766 Chapter 4. Degree Theory and Fixed Point Theory 


Then inductively we produce a sequence {Un}n>1 C X such that 
Unt41 € G(un) and d,(tn4i, Un) 
< kd, (Un, Un—1) + k"e1 Vnel1, 


thus 
dy (Un41,;Un) < kd, (ui, uo) + nk7e1 Vno>1. 


So, we have 


S> d (tits tin) < #.d,(u1, uo) + > nk"e, —+0 asm— +o, 


n>m n>m 


thus {Un}ns51 G X is a Cauchy sequence. 
The completeness of X implies that u, — u in X. We have 


G(un) “+ Glu), 


so u € G(u), that is, wu € Fix(G). 
Moreover, we have 


dy(uo,u) < SS de Cnsitin) < regdx (un, to) + S$ nk er 
n>0 no>1 


< zig (dx(ui,u0) +e) < pg(A(F (uo), G(uo)) + 2¢) (4.175) 


(see (4.174)). Reversing the roles of F' and G in the above argument, we see that for 
every Up € Fix (G), we can find v € Fix (Ff) such that 


dx(vo,u) < tg (h(F (vo), G(vo)) + 2e). (4.176) 


From (4.175) and (4.176) and by letting ¢ \, 0, we obtain 


h(Fix (F), Fix(G)) < T= Sup A(F(u), Gu). 


Solution of Problem 4.147 
From Theorem 4.68 we know that sets Fix (F’) and Fix (F;,) (for n > 1) are nonempty. 
Given ¢ > 0, we can find np = no(e) > 1 such that 


sup h(F,(u), F(u)) < —&kje Yn no. 
uEeX 


Using Problem 4.146 we see that 


h(Fix (Fp), Fix (F)) < € Vn no, 


4.3. Solutions 767 


so Fix (Fy) + Fix (F). 


Solution of Problem 4.148 
According to Theorem 2.116, it suffices to show that R(A+G+J,) = A (recall that 
in this case, since H = H*, we have F = I,,, with F being the duality map). Let 


h € H and let V(u) = (A+J1,)~-1(h — G(u)) for u € D(G). Since (A+ 1,,)71 is 
nonexpansive (see Proposition 2.123(b)), we have 


Vu) -Vylla < |G) - Gla < kllu-olla  Vu,ve DG). 


Since by hypothesis the set D(G) C H is closed, we can apply the Banach fixed point 
theorem (see Theorem 4.59) and find @ € D(G) such that 


h = A(@) + G(@), 


thus 
R(A+G4+I1,) = A 


(since h € H is arbitrary) and hence A+ G is maximal monotone. 


Solution of Problem 4.149 
Let y: B, —> OB, be defined by 
wlu) = C1, i, tas.) VU = {Un}nsi © By. 


Evidently 

lv(@) —~@|x = |@-Bx Vuve B 
(that is, y is an isometry). If u = p(u) with U = {un}asy € By, then uy, = 1 for all 
n> 1, but (1,1,...) ZX. 


Solution of Problem 4.150 
Let T = [0,b], X = C(T) and consider the map y: X —+ X defined by 


y(u)(t) = [uses YVuex, teT. 
0 
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Evidently, if b > 1, then vy is not a k-contraction. On the other hand, for n > 1, we 
have 


(n— 


t 
gp (u)(t) = sh fe — s)"-1u(s) ds YVuex, teT. 
0 


So, we have 
Wy(u) — pM(v)Ilx < Papille — ello Vu,v eX, 


so vy” is a k-contraction for some big n > 1. 


Solution of Problem 4.151 
Let 

y= {D CC: D is nonempty, closed, convex, and y-invariant }. 
We order JY by reverse inclusion, that is, 

Di =~ Do = DoCDy,. 

The finite intersection property for the weak topology implies that every chain in Y 
has an upper bound (namely the intersection of the elements in the chain). So, by 
the Kuratowski-Zorn lemma (see Theorem 4.120), we know that Y has a maximal 
element C € Y. Then C is y-invariant and minimal with respect to inclusion. 


Solution of Problem 4.152 

Let y*: Mi (X) —> M7 (X) be defined by 
g*(u) = wp 

(recall that the image measure pp”! is defined by py !(D) = p(y *(D)) for all D € 

B(X); see Definition 3.158). Recall that C(X)* = M,(X) (the signed Radon measures 


on X; see Theorem 1.88). We furnish M7 (X) with the relative w*-topology. We 
claim that for this topology on My (X), y* is continuous. To this end, let {uataes C 


Mj (X) be a net such that iq Bl yu € M}(X). Then for all f € C(X), we have 
ft atuae) ~ | foedta — [teed = [tawe, 
x = x x 


* (Ha) —> 9* (x); 
thus y* is continuous. But Mj‘ (X) is w*-closed in By = {u € My(X) : ellancxyt <1 
which is w*-compact (by the Alaoglu theorem; see Theorem 1.5.66). Hence M7‘ (X) 
is w*-compact and clearly convex. Invoking the Tichonov fixed point theorem 


-1 


sO 
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(see Theorem 4.101), we can find fi € Mj'(X) such that »* (fi) = fi, so ff’ = fipt. 


Solution of Problem 4.153 

Suppose that V is a metrizable space, D C V is a closed set and y: D —> Cisa 
continuous map. Let r: X —> C be a retraction of X onto C’. Since by hypothesis 
X is an AR (see Definition 4.132), y admits a continuous extension 6: V —> X. Let 
wy =rog: V —C. Then w is the desired continuous extension of y, which shows 
that the set C is an AR. 


Solution of Problem 4.154 

Let B, = {ue X: |lully <r}. From the Dugundji extension theorem (see Theo- 
rem 2.8), we know that B, is an AR (see Definition 4.132(b)). Also, from Prob- 
lem 4.14, we know that OB, is a retract of B,. Hence using Problem 4.153, we 
conclude that 0B, is an AR. 


Solution of Problem 4.155 
Let y,w € V and let c = darx)(P, ¥)- Then from the definition of the supremum 
metric we have 


yp <wv+e and Yeyvpte, 


S(y) < S(wt+e) < S(w)+ne (4.177) 


and 
S(w) < S(yt+e) < S(y)+nce (4.178) 


(see hypothesis (i) and (ii)). From (4.177) and (4.178), it follows that 
|S(y)(u) — SW)(u)| < ne VueXx, 
so 


acy (SIE), 8) < HE = Tidgas GY): 


hence S is a contraction. The space V is a closed subspace of the complete metric 


space (B(X),d,/,,)- So, (V,d,,x)) is a complete metric space itself and we can use 
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the Banach fixed point theorem (see Theorem 4.59), to conclude that S has a unique 
fixed point. 


Solution of Problem 4.156 
We know that K is homeomorphic to a compact subset Ko of the Hilbert cube H. Let 
h: K —> Ko be this homeomorphism and consider the map foh~!: Kyo —> X. Since 
X is an AR (see Definition 4.132(b)), the map f oh! admits a continuous extension 
€:H —> X. Let i: Ko — H be the inclusion map and consider the continuous 
maps 

toh: K —-H and gof:H—>K. 


We have 
(go€)o(ioh) = go(€oi)oh = go(foh')oh = gof = yg. 


Note that (toh) o(go&): H — H is a continuous map and from Problem 4.126(a), 
we know that H has the fixed point property. So, we can find tip € H such that 


(ioh)o(go€)(to) = to, 


hence 
(go €)o(ioh)((go€)(to)) = (9 0€)(%o), 
thus y(uo) = Uo, with vp = (g 0 €) (Uo). 


Solution of Problem 4.157 
Let K = y(X). Then K is a compact metric space. Let 1: K —> X be the inclusion 
map. Let 7 = got. Then Problem 4.156 implies that there exists u € K such that 


(@) =, so y(a) =@. 


Solution of Problem 4.158 

Suppose that U C X is a nonempty open set, V is a metrizable space, C C V 
is a closed set and y: C —> U is a continuous map. Since X is an ANR (see 
Definition 4.132(c)), there exists a neighborhood W of C and a continuous map 
@: W —> X extending y (see Definition 4.132(c)). We have that the set @-1(U) CV 
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is open and C C @ 1(U). So, @|. 


@-lw)* 


Solution of Problem 4.159 
First assume that X is an AR (see Definition 4.132(b)). Then from Defini- 
tion 4.132(b), it is clear that X is an ANR (see Definition 4.132(c)). Let V = [0,1])x X 
and let C = ({0} x X)U({1} x X) C V be aclosed set. Consider the map h: C —> X 
defined by 
h(0,u) = wu and A(1,u) = uw € X Vue X. 

Because X_is an AR, the map h admits a continuous extension h: [0,1] x X —> X. 
Evidently h is a homotopy, h(0,-) = I, and h(1,-) = uo. Therefore ix ~ 0 and so X 
is contractible (see Definition 4.113(d)). 

Next assume that X is a contractible ANR. From Definition 4.113(d), we know 
that there exists a homotopy h: [0,1] x X—+X such that 


h(O, w) =u and R(1, u) = ug € X Vue X. 


Suppose that V is a metrizable space, C' C V is a nonempty, closed set and 
yp: C — X is a continuous map. Since X is an ANR, we can find a continuous 
extension ¢: W —+ X of y with W C V being an open set containing C’. We choose 
an open set & C W such that 

COQHG HH. W. 


Invoking the Urysohn lemma (see Theorem I.2.136), we find a continuous function 
0: V —> (0, 1] such that 

Bo = 0 and Vy, = 1 
Then we introduce the map w: V —> X defined by 

_ f Rv), y(v)) forve E 

a) | forvEe V\ E. 
Evidently w is continuous. We have 
vv) = ACO), ~)) = 20, e@)) = pv) VE, 

so w is the desired extension of y to all of X. Thus X is an AR. 


Solution of Problem 4.160 
Let V = [0,1] x Z and let C = ({0} x Z)U({1} x Z) C V be a closed set. We consider 
the continuous map h: C —> X defined by 


h(0,u) = y(u) and A(1,u) = w(u) Vue Z. 


Since X is an AR (see Definition 4.132(b)), h admits a continuous extension 
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hiV= [0,1] x Z —> X. This is the desired homotopy from y to w. Therefore y 
and ~# are homotopic. 


Solution of Problem 4.161 
Let {u1,...,Un} CG C. The convexity of C implies that conv {u1,...,un} © 
C, while the fact that F is a KKM-multifunction (see Definition 4.111) implies 


n 
conv {u1,.--,Un}C U F (ug). Therefore 
k=1 


| 
le) 
[o) 
j=) 
< 
a 
& 
eS 
3 
ae 
= 
Q 
a) 
Cs 
a 
5 
=> 
= 
Q 


conv {uy,...,Un} = 


Solution of Problem 4.162 


Since F'(uo) € P(X), it suffices to show that the family {F(u): we D} exhibits the 
finite intersection property. Let {uw1,...,un} CG D and let V = span {uj,..., un}. 
Then Cy, = F(uz) ON conv {u1,...,Un} € Pr(V). Invoking the Knaster-Kuratowski— 
Mazurkiewicz theorem (see Theorem 4.110), we have 


n 


=] 


k=1 


so {| F(u) 49 and of course it is compact (since F'(ug) is compact). 
ueD 


Solution of Problem 4.163 
We consider the multifunction F: C —> 2° defined by 


F(u) = {yeC: uxy}. 
Hypothesis (i) and Problem 4.140 imply that 


ur> Gu) = X\Fo'(u) = {ye X: uky} 
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is a KKM-multifunction (see Definition 4.111). Then Problem 4.161 implies that 
ut—> Go(u) = G(u)NC = (X\F7*(u))NC = C\F- (u) isa KKM-multifunction with 
values in C. Hypothesis (ii) implies that Go is compact valued. Then Problem 4.162 
implies that () Go(u) € P,(X). Note that 
ueC 
yeGou) — urky, 


so {] Go(u) is the set of <-maximal elements. 
UEC 


Solution of Problem 4.164 
Arguing indirectly, suppose that the result is not true. Then for every uo € C, we 
can find y = y(uo) € C such that 


(€*(uo),y¥ — uo) < 0. 
Given y € C, let 
Vy = {ueC: (E*(u),y—u) <0}. 


Then {V,}yec is an open cover of C. As the set C is compact, we can find a finite sub- 
cover {Vy,,..-, Vy, } and a corresponding continuous partition of unity {v1,...,0n} 
subordinate to this subcover. Let €: C_ —+ X be defined by 


e(u) = S7oe(w)ye. 
k=) 


Evidently € is continuous and since the set C is convex and {y1,...,yn} © C, it 
follows that €(C) C C. In fact, if Co = CN span {y1,..., yn}, then €(Co) C Co and 
so we can apply the Brouwer fixed point theorem (see Theorem 4.81) and produce 
U@ € Co such that €(u) = u. 

For each u € C’, we have 


0 = (€(u),€(u) —u) < 0, 


a contradiction. So, we conclude that there exists ug € C’ such that 
(E*(uo),u—uo) 20 Vuec. 


Alternative solution. 
On C' we define the following binary relation 


ux y => (E(u) y) < (E(u), u) (4.179) 
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Note that for every u € C, we have 
u €¢ conv {yEC: uxy} = {yEeC: unxy}. 
Also, because of the continuity of €*, we have that the set 
{uEeC: uxy} = (UEC: (E(u),y—u) <0} 


is open. So, we can use Problem 4.163 and infer that there exists ug € C’ which is 
~<-maximal. According to (4.179) this means that 


(E*(ug),u—-uo) > 0 Vue. 


Solution of Problem 4.165 

We argue by contradiction. So, suppose that F' has no fixed point. Then u ¢ F'(u) 
for all u € C. The strong separation theorem (see Theorem 1.5.29) implies that we 
can hand y* € X* \ {0} and 7, € R such that 


Px Guy) = Ha S Yast) (4.180) 
(see Definition 2.46). Let 
Vy = Ft(fueX: lytv)<my)n{e XxX: ly*,v) > mn} 


(see Definition 2.35(b)). The upper semicontinuity of F' implies that the set V,, is 
open (see Definition 2.36). Also, from (4.180), we see that u € V,. The family 
{Vu}uec is an open cover of C. As the set C is compact, we can find a finite subcover 
{Vu,,---; Vu, } and a subordinate continuous partition of unity {J1,...,0,}. Then, 
if J, (u) > 0, we have 


Gat) << Thay Vue F(ug) and ui, tt > ies 
Let &*: C —>+ X* be defined by 


Ce = >" oy, 
k=1 


Clearly €* is continuous and so we can use Problem 4.164 and find ug € C such that 
(E*(ug),u— uo) > 0 Vuec. (4.181) 


For every u € C and every y € F'(u), we have 
(é*(u),u) = S28x(u) (ut ru) > SlPe(uny > Ey). (4.182) 
k=1 k=1 


From the tangentiality hypothesis, we can find v € F(uo) and \ > 0 such that 
ug + A(v — uo) € C. In (4.181), we let w= ug + A(v — ug) and obtain 


(E*(uo); Uo) < (E*(uo);v) 5 
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which contradicts (4.182) with y =v € F(uo). So, F must have a fixed point. 


Solution of Problem 4.166 
From Definition 3.112, we have 


AWu—u) € To(u). 


So, by hypothesis, we have 
(F(u)-u)NTc(u) #0 Vuec. 


Since F’ is upper semicontinuous, from Problem 4.165, we infer that F’ has a fixed 
point. 


Solution of Problem 4.167 

We argue by contradiction. So, suppose that F'(u)G(u) = @ for all wu € C. Since the 
sets F'(u) and G(u) are disjoint, closed, convex, and at least one of them is compact, 
we can apply the strong separation theorem (see Theorem I.5.29). Starting from the 
strong separation and reasoning as in the solution of Problem 4.165, we can find a 
continuous map €*: C’' —> X* such that 


((u),y) < ((u),h) Vye Flu), he Glu). (4.183) 
From Problem 4.164, we know that there exists ug € C’ such that 
(€*(ug),u— uo) > 0 Vuecd. (4.184) 
By hypothesis we can find y € F(uo), h € G(ug) and A > 0 such that 
uatrA(y—h) € C. 
Then in (4.184) we choose u = uo + A(y — h) € C and obtain 
(E"(uo),¥) 2 (&"(uo),h) ; 


which contradicts (4.183) for u = uo. Therefore we conclude that there is u € C' such 
that F(u) 1 G(u) 4 0. 
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Solution of Problem 4.168 

Just use Problem 4.167 with G(u) = {0} for all u € C. All the conditions of that 
problem are satisfied and so we can find u € C such that F(u) 9 G(u) 4 0, hence 
O€ F(u). 


Solution of Problem 4.169 

Let K = y(C) C Y. Then K is a compact metric space and so it is homeomorphic 
to a closed subset Ko of the compact metric space [0,1]N (the Tichonov cube). Let 
h: K —+ Ko be this homeomorphism and let 1: K —+ Y be the inclusion map. We 
define 


f=hog and g = io ht. 


Then f: C —> Ko and g: Ko —> Y are continuous maps and we have y = go f. 
Using the Tietze extension theorem (see Theorem I.2.138), we can find a continuous 
map f: X —> (0, 1)‘ such that f f| co = f. Also, since by hypothesis Y is an ANR (see 
Definition 4.132(c)), we can find an open set W C [0,1] such that W D Ko and a 
continuous map g: W —> Y such that g| ky) = 9- We can find an open set V C (o, 1] 
such that Ko CV CV CW and let U = F-UV). Then G=Gofly: U—->Yisa 
continuous extension of y to an open neighborhood U of C’. Note that 


GU) = Goff 'WV)) © HV) € HV) 


and the latter is compact. So ¢ € K(U;Y) 


Solution of Problem 4.170 . 
Let D = ((0,1] x C)U({0} x X) and let h: [0,1] x C —+ Y be the compact homotopy 
of y to w. Let ho: D — Y be defined by 


> _ f h(t,u) if (t,u) € [0,1] x C, 
i { au) af ae x, 


Evidently ho € K(D;Y). Since Y is an ANR (see Definition 4.132(c)) and 
D C (0,1) x X is a closed set, we can use Problem 4.169 and find an open set V > D 
and ho € K(V;Y) such that hol, = ho. We can find an open set U 2 C such that 
[0,1] x U C V. The sets C and X \ U are disjoint, closed and so by the Urysohn 
lemma (see Theorem I.2.136), we can find a continuous function 7: X —> [0,1] such 
that 


Tle = 1 and tly, = 0. 


Let y(t, u) = (7(u)t, u) for all (t,u) € [0,1] x X. If u € U, then (7(u)t, u) € V and if 
ueX\U, then n(t,u) = (0,u) € DCV. Therefore »|,, = I,. 
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Now let h*: [0,1] x X —+ Y be defined by h* = hoon. Then h* € K((0,1] x X;Y) 
and for all (t,u) € D, we have 


h*(t,u) = ho(n(t,u)) = ho(t,u) = ho(t,), 


sout— h*(t,u) = ~(u) is a compact extension of 7 to X. Moreover, the homotopy 
h* of @ to W is compact. 


Solution of Problem 4.171 

Using the Arens—Eells theorem (see Theorem 4.143), we can view X as a closed 
subset of a normed space Y. By hypothesis y € K(X; X) is compactly homotopic 
to a constant map co: X —> Y (see Definition 4.113(c)). Evidently co is compactly 
extendable to Y. Hence Problem 4.169 says that we can find @: K(Y;X) such that 
el, = y. Using Theorem 4.101, we can find u% € Y such that ¢(u) = w. Since 
e(Y) CX, we have that u € X and so y(u) = u (recall that ¢|, = ¢). 


Solution of Problem 4.172 
Since by hypothesis , y is compactly nullhomotopic to a constant map co € U, we can 
find h € K([0,1] x U; X) such that 


h(O, -) = y(-) and r(1,-) = co € U. 


Using Problem 4.170, we can find h € K((0,1] x X;X) such that Aly toe h. 
Let = ) 
F = {we X\U: h(t,u) =u for some t € (0, 1]}. 


We assume that F’ 4 @ or otherwise by Problem 4.171, y has a fixed point in U and 
so we are done. Since by hypothesis yay is fixed point free, the sets F and U are 
closed and disjoint and so by the Urysohn lemma (see Theorem I.2.136) there exists 
a continuous function 7: X —> [0,1] such that 


Tl, = 1 and 7|, = 0. (4.185) 


Let @: X —+ X be defined by 
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so ug € F and thus up = A(1, uo) = co € U (see (4.185)), a contradiction. 
Therefore (| x\v 18 fixed point free. Then Problem 4.171 implies that ¢ has a fixed 
point in U. But note that 


@ly = At) yo = FO = 2(0,-) = v. 


So, vy has a fixed point. 


Solution of Problem 4.173 
“>”: This implication is clear from Definition 4.112(b). 


“<=”: Let r: X —> C be a retraction of X onto C (see Definitions 4.132) and 
let h: [0,1] x X —+ X be a deformation of X into C (see Definition 4.112(a)). We 
define 
5 hi i 1 
hah = h(2t, uv) 7 te 0, 5], 
(roh)(2—2t,u) if £€ (5,1). 


Evidently h € C((0, 1] x X;X), h(0,-) = I,, and ACL, lo =rle =I1,. Therefore C is 
a deformation retract of X. 


Solution of Problem 4.174 
(a) Let h: [0,1] x C — C be defined by 


A(t,u) =u V(t,u) € [0,1] x C. 


Since C C X is closed and by hypothesis C' is an AR (see Definition 4.132(b)), 
we can find a continuous map h: [(0, 1] x X —> C such that Alon =h. So, we 
have - 

h(t,u) = h(t,u) =u ——-*V (tu) € [0,1] x ©, 


so C is a strong deformation retract of X (see Definition 4.112(b)). 

(b) Suppose that Y is a metric space, D C Y is a nonempty closed set and 
y: D —+ C is a continuous map. Since by hypothesis C’ is a deformation re- 
tract of X, there exists a deformation h: [0,1] x X —> X of X into C (that is, 
h(1, X) C C) such that Ad, ‘|e =I1,. Since by hypothesis X is an AR, we can 
find a continuous map @: Y —> X sueli that @|,, = y. We set 


Av) = R(,@(v)) Vue. 


Evidently g: Y —> C is continuous and for all v € D, we have 


n 


Gv) = AL, A(v)) = AC, v(v)) = vr), 
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so C is an AR (see Definition 4.132(b)). 


Solution of Problem 4.175 

Yes. Note that H C I? is a compact convex set. So, by the Dugundji extension 
theorem (see Theorem 2.8), H is a retract of 1?. Also, from Problem 4.174(b), it is 
clear that 1? is an AR (see Definition 4.132(b)). So, we can use Problem 4.153 to 
conclude that H is an AR. 


Solution of Problem 4.176 
For every u € X, let 


m(u) = er 
ves (u 


Arguing by contradiction, suppose that the claim of the problem is not true for some 
u © X. Then inductively we can produce a sequence {Un}n>1 C X such that 


U=U, Uni € S(Un) and mun) < v(unzi) + 4 Vn>1. (4.186) 


Then {tn }y51 CG X is increasing and because y(un+1) < m(u) < +00 (see hypothesis 
(iii)), from hypothesis (ii), we know that there exists u € X such that u,, x wu for all 


n > 1. From the assumption concerning u, we see that there exists v € X such that 
uxv,u#v. Then hypothesis (i) implies that 


pu) < y(v). (4.187) 
By transitivity, we have u, ~ v for all n > 1 and so 
gv) < mun) < vluni)+% < v@)+5 Vn>1 


(see (4.186)), so y(v) < y(u), which contradicts (4.187). Therefore for every u € X, 
there exists u € S(u) such that S(w) = {u}. 


Solution of Problem 4.177 
On the complete metric space (X,d,.), we introduce the partial order x by 


usy = > dx(uy) < &(u)—€(y). (4.188) 
Then from the hypothesis of Theorem 4.66, we have 


uxy Yue X,y € F(u). (4.189) 
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Let y = —&. We will verify that y satisfies hypotheses (i), (ii), (iii) of Problem 4.176. 

Hypothesis (i) is evident from (4.188). 

Suppose that the sequence {un},51 is increasing. Then from (4.188) it is clear 
that the sequence {€(un)},>1 is decreasing and bounded below. So, €(un) — 7 
in R. Then it follows that {Unni C X is a Cauchy sequence and the completeness 
of X implies that u, —> u in X. Then lower semicontinuity of € (see Theorem 4.66) 
implies that 


dy (Un,U) < €(un)—m < §(un) — €(u), 


thus 
Un ~ U VYn>1 


(see (4.188)). Hence hypothesis (ii) is satisfied. 

Finally hypothesis (iii) is satisfied since € is bounded below (see Theorem 4.66). 
Therefore, we can use Problem 4.176 and infer that for all u € X, we can find u € S(u) 
such that S(u) = {u}. Thus u € Fw) (see (4.189)). 


Solution of Problem 4.178 
“(a) ==> (b)”: Evidently every maximal element wv € X of X is a fixed point of F’. 


“(b) ==> (a)”: Arguing by contradiction, suppose that X has no maximal elements. 
Let F: X —> 2* be defined by 


F(u) = {ye x: urxy, ux y} Vue X. 


By hypothesis F(u) 4 @ for all u € X and there exists i € X such that t € F(t) 
which contradicts the definition of F’. 


Solution of Problem 4.179 
Let mo = inf €(u) > —oo. For every € > 0 we define 
Ue 


S- = {wEX: E(u) < mote}. 


The lower semicontinuity of € implies that the set S; C X is nonempty and closed. 
On S-, we introduce the binary relation < defined by 


uxy = VBdx(u,y)) < &(u) — &y). (4.190) 
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Then clearly ~ is reflexive and antisymmetric, but not transitive in general (unless 7 
is subadditive). 
Ifu,y € S- and u x y, then from (4.190) we have 


m < Ey) < &(u) < mote, 


so 
B(dx(u,y)) < €(u)-€(y) < E(u) —mo < e. 
The continuity of 0 implies that we can find € > 0 such that 


d~*([0,2]) © [0,4]. 
Then from the hypothesis, we have 


cod x (u, y) < E(u) ~ £(y) Vuye Se, (4.191) 


with u x y. So, based on (4.190) on the set Sz we introduce the binary relation <* 
defined by 

lem 4.176). Let u be such a maximal element of (Sz, <*). We claim that w@ is maximal 
also on (X,~<). To this end, let uw € X be such that w@ < u. Then from the hypothesis, 
we have 


Then (Sz, <*) is a partially ordered set and it has maximal element (see Prob- 


so 
E(u) < &() < mo +é, 
thus u € Sz. As above, we have 
B(dx(u,u)) < €, 
so 
ed, (u,t) < €(t) — €(u) 
(see the hypothesis), thus @ <* u (see (4.191)) and hence % = wu (due to the <*- 


maximality of @). Finally from the hypothesis, we see that u xX y(u) for all u € X 
and so u = y(t). 


Solution of Problem 4.180 
Let g > 0 be such that Bo(uo) C K (where By(uo) = {u € X : ||u— uollx < o}). Let 
du > a2. Then we have 


uo — xu € Bo(uo) C K, 
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so A,Ug9 —UE K. 


Solution of Problem 4.181 
“(a) ==> (b)”: Let K& be a normal cone (see Definition 4.125(b)). Let u,v € AK and 
without any loss of generality, we may assume that |/u||x = 1 and |lv||x <1. We 


have 
1 = |lullx < llut+vllx + llullx (4.192) 
and 
jutollx = Ju+ pf. +(- p=) 
x " Tolx | [ollx 7UIx 
2 ll@+ atellx — 1+ llellx 2 m—1+|lv\||x, (4.193) 


where m = we ly + Allx > 0. From (4.192) and (4.193), it follows that 
Y NE 1 


lu+ollx 2 m—|lut+ollx, 


sO 
lees se ee 


“(b) ==> (c)”: Arguing by contradiction, suppose that we can find two sequences 
{Un}asis {Unhnd1 C K such that 


tin <& Vy, and |lualle > nlloplly Vn21. (4.194) 


+ and hy = for all n > 1. From (4.194), we 


Let Yn = dis 


have 


_ Un — Un Un Un 
lunIx © nllenilx lunIx © nllenilx 


Yrstn € K and |lynllx > 1-4, |\knilx > 1-4 Wnol. (4.195) 
From property (b), we have 
2 = lly thallx > (1-2) Vn>1 


(see (4.195)). Passing to the limit as n + +00, we obtain 0 > c > 0, a contradiction. 
“(c) ==> (d)”: We define 
= i inf ||h||x. 4.1 
jul = inf Hall + ft Alle (4.196) 


First we show that this is in fact a norm on X. 
Suppose that |u| = 0. Then given ¢ > 0, we can find y,h € X such that 


y<Quch and |yllx < ¢, llAllx < € (4.197) 
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(see (4.196)). From property (c), we have 
llullx < llu-yllx +llyllx < allh—yllx +e < Qa+De 


(see (4.197)). Letting « \, 0, we have ||u||x = 0, hence u = 0. 
From (4.196) it is clear that |Au| = |A||u| for all A € R. 
Finally let u,v € X. Given ¢ > 0, we can find y,h,y,h € X such that 


llyllx + WAllx < lul+e, |lyllx + llAllx < lol +e. (4.198) 


and A 
<h and y<uvu<h (4.199) 


y fu 
Note that y+ 9<u+vu<h+h and so from (4.196), we have 
Ju+ol < [lyllx + UGllx + [lAllx + llAllx < ful tol + 2¢ 
(see (4.198)—(4.199)). Letting ¢ \, 0, we have 
Jute < jul + ol, 


so |-| is a norm on X. 
If u,v € K with u < v, then 


i=) 


sie = _ 
inf lull inf lyllx 


and so from (4.196) we have 


|| = inf I|h\L x < inf I|A\|.x lv, 
ugh ugh 


so |-| is monotone. 
Finally we need to show that the norms ||-||x and |-| are equivalent. From (4.196) 
it is clear that we have 
Jul < 2Ilullx Yue xX. (4.200) 


Also, if y <u <h, then using property (c), we have 


llullx << |lu-gllx +llyllxe < eallk— yllx + Ilyllx 
< (er + 1)(IAllx + Ilyllx), 


sO 
llullx < (at Du (4.201) 


(see (4.196)). From (4.200) and (4.201), we conclude that |]-||. and |-| are equivalent 
norms on X. 


“(d) ==> (e)”: We have 


Yn—Un; Un—Un € K and Yyn—Un < Uz — Un Vn2>1, 
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so 
lYn —Un| < |Un — Un| Vn>1 (4.202) 
(see property (d)). Exploiting the equivalence of the norms, we have 
c2||Yn _ Un || x < lyn — Un| < |Un — Un| < c3||Un _ Un|| Vne 1, 
for some C2,c3 > 0 (see (4.202)), so ||yn — Un||x —> 0, thus 
lyn — ullx < |lyn — Un|[x + |lun — ullx —> 0 


and hence y, —> u in X. 


“(e) => (f)”: Arguing by contradiction, suppose that the set (B,+K)(B,—K) 
is unbounded. So, we can find a sequence {wn},51 © (B,+K)(B,—K) such that 
||wnllx —> +00. Let {entasi lntno1 © B, be two sequences such that 


€n < Wn < Zn Vno>1. (4.203) 


Let 


= — wn _  _ an 
Un = Tune? UO = Tule (9 = Tue YOS’ 
Then from (4.203), we have 
Un LS Yn L Un Vn>1. 


Note that un, —> 0 and vpn —> 0 in X, but ||yn||x = 1 for all n > 1. This contradicts 
property (e). 


“(f) => (g)”: Let r > 0 be such that (B,+K)N(Bi—K) CrB,. Let y € [u,v] and 
let m = max{||ullx, |lul|x}. Then 4y € (Bi + K) (Bi — K) and so [u,v] C mrBy. 
“(g) ==> (a)”: Arguing by contradiction, suppose that K is not normal. Then we 
can find two sequences {Un }j51;{Un}ns1 C KN B, such that 


lun + Unilx < = Vn>1. 
Let 
i, = —“— and A, = 2, Vn21 
|lun ten || 2 llun+onll X 
We have 
0< mm <n Vn>1 and Yilihallx < Diy < +00. (4.204) 
ne>1 n>1” 


Let h = > hy (see (4.204)). Then 0 < yn < hn <A for all n > 1 (see (4.204)) and 
ne>1 


3 
llynllx = ++ > nr? Vn2>1, 
lluntonll2 
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so [0,v] is unbounded, a contradiction. 


Solution of Problem 4.182 

First we show that if K is not normal, then K is not fully regular and it is not 
regular. Since K is not normal, according to Problem 4.181(c), we can find two 
sequences {Un}n>1){Un}n>1 G A such that 


tin. = Uy and |lu,|le > n?|l\vnll.x Vn>1. (4.205) 
Let Yn = Tacx and hyn = ele for all n > 1. We have that {Yn}asi,thntnsi CK 
and 


(see (4.205)) and 


So |lballx = S54 < +00. (4.207) 


n>1 n>1 
Let h = > hy (see (4.207)) and define 
n2>1 
n 
ye, ity if n=2m, m2>1, 
A,24 (4.208) 
Yo het yom. if n=2m4+1, m21. 
k=1 


From (4.206), we see that the sequence {2}, 51 C K is increasing and order bounded 
by h. But {2n}n>1 does not converge strongly since 


20 = Zomdallae = Yomai lx = 1 Vm>1. 


This shows that K is not regular and also it is not fully regular since |]un||x < c1||Al|_x 
(see Problem 4.181(c)). 

Next we show that full regularity implies regularity. So, if K is fully regular, then 
from the first part of the solution, we have that K is normal. Let {un},51; C X be 
an increasing sequence which is order bounded by h € K (that is, uy < ug <... < Un 
<...<h). Then from Problem 4.181(c), we have 


|h—unllx < cil[h-ullx Vn2I, 
so the sequence {tp}, 5, is norm bounded, thus u, —> u in X (since K is fully 
regular) and hence K is regular (see Definition 4.125(c)). 
Now we show that reverse implications are not in general true. According to 


Proposition 4.130, in order to produce counterexample, we need to consider nonre- 
flexive Banach spaces. Let X=C((0,1]) with order cone 


K = {ueEX: u(t) > 0 for all t € [0,1]}. 
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Clearly ||-||x is monotone and so from Problem 4.181(d) we have that K is normal. 
However, K is not regular. To see this, let u,(¢) = 1 — ¢” for all t € [0,1], alln > 1. 
Evidently the sequence {tn}, 5, C K is increasing and order bounded by h = 1. But 
the sequence {un}, 5; CX is not strongly convergent in X. 


Let X =co = {ti = {UK }es1 : Un — Oo}, |u\|x = sup [us| and 
1 


K = {@={urhs1 Xs up > 0 for all k> 1}. 


Suppose that the sequence {t"},,; C X is increasing and order bounded. Then we 
have 
u” = {uUgbes. —? U={Uk}ay>1 MX asn—+oo, 
with uz, = im uz (increasing bounded sequences in R converge). So, K is regular. 
—>-+0o 


On the other hand, let wu” = {uf },5, with 


nfl if k<n, 
“k= 1 0 if k>n. 


Then the sequence {u"},, © K is increasing and |/u”||x = 1. But the sequence 
{u"},,5, does not converge in X and so K is not fully regular. 


Solution of Problem 4.183 
Since K is closed and convex (see Definition 4.123) and v ¢ K, by the strong sep- 
aration theorem (see Theorem 1.5.29), we can find v* € X* \ {0} and « > 0 such 
that 

(u*,v) +e < (v",u) Ywedk, (4.209) 
sO 
(u",v) < -e < 0 

Ne 


(since u = 0 € K; see Definition 4.123 
Let u € K. Then nu € K for all n > 1 (see Definition 4.123) and so from (4.209), 
we have 
(v* vy +é = (o",u) Yn2>1, 


so 
0 < Ww, u)y. (4.210) 


Since u € K is arbitrary, from (4.210) we conclude that v* € K™* (see Definition 4.127). 
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Solution of Problem 4.184 
“==>”: Since u € int K, we can find @ > 0 such that B,(u) C K (where B,(u) = 
{ve xX: |lv—ullx < o}). Then for all u* € K* \ {0}, we have 


(u*,u— oh) > 0 Vhe B, 
(where By = {v€ X: |lullx < 1}), so 
Cr a) 2 ple ay Vhe B, 


and thus 
(u*,u) > ollu"|lx« > 0. 


“<—”: Arguing by contradiction, suppose that u ¢ int K. Since int K is convex, by 
the weak separation theorem (see Theorem 1.5.28) we can find u* € X* \ {0} such 
that 

a og (ure) Vue int Kk, 


sO 
(au) < (@*,v) Vuek (4.211) 


(since int K = K). 
If u* ¢ K* \ {0}, then there exists v € K such that 


(a*,3) < 0. (4.212) 


Because Av € K for all A > 0 from (4.211) and (4.212) we have a contradiction. 
Hence u* € A* \ {0} and from (4.211), we have 


(a*,u) <0 


(by taking v = 0 € K), which contradicts the hypothesis. Therefore u € int K. 


Solution of Problem 4.185 
Since X is separable, the dual unit ball Bj = {u* € X*: |lu*||, <1} furnished with 
the relative weak topology is compact and metrizable. So, the set D* = k*/M Bi isa 
compact and metrizable space too, hence separable. Suppose that UE tis C D* is 
w*-dense in D*. Let 
C=) Se € DC K. 
ne>1 


If for some u € K \ {0} we have (u*,u) = 0, then 


(uz) = 0  Vn>1, 
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so 
ia’, u) = 0 Vu" e D*, 


thus 
(u*,t) 


0 Vue k*, 


which contradicts Remark 4.128. 


Solution of Problem 4.186 
Let uo € intK and let @ > 0 be such that B,(uo) C K (where B,(uo) = 
{we X: ||lu—uollx < o}). For any u € X, we have 


Ug = fu € K. 


Let vy} = all x (uo + ¢ u) € K and v2 = Hull (uo o u) € K. We have 


Solution of Problem 4.187 
Since y maps [ug, vo] into itself, we have 


uo < yuo) and yl) < vw. 


Suppose that condition (i) holds. Then the sequence { vo!) (ug) } C [uo, vo] is 


increasing. The regularity of kK implies that 


n2>1 


un = y™(uo) —> y € [uo,vo] in X, 


y(un) —> vy) 


(since y is continuous). But y(un) = pt) (ug) — y. So, y = vy). 

Next suppose that condition (ii) holds. Then the set [uo, vo] is bounded (see 
Problem 4.181(g) and recall that K is normal), closed, and convex. So, invoking 
Theorem 4.105, we conclude that y has a fixed point. 
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Solution of Problem 4.188 
Let 
S = {we y([uo, vo]): u< p(u)}. 
Note that uo < y(uo), hence y(uo) < y(p(uo)) and so p(uo) € S, which means that 
S#). Let CC S bea chain. We have 
Clos = ~([uo, vol), 


so CC X is relatively compact, hence separable. 
Let D = {un}ns1 © C be a dense sequence and let 


Yn = max{u,...,Un}EC YVn>1 


(recall that C C S is a chain). So, passing to a suitable subsequence if necessary, we 
may assume that y, —> u* in X, so 


ux € C CS C luo, vol) C [uo, vol. 
Since un < Yn < u*, we have u < u* for all u € C and so 
u< y(u) < y(u*) Vuec, (4.213) 
so y(u*) is an upper bound for C. From (4.213), we have 
Yr < vu") Vnel, 


sO 


and thus 

glu") < vl(yu")) 
and so y(u*) € S. Therefore y(u*) is an upper bound of C' in S. Invoking the 
Kuratowski-Zorn theorem (see Theorem 4.120), we infer that S has a maximal ele- 
ment u € S. We have 

u< p(w), (4.214) 

so 

g(t) < gly) 
(since y is increasing), thus y(w) € S. From the maximality of WU and (4.214) we 
conclude that y(u) = w. 
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Solution of Problem 4.189 
Let S = {u € y([un, vo]) : wu < y(u)}. From the solution of Problem 4.188, we know 
that S has a maximal element wu € S such that y(u) = wu. We claim that @ € S is 
the maximal fixed point of ¢ in [ug, vo]. To this end let u € [uo, vo] be a fixed point 
of y. Since by hypothesis AK is minihedral (see Definition 4.125(e)), we have that 
h = {u,u} exists and we have 


u = pu) < oh), U = lu) < ofr), (4.215) 
thus 
< y(h), 


h 
hence y(h) < y(y(h)) and also y(h) € S. The maximality of U in S implies that 
y(h) = u and so u < U (see (4.215)). This shows that w € [uo, vo] is the maximal 
fixed point of y in [uo, vo]. 

In a similar fashion, let T = {v € y([uo, vo]) : y(v) < v} and use the Kuratowski— 
Zorn theorem (see Theorem 4.120), to produce a minimal element v € T of T such 
that y(v) = v. Then reasoning as above we show that U € [uo, vo] is the minimal 
fixed point of y in [uo, vo]. 


Solution of Problem 4.190 
Let h: [0,1] x (QQ K) —+ K be defined by 


h(t,u) = tp(u) V (t,u) € [0,1] x (QN K) = (0,1) x ON K. 


Evidently h is continuous and h(t,-) is y-condensing for every t € [0,1] (see Defini- 
tion 2.31). By hypothesis, we have 


h(t,u) # u —-V (t,u) € [0,1] x (OQNK). 


So, by the homotopy invariance property of the fixed point index (see Theo- 
rem 4.136(c)), we have 


Hoh, A) = 70 Ob, A) = 1 


(since 0 € ON K; see Theorem 4.136(a)). 
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Solution of Problem 4.191 
From the Dugundji extension theorem (see Theorem 2.8), there exists a compact map 
g: AN K —> K such that 


Gloone = g and g(QNK) C convg(QN K). 


We claim that 
uly > 0. (4.216) 


u€conv re 
Let Y = span g(0QN K). Since g(0QN K) is relatively compact, the space Y C X is 


separable. Let Ky = K NY. Then conv g(0QN K) C Ky. Invoking Problem 4.185, 
we can find y* € Y* such that 


Gy) > 0 Wye Ky \ {0}. 
Let m = inf _(y*,y). Suppose that m = 0. Then we can find a sequence 
yeg(OQnkK) 
{Yn}nsi S g(OQN K) such that (G*, yn) —+ 0. Since the set g(0QN K) is compact, 
passing to a subsequence if necessary, we may assume that y, —> 7 € Ky and so 


O's Gn) —_ (y", 9) = 0, 
so y = 0 and y,, —> 0, a contradiction to hypothesis (i). Therefore m > 0. We have 
GU ,y) >m-> 0 Vy € conv g(0QNN K). (4.217) 


The set conv g(0QN AK) C X is compact (by the Mazur theorem; see Theorem I.5.58) 
and so, we can find u € conv g(0QNM K) such that 


inf = |/ullx. 4.218 
secon egy lll: = llx (4.218) 


Then we have 
(7 ,u) >m-> 0 


(see (4.217)), so 
lax > 0. 


From (4.218) we infer that (4.216) holds. Hence 
inf |lg(u)||lx = m > 0. (4.219) 
ueQnk 
If i(y, QNK, K) F 0, then using hypothesis (ii) and the homotopy invariance property 
of the fixed point index (see Theorem 4.136(c)), we have 
i(pt+tg,QNK,K) = i(y,QANK,K) #0 Vt>0. (4.220) 


Let 8= sup |lullx, y= sup ||y(u)||x and ts Bry > 0 (see (4.219)). Then 
uEennk uEennk 


i(p +tg,QNK,K) # 0 


792 Chapter 4. Degree Theory and Fixed Point Theory 


(see (4.220)). Then by the solution property of the fixed point index (see Theo- 
rem 4.136(d)), we know that there exists u € QM K such that 


y(t) + tg(@) = &, 
sO 


f= Ie@Ix < BY 
P= To@lx Sam 


a contradiction. So, we conclude that i(y, QM K, kK) =0. 


Solution of Problem 4.192 
Suppose that we can find Ao > 0 and wp € OLN EK such that 


uo — p(uo) = Aov(uo), 


so . 
Aouo = ¥(uo), 
with 0 a i € (0, 1], which contradicts hypothesis (ii). Therefore 


u—y(u) # Ay(u) VA20, we OONK. 


This fact and hypothesis (i) permit the use of Problem 4.191. So, we have 


Solution of Problem 4.193 
Let h: [0,1] x Q —+ X be defined by 


R(t,u) = (1—t)yp(u)+tu ‘V(t, u) € [0,1] x &. 
Suppose that we can find to € [0,1] and ug € OE such that 
(1 —to)p(uo) + tov = uo, 
so to # 1 (recall that v € Q), thus 


which contradicts the hypothesis. Hence 
A(t,u) Au WteE [0,1], we aa. 


Using the homotopy invariance property of the fixed point index (see Theo- 
rem 4.136(c)), we have 
Hg O,Ky =] 0,0, 4K) = 1 
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(see Theorem 4.136(a)). 


Solution of Problem 4.194 
Consider the homotopy h: [0,1] x Q —> X defined by 


A(t,u) = (1—t)y(u)+tv —-V (t,u) € [0,1] x 2. 
By hypothesis, we have 
h(t,u) £u W(t, u) € [0,1] x Q. 


So from the homotopy invariance property of the fixed point index (see Theo- 
rem 4.136(c)), we have 


(since v € K \Q). 


Solution of Problem 4.195 
We have 


i@,C,C) = 1. (4.221) 
Also, from Problem 4.193, we have 
UGA) = i(e,he,0)-= 1 (4.222) 


Then from (4.221), (4.222) and the domain decomposition property of the fixed point 
index (see Theorem 4.136(c)), we have 


(yp, C\O4U02,C) = i(y,C,C) — i(y, 41, C) — i(y,Q2,C) = 1. (4.223) 


From (4.222), (4.223) and the existence property of the fixed point index (see Theo- 
rem 4.136(d)), we see that y has at least three fixed points 


uy € Oy, ugEQe and ug €EC\ OUD. 
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Solution of Problem 4.196 
We claim that 


inf _|ju—Lullx = m > 0. (4.224) 
ucoBink 


Arguing by contradiction, suppose that we could find a sequence {Un}n>1 COB\NK 
such that 
lun — L(un)||_x —> 0. (4.225) 


As in Problem 3.1 we can check that L maps bounded sets of K into relatively compact 
sets. So, we may assume that 


L(un) > y mX, 


so 
Un —> y inxX 


(see (4.225)), thus y € 0B, NK and y = L(y), a contradiction to the hypotheses. 
So, we see that (4.224) is true. From (4.224), we have 


ju — Lullx > mlilullx Vue k. (4.226) 
Let ro > 0 be such that 
lo(u) — L(w)|lx < Fllulx Vue Bk. (4.2277) 
Then we have 


|lu—(te(u)+(1—-t)L(u))| x2 |]u-L(u)||x—-#]e(u)—L(u) || x 
> miullx —Fllullx=Fr > 0 V (t,u) € [0,1] x OK,, r € (0,70 


(see (4.226) and (4.227)). Using the homotopy invariance property of the fixed point 
index (see Theorem 4.136(c)), we have 


UO, Pg I) = WE, Fp |} Vr e (0,70. (4.228) 
But from the hypotheses and Problem 4.190, we have 
HL he) = 1 Vre (0,7rol, 


so 
WD, Ke) = Vr eé (0,7ro] 


(see (4.228)). 
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Solution of Problem 4.197 
By hypothesis we can find A > 1 and y € K \ {0} such that 

L(y) = dy. (4.229) 


We claim that 
u—L(y) = ty Vue kK \ {0}, ¢>0. (4.230) 


First note that if (4.230) is true for some u € K \ {0} and t > 0, then t > 0. Also, 


from (4.229), we have u > ty. Let to = sup t. We have 
ubty 


u = L(u)+ty > L(toy)+ty = (tot ty 


(see (4.229)). Since Ato + t > to, we contradict the definition of to. Therefore (4.230) 
holds. Then Problem 4.191 implies that 


i(L,Ky,K) =0 Vr>0 (4.231) 


On the other hand, as in the solution of Problem 4.196, we can show that there exists 
ro > 0 such that 


i(y, Kp, K) = i(L,K,,K)  Vre(0,ro] (4.232) 
(see (4.228)). From (4.231) and (4.232), we conclude that 
i(y,Kr,K) =0 Vre(0,rol. 


Solution of Problem 4.198 

Let C C X be a bounded above set and let {Un}nst C C be a sequence dense in C’ 
(recall that X is separable). Set yn = sup{wi,...,tUn} for all n > 1 (these suprema 
exist since by hypothesis K is minihedral; see Definition 4.125(e)). We have 


Yi S yo Ses Sm Ss. SA, 


for some h € X. The regularity of K (see Definition 4.125(c)) implies that y, —> y 
in X. We claim that y = sup C. Clearly, we have 


Un < Yn < y Vn2>1. (4.233) 
Let v € C. Then, we can find a subsequence {tn, }x>1 Of {Un}zy1 Such that 
Un, —?> v in xX, 


so uv < y (see (4.233)) and thus y is an upper bound of C. 
If w € X is another upper bound of C, then 


Un < w Vnel1, 
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so v < w and thus v = supC € X. Therefore C is strongly minihedral (see 
Definition 4.125(f)). 


Solution of Problem 4.199 

Let S = {ué [uo, vo]: u< y(u)}. Evidently ug € S and vp is an upper bound 
for the set S. Since by hypothesis AK strongly minihedral (see Definition 4.125(f)), 
supS =ue xX. We claim that U is a maximal fixed point of y in [uo, vo]. For any 
u € S', we have 


sO 
ua < v(uo) < v(u) < v(t) < vlv) < vu 
U 


(since y is increasing), thus u < y(u). As u = sup S, we have 


S) 
IN 


y(u), 
sO 


y(t) < (ya) 
(since y is increasing), thus y(w) € S and hence u = y(u) (since U = sup S). 


Let y € [uo, vo] be any other fixed point of y. Then y € S and y < u. Therefore 
u is the greatest fixed point of y in [uo, vo]. 

Similarly, if T = {uv € [uo, vo] : y(v) < v}, then working as above we show that 
v = inf T exists and is the smallest fixed point of ~ in [uo, vo]. 


Solution of Problem 4.200 

From Problem 4.199, we know that y has a maximal fixed point U and a minimal fixed 
point U in [uo, vo]. Moreover, if S = {u € [uo, vo]: u < y(u)}, then w is a maximal 
point in S (see the solution of Problem 4.199). Let wu € [uo, vo] be a fixed point of y. 
Since K is minihedral (see Definition 4.125(e)), sup{u, u} = h exists. We have 


w= y(t) < vlh) and uw = glu) < y(h) 
(since y is increasing), so h < y(h) and thus h € S. Since K is minihedral, as above 
w = {u,h} exists and belong in S. The maximality of u implies that U = w, soh < 4, 
thus u < u, which means that U is the greatest fixed point of y in [uo, vo]. 
Similarly, using the set T = {uv € |[uo, vo]: y(v) < v}, we show that the minimal 
fixed point U € [ug, vo] is in fact the smallest fixed point of y in [uo, vo]. 
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Solution of Problem 4.201 
Let 7 = sup ||y(w)||x > 0 and consider the map w: 02M kK —> K defined by 
uecoQnk 


_ plu) 


By hypothesis (ii), w is compact. Let w: QAK =QNK — K be the compact 
extension of w postulated by the Dugundji extension theorem (see Theorem 2.8). 
From Problem 4.191, we have 


i(,Q0K,K) = 0. (4.234) 


We consider the compact homotopy h: [0,1] x (QN K) —> K defined by 


n 


A(t,u) = ty(u)+(1—t)v(u) V(t, u) € [0,1] x (QNK) = [0,1] x QNK. 
Hypothesis (i) implies that 
u # h(t,u) —*V (t,u) € [0,1] x (QQN K). 


So, the homotopy invariance property of the fixed point index (see Theorem 4.136(c)) 
implies that x 
i(~p,QNK,K) = iW,QNK,kK), 


so i(p,QN K, K) = 0 (see (4.234)). 


Solution of Problem 4.202 
Since y is increasing, we have 


uo < Uf... LK Un KL... TK Un Kf... TK VU K Vw. 


The normality of K implies that [uo, vo] C X is bounded (see Problem 4.181(g)) and 
so the set D = {un : n >1} C X is bounded and D = y(D) U {uo}. So, we have 


thus y(D) = 0 (since y is 7-condensing; see Definition 2.31)) and the set D is relatively 
compact. 
Therefore, we can find a subsequence {tn, }k>1 Of {Un}»>1 for which we have that 


Un, —> VU inxX, (4.235) 


sO 
Un <T< um VneIl. (4.236) 
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For n > nz, we have 
OX V— te & P— Ung 


so 
IO — un|lx < e1|/0 — un, |x 


(since K is normal; see Definition 4.125(b)), thus 
Un —> vv nxX 


(see (4.235)). Recall that uy, = y(un_1) for all n > 1, so 


(since y is y-condensing; see Definition 2.31). 
Similarly, we have 


n 


U, —> U inX and Uw = (U). 


Let u € [uo, vo] be a fixed point of y. Then 


Un < U < Un Vn>1 


Solution of Problem 4.203 
Evidently Fix (y) is weakly closed and we have Fix (vy) = y(Fix (y)). Therefore, we 
have €(Fix (y)) = 0 and so Fix (vy) is w-compact. 

Let uo € C and let 


= {DE P;.(X): up € D and p(D) CD}. 


Note that Yo 4 @ since C € Yo. Let D= () D. Then the set DCX is closed, 
DEYVo 


convex, and ug € D. If u € D, then u € D for all De Yo and so y(u)_€ D for 
all D € \Y (recall the definition of Yo). Hence y(D) C D. Note that D C C is 
w-compact. Indeed, if €(D) > 0, then €(y(D)) < €(D). We set 


D = conv (p(D) U {uo}). 


Then D C D and so y(D) Cc y(D) C D. Therefore D € Yo and so D C D. We 
conclude that D = D. But from Proposition 2.34, we have 


&(D) = &(conv(y(D) U {uo})) = &(~(D)) < ED) = E(D), 


a contradiction. This proves that De Pwkc(X). Invoking the Tichonov fixed point 


4.3. Solutions 799 


theorem (see Theorem 4.101), we conclude that vy: D — D has a fixed point and so 


Fix (vy) 4 @. 


Solution of Problem 4.204 
We argue as in the solution of Problem 4.203. Let uo € C and let 


Yo = {DE Py-(X): uo € D and y(D) C D}. 


Since C € Yo, we have that Yo ~ @. Let D= () D. As in the solution of 
Deo 
Problem 4.203, we introduce 


D = conv (p(D) U {uo}). 
Using the hypotheses on y, as in the solution of Problem 4.203, we obtain 
D = D € Prype(X). (4.237) 


We have that y(D) C D and we claim that the set y(D) C X is relatively compact. 


n 


To see this, let {Yntnsi C p(D). We have 
Yn = 0(tn) withtun€D Vn. 


From (4.237) and the Eberlein—Smulian theorem (see Theorem 1.5.78), by passing to a 
suitable subsequence if necessary, we may assume that uy, —> u. Then condition (W) 
of y implies that the sequence {Ynkn>1 admits a strongly convergent subsequence. 


n 


Hence y(D) is relatively compact in X. Since y is continuous, invoking the Schauder 
fixed point theorem (see Theorem 4.89), we conclude that y has a fixed point. 


Solution of Problem 4.205 
First we show that u+—> (I, —)(u) is a homeomorphism of X onto X. To this end, 
for any h © X, let Vz: X —> X be defined by 


Up(u) = vlu)t+h Vuex. 


We have 
|Pr(u) -— Pr(vilx < n(lu-vlx) Vuvex 


(see hypothesis (ii)). Problem 4.83 implies that YJ, has a unique fixed point u € X, 
that is, 
u = Yu) +h, 
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sO 


thus I, — w is surjective on X. 
Ifu,v € X and u¥ v, then 


I(u— vu) — (vu Pyle 2 lu vllx — [l(@) — de) ILx 


2 |lu-vllx —n(lu—vllx) > 9, 


so I, — w is an injection and thus we can define (I, — w)71. 
Finally we show the continuity of (I, — ~)~!. So, let 


Ty a wb) (Un) —_ om — w)(u) in X. 


Suppose that limsup ||u, — ul|x =t. Then 
n—>+00 


Ix — 0) (un) -— Tx — 2) (u)Ilx 2 lun —ullx — (lun —ullx) Vn>I, 


so 0 > t—7(t), thus t = 0 and hence u, —> u in X. This proves the continuity of 
(I,, —)~1 and we conclude that the map u+-> (I, — )(u) is a homeomorphism. 

We set f(u) = (1, —)~1 0 y(u) for all u € C. For any h € C, from the first part 
of the solution we know that there exists a unique u € X such that 


g(h) = u— vu), 
so u € C (see hypothesis (iii)) and thus f(C) C C. Evidently f is continuous. 
Also, if {un}nsi G C is a sequence such that un —“; u, then by hypothesis (i) 
(in particular condition (W); see Problem 4.204), the sequence { y(un) },5, admits 


a strongly convergent subsequence. The continuity of (I, — ~)~! implies that the 
sequence { (I, — W)~'(y(un))},., is strongly convergent. Therefore the function 


urs fu = T-¥)* oglu) 


satisfies condition (W) (see Problem 4.204). 
We have 


f= (k-v) lop = ot+po(k —v) tog. (4.238) 
So, if D C C is such that €(D) > 0, then 
f(D) © 9(D)+v(F)) 
(see (4.238)), thus 
&(F(D)) < &(e(D)) + €W(F(D))) < RED) + n(E(F(D))) (4.239) 
(see Proposition 2.34 and hypotheses (i) and (ii)). 
If k =0, then €(f(D)) =0. 
If k € (0,1), then from (4.239) and hypothesis (ii), we have 
&(f(D)) < ke(D) + (1 — k)g(F(D)), 


so €(f(D)) < €(D). 


Therefore f is €-condensing. Hence we can use Problem 4.204 and conclude that 
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f has a fixed point wu € C, that is, 7 = f(@), hence @ = p(w) + W(u). 


Solution of Problem 4.206 
Let R > 0 and let r: X —> X be defined by 


Ss if |lully < R, 
T(U) = 


Tax if |lullx >R 


(that is, r is the R-radial retraction). Then r is continuous and r(X) C Br (where 
Br={uEX: |lullx < R}). Let y-: Be —> Bp be defined by y, = (ro laa 
Clearly y, is continuous and satisfies condition (W), since y does. 

Let D C Br be a set such that €(D) > 0. For u € D, we have two possibilities: 


(1) |\v(u)||x < Rin which case 
r(p(u)) = ylu) € y(D) © conv (y(D) U {0}) 
(2) ||~(u)||x > R in which case 
r(p(u)) = qed e(u) € e(D) © conv (y(D)U {0}). 
Therefore, we have established that 
yr(D) © conv (y(D) U{0}), 


so 
E(pr(D)) < &(p(D)) < €(D) 
(see Proposition 2.34), thus , is €-condensing. Now, we can use Problem 4.204 on 
the map y;: Br —> Br and obtain U € Br such that U = »,(u). 
If y(t) € Br, then 


u = r(u) = r(p(t)) = lu) 
If y(u) ¢ Br, then 
@ = ert) = qe e@) 
and so & is a solution of 
u = tp(u), 
with ¢= obe € 0.0), R= |lallx. 


So, if there is no u € Br such that u = y(u) for every R > 0, then from the above 
argument we see that for some t € (0,1) the set {ue X : u=ty(u)} is unbounded. 
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Solution of Problem 4.207 
Let ¢ € (0,1) and consider the maps y: C —> X and tw: X —>+ X. Then for this 
pair, we can use Problem 4.205 and produce tw € C’ such that 

te = p(t) + tou). 


Let {tn}ns1 C (0,1) be such that tp —> 1 and let tp, = %,, € C for alln > 1. We 
have 
tin = O(n) +inP(Gn) Vn21. (4.240) 


Let D = {U, : n> 1} and suppose that €(D) > 0. Then we have 


E(D) = €v(tin) + tn (tin) + n 2 1) 

E(p(D)) + trE(W(D)) = tr€((D)) 

E(¥(D)) < €(D) 

(see Proposition 2.34, (4.240), hypotheses (i) and (ii) and recall that t, < 1), a 
contradiction. Therefore, €(D) = 0 and so the set D is relatively w-compact. Thus, 


by the Eberlein-Smulian theorem (see Theorem I.5.78) and by passing to a suitable 
subsequence if necessary, we may assume that 


lin —> HEC inX. (4.241) 


< 
< 


We have 
p(n) —> pu) in Xx 
(see hypothesis (i)), so 
(I, —tnW)(tn) —> y(%@) in X. (4.242) 


Note that since C C X is bounded and w is nonexpansive, we have that the sequence 
{v(tin) kn>1 G X is bounded. We have 


(1 —tn)|lY(@Un)Il_x — 0. (4.243) 
Hence 
I(x — ¥) in) — e@)|Lx 
I(x — Y) (tin) — Tx = tnth)(tn) IIx + Il = tr) (tin) — P@)|Lx 
(1 — tn) |b(Gn)ILx + Ix — tr) (tn) — P@)||x — 0 
(see (4.242) and (4.242)), so 
(1, —v)(tn) — gu) in X. (4.244) 


Since I, — ~ is demiclosed (see hypothesis (iii)), from (4.241) and (4.244), we infer 
that 


x 


(x —¥)(@) = 9(u) 
(see Definition 4.77) and thus u = p(w) + (wu). 
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Chapter 5 


Variational and Topological 
Methods 


5.1 Introduction 


5.1.1 Minimization Methods 
Let X be a set and let yp: X —> R = RU{-+00} be a map. One of the main problems 


of the Calculus of Variations is to find the minimum value 


my) = inf o(u) 


and also investigate the set of minimizers, that is, 


S(~) = {uEX: my) = v(u)}. 


The classical way to approach this problem is the so-called direct method of Tonelli. 
This method consists of determining a suitable topology on X for which the function 
y is lower semicontinuous and coercive. 

We have already encountered the notion of lower semicontinuity (see Defini- 
tion 3.55). For completeness we recall it here. 

Let (X,7) be a topological space (7 denotes the topology). Recall that all topolo- 
gies considered in this book are Hausdorff. Given u € X, by N(u) we denote the 
filter of open neighborhoods of u. Since we will be dealing with R = RU {+o0}- 
valued functions y, we always assume that y is not identically +00. Finally 
domy = {we X: yl(u) < +00} (the effective domain of y) 


Definition 5.1 

(a) We say that p = X —> R is t-lower semicontinuous at u € X, if for every 
AER with » < ¢y(u), we can find U € N(u) such that \ < ~p(u) for allu € U. 
We say that y is T-lower semicontinuous, if it is T-lower semicontinuous at 
everyue X. 
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(b) We say that p = X —> R is sequentially r-lower semicontinuous atu € X, 
if for every sequence {Un}nd1 CX such that u, —> u in X, we have 
ae 
e(u) < liminf p(un). 


We say that y is sequentially 7T-lower semicontinuous, if it is sequentially 
T-lower semicontinuous at everyuce X. 


Remark 5.2 

Evidently 7-lower semicontinuity of y is equivalent to saying that for every 4 € R, 
the sublevel set Ly, = {ue X: y(u) < A} is r-closed. Also y: X —> R is 7-lower 
semicontinuous at u € X if and only if 


y(u) = sup inf y(u). 
UEN(u) veU 


We say that y is T-upper semicontinuous, if —y is T-lower semicontinuous. 


Definition 5.3 
Let Tseq be the topology on X, for which closed sets are the sequentially T-closed sets. 


Proposition 5.4 

(a) Tseq 18 the strongest topology on X for which convergent sequences are the 
T-convergent sequences. 

(b) T C Tseq and the two are equivalent if and only if rT is first countable (see Defini- 
tion 1.2.24). 

(c) p: X —R is sequentially r-lower semicontinuous if and only if it is Tseq-lower 
semicontinuous. 


Definition 5.5 

(a) We say that p = X —> R is T-coercive (or T-inf-compact), if for every X € R, 
the set Lh ={uE X: y(u) < A} is relatively r-compact. 

(b) We say that p = X —> R is sequentially t-coercive, if for every \ € R, 
the set Lx = {ue X: plu) < A} ts relatively sequentially t-compact (that is, 
relatively Tseq-compact ap 


The direct method is summarized by the following theorem. 
Theorem 5.6 
If p: X —>+ R is r-lower semicontinuous and T-coercive (respectively sequentially 


t-lower semicontinuous and sequentially T-coercive), 
then there exists ug € X such that 


y(uo) = my) = inf plu) 


(that is, S(y) £0). 
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So far we have used only a topological structure of X and correspondingly on the 
function y. In what follows, we will introduce more structure on both the space X 
and the function y. First we recall the following notion (see Definition 3.21). 


Definition 5.7 

Suppose that X is a Banach space, U C X is a nonempty open set and yp: U —>R 
is a function. We say that ug € U is a local minimum (respectively maximum) of 
yp if there exists r > 0 such that 


plu) 2 pluo) (respectively p(u) < y(uo)) Vue Br(uo), 


where B,(up) ={uE X: |lu—uollx <r}. We say that u € X is a local extremum 
of vp if it is a local minimum or local maximum of . 

If the above inequalities are strict for all u € B,(uo) \ {uo}, then we say that 
we have a strict local minimum (respectively strict local maximum) and strict 
local extremum in both cases. If the inequalities are true for allu € X, then we 
say that we have a global minimum (respectively global maximum) and global 
extremum in both cases. 


Remark 5.8 

It is always possible to pass from a maximization problem to a minimization one by 
simply replacing y with —y. In what follows we focus exclusively on minimization 
problems. 


Definition 5.9 

Suppose that X and Y are two Banach spaces, U C X and V CY are nonempty 

open sets and p: U —> V is a Fréchet differentiable map. 

(a) We say that up € U is a critical point of ¢ if y' (uo) € L(X;Y) is not surjective. 
Then p(uo) € V is a critical value of vp. 

(b) We say that up € U is a regular point of ~ if y'(uo) € L(X;Y) is surjective. 
Then y(uo) € V is a regular value of vp. 


Remark 5.10 

Note that, if Y = R, then uo € U is a critical (respectively regular) point of the 
function y: U —> R if and only if y’(uo) = 0 (respectively y’(uo) 4 0) (see Defini- 
tion 3.42(b)). 


The next result is the classical Fermat condition for local extremal points. So, for 
differentiable functions, the local extremal points are necessarily contained in the set 
of critical points of y (see also Proposition 3.25). 


Proposition 5.11 

If X is a Banach space, U C X is a nonempty open set and yp: U—>R is a Fréchet 
differentiable function, 

then every local extremal point of yp is a critical point of yp. 


If we improve the structure of y, then we can say more (see also Proposition 3.40). 


808 Chapter 5. Variational and Topological Methods 


Proposition 5.12 

If X is a Banach space, U C X is a nonempty open set, p € C?(U;R) and up € U 
is a local minimum point of yp, then 

(a) y'(uo) = 0 (that is, uo is a critical point of yp; see Proposition 5.11). 

(b) yp" (uo) € L(X x X;R) = L(X; X*) is nonnegative definite, i.e., 


g"(uo)(h,h) = (p"(uo)h,h) > 0 VheXx. 
In fact this result almost has an inverse. 


Proposition 5.13 

If X is a Banach space, U C X is a nonempty open set, p € C?(U;R) and for 
uo € U, we have 

(i) uo is a critical point of p (i.e., y' (uo) = 0); 

(it) y"(uo) ts positive definite, i.e., 


inf (p"(uo)h,h) > 0, 
hex 
\|hllx =1 


then y has a strict local minimum at ug € U. 


For convex functions, stronger results hold. 


Proposition 5.14 

If X is a Banach space, U C X is a nonempty, open, convex set, p € C'(U;R) is a 
convex function, 

then every critical point of yp is a global minimum. 


Remark 5.15 
For strictly convex functions, the global minimum is unique. 


In many situations in the Calculus of Variations, we must find critical points of a 
functional y in the presence of constraints, that is, critical points of y restricted to 
a set of constraints M C X. This requires for M to have a differentiable structure. 
This leads to the notion of differentiable manifolds modeled on a Banach space. 


Definition 5.16 

Let X be a Banach space. A topological space M is a C*-Banach manifold modeled 
on X, if there is an open cover {U;}ier of M and a family of maps {Wi: Ui — X fier 
such that: 

(a) W: U; —> Vi = ui(U;) is a homeomorphism; 

(b) bj od; ): Wi(U;N Uj) — j(UiNU;) is of class C*. 

The pairs (Ui, Wi), fori € I, are called charts and the maps 1; ° Ww, are changes 
of charts. The pair (Vi, wv; 1) is a local parametrization (or local coordinates) 
of the elements of M. If X =R", then M is an n-dimensional C*-manifold. 
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Remark 5.17 

In fact, we can be more general and allow each map w; to map U; to a possibly different 
Banach space X;. The basic idea behind the above definition, is to introduce a local 
object which will support the operation of differentiation and then patch these local 
objects together smoothly. 


An important example of a differential manifold is the tangent bundle of a 
C!-manifold. There are several alternative ways to define this. Here we use the 
so-called tangent curves approach. 


Definition 5.18 

Let M be a C'-Banach manifold and let u € M. A curve at u is a Cl-map 
ao: I —+ M (where I is an open interval in R with 0 € I) such that o(0) = u. 
Let 01,02 be two curves at u. We say that 0, and og are tangent at u © M if there 
is a chart (U,w) with ue U such that 


(Woo1)'(0) = (oo2)'(0). 


Remark 5.19 

In fact it is easy to see that o, and o2 are actually tangent with respect to any chart 
(U,w) with u € U. The notion of tangency at u € M is an equivalence relation among 
curves at u. An equivalence class of such curves, is denoted by [o], with o being a 
representative of the class. 


Definition 5.20 
Let M be a C'-Banach manifold and let u€ M. The tangent space of M at u is 
the set of all equivalence classes of curves at u 


TuM = {lolu: o is a curve atu}. 
The tangent bundle TM of M is defined by 


TM = U TM. 
uceM 


The map Tu: TM — M defined by 
Tu(lolu) = u Ee M 
is the tangent bundle projection of M. 


Remark 5.21 
From the above definition, it follows that T,,M is a Banach space homeomorphic to X. 


Definition 5.22 

Let M and N be two C*-Banach manifolds and let f: M —> N be a map. We say 
that f is m-times differentiable (m <k), if pjo fo wy, is C™ whenever it is defined 
(here, as usual. (Uj, yi) and (U;,W;) are charts). 
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Remark 5.23 

Using the chain rule, we can see that his definition is independent of the special 
choice of charts. Note that the above definition establishes the differentiability of f, 
but does not produce the derivatives of f. This is done below using the notion of 
tangent space introduced in Definition 5.20. 


Definition 5.24 
Let M and N be two C!-Banach manifolds and let f: M —+ N be a C!-map. The 
differential of f atu ec M is defined by 


df(u)([o]u) = [fee] piu): 
Evidently df(u) € L(TuM,T yu) N) for allue M. 


Proposition 5.25 

If M,N, and E are three C!-Banach manifolds and f: M —> N, g: N — E are 
C!-maps, then 

(a) go f:M — E is a C}-map; 

(b) for every u € M, we have 


d(go f)(u) = dg(f(u)) o df(u) 


(chain rule); 

(c) ifh: M —+ M is the identity map, then for every u € M, df(u) is the identity 
map on TM; 

(d) if f: M — N is a diffeomorphism, then for every u € M, df(u): TuM — 
Tr(u)N is an isomorphism and 


df(u)* = df~*(u). 
Next we present an important example that we encounter in applications. 


Example 5.26 

Let X be a Banach space and let M C X be a C!-Banach manifold. Let y € C!(X) 
and yy = »|,,- Then for every u € M, dpuw(u) € £(T..M;R) is the restriction of 
y'(u) € L(X;R) = X* to T,M. If X is a Hilbert space, then dyjy(u) defines the 
constrained gradient of vy at u be setting 


(Vem(u),h) = dym(u)(h) VheTumM, 


with (-,-) denoting the inner product of X. Hence the relation between the con- 
strained gradient Vyjy(u) and the free gradient Vy(u) is given by 


(Vom,h) = (Vy(u),h) VheT,M, 


which means that Vyac(u) is the orthogonal projection of Vy(u) on T,,M. 
A particular case of interest is when 


M = {wEX: g(u)=0}, 
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where g € C*(X;R) with g/(u) 4 0 for all u€ M. Then M is a C*-Banach manifold 
of codimension 1 (that is, it is modeled on a subspace of codimension 1 in X) and 
TM is given by 


TM = kerg'(u) = {ve X: (g'(u),v) =0}. 


The next theorem provides a generalization of this particular example. First a 
definition. 


Definition 5.27 

Suppose that X and Y are two Banach spaces, D C X is a nonempty open set, 

g: D—Y is a map and ug € D. We say that g is submersion at up (respectively 

immersion at ug) if the following conditions hold: 

(a) g is continuously differentiable in an open neighborhood of uo; 

(b) g'(uo) is surjective (respectively g'(ug) is injective); 

(c) ker g'(uo) is complemented in X, i.e., there exists a closed linear subspace V C X 
such that X = ker g’(up) ®V (respectively R(g'(uo)) is complemented in Y, i.e., 
there exists a closed linear subspace Z CY such that Y = R(g'(uo)) @ Z). 


Remark 5.28 
Condition (c) means that there exists a continuous projection operator from X onto 
ker y' (ug) such that 

X = kery’(uo) 6 (Ly — P)(X). 


Similarly for R(y’(uo)) in the case of an immersion. We recall that a closed linear 
subspace of a Banach space is complemented, if it is finite dimensional or it has 
finite codimension. Also, if X is a Hilbert space, then ker y/(uo) is complemented 
since it is always a closed subspace. 


We can now state the extension of the situation described in Example 5.26. 


Theorem 5.29 (Ljusternik Theorem) 

If X and Y are two Banach spaces, DC X is a nonempty, open set, g: D— Y is 
a function, M={u€ D: g(u) =0} and g is a submersion at every u € M, then 
(a) M is a C!-Banach manifold; 

(b) TuM = ker g/(u) for allu € M; 

(c) if ker g/(uo) = {0}, then uo is an isolated solution of the equation g(u) = 0. 


Next we give the precise definition of a critical point of yyy = ¢|,, for a function 
p: X —R. 


Definition 5.30 

Suppose that X is a Banach space, M C X is a C!-Banach manifold and py: X —>+R 
isa map. We say that uo € M is a critical point of pu = ¥\,,, if $9(o(t))|,29 =0 
for every C!-curve a: (—e,€) —+ M such that o(0) = uo. 


812 Chapter 5. Variational and Topological Methods 


Existence of critical points for a constrained functional, is closely related to the 
existence of Lagrange multipliers. 


Proposition 5.31 

If X and Y are two Banach spaces, D,D C X are two nonempty open subsets of 
X, y: D—+R,g: DY are two maps, M = {ue D: g(u) = 0}, uw € M, » is 
Fréchet differentiable at ug and g is a submersion at uo, 

then up is a critical point of pu = ¢|,, if and only if there exists y* € Y* such that 


g'(uo) — y*og'(uo) = 0. 
An alternative version of this result under weaker conditions is the following one. 


Proposition 5.32 

If X and Y are two Banach spaces, DD C X are two nonempty open subsets of 
X, y: DR, g: D — Y are two maps, M = {ueD: g(u)=0}, uw EM, vy 
is Fréchet differentiable at ug and g is Fréchet differentiable in an open neighborhood 
of up with y+ g'(u) continuous at uo, R(g'(uo)) C Y is closed and uo is a critical 
point of pm = ly 

then there exist \yo € R and y* € Y*, not both equal to zero, such that 


Aoy’ (uo) — y* og'(uo) = 0. 
Moreover, in the nondegenerate case R(g'(uo)) = Y, we can have Ay = 1. 


Now, let X be a Banach space, M C X a C!-Banach manifold and y € C1(X). 
If uo € M is a critical point of the unconstrained functional y, then uo € M is also 
a critical point of yi = y|,,- This is deduced from Definition 5.30 (use the chain 
rule). The converse is not in general true. 


Definition 5.33 
Suppose that X is a Banach space, M C X is a C!-Banach manifold and py € C!(X). 
We say that M is a natural constraint for p if there exists 6 € C!(X) such that 


Guu) = 0 — vg(u) = 0. 


Remark 5.34 
In the light of Proposition 5.32, this means that y* = 0. 


The simple example of the exponential function shows that a smooth function 
which is bounded below, need not attain its infimum. A much better understanding of 
this situation was achieved with the celebrated Ekeland variational principle, which in 
the setting of C!-functionals guarantees the existence of minimizing sequence, which 
consists of almost critical points. 

We start by giving the general form of the Ekeland variational principle, which is 
valid in a general complete metric space. 
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Theorem 5.35 (Ekeland Variational Principle) 

If (X,d,,.) is a complete metric space, p: X —+ R is a lower semicontinuous function 
which is bounded below and % € domy, 

then there exists u€ domy such that 


n 


p(t) +dx(u,u) < vu) 


and 
plu) < plu) +d, (u, 4) VuEex, u#t. 


From this formulation, we can easily derive the following more familiar one. 


Theorem 5.36 (Ekeland Variational Principle) 
If (X,d,.) is a complete metric space, :p: X —+ R is a lower semicontinuous function 
which is bounded below and e > 0, u€ X satisfy 


@) < inf 
elu) < infty te, 
then for every X > 0, there exists u, © X such that 
glu) < plu), dy(uy,u) < A 


and 
plu) < v(u)+fd,(uu) Vuex 


Remark 5.37 
In the above theorem, the conclusions 


d(uy,u) < A and (uy) < vu) + Fd,(u, uy) Vuex 


are in a sense complementary. Indeed, the choice of A > 0 determines a balance 
between the two. So, if \ > 0 is large, the inequality d, (u,v) < 2 gives little 
information on the whereabouts of uy, while the inequality y(u,) < p(u)+ fd, (u, uy) 
for u € X, becomes sharper and says that uw) is close to being a global minimizer 
of y. The situation is reversed when A > 0 is small. If we choose \ = 1, it means 
that we are not interested on the whereabouts of uy, while if we choose \ = /é, it 
means that we need information from both inequalities. 


Corollary 5.38 (Ekeland Variational Principle) 

If (X,d,) is a complete metric space and y: X —> R is a lower semicontinuous 
function which is bounded below, 

then for every « > 0 we can find ue € X such that 


ple) < inf +e and (ue) < y(u) + ed, (u, Ue) Vue X. 


The inequality yp(ue) < p(u) + ed, (u, ue) for all u € X, has a clear interpretation 
when y is defined on a Banach space and it is Gateaux differentiable. 
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Proposition 5.39 

If X is a Banach space, yp: X — R is a lower semicontinuous function, bounded 
below and Géteaux differentiable, 

then for every « > 0, we can find uz © X such that 


eluc) < infe+e and |lyG(ue)lle < 
Proposition 5.40 


If X is a Banach space, p: X —+ R is a lower semicontinuous, bounded below and 
Gateaux differentiable function, ¢ > 0 and uz € X satisfies 


p(ue) < inf p +e, 
then we can find ve © X such that 


G(ve) < ple), |lve—uellx < Ve and |l~e(ve)|le < ve. 


There is a “weighted” extension of the Ekeland variational principle (see Theorem 
5.36). 


Theorem 5.41 
If (X,dx) is a complete metric space, uo € X if fixed, p: X —+ R is a lower semi- 
continuous and bounded below function, €: Ry —> Ry is a continuous nondecreasing 


+00 
function such that J ee] ds =+o00,A>0,¢e>0 anduce X satisfy 
< inf ; 
yp(u) inf +€ 


ro+r 
ro = d,(u,uo) and we fit? >0 such that f 6) ds > 4, 
ro 


then there exists v © X such that 
y(v) < vu), dx(v,uo) < ro+TF 


and 


gv) < vy)4 NATE, (waro Ex (YY) YyexX. 


Remark 5.42 
If €=0, uw =u and7F = X, then Theorem 5.41 reduces to Theorem 5.36. 


Corollary 5.43 
If X is a Banach space, py: X —> R is a lower semicontinuous, bounded below, 


Gateaux differentiable function and €: Ry —> Ry is a continuous nondecreasing 
+00 


function such that [ ds = +00, 
0 


ne 
1+€(s) 
then givene >0 andu€ X satisfying 


< inf 
plu) < infp +e 
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Tr 
and \>0, 7>0 such that f —\—~ds > X, we can find v € X such that 
4 2 et) 


ev) < glu), |lu-ulx < F and [yell < xa: 
Corollary 5.44 
If X is a Banach space, yp: X —> R is a lower semicontinuous, bounded below, 


Gateaux differentiable function and €: R, — R, is a continuous nondecreasing 
+00 

function such that [ aa ds = +00, 
0 


then for every € > 0, we can find uz € X, such that 


. / E 
pte) < infe+e and lea(ue)llk < Tequae- 


5.1.2 Minimax Methods for Critical Points 


We have seen in the beginning of this chapter the importance of compactness in 
variational problems. In infinite dimensional spaces norm compactness is difficult to 
realize (recall that if X is an infinite dimensional Banach space and C C X is a norm 
compact, then int C = (). To overcome this difficulty, following Palais-Smale [12], 
we transfer the compactness requirement from the space X to the function vy itself. 
This reminds us of the situation with compact operators for the spectral theory (see 
Chap. 2) and for the degree theory (see Chap. 4). This approach leads to the following 
definition. 


Definition 5.45 

Let X be a Banach space and let py € C!(X). 

(a) We say that — satisfies the Palais—Smale condition at level c © R (PS-.- 
condition for short), if every sequence {Un}n>1 GX such that p(un) — ¢ and 
vy’ (Un) —> 0 in X* admits a strongly convergent subsequence. We say that y 
satisfies the Palais—Smale condition (PS-condition for short), if it satisfies 
the PS.-condition for every cE R. 

(b) We say that ~ satisfies the Cerami condition at level c € R (C- 
condition for short), if every sequence {Un}yy1 G X such that y(un) — 
c and (1+ €(||un||x))¢’(un) —+ 0 in X* admits a strongly convergent subse- 
quence, with €: Ry —> R, being a continuous nondecreasing function such 


+00 
that J iE a5 = too. We say that y satisfies the Ceramt condition 


(C-condition for short), if it satisfies the C.-condition for every cE R. 


Remark 5.46 

Usually the C-condition is defined with € = I,. The compactness condition originally 
used by Palais-Smale [12] was none of the above. It was the following CPS- 
condition (Palais-Smale [12] called it originally C-condition and it was formulated 
for C?-functions on a Hilbert space; here we state a more general version): 
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Let X be a Banach space and let y € C'(X). We say that ¢ satisfies 
the CPS-condition, if for any subset S C X such that y|, is bounded but 
le’(-)||k|, is not bounded away from zero, the function y has a critical 
point in S. 
Evidently the PS-condition implies the CPS-condition, but the converse is not in 
general true (consider any constant function). 


There are nonsmooth versions of the above compactness conditions. 


Definition 5.47 

(a) Let X be a Banach space and let yp: X —+ R be a locally Lipschitz function. 
We say that ~ satisfies the nonsmooth Cerami condition at level c € R 
(nonsmooth C,-condition for short), if every sequence {Un}n>1 Cc X such 


that y(n) —> c and (1+ |lun||x)m(un) — 0, with m(u,) = min _ |lu*|l. 
u*€0y(un) 


for n > 1, admits a strongly convergent subsequence. We say that —y satisfies 
the nonsmooth Cerami condition (nonsmooth C-condition for short), if 
it satisfies the nonsmooth C.-condition for every cE R. 

(b) Let X be a Banach space and let p € C1(X) and w €T9(X) (see Remark 3.56). 
We say that p+ w satisfies the SC.-condition (with cE R), if every sequence 
{Un}n>1 G X such that p(un)—>x and 


(y! (un), v Un) t o(v) — (un) > —En||v — unl VuvEex, n21, 


with En \, 0, admits a strongly convergent subsequence. We say that y satisfies 
the SC-condition, it if satisfies the SC.-condition for every c € R. 


There is a strict relation between the set of solutions of a boundary value problem 
and the critical points of a certain functional defined on a Banach space. This leads 
to the investigation of the existence of critical points. In general it is not easy to see 
if a given functional defined on an infinite dimensional Banach space has a critical 
point. One effective approach is based on the investigation of the sublevel sets of 
the functional itself. More precisely, differences in the topological properties between 
sublevel sets will imply the presence of critical points. To detect changes in the 
topological structure of the sublevel sets, one uses flows of differential equations, 
in particular the steepest descent flow. The first basic result in the so-called first 
deformation lemma. First we introduce some notation. 

Let X be a Banach space, y € C!(X) and a,c € R with a < c. We set 


Kp = {wEX: y'(u) =0} (the critical set of y) 

KE = {ueKy: ¢(u) =c} (the critical set of ~ at level c) 
po = {uEX: v(u) < c} (the sublevel of ¢ at c) 

Ya = {uEX: aK ¢y(u)} (the superlevel of vy at a) 

Yo = {uEeX: ag yu) <c} 
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Theorem 5.48 (First Deformation Lemma) 
If X is a Banach space, yp € C*(X), -00 <a < ce < +00 (we can have c = +00 if 
a €R) and 


inf lle"(u)||* > 0, (5.1) 
we X 
ag yu) <e 


then y* is a strong deformation retract of p° (see Definition 4.112(b)). 


Remark 5.49 

The above proposition says that if in the interval [a,c] there are no critical values 
of y € C!(X), then the sublevel sets corresponding to the values in this interval, all 
have the same topological structure. If X is a Hilbert space and y € ee R) (that 
is, y is C! and its derivative is locally Lipschitz), following the plan outlined earlier, 
we follow the flow generated by the steepest descent. So, let wu € y° and consider the 


abstract Cauchy problem 
a(t) = Ve(o(t)) _teR 


IVe(o(4) I 


5.2 
o(0)=%. rel 


Here Vy denotes the gradient of y (so, (Vyp(u),h)y = (y’(u),h) for all uh € X, 
with (-,-)y being the inner product of X and (-,-) are the duality brackets for the pair 
(X*, X)). Since by hypothesis Vy is locally Lipschitz, problem (5.2) has a unique 
local flow a: (—d,6) —+ X. We look for the biggest domain of definition of o in the 
future (this is, for t > 0). We have 


Ze(o(t)) = (Veo), o'())y = -1L (5.3) 


We show that o exists on the interval [0, p(w) — a]. Indeed, let [0,b) be the maximal 
forward interval of the existence of 0, with b < y(u) — a. From (5.3) we have 


plo(t)) = y(u)-t >a VteE([0,d). 
But from (5.1), we know that 
|Ve(u)|| Se > 0 Vue yy. 
Hence, from (5.2), we have 
loll < 2 Vte (0,0), 


so o is Lipschitz continuous on X 
Hence lim o(t) exists, contradicting the maximality of [0, b). So, the flow o exists 
t>b- 


on [0, y(u) — a] and we define 


h(t,u) = { a(t(elu) — asa) : ve vhs 


(here we have denoted the flow o as a function of the time t > 0 and of the initial 
condition wu). This is the desired strong deformation (see Definition 4.112(b)). 
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We have presented the argument of the above particular case (X being a Hilbert 
space and y € C. 2H (X;R)), in order to underline the difficulties we face when we are 
in the more general setting of Theorem 5.48. In a general Banach space X, the notion 
of gradient does not exist and y is only C!. We overcome these difficulties with the 
use of the so-called pseudogradient vector field. 


Definition 5.50 

Suppose that E is a metric space, X is a Banach space and wy: E —> X* \ {0} is a 
continuous map. A pseudogradient vector field for y on E is a locally Lipschitz 
map g: EF —+ X such that 


la@llx < ld) and (b(v),9&)) > WOE Vue EB. 


Remark 5.51 
In our case H= {ue X: y'(u) 40} =X\ Ky and y=y’. 


Proposition 5.52 

If E is a metric space, X is a Banach space and yw: E —> X* \ {0} is a continu- 
ous map, 

then a pseudogradient vector field for W exists. 


Remark 5.53 

Such a map exists, but is not unique. Any convex combination of pseudogradient 
vector fields is again a pseudogradient vector field. If X is a Hilbert space and 
pe Ce (X;R), then Vy is a pseudogradient vector field for y. If y is even, then it 
admits an odd pseudogradient vector field. 


Using a pseudogradient vector field and the flow generated by it, we can extend 
the first deformation lemma (see Theorem 5.48) to handle the presence of critical 
points in the strip yt. This leads to the classical deformation lemma. 


Theorem 5.54 (Deformation Lemma) 

If X is a Banach space, p € C!(X), cE R satisfies the C.-condition, €9,9 > 0 and 
U is an open neighborhood of Key 

then there exist € € (0,€0) and a continuous map h: [0,1] x X —> X such that for 
all (t,u) € [0,1] x X, we have 

(a) \|h(t,u) —ullx < 00 +F |lullx)t; 

(6) o(h(t,u)) < glu); 

(c) if h(t,u) Au, then y(h(t,u)) < y(u); 

(d) if |\p(u) — c| > €0, then h(t, u) = u; 

(e) A(1, err) @ yer * UU and A(1, ger \ U) Gg ye * 

(f) h has the semigroup property, that is, h(t,-) oh(s,-) =h(t+,-) for all t,s > 0. 


Remark 5.55 
If KG = 0, then we can take U = @) and so from (e) we have h(1,y°t*) C y**. 
Conclusion (e) says that starting a little bit above a critical level c, you will either 
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bypass the critical neighborhood U and reach a harmless level c — € or else you will 
end up in U, the only place near {u € X : y(u) = c} where topologically interesting 
things can happen. The same deformation result holds if gy: X —> R is only locally 
Lipschitz and satisfies the nonsmooth C,-condition (see Definition 5.47(a)). In this 
case too we can show the existence of a pseudogradient vector field (see Gasiriski- 
Papageorgiou [6, p. 130]. 


We can extend Theorem 5.48 and allow for the presence of critical points at the 
level a (so, condition (5.1) is no longer true). The result is known as the second 
deformation lemma. In the statement we allow c = +00, in which case p°\ KG = X. 


Theorem 5.56 (Second Deformation Lemma) 

If X is a Banach space, py € C!(X), aE R, c € (a, +00], y satisfies the Cy-condition 

for every d € [a,c), y has no critical values in (a,c) and y~'(a) contains at most a 

finite number of critical points of y, 

then there exists a deformation h: [0,1] x (p° \ KG) — y°\ KG of p° \ KG into y* 

such that: 

(a) if u € vp, then h(t,u) = u for all t € [0,1] (hence p* is a strong deformation 
retract of p° \ K$); 

(b) plh(t,u)) < v(A(s, u)) for all (t,u), (s,u) € [0,1] x (p°\ KG), s <t. 


Corollary 5.57 

If X is a Banach space, p € C'(X), aE R, a<c< +00, 9 satisfies the Cy-condition 
for every d € [a,c) and y has no critical values in [a,c], 

then ~" is a strong deformation retract of yp". 


There is another version of the deformation lemma, known as quantitative 
deformation lemma. The advantage of this result is that no a priori compact- 
ness condition on y is needed. 

For S C X and 6 > 0, we use the notation 


Ss = {ueX: d,(u,s) < od}. 


Proposition 5.58 
If X is a Banach space, p € Cl(X), SCX, c€R, ¢,5 >0 and 


lel > F Vv] vets Sos, 
then there exists a continuous map h: [0,1] x X —>+ X such that: 
(a) h(t,u) =u ift =0 or ifu d potze N Sop; 
(b) h(1, pcre ‘al S) e eres 
(c) h(1,-) 1s a homeomorphism of X for allt € [0,1]; 
(d) \|h(t,u) —ullx <6 for allt € [0,1] and allue xX; 
(e) the map t-—> (A(t, u)) is nonincreasing for allu € X; 
(f) p(Ri(t,u)) <e for allt € [0,1] and alluce p®N Ss. 
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Now we can pass to the minimax theory of the critical values of y. We start with 
a notion which in different forms is central in critical point theory. 


Definition 5.59 

Suppose that V is a Hausdorff topological space, Ey C E and D are nonempty subsets 
of V andy, € C(Eo;V). We say that the pair {Eo, E} links D in V via >, if the 
following holds: 

(a) 0(Eo) 1D =05 

(b) ify €C(E;V) and y|,, =, then V(E)N DAD. 


Remark 5.60 
We also say that the sets {£o, £, D} are linking sets in V via ys. Ify =I,,, (which 
is the usual case), then we say that the sets {Eo, E, D} are linking sets (in V). 


Example 5.61 

We present some characteristic cases of linking sets. Let X be a Banach space. 

(a) Eo = {uo, wi} CX, = {(1—t)uo+ tur: t € [0,1]} and D= OU where U C X 
is open, ug € U and u; ¢ U. Then {Ep, E, D} are linking sets. 

(b) Suppose that X = Y @V with dimY < +oo. Let r > 0 and define 


Eo = {weY: llulx =r} = OB,NY, 
BE => ey = |lalle sr) = Be Ye  D=v. 
Then { Eo, E, D} are linking sets. 


(c) Suppose that X = Y @V with dimY < +oo. Let r; > @ > 0, r2 > 0 and up € V 
with ||vo||x = 1. We define 


Fo = ty Tv Avo DYE x [0 <A< Tl; Ilyllx = rg] 
or [A € {0, ri}, |lyllx < ra]}, 
E = {y+ Avo : yey, O0<A<n, llyllx < ro}, 


D = OB NV. 


Evidently E is a cylinder with basis B,, MY and height 71, while Eo is the 
boundary of this cylinder (lateral surface union with the two bases, the bottom 
one (A = 0) and the top one (A = 11)). Then {£o, FE, D} are linking sets. 

(d) Suppose that X = Y @V with dimY < +oo. Let r > @ > 0 and vp € V with 
|vollx = 1. We define 


Ey = {u=yt Av: yEY, [AS O, flullx =7] 
or [A= 0, |lyllx <r}, 
BE = {u=yt+rv: yEY, A220, llullx <r}, 


D = @BNV. 


Evidently FE is the upper-half ball of radius r > 0 and Eo is its boundary, that 
is, the “northern” hemisphere union the “equator” disc. Then {Fo, £,D} are 
linking sets. 
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Using the notion of linking sets, we can have a general minimax principle. In 
what follows for A,C CX we set 


dist(A,C) = inf{lla—cllx: ae A, cEC}. 


Theorem 5.62 
If X is a Banach space, {Eo,F,D} are linking sets in X via yx, the set y(Eo) ts 
bounded, the set D is closed, dist(y,(Eo),D) > 0, TP = {y € C(E;X): ym, =}, 
ye Cl(X) with 


a= sip ¢ <= into = d, c = inf sup y(y(u)) 
x (Eo) D yer ucE 


and assume that —y satisfies the C.-condition, 
then c > b and c is a critical value of : (i.e., KE #0). 
Moreover, if c= b, then KEN D #0. 


With suitable choices of the linking sets, we can have the classical minimax the- 
orems of the critical point theory. 

If the linking sets {Ep, £,D} in Theorem 5.62 are those from Example 5.61(a), 
then we obtain the following theorem. 


Theorem 5.63 (Mountain Pass Theorem) 
If X is a Banach space, py € C!(X), uo, ui € X, |lui — uollx > 7 > 0, 


max {p(uo), e(u1)} < inf{y(u): |lu—uollx =r} = mr, 


— inf t 
c ee vOK ); 


with T = {y € C([0, 1]; X): y(0) = uo, y(1) = ui} and ¢ satisfies the C.-condition, 
then c > mr, c ts a critical value of p and ifc=m,, then KEN OB,(uo) 4 9. 


If the linking sets {Eo, £,D} in Theorem 5.62 are those from Example 5.61(b), 
then we obtain the following theorem. 


Theorem 5.64 (Saddle Point Theorem) 
If X is a Banach space, X =Y ®V with dimY < +00, y € C1(X), there exists 
r > 0 such that 
< inf =i 
DBhy 1H) S By PO) 
c = inf max g(y(u)), 
yer ueB,ny 
with T = {y € C(B,NY;X): Yopny =1oz,ny} and ¢ satisfies the C.-condition, 
then c 2 6, c is a critical value of p and ifc=b, then KGENV # 0. 


If the linking sets {Eo, E,D} in Theorem 5.62 are those from Example 5.61(c) 
or (d), then we obtain the following theorem. 
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Theorem 5.65 (Linking Theorem (Generalized Mountain Pass Theorem)) 
If X is a Banach space, X =Y ®V with dimY < +00, {Eo, E, D} are the linking 
sets from Example 5.61(c) or (d), p € C\(X), 


supy < infy = b 
Eo D 


= inf 
= y(y(u)), 
with T = {y € C(E;X): Wm = he and ~ satisfies the C.-condition, 
then c 2 b, c is a critical value of p and ifc=b, then KENV # 0. 


The mountain pass geometry (see Theorem 5.63) implies the existence of a 
C-sequence. First a couple of definition. 


Definition 5.66 

Suppose that X is a Banach space, C C X is a nonempty closed set and ug,u, € X, 
up #u1. We say that C separates ug and u, in X, if up and uz belong to different 
connected components of X \ C. 


Remark 5.67 

Since X \ C is locally connected, the components of X \ C are open subsets of X. So, 
if Up is the component of X \ C' containing uo and Uj is the union of all the other 
components of X \ C, then {Up,U;} is an open partition of X \ C and uz € Ux for 
k € {0,1}. 


Definition 5.68 
For a curve o € C1 ([0,1];X), we define the geodesic length I(c) of o by 
1 


_ ft jor 
lo) = | ryeaye 


0 
Then the geodesic distance 6(ug, ui) between two points ug, ui € X is defined by 
6(uo,t1) = inf {l(c): o€ Cc" (0, 1]; X), o(0) =u, of) = uy}. 
Remark 5.69 


Clearly we have 6(uo, u1) < ||uo—u1||. Conversely, for every norm bounded set D C X 
we can find ¢ > 0 such that 


¢E|luo — willx < d(ug, U1) V uo, U1 ED. 


Note that 6(0, u) = In(1 + |lullx). 
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Theorem 5.70 
If X is a Banach space, p: X —+ R is continuous, Gateaux differentiable with 
Yo: X — X* norm-to-weak*-continuous (see Definition 3.1(a)), uo,u1 € X, 


— inf t 
c ape rae Ay ys 


with T = {y € C((0,1];X): (0) = uo, y(1) =u} and C CX is a nonempty closed 
set such that 
CN Ge separates ug and uy in X 


then there exists a sequence {Un},5, CX such that 
d(tn,c) —> 0, Y(un) — ¢ 


and 
(14 |lunllx)eG(un) —> 0 in X*. 


Definition 5.71 
Let X be a Banach space, yp € C'(X) andt € Ky. We say that &% is a point of 
mountain pass type, if for every open neighborhood U of t in X, the set 


UnN{wEeX: y(u) < y(u)} 
is nonempty and disconnected. 


It may happen that the critical points found via the use of the mountain pass 
theorem are not points of mountain pass type. However, we have the following result. 


Theorem 5.72 
If X is a Banach space, yp € C!(X), uo, ui € X, |lui — uollx > 7 > 0, 


max {p(uo), e(u1)} < inf{y(u): |lu—uollx =r} = mr, 


— inf t 
c pee ae ys 


with T = {y € C([0,1];X): y(0) = uo, y(1) =u} and ¢ satisfies the C.-condition, 
then K% is nonempty and contains either a point of mountain pass type or a local 
minimizer. 

Moreover, if the set K{ is discrete, then it contains a point of mountain pass type. 


We can have nonsmooth version of these minimax principles. Indicatively, we 
state the mountain pass theorem for: 


e vy: X — R being locally Lipschitz; 
e = +7 with yp € Cl(X) and w € T9(X) (see Remark 3.56). 


First we define what we mean by a critical point for the above nonsmooth cases. 
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Definition 5.73 
Let X be a Banach space. 
(a) Given a locally Lipschitz function p: X —>+R, we say that up € X is a critical 
point of ~y, if 0 € Op(uo). We set 
Ky, = {uEX: 0€ dy(u)} (the critical set of ~), 
KS {ue Ky: yv(u)=c} (withe€R). 


(b) Given a function ®: X —> R with ® = ~+ a where yp € Cl(X) and 
w ETo(X) (see Remark 3.56), we say that uo € X is a critical point of ®, 
if 0 € vy’ (up) + Ow(ug). We set 

Ke = {we X: -y'(u) € Ov(u)} (the critical set of V), 
K$ {ue Ke: ®(u)=c} (withceE R). 


Remark 5.74 

Clearly, if ¢ € C'(X), then y is locally Lipschitz and since 0y(u) = {y'(u)}, from Def- 
inition 5.73(a) we recover the usual notion of critical points. Also, note that u € Ke 
(see Definition 5.73(b)) if and only if u is a solution of the variational inequality 


yg (u;h—u)+v(h)—w(u) > 0 VheX. (5.4) 


In particular, if ~ = i, (the indicator function of C' € Py.(X); see Definition 3.55), 
then (5.4) becomes 
yg (ujh—u) > 0 VREC, 


with ue C. 


Theorem 5.75 (Nonsmooth Mountain Pass Theorem) 
If X is a Banach space, p: X —> R is a locally Lipschitz function, uo,u1 € X, 
lwo — willx >r > 0, 


max{ (uo), p(u1) } < inf{y(u): |lu—uollx =r} = mr, 


= inf t 
a ek ee Ol) 
with T = {y € C([0,1];X): y(0) =uo, yA) =u} and ¢ satisfies the nonsmooth 
C.-condition, 
thence > mr, KE #0 and ifc=m,, then KZN OB,(uo) 4 O. 


Theorem 5.76 (Nonsmooth Mountain Pass Theorem) 
If X is a Banach space, 6 = p+: X — R with y € C'(X), » € To(X) (see 
Remark 8.56), uo, ur € X, ||uo — ullx >r > 0, 


max{®(ug), ®(ui)} < inf{®(u): |ju—uollx =r} = m,, 


= inf O(y(t 
SS Bae Pt) 
with T = {y € C([0,1];X): y(0) = uo, y(1) = uy}, 
then c> m,, KE #9. 
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Now we turn our attention to the existence of multiple critical points. First we 
present multiplicity results in which no symmetry assumption is imposed on y. 


Definition 5.77 

Let X be a Banach space, X =Y @V andy =C!(X). We say that ~ has a local 
linking at 0 (with respect to the direct sum pair (Y,V)), if there exists r > 0 such 
that 


3 


’ 


glu) < 0 if wey, llullx < 
plu) 2 0 if we’, lullx < 


° 


Remark 5.78 

Note that y’(0) = 0 in X*. So, u = 0 is a critical point of y. If X = H isa 
Hilbert space, y € C?(H;R), y(0) = 0 and y"(0) is invertible (that is, u = 0 is a 
nondegenerate critical point), then y has a local linking at 0. 


Theorem 5.79 
If X is a Banach space, X =Y @V with dimY < +00, y € C'(X), y(0) =0, ¢ is 
bounded below, inf <0, y satisfies the PS-condition and y has a local linking at 0, 


then y has at least two nontrivial critical points. 


In this multiplicity theorem, y is bounded below. It is natural to ask what happens 
if y is indefinite. The next theorem treats this case. First we need to introduce an 
extension of the PS-condition. 

Let X be a Banach space with a direct sum decomposition X = Y @ V. Consider 
two sequences of subspaces 


Yi GC. Yo. Gos CY See seer 


and 


VicS Vor@ eno Vays S ta GY; 


which satisfy 


V2 yaad) Ve (J, 
no1 no1 


For every multiindex a = (i,j) € N?, let X. = Y; @ V;. A sequence {On}ns1 © N? of 
multiindices is admissible, if for every a € N*, there is no € N such that 


An >a Vn eno 
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Definition 5.80 

Let X be a Banach space with a direct sum decomposition X = Y ® V and let 

ye C(x). 

(a) We say that yp satisfies the PS*-condition (with c € R), if every sequence 
{Uantno1 © X with {an}asy © N? admissible such that 


tie, = hes Ylta.) Se - wd YG Cie.) SO aX", 


admits a strongly convergent subsequence. 
(b) We say that ~ satisfies the PS*-condition, if it satisfies the PS*-condition for 
every CER. 


Remark 5.81 

Note that in the above definition, we can replace N? by any directed set. If Y, = Y 
and V,, = {0} for all n > 1, then the P.S*-condition coincides with the PS,-condition 
(see Definition 5.45(a)). 


Theorem 5.82 
If X is a Banach space which admits a direct sum decomposition X =Y @V with 
V £{0}, pe C1(X) and 
(i) vy has a local linking at 0 with respect to the direct sum pair (Y,V); 
(it) — satisfies the PS*-condition; 
(itt) :p maps bounded sets to bounded sets; 
(iv) for every n > 1, y(u) —> —o0 as |lul|x —> +oo withueY @Vn, 
then vy has at least one nontrivial critical point. 


We can use the extension of the PS-condition introduced in Definition 5.80 in 
order to have a version of Theorem 5.79 in which we drop the requirement that 
dim Y < +00 (see Theorem 5.79). In what follows, if ¢ € C!(X) has a local linking 
at 0 and satisfies the PS*-condition, then we always assume that the same direst sum 
decomposition of X holds for both properties and that dim Y, < +oo, dim V, < +00 
for alln > 1. 


Theorem 5.83 
If X is a Banach space which admits a direct sum decomposition X = Y @V, 
y € C!(X) and 
(i) vy has a local linking at 0 with respect to the direct sum pair (Y,V); 
(it) — satisfies the PS*-condition; 
(itt) :p maps bounded sets to bounded sets; 
(iv) vy is bounded below and inf <0, 


then y has at least two nontrivial critical points. 
Stronger multiplicity theorems can be obtained in the presence of symmetries, 


that is, when there exists some topological group G acting continuously on X and 
the functional y is invariant under this group action. 
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Let X be a Banach space and let G be a topological group. 


Definition 5.84 

A representation of G over X is a family {L(g)}geq C L(X) such that: 
(a) L(e) =1,, with e € G being the identity element of the group; 

(b) L(gige) = L(g) 0 L(g2) for all gi, go € G; 

(c) the map G x X 2 (g,u) —> L(g)(u) € X is continuous. 

We say that the representation is isometric, if 


|Z@)(wllx = llulx VgeG,uex 


(this means that for every g € G, L(g) € L(X) is an isometry). A set C C X is 
invariant (or G-invariant), if L(g)(C) C C for allg € G. Similarly, a function 
yp: X —> R is invariant, if po L(g) = » for allg € G. A map €: X — X is 
equivariant, if L(g)o€§ =€o0L(g) for allg € G. Finally the set of invariant (or 
fixed) points of X is the set 


Fixe(X) = {we X: L(g)(u) =u for allg eG}. 


Remark 5.85 
Often we identify L(g) with g and speak of the linear action of G on X. For 
notational economy we will adopt this custom here. 


In what follows X is a Banach space and we have a linear action on a topological 
group G on X. We start with the equivariant version of the deformation lemma 
(see Theorem 5.54). 


Proposition 5.86 

If X is a Banach space, G is a compact topological group with isometric action on 
X, pe C'(X), cER satisfies the C.-condition, €9,0 > 0 and U is an invariant open 
neighborhood of KS 

then there exist € € (0,€0) and a continuous map h: [0,1] x X —> X such that for 
all (t,u) € [0,1] x X conditions (a)—(f) of Theorem 5.54 hold and 

(g) hi(t,-) is equivariant. 


Theorem 5.87 (Ljusternik-Schnirelmann Theorem) 

If p € C(RY) is even, 

then Ylgn—1 admits at least N-couples (u,—u) of critical points (recall that a 
{ue RY |u| =1}). 


We would like to extend this result to infinite dimensional spaces and to other 
linear group actions different from G = Zp = {I,,—I,,}. In infinite dimensions the 
compactness property of the unit sphere is lost and so an additional condition is 
needed. As before, the C-condition on y is a suitable additional assumption. 

Let Y={DCX: Dis closed and G-invariant}. 
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Definition 5.88 

An index (or G-index) on X is a map i: Y —+ NU {+00} such that: 

(a) i(D) = 0 if and only if D =; 

(b) if h: D — E is equivariant and continuous (D,E € Y), then i(D) < i(E) 
(monotonicity); 

(c) (DUE) <i(D) +E) for all D,E € Y (subadditivity); 

(d) if D € Y is compact, then there exists an invariant open neighborhood U of D 


such that i(U ) =i(D) (continuity). 


Remark 5.89 
Property (a) implies that, if D,E € Y and D C E, then i(D) < i(£). Having a 
G-index i: Y —>+ NU {+00}, we define 
ye = {DCX: Dis compact, invariant and i(D) > k} VR a. 
Given y € C!(X), we define the following values 


= inf , 5.5 
ce = inf max plu) (5.5) 


Clearly —co < cy SK aQ<.... 


Theorem 5.90 
If X is a Banach space, G is a compact topological group with isometric linear action 
on X, py € C!(X) is invariant and satisfies the C-condition and for some k > 1, we 
have cz > —oo (see (5.5)), 
then givenm >1,m<k such that cm = ch = c > —&© we have ik) >k—-m-4+l1 
(in particular cz is a critical value of ). 
Of special interest is the group G = Zz = {I,,—I,,}. Then 
Y = {DCX: Dis closed and symmetric (i.e., D = —D)}. (5.6) 


For this collection, a particular index is the Krasnoselskii genus. 


Definition 5.91 
For Dé ¥y (see (5.6)), the Krasnoselskii genus y(D) of D is defined by 


70) = 90, 
7(D) = inf {m > 1: there exists h € C(D;R™ \ {0}) odd} V DFO. 
(we use the convention that inf 0 = +00). 


Using y we can have the following generalization of the Ljusternik—Schnirelmann 
theorem (see Theorem 5.87). 


Theorem 5.92 

If X is a Banach space p € Cl(X) is even and for some r > 0, Yop, 18 bounded 
below and satisfies the PS-condition, 

then ~ has infinitely many distinct pairs of critical points. 


Another extension of Theorem 5.87 is proved by the next theorem. 
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Theorem 5.93 
If X is a Banach space, p € C!(X) is even, bounded below and satisfies the 
C-condition and there exists a compact, symmetric set D C X such that 


y(D) = m and supy < ¢(0), 
D 


then y has at least m distinct pairs (ui, —U1),..-,(Um,—Um) of critical points with 


ylur) = y(—ur) < p(0) VkeEf{l,...,m}. 
A related multiplicity result is the following. 


Theorem 5.94 (Symmetric Mountain Pass Theorem) 

If X is an infinite dimensional Banach space, py € C'(X), p(0) = 0 y is even and 

satisfies the PS-condition and the following conditions hold: 

(i) there exists linear subspace V of X of finite codimension and numbers B,r > 0 
such that Yo, ,y 2 8; 

(it) there exists a finite dimensional linear subspace Y of X with dimY > codimV 
such that y|, is anticoercive (i.e., p(y) —>+ —o0 as |ly||x —> +00, withy € Y), 
then yp has at least k = dimY — codimV distinct pairs of nontrivial critical 
points. 

Moreover, if (ti) is replaced by 

(ii)’ for every k > 1 there is a k-dimensional linear subspace Y of X such that oly, 
is anticoercive, 

then ~ has infinitely many distinct pairs of nontrivial critical points. 


Another important index (historically, the first one to be defined in 1934), is the 
Ljusternik—Schnirelmann category. 


Definition 5.95 
Let Y be a Hausdorff topological space and let D C Y be a closed subset. The 
Ljusternik-Schnirelmann category of D in Y, denoted by cat, (D) is defined by 


m 
cat, (D) = {m >1:DcC U Dy, Dy is closed 
k=1 
and contractible for all k € {1,...,m}} 


(as before inf) = +00). 


Remark 5.96 

Since closedness and contractibility are topological properties (that is, are preserved 
under homeomorphisms), we get the same values for homeomorphic Y or homeomor- 
phic D. However, in cat, (D), the subscript Y is essential, since if we have continuous 
embedding Y < V, then cat,,(D) < cat, (D) (sets may be contractible in the big 
space V but not in the smaller space Y). If Y is a Banach space, then cat, is an 
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“index” in the sense of Definition 5.88 for G = {J,} and Y = P(X) U {0}. In 
fact more generally, cat, has the properties of Definition 5.88 if Y is a Hausdorff 
topological space which is path-connected and an ANR (see Definition 4.132(b)). 


Theorem 5.97 
If X is a Banach space, p € C!(X) is bounded below and satisfies the PS-condition, 
Ye={DCX: cat, (D) >k} and cy = inf sup y(u) for X, #0, then 

DEX, uceD 


(a) card (Ky) > cat, (X) and for every finite cy, we have cy € y(Ky); 

(b) if p(Ky) is bounded and there exists ky > 1, such that cy < +00 only if k < ko, 
then ko = cat, (X); 

(c) if ck = Choi = 1 < +00, then card (KM y~1(n)) = +00; 

(d) if ch =...= Chim = < +00, then cat, (KyNy'(n)) >m+1. 


Under suitable conditions, we can guarantee infinitely many critical values for an 
invariant functional. The following notion is important in this direction. 


Definition 5.98 
Let V be a finite dimensional Banach space and let G be a compact topological group 
which acts diagonally on V® (k > 2), that is, 


O(U1y2285 0%) = (OUI, <45 90%): 


We say that this action is admissible, if for every integer k > 2 and every invariant, 
bounded, open neighborhood of the origin U C V*, we have that every continuous, 
equivariant map h: OU —> Vk-! has a zero. 


Remark 5.99 
By the Borsuk—Ulam theorem (see Theorem 4.20), the linear action G = Zg = 
{1,, I, } on V = R is admissible. 


Now, suppose that X is a Banach space, V is a finite dimensional Banach space 
and G is a compact topological group with an admissible linear action on V. Sup- 
pose that 


X = QD Xx, 


k>1 


where for each integer k > 1, the space X, is invariant and there is an equivalent 
isomorphism from V onto X;. We set 


m 


Zm = QD x: and Yip, = QD Xx. 


k=1 k>m 
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We can have the following multiplicity theorems. 


Theorem 5.100 (Fountain Theorem) 

If the setting is as above, y € C'(X) is invariant and satisfies the PS-condition and 
for every m > 1 there are 0m > Tm > 0 such that: 

(i) max {p(u): we Zm, llullx = om} < 0, 

(it) inf {y(u): ue Ym, |lullx = rm} — +0o as m > +00, 

then y has an unbounded sequence of critical values. 


Theorem 5.101 (Symmetric Criticality Theorem) 

If H is a Hilbert space, G is a topological group with isometric action on H, 
y € C!(H) is invariant and up € Ko lpixg ct) (see Definition 5.84), 

then uo € Ky. 


5.1.38 Morse Theory: Critical Groups 


Morse theory and critical groups are useful in distinguishing between different types 
of critical points and in generating multiple critical points for a functional. 

In what follows, by H, we denote the singular homology with coefficients in Z 
(for a compact review of the singular homology theory; see Gasiriski-Papageorgiou, 
Part 1). 


Definition 5.102 
Let X be a Banach space, py € C!(X) andu € Kg is an isolated critical point. The 
critical groups of yp at u are defined by 


Cr(y,u) = Ag(p°Nu,y°NU\ {0}) Vk>0, 


where c = ~p(u) and U is a neighborhood of u such that Kz, 1 y° OU = {u}. For 
integers k < 0, we set Cy(y,u) = 0. 


Remark 5.103 

The excision property of singular homology implies that the above definition is inde- 
pendent of the choice of the neighborhood U. The critical groups C;(y,u) depend 
only on the behavior of y near u. In fact, that makes sense even if y is defined only 
in a neighborhood of uw. 


The strongest results concerning critical groups can be obtained if X = H isa 
Hilbert space and y is a C?-function. Recall that in this case y’(u) € L(A) is a 
self-adjoint and we have the orthogonal direct sum decomposition 


H = kery”(u) Gimy"(u). (5.7) 


Definition 5.104 
Suppose that H is a Hilbert space, U C H is a nonempty open set, p € C?(U;R) 
andueé Kg. 
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(a) The Morse index of u is defined to be the supremum of the dimensions of the 
vector subspaces of H on which y"(u) is negative definite. 

(b) The nullity of u" is the dimension of ker p"(u). 

(c) We say that u € Ky is nondegenerate, if y!(u) is invertible. 


Remark 5.105 

The inverse mapping theorem (see Theorem 3.26) implies that a nondegenerate critical 
point is always isolated. From (5.7) it is clear that if the nullity of u is finite, then 
y”"(u) is a Fredholm operator (see Definition 2.29) of index zero (i.e., dim ker y” (wu) = 
codim y”(u) < +00). 


Theorem 5.106 

If H is a Hilbert space, U C H is a nonempty open set, p € C?(U;R) and u € Ky 
is nondegenerate with Morse index m (possibly +00), 

then Cy (p,U) = dkmZ for all k > 0, where dpm is the Kronecker symbol, i.e., 


1 if k=™m, 
= > 0. 
Okym {6 if kém, k,m>0 


For the degenerate case, there is the so-called shifting theorem, which says that 
for a degenerate critical point, the critical groups depend on the Morse index and on 
the “degenerate part” of the function. For this we need the following result, which 
describes the local behavior of y near the critical point wu. 


Theorem 5.107 (Generalized Morse Lemma) 

If H is a Hilbert space, U C H is a nonempty open set, p € C?(U;R) andu € Ky 

is isolated and of finite nullity, 

then there exist a neighborhood of the origin V C H, a homeomorphism h: V — H, 

a neighborhood W of the origin in ker y"(u) and @ € C2(W;R) such that: 

e h(0) =u, G0) =0, G(0) =0, 6"(0) =0, 

e o(h(y)) = vu) + 5 (¢" (uy. yy + Plz) for all y € V, where y = z+ with 
z €kery”(u), v €imy”(u) (see (5.7)). 


Remark 5.108 

If z € VW is acritical point of @, then h(z) is a critical point of y. Moreover, since 
u = h(0) is an isolated critical point of y, then z = 0 is an isolated critical point of 
and so the critical groups C;,(%,0), for k > 0, are well defined (see Definition 5.104). 
If u € Ky is nondegenerate, then ¢ = 0 (since ker y’(u) = {0}) and using this version 
of Theorem 5.107 one can prove Theorem 5.106. 


Theorem 5.109 (Shifting Theorem) 

If H is a Hilbert space, U C H is a nonempty open set, p € C?(U;R) andu € Ke 
is an isolated critical point with finite nullity and finite Morse index m, 

then Cy(y, u) = Ce_-m(@, 0) for all k > 0 with @ as in Theorem 5.107. 
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Remark 5.110 
When u € Ky is nondegenerate, then @ = 0 and so we recover Theorem 5.106. 


An alternative formulation of the shifting theorem is the following. 


Theorem 5.111 

If H is a Hilbert space, U C H is a nonempty open set, p € C?(U;R) and u € Ky 
is an isolated critical point with finite nullity v and finite Morse index m, 

then one of the following holds: 

(a) Cy(y,u) =0 for allk < m and allk > m+; 

(b) Cy (yp, u) = ok,mZ for all k > 0; 

(c) Cy(v,u) = okmivZ for all k > 1. 


Remark 5.112 
In fact the above result as well as Theorem 5.109 remain valid even if ?~°(U; R) (that 
is, y is continuously differentiable and the map u+—> y’(u) is locally Lipschitz). 


Definition 5.113 
Let X be a Banach space, yp € C'(X) satisfy the C-condition and inf y(Ky) > —oo. 
The critical groups of ~ at infinity are defined by 


Ce(p,c0) = Ak(X,¢°), 
for any c < inf y(Ky). 
Remark 5.114 


From the second deformation lemma (see Theorem 5.56), we know that if 
b<c< inf y(K,), then y? is a strong deformation retract of y*. Hence 


Cu(X, 9°) = Cr(X 9") VRBO. 
Therefore Definition 5.113 is independent of the choice of the level c < inf y(Ky). 
Definition 5.115 


Let X be a Banach space and let p € C1(X) satisfy the C-condition and let Ky be 
finite. The Morse polynomials of p are defined by 


M(t,u) = S "rank Cr(y, u)t® VteR, we Ky, 
k>0 
Pl,co) = S rank Cr (y, 00) t* VteR. 


k>0 


Theorem 5.116 (Morse Inequality) 
There exists a polynomial Q(t) with nonnegative integer coefficients such that 


S> M(t,u) = P(t,co)+(1+2Q@) VteER. 
ucKy 
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Next we state a result for the critical groups at infinity, analogous to Theorem 
5.111. Let H be a Hilbert space with inner product (-,-);, and a function y € C'(H) 
which satisfies the following condition. 


(Ac): v(u) = §(A(u),u)y + Y(u) for all u € H, with a self-adjoint 
A € L(H) such that 0 is isolated in the spectrum of A, 7 € C!(H) and 

lim a. 
llullz—rtoo Hella 
(that is, map bounded sets to bounded sets), inf y(K,) > —oo and it 
satisfies the C-condition. 


= 0. Moreover, we assume that w and w’ are bounded 


We set Y = ker A and Z = Y+. We know that Z = Z, © Z_ with both subspaces 
A-invariant and 
Alz, > 0, Alz_ < 0. 


So, there exists co > 0 such that 


+(A(u),u) 7 > collullt Vue Zu. 


We set m = dim Z_ (Morse index of at infinity) and vy = dim Y (nullity of y at 
infinity). 


Theorem 5.117 

If H is a Hilbert space, p € C!(H) satisfies condition (Ax) and m,v are finite, then 
(a) Cy(y,00) = 0 for allk €{m,m+1,...,m+v}; 

(b) Cy(y,00) = Ok.mZ for all k > 0 provided the following angle condition holds: 


(Ax): there exists M > 0 and 0 € (0,1) such that 


(y'(u),y), 2 0 
foru=yt+z withy€Y, z€ Z, |lullx => M and |lz||x < Ollullx; 
(c) Ce (~, 0) = ok m4vZ for allk > 0, provided the following angle condition holds: 
(Az,): there exists M > 0 and ¥ € (0,1) such that 


foru=yt+z withy€Y, z€ Z, |lullx >M and |lz||x < Ollullx. 


In Definition 5.59 we introduced the notion or linking sets which as we saw is 
crucial in the minimax theory of critical values. That notion is often referred to 
“homotopical linking” in order to distinguish it from the notion that we are about to 
introduce and which is known as “homological linking.” 


Definition 5.118 

Let X be a Banach space and let Eg C E and D be nonempty subsets of X such that 
Ex9AD=%. We say that the pair {Eo, E} homologically links D in dimension m, 
if the homomorphism 1,4: H»(E, Eo) —> Hm(X, X \ D) induced by the corresponding 
inclusion map i: (E, Eo) — (X,X \ D) is nontrivial. 
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Remark 5.119 
The sets from Example 5.61 are also homologically linking. In general we can say 
that homological linking implies (homotopical) linking. 


Proposition 5.120 
If X is a Banach space, the pair of sets {Eo, E} homologically links D in dimension 
m, p € Cl(X) anda <b < +00 are such that 


Ylp, < @ < vlp and supp < 4, 
E 


then 

(a) Lone; y*) = 0; 

(b) if y satisfies the C-condition, a,b are regular values of y and p-\(a,b)N Ky is 
finite, then there exists u € p-'(a,b)N Ky such that Cy,(y, u) 4 0. 


In definition 5.77 we introduced the notion of “local linking” which is useful in 
obtaining multiple critical points (see Theorem 5.79 and 5.83). We can have a homo- 
logical version of this notion. 


Definition 5.121 

Suppose that X is a Banach space, py € C!(X), y(0) = 0, 0 € Ky is isolated and 

m,n >1. We say that yp has local (m,n)-linking near the origin, if there are a 

neighborhood U of 0 and nonempty sets Eo C ECU and DC X such that 0 ¢ Eo, 

EgAN D=%0 and 

(a) @ AU Ky =40}; 

(b) rankimi,,-; —rankimj,-1 >n, where im—1: Hm—1(Eo) —> Hm-i(X \ D) and 
jm—-1: Hm-1(Eo) —> Hm-i(E) are the homomorphisms induced by the corre- 
sponding inclusion maps i: Ey —> X \ D and j: Eo — E; 

(6) Cle <0 Plpnvr4oy: 


In the next proposition we relate this “homological” notion with the one intro- 
duced in Definition 5.77. 


Proposition 5.122 

If X is a Banach space, X =Y @V with dimY < +00, y € C'(X), has a local 
linking at the origin with respect to the pair (Y,V) (see Definition 5.77), 0 € Ky is 
isolated and one of the following conditions holds: 

(i) 0 is a strict local minimizer of y|,,; or 

(ii) X =H is a Hilbert space and vy’ is Lipschitz continuous near 0, 

then ~ has a local (m,1)-linking at 0. 
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The next proposition estimates the critical groups at the origin if the functional 
has a homological local linking 0. 


Proposition 5.123 

If X is a Banach space, p € C1(X), 0 € Ky is isolated and y has a local (m,n)- 
linking near origin (see Definition 5.121), 

then rank Cy(p,0) > n. 


Proposition 5.124 

If H is a Hilbert space, p € C?(H;R), uo € Ky is an isolated critical point, 
yg" (uo) € L(A) is a Fredholm operator and dim ker y"(ug) < 1 if o(y"(uo)) € [0, +00) 
(o(p"(uo)) being the spectrum of p"(uo)), 

then the following statement are equivalent: 

(a) uo € Ky is of mountain pass type (see Definition 5.71); 

(b) Cily, uo) 0; 

(c) Cy(y, uo) = OnnZ for all k > 0. 


The next two theorems are useful in the computation of critical groups. The first 
shows that as in degree theory, critical groups exhibit homotopy invariance. 


Theorem 5.125 

If X is a Banach space, {hy: X —> R}ye[0,1) 1s a family of C!-functions, U C X is 
a nonempty open set, uz € U is the only critical point of hy on U for allt € [0,1] and 
(i) for every to € [0,1], ||hel, — hilo loa) — 0 ast > to; 

(ii) for every t € [0,1], vy satisfies the C-condition on U (see Definition 5.45), 

then for all k > 0, Cy(het, uz) 1s independent of t € [0,1]. 


The second theorem says that critical groups are continuous in the C!-norm. 


Theorem 5.126 

If X is a Banach space, y € C!(X), U C X is a nonempty open set, uo € U is the 
only critical point of ¢ in U and ¢ satisfies the C-condition in U, 

then there exists € > 0 such that for every ~ € C!(X) having a unique critical point 
vo € U, satisfying C-condition in U and such that ||¥|,, — Ylullc1a) < €, we have 


Cr(y,uo) = Cy(v,v0) Vk>O. 


5.1.4 Dirichlet Elliptic Problems 


Let Q C R™ be a bounded domain (that is, a bounded, open and connected subset 
of R”) with a C?-boundary 02 and let m € L*(Q) with s € (X, +oo). We consider 
the following weighted linear eigenvalue problem 


(5.8) 
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Definition 5.127 
We say that (A(m),@) € R x (H4(Q) \ {0}) is an eigenpair for problem (5.8), if 


/ i Die Ge = TG / mithdz Whe Hi). 
Q Q 


Then d(m) is an eigenvalue of (—A, Hj(Q),m) and t € Hj (Q)\ {0} the correspond- 
ing eigenfunction. 


Remark 5.128 
In fact @ € C'(Q) (regularity theory) and the equation in (5.8) is satisfied pointwise 
for almost all z € 2. If m = 1, then we write instead of X(1). 


Theorem 5.129 

If Q C RN is a bounded open set with a C?-boundary OQ and m € L’(Q) with 
SE (2,00), then 

(a) in general problem (5.8) has a double sequence of distinct eigenvalues 


< An(m) ... < X-1(m) < 0 < Alm) < 
< An(m) <... 


Xn(m) — +00 and dA-n(m) —> —00. 


(b) ifm* =0 (respectively m~ = 0), then there are no positive (respectively negative) 
eigenvalues; 
(c) ifm* 40, then 


An(m) = ae sup {|| Dull : [mou dz =1}, 
Q 


where 


Yn = {VCH: V isa finite dimensional linear subspace of 
H with dimV = n}. 


(d) ifm £0, then 
den = inf bul: | 2d¢=—1}; 
(m) = inf, sup {[|DulB: f m(2)udz = -1} 
Q 


(e) A1(m) and A-1(m) if they exist are simple and if E(\ (m)) and E(A_1(m)) are 
the corresponding eigenspaces, then 


E(\i(m)) = R& and E(\-1(m)) = Ria, 


with U1,u_, € intC,, where 


Cy = {ue C4(Q) : u(z) > 0 for all z € Q} 
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and 
intCy = {ue C4(Q) : u(z) > 0 for allz EQ, ae <0 on OQ} 
and n(-) denotes the outward unit normal on 0Q; 
(f) for every n € Z, E(An(m)) © C1(Q) is finite dimensional and has the unique 
continuation property, i.e., if ue E(An(m)) and u vanishes on a set of posi- 
tive measure, then u = 0. 


Remark 5.130 
We also have 


Au(m) = inf {||Dull}: | m(z)u? dz =1, we H'(Q)}, 


A-1(m) = inf {||Dull5: | m(z)u? dz =—-1, ue H1(Q)}, 


An(m) = inf {||Dull5: | m(z)u? dz=1, we H,=) E(\n(m))} 
kon 
= sup {||Dull}: [| m(z)u? dz=1, ue Hy= QD BAk(m))}, 


k=1 


oe 


dA-n(m) = inf{||Dull3 : [mw dz=-1, uc H_p 
Q 


= BEO«(m)} 


kon 


= sup{||Dull3 : [mw dz=-1, u€ H_n 
Q 


= @QEO-x(m))}, 
k=1 


for n > 2. In these expressions the infima and suprema are realized on the corre- 
sponding eigenspaces. 


Proposition 5.131 

The functions m +--+ de (m) and m +—> d-~(m) are continuous on L*(Q) and if 
m(z) < m(z) for almost all z €Q and the inequality is strict on a set of positive 
measure, then 


nN 


de(M) < Ag(m) and X_~(m) < A-~(M) VSL. 


We consider also the corresponding nonlinear eigenvalue problem for the p- 
Laplacian: 


(5.9) 
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Again (\,@) € R x (Wg’?(Q) \ {0}) is an eigenpair for problem (5.9), if 


i par a Di\ox de / aPahdz Vhewe?(Q). 
Q Q 
Then A is an eigenvalue of (—Ag, Wy?(Q)) and u € Wy?(Q)\ {0} the corresponding 


eigenfunction. 


Proposition 5.132 
There is a smallest eigenvalue 1 > 0 given by 


ee inf Lote (5.10) 
ue WEP (Q) P 
u#0 


and a is isolated and simple. 


Remark 5.133 
From (5.10) it is clear that the corresponding eigenfunction does not change sign. Let 
u be the L?-normalized (i.e., ||U1||) = 1), positive eigenfunction. Then w € int C,. 
Also, the infimum in (5.10) is realized on Ruy. 

Let oo(p) denote the set of eigenvalues of (—A,, Wy ?(Q)). The set is closed and 
Proposition 5.132 implies that 


Ay = inf {): dE a0(p), A>} 


is well defined and is the second eigenvalue of (—Ap, W, (O)): 
We define 
y= {A Cc Wy? (Q) : Ais compact and A = —A} 
Ve = {ACYV: 0¢A, yA) > k} 


_~ . Dull? 
A inf sup an VkE>1, 
AEVE UEA 2 


with y being the Krasnoselskii genus (see Definition 5.91). 


Proposition 5.134 7 - . 
{AP }in>1 are eigenvalues of (5.9), ALF = ri, A¥> = Ay and ABS —+ +00. 


Remark 5.135 
We do not know if the sequence exhausts oo(p). This is the case if N = 1 or p = 2. 
All the eigenfunctions belong in C4(Q) (nonlinear regularity). 


There is an alternative minimax characterization of Ay. Let 


aBYt = {ue 1P(Q): |lullp=1} 
M = W,*(Q)naBr’. 
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Proposition 5.136 
A2 = max | || D7(t)||b, where 


inf 
FET TtStS 
B= (FeC(-1,UjM): 7-1) =a, 71) =a}. 


Let f: Q x R —> R be a Carathéodory function (that is, for all x € R, the 
map z+— f(z,x) is measurable and for almost all z € Q, the map x +> f(z,z) is 
continuous) and consider the following Dirichlet problem 


{ <Aen(e) = Fleuted) mo (5.11) 


ulan = 0, 
with 1 <p <-+oo. Assume that 
lf(z,z)| < a(z)\(1+|z|""") foraa.zeQ, allz eR, (5.12) 
with ae L°(Q), and p<r < p*, where 


i = nS if p<QN, 
+oo if p>N. 


Recall that by a weak solution of (5.11), we mean a function ug € W, ?(Q) such that 


[Dur (Duo, Dh)gn dz = [ t@,u)hae Vhe cea). 
Q Q 


The regularity theory of weak solutions, is performed in two steps. First we show 
that ug € L%°(Q) (this is done by the so-called Moser iteration technique) and then 
we show the global regularity of ug (that is, the continuity of ug and Dug on Q). 


Proposition 5.137 
If uo € Wo?(Q) is a weak solution of (5.11), 
then ug € L*°(Q) and for any 0 € (r, +00) (see (5.12)), 0 < p*, we have 


I[tIlo0 < M(1+ lull)", 
with M = M(a,Q,N,p,¥) > 0. 


Proposition 5.138 
If uo € Wo?(Q) is a weak solution of (5.11), 
then uo € Cr" (O) with a € (0,1) and 


llvollcreg < M=MGa,0,N,p,||volloo) > 0. 


The following nonlinear version of the maximum principle, is a basic tool in ob- 
taining solutions of constant sign. 
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Theorem 5.139 (Nonlinear Maximum Principle) 
If ~ €0Q, TE C'(QU {z1}) \ {0}, GS 0 and for some c > 0, % satisfies 


Agt < cup! 
in the distributional sense, 1.e., 


— | |Da|P-? (D&, Dh)pn dz < c | thdz Vhecr(Q), h>O, 
R c 
Q Q 


then u(z) > 0 for all z € Q and if U(z1) = 0, then 
S4(z1) = (Du(zi),n(z1))pw < 0, 
with n(-) being the outward unit normal on OQ. 


Remark 5.140 

In the semilinear case (i.e., p=2), more can be said. So, suppose that (5.12) holds with 
ae L?(Q) and 2 =p =r. Suppose that uo € H§() is a weak solution of (5.11) (with 
p = 2). We have that uo € £4(Q) for all g € [1,+00). Then the Calderon—Zygmund 
inequality (see Gilbarg-Trudinger [9, p. 230], implies that uo € W24(Q) N H4(Q), 
1 <q< +o and so using the Sobolev embedding theorem (see Theorem 1.109), we 


have ug € Cy’*(Q) with a € (0,1). 


These regularity results lead to a useful result relating Holder and Sobolev local 
minimizers for certain C1-functionals. So, suppose that (5.12) holds, 


Pigg): = | tesas V (z,4)€QxR 
0 


and let vy: Wy?(Q) —> R be the C!-functional defined by 
ptu) = 5 ||Dull® — [ Feu) dz Vue Wy?(Q). 
Q 
Proposition 5.141 
If uo € Wo?(Q) is a local Cf (Q)-minimizer of , i.e., there exists 09 > 0 such that 
(uo) < vluth) Vhe CoQ), llullcr@ < 20, 


then ug € CF) for some a € (0,1) and up is a local Wy? (Q)-minimizers of ¥, 
i.e., there exists 0; > 0 such that 


e(uo) < g(uoth) VhEWy?(Q), llullwiecay < a. 
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The following identities are a useful tool in many occasions in the study of bound- 
ary value problems. 


Theorem 5.142 (Picone Identity) 
ac RY is a bounded domain with a C?-boundary, u,v: Q — R are differentiable 
functionals such that v(z) > 0 and u(z) > 0 for all z € Q and we define 


tS 
— 
& 
is] 
NH 

I 


|[Dul? + (p—1)(4)"|DuP? — p(4)”™ (\DuP-?Dv, Du) 
R(u,v) = |Dul? — (|Dv|P-2Dy ,D( ) and lL <p = +60, 


RN? 


then L(u,v)(z) = R(u,v)(z) > 0 for almost all z € Q. Moreover L(u,v)(z) = 0 for 
almost all z € Q if and only if u = €v for some € € [0, +00). 


Theorem 5.143 (Pohozaev Identity) 
If 2 CRN is a bounded domain with a Lipschitz boundary 0Q and u € C?(Q)N C'(Q) 
is a solution of the Dirichlet problem: 


—Au(z) = f(u(z)) in Q, 


Ulea = 0, 


where f: R —>+ R is a continuous function, 


then 
os a = 3 f Bal (z.n)pw do, 


where F(x =I 5 f(s 


We conclude by recalling some elementary facts from the singular homology the- 
ory. In what follows all the spaces are Hausdorff topological spaces. 


Proposition 5.144 
(a) If the topological pairs (X, A) and (Y,B) are homotopy equivalent (see Defini- 
tion I.2.191), 
then H;,(X, A) = H;(Y,B) for all k > 0 (i.e., the two abelian groups are isomor- 
phic). 
(b) If AC X is a deformation retract (see Definition 4.112(b)), 
then H,(X, A) =0 for all k > 0. 
In particular Hy,(X,X) =0 for all k > 0 
(c) If CC ACX and C is a deformation retract of A, 
then H;,(X,A) = H;,(X,C) for all k > 0. 
(d) If CC ACX and A is a deformation retract of X, 
then H,(X,C) = H,(A,C) for all k > 0. 
(e) If AC X is a retract, 
then H,(X) = H;,(A) © H;,(X, A) for allk > 0 
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(f) If X is contractible and x € X, 
then H,(X,*) =0 for all k > 0. 

(g) If AC X is contractible and x € A, 
then H),(X,A) = H;,(X,x) for all k > 0. 


We also mention the following topological result (see Problem I.2.184). 


Proposition 5.145 
If X1 C X_ C X3 C X4 are Hausdorff topological spaces, then for all k > 0, we have 


rank H;,(X3, X2) < rank Hy_;(X2, X1) + rank Hy44(X4, X3) 
+ rank Hy(X4, X1). 


From minimax theory we will also need the following result. 


Theorem 5.146 (von Neumann Minimaz Theorem) 

If X and Y are two topological spaces and p: X x Y — R satisfies 

(i) for ally € Y, the map x > (a, y) is convex and lower semicontinuous; 

(ii) there exists yo € Y such that the map x +> v(x, yo) is inf-compact (that is, 
~(-, Yo) has compact sublevel sets; see Definition 5.5); 

(itt) for alla € X, the map y+—> (2, y) is concave and upper semicontinuous; 

(iv) there exits x9 € X such that the map y +> (xo, y) is sup-compact (that is, 
y(xo,-) has compact superlevel sets), 

then there exists a saddle point (%,y) EX x Y. 
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5.2 Problems 


Problem 5.1* 

Let X* be the dual of a Banach space furnished with the w*-topology. Show that the 
function py: X* —>+ R = RU {+00} is w*-coercive (see Definition 5.5(a)) if and only 
if lim  gy(u*) =-+00. 


||u* ||» +00 


Problem 5.2** 

Let X be a reflexive Banach space, and let €: X x X —>+R be a function such that: 

(i) for all vu € X, the map w+ > €(u, v) is continuous and convex on X; 

(ii) for every bounded set D C X, the family {€(u,-)}uep is weakly (sequentially) 
equicontinuous on X. 

Show that the function u+—> y(u) = €(u, u) is weakly (sequentially) lower semicon- 

tinuous. 


Problem 5.3** 

Let X be a reflexive Banach space and let €: X x X —> R be a function which 
satisfies conditions (i) and (ii) of Problem 5.2 for the weak topology. Suppose that 
C C X is a nonempty, bounded and weakly closed set and set y(u) = €(u, u) for all 
u © X. Show that there exists u € C such that p(w) = inf y. 


Problem 5.4** 

Let X be a reflexive Banach space and let €: X xX —> R be a function which satisfies 
conditions (i) and (ii) of Problem 5.2 for the weak topology. Let y(wu) = €(u, u) for 
all w € X and assume that vy is weakly coercive. Show that there exists @ € X such 
that y(u) = inf Y. 


Problem 5.5* 

Suppose that X is a reflexive Banach space, C’ C X is a nonempty, weakly closed set, 
and y: C —> X is a weakly lower semicontinuous function. Show that » realizes its 
infimum on C if and only if it has a bounded minimizing sequence. 


Problem 5.6** 

Suppose that X is a reflexive Banach space, y: X —> R is a weakly lower semi- 
continuous and weakly coercive function, f: X —> R is a function which is weakly 
continuous, c € R and M = f-l(c) = {ue X: f(u)=c} 4 0. Show that there 
exists u € M such that p(w) = inf . 


Problem 5.7** 
Let Q C R% be a bounded open set with a Lipschitz boundary and let G: RY —+R 
be a convex map such that 


IG(y)| < a(l+lyl?) and Gly) > elyP-c3 VWyeRY, 
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where ¢1,C2,c3 > 0 and 1<p<-+oo. Given f € L”(Q) (where 44+ 4 = 1), we 


po Pp 
consider the functional y: W, ?(Q) —> R defined by 


vii / Cia / f(2ulz)dz Vue w(Q). 
Q Q 


Show that there exists U € Wy? (Q) such that p(u) = inf ¢(u). 
ueW,?(Q) 


Problem 5.8** 
Let © C R™ be a bounded open set with a Lipschitz boundary and let G € C!(RY) 
be a convex function satisfying 


[VG(y)| < a(lt+ yt) and Gly) > ely/P—-c3 VyeRX, 


where c1,c2,c3 > 0. Given f € L?'(Q) (where 4 + 4 = 1), show that there exists 


p' Pp 
UE Wy? (Q) such that 


/ (EDO Diia = i fhdz Vhew2@Q). 
Q Q 


Problem 5.9* 

Let Q C R% be a bounded open set with a Lipschitz boundary and let G € C'(RY) 
be a convex map satisfying the hypotheses of Problem 5.8. Suppose that for some 
UE Wy? (Q), we have 


y (VE(Di). Dh) ede = / fhdz WhewQ). 


Show that @ is a minimizer of the functional y: W, ?(Q.) —> R defined by 


y(u) = [e@ue)az- f route) dz VueWw(Q). 
Q Q 


Problem 5.10** 

Let © C R% be a nonempty open set, 1 <p < +00 and let y: LP(Q) —> R be a 

function satisfying: 

(i) for every \ € R, we have { p < A} C Wt P(Q) and || Dull, is bounded on { y < A} 
(here {yy < A} = {we LAM): glu) < AP); 

(il). Pla, ay 8 sequentially weakly lower semicontinuous on W1?(Q). 

Show that y is lower semicontinuous for the strong topology on L?(Q). 


Problem 5.11* 

Let Q C R® be a nonempty, bounded and open set with a Lipschitz boundary, 
1 < p< +o and let y: L?(Q) — R be a function such that for every A € R the set 
Ly = {ue L9(Q): y(u) < A} C W(Q) and it is bounded in W1?(Q). Show that 
y is coercive for the strong topology on L?(Q) (see Definition 5.5(a)). 
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Problem 5.12** 

Suppose that Q C R% (with N > 3) is a nonempty, bounded and open set with a 
Lipschitz boundary, € € L®(Q) with €(z) > 0 for almost all z € Q and f: R — R is 
a continuous function such that: 

(i) |f(x)| < (1+ |x|") for all « € R, with c; > 0; 

(ii) f(x)x < 0 and (f(x) — f(y))(a@ — y) < 0 for all z,y ER. 

Show that for every g € L?(Q), the Dirichlet problem: 


{ —Au(z) + €(z)u(z) = f(u(z)) +9(2) in Q, 


Uloo = 0, 


has a unique weak solution, i.e., there exists unique @ € H4(Q) such that 


(D&, Dh)pw dzt+ | €(z)ahdz= | f(@hdz+ | ghdz V heH{(Q). 
[ci Drps te [cin f tone 


Q Q 


Problem 5.13* 
Let X be a reflexive Banach space and let y € C?(X;R) be such that 


y"(u)(h,h) > 0 Vue B,, he X, 


where B, = {vEX: |lvllx <r}. Show that there exists 7 € B, such that 
p(w) = inf y(u). 
ue Br 


Problem 5.14* 

Suppose that X is a Banach space, y € C!(X) is such that Ylon, 48 bounded below 
0 

(here OB, = {we X: |lul|x =to}), 3: (0,+00) —> R is a continuous function such 


that 
+oo 


for some tp > 0 and 
(y’(u),u) > O(llullx) WueXx. 
Show that y(u) —> +00 as |lul|x —> +00. 


Problem 5.15% 
Suppose that X is a reflexive Banach space, y: X —> R is a weakly lower semicon- 
tinuous function, C C X is a nonempty, bounded, open set, 0,,C = CO” \ C and 


p(v) > v(u) Vv € OC, 


for some u € C. Show that K, NC 40 
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Problem 5.16” 

Suppose that H is a Hilbert space, M=0B,={ueE H: |lullg=1}, AC L(A) isa 
symmetric operator and y(u) = 5 (A(u),u),, for all u € H. Find the critical points 
of lay 


Problem 5.17*** 
Suppose that Q C RY (with N > 3) isa nonempty open set with a Lipschitz boundary 
and 2<p<2*= a: y: H}(Q) — R is the C!-functional defined by 


p(u) = 5[|Dull3—sllulh Vue Ho(Q) 


and M = {ue H}(Q): (y'(u),u) =0, u #0}. Show that M # 0 and it is a natural 
constraint for y. 


Remark. The set M is known as the Nehari manifold for y and by the defi- 
nition contains all the nontrivial critical points of y. The next problem generalizes 
Problem 5.17. 


Problem 5.18** 
Suppose that X is a Banach _ space, ) € C?(X;R), 
M={ueX: (p'(u),u) =0, ux 0}, M9, 


y"(u)(u,u) = (p"(ujuyu) #0 WueM 


and there exists r > 0 such that B. M = 0 (where B, = {we X: |lul|x <r}). 
Show that M is a C!-Banach manifold of codimension 1 and that it is a natural 
constraint for y. 


Problem 5.19** 
Let 2 C R be a nonempty, bounded, and open set with a Lipschitz boundary 0Q 
and let. f: R —> R be a C!-function which is strictly increasing, f(0) = 0 and 


0< f(z) < & VareR, 


for some cy > 0. We set F(x) = f f(s)ds and consider the C'-functional 
0 


y: H*!(Q) —> R defined by 


yu) = §\Dul3 [ Fee) dz Vue HQ). 
Q 
Consider the set M C H'(Q) defined by 


M = fu € H\(Q): | teaz =}, 


Q 


Show that M is a C!-Banach manifold of codimension 1 and that M is a natural 
constraint for y. 
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Problem 5.20** 
Suppose that Q C RY (with N > 1) is a nonempty, bounded, open set, 2 < p < 2* 
with 


o — { wa if NB, 
~ | +00 if N=1,2, 


A> 0 and yy: H4(Q) — R is the C?-functional defined by 
er(u) = 5 [Dull — Zllullg + fllullh = V we Hy(Q). 


Define My = {u € Hg(Q): (y\(u),u) =0, u 40} (the Nehari manifold for y); see 
the Remark after Problem 5.17). 

Show that: - 

(a) M) = 0 if and only if A < Aq (see Remark 5.128); 

(b) for all \ > Ais M) is a natural constraint for yy. 


Problem 5.21** 
Suppose that Q C R™ (with N > 1) is a nonempty, bounded, open set, 2 < p < 2* 
with 


and f € C!(R) satisfies 
(i) |f’(u)| < c(1+ |u|?) for all u € R and some c > 0; 
(ii) Fy) < fi(u ) for all u 4 0. 


Let F(x) = f f(s) ds and consider the functional y: H'(Q) —> R defined by 
0 


elu) = tlulg— f F(u(2))d2 Vue HY), 
Q 


We introduce the set 


= {ue H}(O): Du} = f fuude, u 0}. 
Q 


Show that M is a natural constraint for the functional y. 


Problem 5.22** 
Let X be a Banach space and let y: X —> R be a lower semicontinuous function 
which is bounded below, Gateaux differentiable and 


y(u) > allullx—co VueXx, 


for some ¢1,c2 > 0. Show that the set yi(X) is dense in c;B, (here B] = 
{ut € X*: juts < 1}). 
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Problem 5.23** 
Let X be a Banach space and let y: X —> R be a lower semicontinuous and Gateaux 
differentiable function such that 


plu) > V(llullx) VueXx, 


where 0: Ri —> R is a continuous functions satisfying oe) — +00 as r + +00. 
Show that the set y@(X) is dense in X*. 


Problem 5.24* 
Suppose that X is a Banach space, y: X —> R is a lower semicontinuous, bounded 
below, and Gateaux differentiable function, ¢ > 0, y € X are such that 


< inf ; 
p(y) infip +e 


A> 0 and €: Ry —> R, is a continuous nondecreasing function such that 


+00 


i = 
0 


Show that there exists u, € X such that 


yur) < vy), Ilua-yllx <7 eee < sa 


llyllx +7 


where 7 > Ois such that f[ EEsey ds >. 
llyllx 


Problem 5.25** 
Suppose that X is a Banach space, y € C1(X) is bounded below and satisfies the 
Cm-condition (see Definition 5.47(a)), where m = inf p. Show that there exists 


uo € X such that y(uo) = inf yp. 


Problem 5.26* 
Show that Theorem 4.66 (the Caristi fixed point theorem) and Corollary 5.38 (the 
Ekeland variational principle) are equivalent. 


Problem 5.27** 

Suppose that X is a Banach space, y € C!(X) satisfies the C-condition and up € X 
is a local minimum point of y. Show that given r’ € (0,r], one of the following 
conditions holds: 

(a) there exists 7 € (0,r’) such that 


p(uo) < inf{p(u): |lu—uollx =7} = me; 


or 
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(b) for every g € (0,7r’), y has a local minimum at a point uy € X with 
[uo — uollx = @ and (uo) = y(up). 


Problem 5.28** 
Suppose that X is a Banach space, y € C!(X) satisfies the C-condition and uo, u € X 
are two distinct local minimizers of y. Show that y has a third critical point. 


Problem 5.29** 
Let X be a complete metric space and let y: X —> R be a lower semicontinuous, 
bounded below function satisfying the following compactness type condition: 

NCE: “If {Unknsi © Xs {Enknsis {On}ns1 © (0, +00) are sequences such 

that 


y(un) —+ ¢ and (tn) < lv) + end, (v, Un) 
Vue X, d,(v,un) < on 


then there exists a strongly convergent subsequence of {Un}asi 
Show that, if c= inf ~, then we can find up € X such that y(uo) = c. 


Problem 5.30** 
Let X be a Banach space and let y: X — > R be a lower semicontinuous and 
bounded below function. Let m = inf y and assume that y satisfies the nonsmooth 


Cy-condition. Show that there exists ug € X such that y(uo) =m. 


Problem 5.31* 
Let y € C!(RY) and assume that 


|y(u)| + |y’(u)| —+ +00 as |ul + +00. 
Show that y satisfies the PS-condition. 


Problem 5.32* 
Let X be a Banach space and let y € C!(X) satisfy 


g'(u) = A(u)t+g(u) VueX, 


where A € £L(X; X*) is invertible and g: X —> X* is compact. Suppose that every 
Palais-Smale sequence is bounded. Show that y satisfies the PS-condition. 


Problem 5.33** 
Suppose that X isa Banach space,C = {ue X: 0<a< |ullx <b} andy: C—R 
is a C!-function which satisfies the following compactness type condition: 
Every sequence {tn}, 5, GC X such that a+ < |lun||x <b — 6 for some 
6 > 0, {9(Un) }nsi C R is bounded, y'(un) — 0 in X*, has a strongly 
convergent subsequence. 
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Suppose that A, C = 0) and set 
m(r) = inf {y(u): |lullx =r} Vr € [a,b]. 
Show that, ifa<rb<r<r2 <b, then m(r) > min{m(r1), m(r2)}. 


Problem 5.34** 

Suppose that X is a Banach space, y: X —> R is a lower semicontinuous, convex, 
and bounded below function, uw € domy, ¢ > 0. Show that there exist uz € domy 
and us € Oy(ue) such that 


lIue— uollx < E(p(uo)— p(ue)) and |luz|le < «. 


Problem 5.35*** 
Show that if the Ekeland variational principle in the form of Corollary 5.38 holds on 
a metric space (X,d,.), then (X,d,,.) is complete. 


Problem 5.36** 
Suppose that X is a Banach space, y € C!(X) and c € R is such that y* in unbounded 
for 4 > c and bounded for A < c. Show that there exists a sequence {tn},5, © X 
such that 

Y(Un) —> ¢ (1+]luallx)e’(un) — 0 in X* 


and ||up||x —> +00. 


Problem 5.37** 
Let X be a Banach space and let y € C!(X) be a bounded below function satisfying 
the C-condition. Show that ||u||x —+ +oo implies y(u) —> +00. 


Problem 5.38** 
Let X be a Banach space and let y € C'(X) be a function bounded below. Show 
that ~ satisfies the PS-condition if and only if it satisfies the C-condition. 


Problem 5.39** 
Let H be a Hilbert space and let y € C?(H;R) be a bounded below function satisfying 
the CPS-condition (see Remark 5.46). Given ué H, let o,(t) (for t > 0) be the 
negative gradient flow of y starting from u € H, i.e., the solution of the Cauchy 
problem 
o'(t) = —Vy(a(t)) +20, 
{ o(0) = 4, 


where Vy(y) is the gradient of y at y € H, ie., 
(y'y),h) = (Ve). Dy Ved, 


with (-,-) being the duality brackets for the pair (H*, H) and (-,-),, being the inner 
product of H. Show that the flow o is global (i-e., o,(t) exists for all t > 0) and 
C= jim p(ou(t)) is a critical value of ¢. 

[oe] 
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Problem 5.40** 

Suppose that X is a Banach space, £ = y+ w with » € C'(X), w © To(X) 
(see Remark 3.56) and € is bounded below and satisfies the SC,,-condition with 
n= inf € (see Definition 5.47). Show that there exists w € X such that m = €(u) 


and —y'(w) € OW(u). 


Problem 5.41** 
Let X be a reflexive Banach space and let y: X —> R be a GAateaux differen- 
tiable, lower semicontinuous and convex function such that y(w) —> +co when 
||u\|x — +oo. Show that ¢ satisfies the following condition: 

WC: “If {un}ns1 C X is a sequence such that: 


(i) the sequence { y(un) },51 C R is bounded, 
(ii) Youn) 4 0 for all n > 1, 
(iii) Yo(un) — 0 in X*, 

then there exists uw € X such that 


liminf y(un) < y(u) < limsupy(un), and ye(u) = 0.” 
n> +00 n—>+00 
Problem 5.42*** 
Suppose that X is reflexive Banach space, A € £.(X; X*) (see Definition 2.1), A = A* 
and w € C!(X) is a convex functions satisfying: 
(i) v(u) = cy ||ullx — ce for all u € X, with cy, cz > 0; 
(ii) (w’(u),u) < cslullx + c4 for all ue X, with cz € [0,2), cy > 0. 
Let y(u) = 5 (A(u), u) + w(u) for all u € X. Show that ¢ satisfies the WC-condition 
from Problem 5.41. 


Problem 5.43*** 

Suppose that X is a Banach space, X = Y @ V with dimY < +oo0, y: X — R 
is a continuous, Gateaux differentiable function satisfying the WC-condition (see 
Problem 5.41), pg: X —>+ X* is norm-to-weak* continuous and there exists r > 0 
such that: 

(i) y(y,0) <0 for all ye Y NOB, (where OB, = {ue X: |lullx =r}); 

(ii) y(0,v) > 0 for allue V. 

Show that there exists u € X such that y;(u) = 0 and y(u) > 0. 


Problem 5.44** 
Suppose that X is a Banach space, y € C!(X) satisfies the C-condition and there 
exists 7 € R such that the set y~ (7) is bounded. Show that |y|(u) = |ye(u)| —> +00 
as ||u||x —> +00. 
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Problem 5.45** 
Suppose that X is a Banach space, y € C!(X) is a bounded below function which 
satisfies the C,,-condition for m = inf y. Show that y+ is bounded for some > 0. 


Problem 5.46* 
Suppose that X is a Banach space, y € C!(X) is a bounded below function satisfying 
the PS,,-condition where m = inf yp. Show that every minimizing sequence y admits 


a convergent subsequence whose limit is a global minimizer of y. 


Problem 5.47** 

Suppose that X is a Banach space, X* is its topological dual, y: X* —> R is w*-lower 
semicontinuous function which is bounded below. Show that there exists u* € X* such 
that if a net {us acy C X* satisfies 


P(Ua) + [u" — ualle —> vu"), 
then us, “at in X*. 


Problem 5.48** 

Let X be a reflexive Banach space and let y: X —+ R be a lower semicontinuous, 
convex, and bounded below function. Show that there exists u € X such that if a 
sequence {Un}ns1 C X satisfies 


P(Un) + |[%—Unllx —> (wu), 
then u, —> uin X. 


Problem 5.49* 
Suppose that X is a Banach space and € = y+y isa function such that y: X — Ris 
locally Lipschitz and q € T'o(X) (see Remark 3.56). We say that u € X is a critical 
point of € if 

0 < YG h)+¥(+h) — va) VheXxX, 


Suppose that {tn}n51 G X is a sequence such that 
Un —> U inX, (Un) — c 
and 
—En||u — unl < y? (Un; U — Un) + (wu) — (un) Vuex, 
with €, \, 0. Show that u € X is a critical point of € with critical value c. 
Problem 5.50* 
Suppose that X is a Banach space, € = y+ yw is a functions such that y: X —> R 


is locally Lipschitz and w € T'9(X) (see Remark 3.56). Suppose that € is bounded 
below and satisfies the following compactness-type condition: 
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GNPS,,: “Every sequence {tn}, 51 © X such that 
E(Un) > m= inf € 
and 
—En|lU— Un|lx < G?(unju— mn) + o(u) — (un) Vue xX, 


with ¢ \, 0, admits a strongly convergent subsequence.” 
Show that € has a critical point w € X (in the sense of Problem 5.49) and (wu) =m. 


Problem 5.51*** 

Suppose that X is a Banach space, y: X —> R is a locally Lipschitz function, F is 
a compact metric space, Eg C EF is a nonempty closed subset and yo: Eo —> X isa 
continuous map. Define 


T= XX): = = 
{vy € C(E;X): In, = yo} and c inf max o(y(u)) 


Suppose that c > max y(yo(u)). Show that there exists a sequence {un},., C X 
Uu 0 a 
such that 
p(n) —> c and m(v,) — 0 
(see Definition 5.47(a)). 


Problem 5.52** 
Let X be a Banach space and let y: X — R be a locally Lipschitz function such 
that y(0) = 0 and there exists u; € X \ {0} such that y(ui) < 0. Define 


P= {ye C ((0,1];X): (0) =0, 71) = ui} 


d c= inf t)). 
and c ee )) 


Suppose that c > 0 and y satisfies the nonsmooth PS,-condition. Show that c is a 
critical value of y. 


Problem 5.53** 

Suppose that X is a Banach space, y: X —> R is a Gateaux differentiable function 
such that yo: X —+ X* is continuous from X with norm topology into X* with the 
w*-topology, EF is a compact metric space, Eg C F& is a nonempty closed subset and 
yo: Eg —> X is a continuous map. Define 


re :X): = a3 
{y€ C(E;X): ys, =} and c inf max o(y(u)) 


Suppose that c > max ~p(yo(u)). Show that there exists a sequence {tn},5, C X 
uc€ Ko a 


such that 
y(tn) —+ ¢ and ||y'(un)|l|k —> 0 


and if ~ satisfies the PS,-condition, then we can find u € X such that 


y(@) = c and y’/(%) = 0. 


5.2. Problems 855 


Problem 5.54** 
Let X be a Banach space and let y: X — R be a locally Lipschitz function which 
is bounded below. Show that there exists a sequence {tn}, 5, C X such that 


p(n) — inf p and (14 |lullx)m(un) — 0 
(see Definition 5.47(a)). 


Problem 5.55** 
Let X be a Banach space and let y: X — R be a locally Lipschitz function. We 
consider the following two compactness type conditions on ¢: 

NCe: “If {Un}nsi SX, {En}nsis{ontnsi © (0, +00) are sequences such 

that 

En —> 0, 6 — 0, Yy(un) — c 
and 
lp(un) — p(u)] < ellun-ullx WueX, n2], |lun-ullx < bn, 


then there exists a strongly convergent subsequence of {Un}nsi” 
(see Problem 5.29 for a unilateral version of this condition) and 
NPS.: “If {tn}nsi G X is a sequence such that 


y(un) —> c and m(un) — 0 


(see Definition 5.47(a)), then there exists a strongly convergent subse- 


quence of {Un }ys1” 
(see Definition 5.47(a) for the nonsmooth Cerami analog of this notion). Show that 
both above condition are equivalent. 


Problem 5.56** 
Suppose that H is a Hilbert space, Y is a reflexive Banach space, H — Y compactly 
and densely and w: Y —> R is a locally Lipschitz function. Let ~ = 7|,, and define 


glu) = Z\lully-d@)  Vued. 


Suppose that y satisfies the following compactness type condition: 
WNPS.: “If {Un}ns1 G X is a sequence such that 


y(un) —> c and m(un) — 0 


(see Definition 5.47(a)), then there exists a weakly convergent subsequence 


of {Un}n>1-” 
Show that ¢ satisfies the NPS,-condition (see Problem 5.55). 


Problem 5.57*** 
Let X ba a Banach space and let y € T'9(X) (see Remark 3.56). Show that given any 
u € dom ¢, we can find a sequence {un},5, G X such that 


p(un) — y(t), |lun—ullx < 1 and Oy(un) # 0 Vn>1. 


n 
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Remark. In particular this problem shows that D(Oy) is dense in domy for 
yp €To(X). 


Problem 5.58** 
In the definition of the PS,-condition, we have two requirements, namely 


y(tn) —> c and y’(un) —> 0 in X* 
(see Definition 5.45(a)). Show that they are independent. 


Problem 5.59** 
Let 2 C R% be a nonempty, bounded, open set with a Lipschitz boundary and let 
yy: Hj(Q) —> R be the C'-functional defined by 


grx(u) = 5||Dullz—Sllullg Vue Hg(Q). 


Show that satisfies the PS-condition if and only is A # om for all n > 1 (here 
{An}n>1 are the eigenvalues of (—A, H4())). 


Problem 5.60* 
Suppose that H is a Hilbert space, y € C'(H) is a bounded below function, 
g€C'(H), M = g“1(0), g'(u) 4 0 for allue Mj m= inf p > —oo and assume 
that the following condition holds: 

PS”: “Every sequence {Un}ns1 G M such that 


y(n) —+ m and y4ys(un) — 0 


admits a strongly convergent subsequent.” 
Show that there exists @ € M and A € R such that 


g(t) =m and y(t) = Ag'(@). 


Problem 5.61** 

Let Q C R% be a nonempty, bounded, open set with a Lipschitz boundary and let 
p € (2,p*), where p* = <A; if N > 3 and p* = +co is N € {1,2}. Consider the 
C'-functional y: H4(Q) —> R defined by 


g(u) = 4||Dullz—JllulR Vue Ho(Q). 
Show that the functional y satisfies the C-condition. 


Problem 5.62% 

Let X be a Banach space and € = y+ y is a function such that y: X — R is locally 
Lipschitz and w € T'9(X) (see Remark 3.56). Show that if @ € X is a local minimizer 
of €, then @ is a critical point of € (see Problem 5.49). 
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Problem 5.63** 

Suppose that X and Y are two Banach spaces with X being reflexive, X — Y 
compactly and densely, @: Y —> R is a locally Lipschitz function, ~: X —> R is 
a convex and Gateaux differentiable function, y = ¢|,,€=ytwandue X isa 
critical point of € (see Problem 5.49). Show that —Wo(u) € OG(u). 


Problem 5.64** 

Suppose that X and Y are two Banach spaces with X being reflexive, X @— Y 
compactly and densely, 6: Y —> R is a locally Lipschitz functions, ~: X —> Risa 
convex and Gateaux differentiable function, p = @|, and € = y+y is such that 


E(u) —+ +00 as |lul|x > +00. 
Show that there exists w € X such that 
(@) = inf€ and — yeu) € d9(u). 
Problem 5.65* 
Let X be a reflexive Banach space and let y € C!(X) satisfy 
p(u) —> +00. as ||ul|x — +00. 


Suppose that y’ = A+ K with A: X —> X* of type (S)+ (see Definition 2.137) and 
Kk: X —+ X* being completely continuous (see Definition 2.1). Show that ¢ satisfies 
the C-condition. 


Problem 5.66** 
Let 2 C R% be a nonempty, bounded, open set with a Lipschitz boundary, 
1<p<-+oo and let f: 2 x R — R be a Carathéodory function such that 


|f(z,x)| < a(z)\(1+ |z2|%!) for aa. ze, allz eR, 


x 
with a € L©(Q)4, 1 <q <p. We set F(z,x) = f f(z,s)ds and consider the C1- 
0 


functional defined by 


BGs, L|Dulf — f F(e,u(e)) de Vue WiP(Q). 


Show that y satisfies the C-condition and the PS-condition. 


Problem 5.67** 

Let 2 C RY bea nonempty, bounded, open set with a C?-boundary and let 0 € L'(Q) 
be such that 0(z) < A for almost all z € 2 with strict inequality « on a set of positive 
Lebesgue measure (here A; > 0 is the first eigenvalue of (— Dns Wo ?(Q))). Show that 
there exists co > 0 such that 


|Dul/2 — | V(z)Ju(z)/? dz > collull? Vue W,?(Q). 
P 0 
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Problem 5.68*** 
Let Q C R™ be a nonempty, bounded, open set with a C?-boundary, 1 < p < +00 
and let f: Q x R — R be a Carathéodory function such that: 

(i) |f(z,2)| < az )(1-+|a/P- ') for almost all z € Q, alla € R with some a € L©(Q),; 


(ii) lim sup oes < 1 uniformly for almost all z € 2 (here \, > 0 is the first 


sae of he Ap, Wo? (Q))); 
(iii) if F(z, x) =I z, 8) ds, then 


lim (f(z,x)¢ —pF(z,x2)) = +00 


L—->=xCO 


uniformly for almost all z € Q. 
Consider the C!-functional y: Wo ”(Q) —> R defined by 


ure S|Dulf— f PG,u(e)) de Vue WiP(Q). 


Show that y satisfies the C-condition and the PS-condition. 


Problem 5.69** 
Suppose that X is a Banach space, € = y+w with gy: X — R locally Lipschitz 
and w € ['9(X) (see Remark 3.56) and consider the following refinement of Defini- 
tion 5.47(a): 

SC.: “Every sequence {Un}n>1 C X such that €(un) —> c and 


(1+ [[unllx) (P°(uni 2) + (tn +h) -— b(tn)) > —enllAllx 


for every n > 1 with e, \, 0, admits a strongly convergent subsequence.” 
Show that when ~ = O, then the SC,-condition coincides with the nonsmooth 
C,-condition. 


Problem 5.70% 
Suppose that X is a Banach space, y € C!(X), ¢ is not a critical value of y and y 
satisfies the C,-condition. Show that there exists 6 > 0 such that 


if |p(u) — el] < 4, then (1+ |lullx)|le(u)llk > 4. 
Problem 5.71* 
Let X be a finite dimensional Banach space and let y € C!(X). Show that ¢ is 


bounded below and satisfies the C-condition if and only if 


p(u) —> +00 as ||ul|x —> +00. 
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Problem 5.72** 
Let X be a Banach space and let y € C!(X) be a bounded below function such that 


p(u) —>+ +00 as ||ul|x —> +00. 


Is it true that y satisfies the C-condition? Justify your answer. 


Problem 5.73* 
Suppose that X is a Banach space and let y € C!(X) be a function satisfying the 
C,-condition for some c € R. Show that the set AY is compact. 


Problem 5.74* 
Find a nonconstant function which satisfies the CPS-condition (see Remark 5.46) but 
not the PS-condition (see Definition 5.45(a)). 


Problem 5.75* 
Find a C!-function y which is bounded below, c = inf y, but y does not satisfy the 


PS,-condition. 


Problem 5.76** 
Let H be a Hilbert space with inner product (-,-);,, h € H and let yp € C'(H) be 
defined by 


y(u) = 4|jul? -—4(u,r)z, Vue H. 
Show that ¢ satisfies the PS-condition if and only if ||h||q7 #1 


Problem 5.77*** 
Let 2 C RX be a nonempty bounded open set with a Lipschitz boundary and let 
f: Qx R—R be a Carathéodory function such that: 
(i) |f(z,x)| < a(z) for almost all z € Q, all c ER, with a € L*©(Q)4; 
(ii) there exist f,, f— € E%(Q) such that 


fe(z) = lim f(z,z) foraa ze; 


L—>=xCO 


(iii) we have 


y Pie da sea & / <n 


fe) fo) 
or f-(@Qudz <0 < |} fru, 
[ [ 


where U is the L?-normalized, positive eigenfunction corresponding to the first 
eigenvalue \1 > 0 of (—A, H4(9)). 
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Let F(z,x) = f f(z, s) ds and consider y € C1!(H}(Q);R) defined by 
0 


g(u) = 45||Dullz — lub — [ P@,ule)) de V h € Hg(Q). 
Q 


Show that y satisfies the PS-condition. 
Problem 5.78* 


Let Q C R% be a nonempty, bounded, open set with a Lipschitz boundary and let 
f: Qx R—R be a Carathéodory function such that 


lf(z,z)| < a(z) foraa. zeEQ, allzeR, 
with a € L©(Q),. Suppose that there exist functions f,, f- € L°(Q) such that 


fa(z) = lim f(z,z) foraa zen. 


xr—00 


Assume that 


f-(z) < f(z,2) < f(z) foraa. zeEQ, allz eR, 


with strict inequalities on sets of positive Lebesgue measure. Let uo € Hj(Q) be a 
weak solution of the following Dirichlet boundary value problem: 


Show that 
/ Meds Zoe / Pinan 
Q 


Q 


Problem 5.79*** 
Suppose that X is a Banach space, 


4 = AG apie glu =3 orn ||un — ul|%., with 
no1 
{Un}n>1 © C X convergent, An > 0, Ss" 5 ee 1, 
no1 


yp: X —> R is a lower semicontinuous function which is bounded below, ¢ > 0 and 
ug € X are such that 
p(uo) < inf pre. 
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Show that there exist uz € X and g € Y such that 
Puc) < infy+e, |[ue—uollx < 1 
and 
p(ue) + 2e(g(ue) — g(u)) < y(u) Vusue. 


Problem 5.80*** 
Suppose that Problem 5.79 holds in the Banach space X with 


Y = {g:X SR: g(u) = $|lu— All for allu € X, with he X}. 
Show that X is reflexive. 


Problem 5.81* 
Let H be a Hilbert space and let y € C?(H;R) be a bounded below function. Show 
that there exists a sequence {Un}, 5, C H such that 


y(n) — inf p, y’ (un) —> 0 in H* 


and 
(ye (un)y, ¥) > 0 Vy CH. 


Problem 5.82** 
Let X be a Banach space, y € C!(X) and 0 < \ < ps. Show that there exists a locally 
Lipschitz map g: X \ K, —> X such that 


Ig(uIlx < mlly'()lls 


and 


Alle (wk < (eu), Gu)) Yue X\ Ky. 


Problem 5.83** 

Let X be a Banach space, y € C!(X) and 0 <  < pw. Show that there exist locally 
Lipschitz maps g,g: X \ kK, —> X such that: 

(a) |[9(u)|_x < # and Ally'(u)||« < (¢'(u), g(u)) for all u € X \ Ky; 

(b) A< (¢'(u), 9(u)) < |]o"(u)Il«ll9(@) Ix < # for allu€ X \ Ky. 


Problem 5.84*** 
Suppose that X is a Banach space, y € C!(X), ¢ € R and y satisfies the following 
compactness type condition at level c: 
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ashe “There exists a nonincreasing function J: (0,-+oo) —> (0, +00) such 
+00 

that | 0(s)ds = +00 for which every sequence {Un}no1 C X satisfying 
1 


p(un) —> c and y' (un) —> 0 in X*, 


9(||un|lx) 


admits a strongly convergent subsequence.” 
Assume that k= ) and let r > 0. Show that there exist ¢ > 0 and a continuous 
map h: [0,1] x X —+ X such that: 
(a) h(0,u) = wu for all u € X, for every t € [0,1], A(t,-): X —> X is a homeomor- 
phism and 


p(h(t,u)) < plh(s,u)) Vtse [0,1], t<s, we Xx; 


(b) if |y(u) — c| > 2e, then A(t, u) = u for all t € (0, 1]; 


(c) A(1, ~ce-e N Br) C Gere, where B. ={uEX: |lullx <r}. 

Remark. Note that if J is a constant, then PS? coincides with the usual PS,- 
condition (see Definition 5.45(a)). On the other hand, if 0 = tee then the PS? 
condition coincides with the C,-condition (see Definition 5.45(b)). 


Problem 5.85* 

Suppose that X is a Banach space, y € C!(X), c € R, ¢ satisfies the C,-condition, 
7 > 0 and U is an open neighborhood of the set AZ. Show that there exists ey > 0 
such that 

ag ullx)le'(u)llk 2 ne Vee (0,0). 


wegen’ 


Problem 5.86** 
Suppose that X is a Banach space, y € C1(X), up € X \ {0}, 


D= {U CX: U is a bounded, open neighborhood of 0, up Z U} 


and we define 


c = sup inf w). 
1 ) 


Suppose that y satisfies the PS?-condition (see Problem 5.84) and 
p(0),p(uo) < 0, yv(u) => m> 0 Yue Up, 
for some Up € D. Show that c is a critical value of y. 


Problem 5.87** 

Suppose that X is a Banach space, yp € C!(X), ¢ satisfies the PS?-condition for every 
c € R (see Problem 5.84), u = 0 is a local minimizer of y and there exists ug € X \ {0} 
such that y(uo) < y(0) = 0. Show that we can find u € Ky, U ¢ {0, uo}. 
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Problem 5.88*** 
Let X be a Banach space and let y € C!(X) satisfy the following conditions: 
(i) there exists r > 0 such that 


9(0) < inf{y(u): llullx =r} = me; 


(ii) there exists uo € X such that ||wollx > r and y(uo) < mp; 
(iii) y satisfies the WC-condition (see Problem 5.41). 
Show that there exists uv € Ky with m, < y(u). 


Problem 5.89** 

Suppose that H is a Hilbert space, ¢ € C'(H) has a local linking at the origin 
with respect to the direct sum pair (Y,V) (see Definition 5.77) and y’ is Lipschitz 
continuous in a neighborhood of the origin. Show that there exist a closed ball B 
centered at the origin and a homeomorphism h: H —+ H such that: 

(a) K,nh(B) = {0}: 

(b) Asay = Tony) 


(c) y(v) > 0 for all v € h( BN V \ {0}). 


Problem 5.90** 
Consider the function y: R? —> R defined by 


guy) = Wt) +  V (u,v) eR’. 


Show that y has the mountain pass geometry (see Theorem 5.63) but fails to satisfy 
the PS-condition. 


Problem 5.91** 
Let X be a Banach space and let y: X —> R bea locally Lipschitz function. Consider 
the following two compactness type conditions: 

NPS_-: “Every sequence {Un}n>1 C X such that 


p(tn) —>+ c and m(un) = inf |u*|, —> 0 
u*E0p(un) 


admits a strongly convergent subsequence.” 
NPS,: “Every sequence {un},5, G X such that 


p(n) — ¢ 
and for every € > 0, there exists no = no(€) > 1 such that 
0 < y(un;h) + ellAllx Vn>no, he X, 


admits a strongly convergent subsequence.” 


Show that both above conditions are equivalent. 
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Problem 5.92* 

Suppose that X is a Banach space, y: X — R is a locally Lipschitz function which 
is bounded below and t@ € X and « > 0 are given. Show that there exists u € X such 
that 


g(t) +elld—Ulx < y@) and 0 < p(tjh)+ellhllx VheXx. 


Problem 5.93** 

Suppose that X is a Banach space, y: X — R is a locally Lipschitz function which 
is bounded below and satisfies the NPS,-condition for every c € R (see Problem 5.91). 
Show that y(u) —> +00 as ||ul|_x — +oo. 


Problem 5.94** 

Suppose that X is a Banach space, y: X — R is a locally Lipschitz function which 
satisfies the NPS,-condition for every c € R (see Problem 5.91) and has two local 
minimizers ug,u,; € X. Show that y has a third critical point (that is, there exists 
u © X \ {uo, ui} such that 0 € Ov(u); see Definition 5.73(a)). 


Problem 5.95*** 
Let 2 C R% be a nonempty bounded open set with a Lipschitz boundary and let 
f: Qx R—R be a Carathéodory function such that: 
(i) for every g > 0, there exists ag € L4(Q) with q > 5 ifN2>3,q>1lifN=2 
and gq >1 if N =1 such that 


\f(z,z] < ap(z) foraa.zeQ, |z| < @ 


(ii) Jim f(z, x) =0 uniformly for almost all z € Q; 
(iii) lim F(z,2) = Fx(z) uniformly for almost all z € Q with Fy € L1(Q), where 


Renae 
2) = 1 f@xa\ds 
0 
Consider the C1-functional y: Hj(Q) —> R defined by 


gu) = 5||Dullz - pul — f PG,u(e)) de Vu € Ha(Q), 
Q 


where Ag > 0 for k > 1 is an eigenvalue of (—A, H4(Q)). Let E(Ar) be the corre- 
sponding eigenspace and let 


p= fea / Fy dz- / F_dz: @E E(\x), ||z|| = 1} 
{u>0} {ti<0} 


(here ||z|| = || Du||2 by the Poincaré inequality (see Theorem 1.131)). Show that y 
satisfies the PS,-condition if and only if c € R \ D. 
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Problem 5.96** 
Let X be a Banach space and let € = y+ w be a function such that py: X — R is 
locally Lipschitz and w € T'9(X) (see Remark 3.56). Suppose that € is bounded below 


andc= liminf €(u) is finite. Show that there exists a sequence {un},,., GC X such 
I|ul| x++00 e 


that 
l|tnllx —+ +00, E&(tn) —> e 


and 


—En|lu—unllx < v°(unjsu-un)+¥(u)+V(un) Vue X, 
with en, \, 0. 


Problem 5.97** 
Let X be a Banach space and let € = y+ w be a function such that y: X — R 
is locally Lipschitz and w € T'9(X) (see Remark 3.56). Suppose that € is bounded 
below and satisfies the SPS-condition (see Definition 5.47). Show that €(w) —+ +oo 
as ||u||x~ —> +00. 


Problem 5.98*** 

Suppose that X and Y are two reflexive Banach spaces, X and X* are both uniformly 
convex, X <> Y compactly and densely, ~: Y —> R is locally Lipschitz, ~ = |, 
and y: X —> R is the locally Lipschitz function defined by 


g(u) = sllulk-v@u) VueXx, 
with 1 < p< +oo. Suppose that y satisfies the following compactness type condition: 
NPS»: “Every sequence {tn}p>1 G X such that {9(un) fas C R is 


bounded and 7 7 


M(tUn) —> 0 


(see Definition 5.47(a)) admits a weakly convergent subsequence.” 
Show that ¢ satisfies the NPS,-condition for every c € R (see Problem 5.55). 


Problem 5.99% 
Suppose that (X,d,) is a complete metric space, C C X is a nonempty, closed set 
and y: X x X — R is a function such that: 
(i) y(u,u) = 0 for all u € C; 
(ii) y(u,y) < y(u,v) + v(v, y) for all u,y,v € C; 
(iii) for every u € X, y(u,-) is lower semicontinuous and bounded below. 
Show that for every € > 0 and every u € C, we can find u € C such that 


p(u,u) +ed,(u,u) <0 and 0< y(u,u)t+ed, (uu) VuEec, uF. 


Problem 5.100** 
Suppose that X is a Banach space, C C X is a nonempty and w-compact set and 
yp: C x C —> Ris a function such that: 
(i) y(u,u) = 0 for all u € C; 
(ii) y(u,y) < y(u,v) + v(v, y) for all u,y,v € C; 
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(iii) for every u € X, y(u,-) is lower semicontinuous and bounded below; 
(iv) for every y € X, y(-,y) is sequentially weakly upper semicontinuous. 
Show that there exists wu € C such that 


0< guy) VyEed. 


Problem 5.101** 

Suppose that X is a reflexive Banach space, C C X is a nonempty and w-closed set 

and y: C x C — R is a function such that: 

(i) y(u,u) = 0 for all u € C; 

(ii) y(u,y) < y(u,v) + vv, y) for all u,y,u € C; 

(iii) there exists a nonempty w-compact set AK C C such that for every ue C\ K, 
there exists y € C such that ||y||x < |lul|x and y(u, y) < 0; 

(iv) for every u € C, y(u,-)|,, is sequentially weakly lower semicontinuous; 

(v) for every u € K, vy(u,-)|, is bounded below; 

(vi) for every y € K, y(-,y)|, is sequentially weakly upper semicontinuous. Show 
that there exists u € C' such that 

0< pty VyEed. 


Problem 5.102*** 
Let 2 C R™ be a bounded domain with a C?-boundary 09 and let f: 2x R—>R 
be a Carathéodory function such that f(z,0) = 0 for almost all z € 2 and 
(i) |f(z,x)| < a(z)(14+ 2) for almost all z € Q, all x > 0, with a € L™(Q); 
(ii) lim sup Le.) aD), 0(z) uniformly for almost all z¢€Q with J € L*°(Q) and 


wT—+00 
lz) < MM for almost all z € Q with strict inequality on a set of positive Lebesgue 
measure; 

(iii) lim inf is) > n(z) uniformly for almost all z€Q with 7 € L°(Q) and 
x0 


eae Mi for almost all z € Q with strict inequality on a set of positive Lebesgue 
measure; 

(iv) for almost all z € 2, the map 7 ++ fa) ®) ig decreasing on (0, +00); 

(v) for every g > 0, there exists €, > 0 such that for almost all z€Q, the map 
xt—> f(z, x) + €9x% is nondecreasing on (0, g]. 

Consider the Dirichlet problem 


Show that it has a unique positive solution uo € int C_ (see Theorem 5.129(e)). 


Problem 5.103** 

Let 2 C RX be a bounded domain with a C?-boundary 0, 1 < p < +00 and let 
be an eigenvalue of (—A,, W, (Q)) such that 4 # Ay. Show that every eigenfunction 
we Wy ?(Q) corresponding to \ is nodal (that is, sign-changing). 
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Problem 5.104** 

Suppose that Q C R% is a bounded domain with a C?-boundary 00, 1 < p < +00, 
o0(p) is the set of eigenvalues of (—Ap,, W; (Q)), E(A) is the set of normalized eigen- 
functions corresponding to ’ € oo(p). Show that ao(p) is closed and F(A) C Wy (QO) 
is compact. 


Problem 5.105** 
Suppose that Q C R% is a bounded domain with a C?-boundary 09, 1 < p < +00, 
we W ?(Q) is an eigenfunction of (—A,, Wo ?(Q)) corresponding to an eigenvalue 


\ > At and 
QO, = {<EQ: ulz)>0}, A = {zEN: u(z) <0} 
and |- | denotes the Lebesgue measure on R%. Show that 
min {|Q+|v, |Q-|w} > (Ae?)’, 
with c > 0 depending only on p, N andr = *% ifp<N,r=2ifN <p. 


Problem 5.106* 

Suppose that Q C R% is a bounded domain with a C?-boundary 00, 1 < p < +00, 
£,g € L©(Q), g(z) > 0 for almost all z€0,g #0 andue Wy ?(Q) is a solution of 
the following problem 


{ —A,u(z) + €(z)|u(z)/P-u(z) = g(z) for aa. z EQ, 
u => 0. 


Show that u € int C, (see Theorem 5.129(e)). 


Problem 5.107*** 
Suppose that Q C R% is a bounded domain with a C?-boundary 00, 1 < p < +00, 
€ € L™®(Q) and consider the following nonlinear eigenvalue problem: 


{ —Apu(z) + €(z)|u(z)|PPu(z) = Alu(z)|PFu(z) in Q, 
Ulag = 0, 1<p<+oo. 


Show that the above problem has a first (smallest) eigenvalue Mi (€) which is simple, 
isolated, expressed by 


|DullB+f €(x)|ul? dz 
Ai(€) = inf Q 
ueW,y'? (Q)\ {0} 


llull> 


and the corresponding eigenfunctions have constant sign and belong in C4(Q). 
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Problem 5.108** 

Suppose that Q C R% is a bounded domain with a C?-boundary 00, 1 < p < +o, 
€ € L™®(Q) and for every g € L™(Q), g(z) > O for almost all z EQ, g 4 0, every 
solution u € W, ?(Q) of the problem: 


—Apu(z) + (z)|u(z)P uz) = g(z) in Q, 
satisfies u(z) > 0 for almost all z € 2. Show that A1(€) > 0 (see Problem 5.107). 


Problem 5.109** 

Suppose that Q C R% is a bounded domain with a C?-boundary 00, 1 <p < +00, 
€,g € L™(Q) are such that g(z) > 0 for almost all z€02,gAO0andve Wy?(Q) isa 
positive solution of the following problem: 


—Ayo(z) + €(2)u(2P"! = g(z) in 
Show that Ay (€) > 0 (see Problem 5.107). 


Problem 5.110* 

Suppose that Q C R% is a bounded domain with a C?-boundary 00, 1 < p < +00, 
€ € L®(Q) and A; (£) > 0 (see Problem 5.107). Show that for every g € L®(Q) with 
g(z) > 0 for almost all z € Q, every solution u € Wo ?(Q) of the Dirichlet problem: 


{ —Apu(z) + E(z)|u(z)/P2u(z) = g(z) in Q, 


Ula = 0, 
satisfies u € Cz (that is, u € Cj(Q), u(z) > 0 for all z € Q). 


Problem 5.111** 

Suppose that Q C R% is a bounded domain with a C?-boundary 00, 1 < p < +00, 
€ € L©(Q) and A1(€) > 0 (see Problem 5.107). Show that for every g € L®(Q) with 
g(z) = 0 for almost all z € Q, the Dirichlet problem from Problem 5.110 has a unique 
nonnegative solution ug € C. 


Problem 5.112** 

Suppose that 2 C RY is a bounded domain with a Lipschitz boundary 0Q, 7): Q —> 
R U {+00} is a function and g € W!?(Q) (with 1 < p< +00). We introduce the 
following set 


Kyg = {ue W'?(Q): u(z) > d(z) for aa. 2 EO, u—g € Wy?(0)}. 


Suppose that up € Ky, satisfies 


[Dur (Duo, Du — Duo)pn dz > 0 Vue Kyo. 
Q 
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Also t € W1(Q) satisfies 


Du\?-? (Du, Dh)pn dz >0 VheCX(Q), h>0. 
R 


Assume that min{ug,@} € Ky. Show that @(z) > uo(z) for almost all z € 2. 


Problem 5.113** 
Suppose that 2 C RY is a bounded domain with a Lipschitz boundary 0, 
f: Qx R— Ris a Carathéodory function such that 


lf(z,2)| < a(z)(1+|a/P-") foraa.zeQ, allzeR, 


with a € L°(Q), 1 < p< +oo. Let £4 € L™(Q) be such that 


€4(z) < lim inf Lt) 
a—>too ||? 


uniformly for almost - ze Q ue assume that ME 
that for each g € W-1”"(Q) = Wy? (Q)* (with + ~ 


.) > 0 (see Problem 5.107). Show 
2 = 1), the Dirichlet problem: 
—Apu(z) + f(z,u(z)) = g(z) inQ, 
Ulag = 0 


has at least one weak solution. 


Problem 5.114*** 
Let Q C R% be bounded domain with a Lipschitz boundary 00 and consider the 
following Dirichlet problem: 


—Au(z) = Au(z)+u(z)P+ in Q, 
Ulan = 0, a2 0, oF 0, 


with 2 <p < 2* where 2* = 2%, if N > 3 and 2* = +oo if N € {1,2}. Show that 
the considered Dirichlet problem has a weak solution if and only if A < Pe with a4 
being the first eigenvalue of (—A, Hj (Q)). 


Problem 5.115** 

Let Q C R® be a bounded domain with a Lipschitz boundary 09 and let 
f: QxR—R be a measurable function such that for almost all z € Q we have 
f(z,-) € C*(R) and 

(i) for every g > 0, there exists ag € L°(Q) such that 


|f.(z,2)| < a(z) for aa. z€Q, all |z| < @ 


(ii) fi(z,z) < 2 for almost all z € Q, all x € R and the inequality is strict on a set 
of positive measure (here \2 is the second eigenvalue of (—A, H4(Q))). 
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Suppose that wi, u2 € Hj(Q)NL® (Q) are two weak solutions of the following Dirichlet 
problem: 
—Au(z) = f(z,u(z)) mQ, 
{ Uleo = 0. 
< 


Show that uy < ug or ug < uy. 


Problem 5.116** 

Let Q C RN (N > 38) be a bounded domain with a Lipschitz boundary dQ and let 
f: Qx R—R be a Carathéodory function such that: 

(i) for every g > 0, there exists ag € L™®(Q) such that 


lf(z,£)| < ag(z) foraa.zeEQ, all |z| < 9; 


(ii) there exist functions £4 € L™°(Q) such that 


éx(Z) = im fz) uniformly for a.a. z € Q. 


Suppose that the following Dirichlet problem: 


{ —Au(z) = €4(z)u(2)* — €(2)u(z)- in 2, 


lee, =O, 


admits only the trivial solution. Let F(z,x) = f f(z,s)ds and consider the C!- 


OS 


functional y: Hj(Q) —> R defined by 


y(u) = 4Dul3- i, F(z,u(2)) Vue HA). 
Q 


Show that y satisfies the PS-condition. 


Problem 5.117** :. 

Let 2 C RX be a bounded domain with a Lipschitz boundary 02 and let {Ax }n>1 be 
the sequence of distinct eigenvalues of (-A, H4(Q)). Let m > 1 and set 

Eee = CEO E> Hoc= Co BO: 


k=1 k>m 


Show that: . 
(a) if 7 € L©(Q) satisfies 7(z) < Am for almost all z € Q, with strict inequality on a 
set of positive Lebesgue measure, then there exists c,; > 0 such that 


Dull — : n(zjdz > eallul? vue Bm; 
Q 
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(b) if 0 € L®(Q) satisfies 0(z) > Am for almost all z € ©, with strict inequality on a 
set of positive Lebesgue measure, then there exists cz > 0 such that 


|| Dul|? — foe dz < —cg|lul|? Vue Am. 


Problem 5.118** 
Let Q C R® be a bounded domain with a Lipschitz boundary 00 and let 
f: QxR—R be a Carathéodory function such that for almost all z € Q we have 
f(z,0) = 0 and 

(i) there exists a € L°(Q) such that 


\f(z,z)| < a(z)(1+ |z|) for aa. ze, allc eR; 


(ii) _ ey f@e) 2 <1 uniformly for almost all z € Q; 


(iii) for F(z,x) = f f(z,s)ds, we have 
0 


lim (f(z,2)e—2F(z,2)) = +00 


XL— X00 


uniformly for almost all z € Q; 
(iv) there exist integer m > 1, function 0 € L*(Q) and 69 > 0 such that 


B(z) < Ame foraa. z€Q, 
the above inequality is strict on a set of positive Lebesgue measure, 


lim sup £6) < V(z) 


2-0 


uniformly for almost all z € Q, 
Fiz.0) > Am ||? for a.a. z EQ, all |x| < do 
Show that the following Dirichlet problem 


{ —Au(z) = f(z,u(z)) mQ, 
= 0. 


Ulan 
has at least two nontrivial weak solutions uo, @ € H4(Q). 
Problem 5.119** " 
Suppose that Q C RY is a bounded domain with a C?-boundary 0, (Aj, 71) is the 
principal eigenpair of (—A,, W, (Q)) with 7 € int Cy (see Proposition 5.132 and 
Remark 5.133) and consider the vector subspace 

= {ue Wy?(Q) por tdz= oO}. 
Q 
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Define 
+ [Dull 
Ay SS. AMT Teale 
u#0 


Show that Ay < Ay < A with Ay being the second eigenvalue of (—Agp, Wy (Q)). 


Problem 5.120** 
Show that the infimum 


1 
int { f tu/(p?adt: we C¥((0,1]), w(0) =1, u(t) =0} = m 
0 


is not attained and m = 0. 


Problem 5.121* 

Let Q C R®% be a bounded domain with a Lipschitz boundary 00 and let 
f: QxR—R be a Carathéodory function such that for almost all z € Q we have 
f(z,0) = 0 and f(z,-) is convex and for every @ > 0, there exists ay € L?(Q) such 
that 


lf(z,2)| < ap(z) for aa. ze, all |z| < @. 


Suppose that ug € H4(Q) M L°(Q) is a weak solution of the following Dirichlet 
problem: 


Show that: 
(a) if 7 = Auo with \ > 1, then 


[Canna < [ femna: Vh € Hg(Q), h > 0; 
Q Q 


(b) if u = Auo with 0 < A < 1, then 


[auna: > | f@whaz Vhe Hy(Q), h> 0. 
Q Q 


Problem 5.122* 
Let X be a Banach space and let y € C'(X) be a convex function. Show that every 
critical point of vy is a global minimizer of y. 
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Problem 5.123*** 
Let Q C R® be a bounded domain with a Lipschitz boundary 0 and let 
f: Qx R—R be a Carathéodory function such that: 

(i) for every g > 0, there exists ag € L™(Q)+ such that 


lf(z,2)| < ap foraa.ze€Q, all |z| < 9; 
(ii); there exist integer m > 1 and functions 7,7 € L™(Q) such that 


n 


on n(z) < A(z) < Amy foraa.z EQ, 
1) 


i i(2,2) < limsup f(2,2) < H(z) 
2400 x Z—> X00 x 
uniformly for almost all z € Q; 
or 
(ii)2 there exist functions 79,7) € L°°(Q) such that 
No(z) < dM for aa. z€Q, No £ iG 
no(z) < liminf L(,2) x ine oe! < No(z) 
Z—4 00 x Z—+=E00 x 


uniformly for almost all z € Q. 
Consider the following Dirichlet problem: 


{ —Au(z) = f(z,u(z))+9(2) in, 


Uo = 90, 


with g € L?(Q). Show that the above Dirichlet problem has at least one weak solution 
uo € H4(Q). 


Problem 5.124** 

Let Q C R® be a bounded domain with a Lipschitz boundary 00 and 
let f: QxR-— +R be a measurable function such that for almost all z€Q, 
f(z,-) € C}(R) and 

(i) there exists a € L°(Q) such that 


\f.(z,2)| < a(z) foraa. ze€Q, allz eR; 


(li) fi(z4.2) < Az for almost all z € Q and all x € R and there exists a set D C 2 
with |D|jy > 0 such that fi (z,x) < M1 for all z € D, all zER. 

Show that for every g € L?(Q) the Dirichlet problem from Problem 5.123 has a unique 

solution ug € H4(Q). 
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Problem 5.125* 

Let Q C RY (with N > 3) be a bounded domain with a Lipschitz boundary 0. As- 
sume that Q is star-shaped with respect to the origin 0 € R’. Let u € C?(Q)N C1(Q) 
be a solution of the following Dirichlet problem: 


{ —Au(z) = |u(z)|P-2u(z) in Q, 
= 0. 


Ul oe 


Show that p < 2* = ay. 
Problem 5.126** 
Let Q C R% (with N > 3) be a bounded domain with a C?-boundary 0Q. Assume 
that Q is star-shaped with respect to the origin 0 € R%. Consider the following 
Dirichlet problem: 


Show that, if A < 0, then the Dirichlet problem has only the trivial solution. 


Problem 5.127* 
Let 2 C RY be a bounded domain with a C?-boundary 02. Show that every eigenpair 
(A, @) € (0,00) x Hf (Q) of (—A, H}(Q)) satisfies 


{alg = 2 i (22)? (z,n)pw do. 
on 


Problem 5.128** 
Let X be a Banach space and let G be a group acting on X (see Definition 5.84). We 
also consider the action of G on X* defined naturally by 


(gua) = (u*,g7'u) VgEG, ue X, ue X*. 
We introduce the following sets 
Fixg(X) = {weX: gu=u}, 
Fixg(X*) = {u* eX*: gu*=u*}. 
Show that for every y € C!(X) which is G-invariant, we have that 


[Kolegixy © Ky] = [Fixe(X*) 1 Fixe(X)~ = {0}], 


where Fixg(X)+ = {u* € X*: (u*,u) =0 for all u € Fixg(X)}. 


Problem 5.129* 

Let X be a Banach space and let G be a group acting on X, with the action being iso- 
metric (see Definition 5.84). Consider the action of G on X* defined in Problem 5.128. 
Show that this action is also isometric. 
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Problem 5.130** 

Let X be a reflexive and strictly convex Banach space and let G be a group acting 
on X with the action being isometric. Let F: X —> 2*" \ {} be the duality map 
(see Definition 2.112). Show that F~1!(Fixg(X*)) C Fixg(X) (see Problem 5.128). 


Problem 5.131** 
Let X be a Banach space and let G be a compact topological group acting on X. 
. . 1 

Show that for every G-invariant yp € C’(X), we have Kole) © Ke: 

Problem 5.132** 

Let 2 C R® be a bounded domain with a Lipschitz boundary 00 and let 

f: Qx R—R be a Carathéodory function such that: 

(i) |f(z,x))| < c(1 + |z|"—!) for almost all z€Q, all z € R with1 <p<r< p* 
where p* = 4-2 if p< N and p* = +00 if N <p 

(ii) there exist ¢ > p and M > 0 such that 


0 < oF (2) < f(2,2)e foraa. z€ QO, all |x| >, 


where F(z, x) =| fle.s)d 


Consider the C-functional yp: Wo’ ”(Q) —> R defined by 


a= S| Dulf— f F(e,u(e)) de Vue Wi). 


Show that y satisfies the PS-condition. 


Problem 5.133** 

Let (T,X) be a measurable space, 1 < p< +oo and let f: T x R—>R bea 
Carathéodory function which satisfies 

(i) there exist g > p and M > 0 such that e < qF (t,x) < f(t,x)x for p-almost all 


t € T and all |x| > M, where F(t, x) = J H(t,s) ds 


(ii) 0< essinf F(-, +M). 


Show that lim Ae = +00 uniformly for p-almost allt € T. Is the converse true? 
L100 


Justify your answer. 


Problem 5.134*** 
Let Q C R® be a bounded domain with a Lipschitz boundary 0 and let 
f: Qx R—R be a Carathéodory function such that: 
(i) for almost all z € Q, the function f(z,-) is odd; 
(ii) |f(z,x)| < c(1 +4 |z|"-+) for almost all z € Q, all x € R with 2 < r < 2*, where 
2* = a5 when N > 3 and 2 <r < +00 when N = 1,2; 
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(iii) there exist g > 2 and M > 0 such that 
0 < gF(z,2) < flz,z)e foraa.2zé€Q, all |z|>M 


and 


 < essinf F'(-,+M), 
where F(z,x) = f f(z, s) ds. 
0 


Consider the following Dirichlet problem: 


{ —Au(z) = f(z,u(z)) mQ, 


tloo = 


Show that the above problem admits an unbounded sequence {+n}, of pairs of 
weak solutions. 


Problem 5.135*** 
Let 2 C R% be a bounded domain with a C?-boundary 0Q and g € L®(Q) with 
g(z) > 0 for almost all z €Q, g # 0. Consider the following parametric Dirichlet 
problem: 
—Au(z) = Au(z)+9(z) mQ, 
{ tes = 0, A>0: 


Show that there exists 6 = 6(g) > 0 such that if \ € CaM +6) any weak solution 
u € Hj(Q) of the above problem satisfies u € —int C+ (see Theorem 5.129(e)). 


Problem 5.136** 
Let Q C R% be an open, bounded, symmetric neighborhood of the origin. Show that 
(OQ) = N, where y is the Krasnoselskii genus. 


Problem 5.137** 
Let X be an infinite dimensional separable Banach space and let OB, = 
{ue X: |lul]| =1}. Show that y(0B1) = +00. 


Problem 5.138* 
Let X be a Banach space and let C C X be a nonempty closed set such that 
Cn (-C) =. Show that y(C U (—C)) = 1. 


Problem 5.139* 
Let Q C R% be an open, bounded, symmetric neighborhood of the origin and let 
h € C(0Q;R™) be odd, where m < N — 1. Consider the set 

D = {we an: h(u) =0}. 


Show that 7(D) > N—-—™m. 
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Problem 5.140** 

Suppose that X is a Banach space, G is a compact topological group acting on X, 
V C X is a closed, G-invariant subspace which admits a topological complement. 
Show that V has a G-invariant topological complement. 


Problem 5.141* 

Let G be a compact topological group with a representation {L(g)}geq over RN. 
Show that there exists an invertible matrix A such that AL(g)A~! is an isometric 
representation of G over R™. 


Problem 5.142* 

Suppose that X is a Banach space, G is a topological group acting on X and 

y € C!(X) is G-invariant. Show that: 

(a) (y'(gu),v) = (y'(u),g7*v) for all g € G, u,v € X; 

(b) if the action of G on X is isometric, then ||y’(gu)||« = ||y’(u)||. for all g € G and 
allwue X. 


Problem 5.143** 

Suppose that X is a Banach space, G is a compact topological group acting on X 
isometrically and y € C!(X) is G-invariant. Show that there exists an equivariant 
pseudogradient vector field 0: X \ K, — X for y (see Definition 5.50). 


Problem 5.144* 

Suppose that X is a Banach space, G is a topological group acting on X and 
yp € To(X) (see Remark 3.56) is G-invariant. Show that the subdifferential Ov is 
equivariant (that is, Op(gu) = gOp(u) for allg Ee G, ue X). 


Problem 5.145*** 
Let 2 C R% (with N > 3) be a bounded domain with a Lipschitz boundary 0Q, 
» € (0, A1) and consider the C'-functional y,: Hj(Q) —> R defined by 


d 
pr(u) = 5[|Dullz — Sllella — zellulld. 


with 2* = 2S Ne Show that vy satisfies the PS,-condition for all c < oe , with S' be- 
ing the optimal constant for the Gagliardo—Nirenberg—Sobolev inequality (see Theo- 
rem 1.133), that is, S = inf {||Dull}: uw € H9(Q), ||ullo* = 1}. 


Problem 5.146** 
Suppose that X; CC... C Xm41 are Hausdorff topological spaces. Show that 


m 
rank H(Xm4i,;X1) < So rank Hy(Xn4i,Xn)  Vk>O. 


n=1 
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Problem 5.147** 
Suppose that X is a Banach space, py € C!(X), -coo <a<c<b<+o, K¢ is finite, 
K,O [a,b] = {c}, y satisfies the Cg-condition for every d € [a,b] NR. Show that 


H.(y’,¢") = BCaly,u) Vk2O. 
ucks 


Problem 5.148** 
Suppose that X is a Banach space, y € C!(X), —oo < a <b < +00 are regular values 
of », yo N Ky is a finite set and ¢ satisfies the C,-condition for every c € [a,b] OR. 
Show that 
rank H;,(y’,y*) < S> rank Cx(y, u), 
u€ Ky, [a,b] 


where K,y|a,b] = {ue Ky: a< y(u) < d}. 


Problem 5.149** 

Suppose that X is a Banach space, y € C'(X), satisfies the C-condition, Ky is 
finite, inf p(K,) > —oo and Ck(y,0o) 4 0 for some k > 0. Show that there exists 
u € Ky such that Cy(y,u) £0. 


Problem 5.150* 
Suppose that X is a Banach space, y € C!(X) and u € X is a local minimizer of 
which is an isolated critical point of y. Show that Ci(y, u) = dx,0Z. 


Problem 5.151** 

Suppose that X is a finite dimensional Banach space, y € C!(X) and u € X isa local 
maximizer of y which is an isolated critical point of y. Show that Cy(y, u) = dpaZ 
for all k > 0 with d = dim X. What can be said if X is infinite dimensional? Justify 
your answer. 


Problem 5.152** 
Let y € C!(R) and let u € Ky be isolated. Determine all the critical groups Cz (¢, u) 
for k > 0. 


Problem 5.153** 

Suppose that X is a Banach space, y € C!(X) satisfies the C-condition and is 
bounded below and Ky is finite. Show that Cz(y,0o) = d¢,9Z for all k > 0 and 
y has a global minimizer ug € X such that Cy(y, uo) = dx¢,9Z for all k > 0. 


Problem 5.154** 
Suppose that X is a Banach space, yp € C!(X) satisfies the C-condition and Ke = {0}. 
Show that Cz(y, 0) = Cy(y, 00) for all k > 0. 
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Problem 5.155** 

Suppose that X is a Banach space, y € C!(X) satisfies the C-condition, 
inf p(K,) > —oo, 0 € Ky is isolated and C;,(y,0) 4 Ck, (y, 00) for some kp > 0. 
Show that Ky, (X \ {0}) #90. 


Problem 5.156** 

Suppose that X is a Banach space, y € C!(X) satisfies the C-condition, 0 € Ky is 

isolated and —oo < inf y(K,). Show that: 

(a) if C,(y,0) = 0 and Ci (yp, 00) 4 0 for some k > 0, then we can find u € Ky \ {0} 
and Cy(y, u) 4 0; 

(b) if Cy(y,0) 4 0 and C;,(y, co) = 0 for some k > 0, then we can find u € Ky \ {0} 
such that y(u) < 0 and Cy_1(y, u) £0 or y(u) > 0 and Cyy+1i(y, u) 4 0. 


Problem 5.157** 

Suppose that X is a Banach space, yp € C!(X) satisfies the C-condition, 0 € Ky is 
isolated, —oo < inf y(Ky), Co(y,0) 4 0 and Co(y, 00) = 0. Show that has a critical 
point u of mountain pass type (see Definition 5.71) such that y(w) > 0. 


Problem 5.158** 

Suppose that X is a Banach space, y € C!(X) satisfies the C-condition and is 
bounded below, 0 € Ky is isolated and Cz(y,0) # 0 for some k > 1. Show that 
y has a critical point uo 4 0. Moreover, if k > 2, then there is a second nontrivial 
critical point w of y. 


Problem 5.159*** 
Suppose that Q C R™ be a bounded domain with a C?-boundary 02 and let f,g: Ax 
IR —> R be Carathéodory functions such that 


lf(z,2)|, |g(z,x)| < c(1+|z|"") foraa. ze, allz eR, 


with c > 0 and r € [2, 2*), where 


We set F(z, 2) = fs (z,s) ds, G(z,x) = [ g(z,s)ds and consider the C'-functionals 
0 
y,@: HA4(Q) R defined by 


y(u) = }|Dulz— / F(z,u)dz Vue HAO), 


eG) = s|Dul3— f Glu) dz Vue HUQ). 
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Suppose that ug is an isolated critical point of y and there exists 6 > 0 such that 
f(z, uo(z) +2) = g(z,uo(z) +2) for aa. z€EQ, all jz] <6 

Show that uo is also an isolated critical point of @ and Cx(y, uo) = Ce(¥, uo) for all 

k>0. 


Problem 5.160** 

Suppose that Q C R% is a bounded domain with a Lipschitz boundary 0Q, o(2) 
denotes the set of eigenvalues of (—A, H4(Q)) (ie., o(2) = {Nx k > 1}),’ €R\ (2) 
and y): Hj(Q) — R is defined by 


grx(u) = 5||Dullz—Sllullg Vue H(Q). 


Show that: 
(a) if A < Aq, then Cy(y,0) = d4,0Z for all k > 0 
(b) if X € (Am, Am+1) for some m > 1, then Cy (~,0) = dk.4,, for all k > 0, with 


dm = dim @ E(Xi). 


i=1 


Problem 5.161*** 
Let Q C R™ be a bounded domain with a C?-boundary 02 and let f: Q x R—>R 
be a Carathéodory function such that 


lf(z,z)| < c+ |2|"") foraa.zeQ, allxeR, 


with c > 0, r € [2,2*), where 


x 


Let F(z,x) = f f(z,s) ds and consider the C!-functional y: Hj(Q) —> R defined by 


o 


oh = s|Dul3— f P,u) dz Vue HUQ). 


Suppose that u = 0 is an isolated critical point of y. Show that: 
(a) if there exists 6 > 0 such that 


Le.) < NG for aa. z EQ, all 0 < |z| < 6, 


then Cy(y,0) = dx,0Z for all k > 0 
(b) if there exist 6 > 0 and m > 1 such that 


n 


Am < A) < 5 re for aa. z EQ, all 0 < |x| <6 


then C;(y, 0) = dk,a,Z for all k > 0, with dm = dim Hm, where Hm = @ E(\). 
10 
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Problem 5.162** 
Let Q C R™ be a bounded domain with a C?-boundary 02 and let f: Qx R—>R 
be a Carathéodory function such that 


|f(z,2)| < c(1+|a|"+) foraa.zeQ, allzeR, 
with c > 0, r € [2, 2*), where 
2N_ 
9* = N_2 if 
+oo if 
Suppose that there exists 6 > 0 such that 


f(z,z)e@ < 0 foraa.zeEQ, all |z| <6 


x 


Let F(z,x) = f f(x,s) ds and consider the C'-functional y: Hj (Q) —> R defined by 


jo) 


ne s|Dul3— f PG,u) dz Vue HQ). 


Show that Cz(y,0) = d4,0Z for all k > 0 


Problem 5.163** 

Suppose that y € C?(R%), U CRN is a nonempty, bounded open set and K C U is 
a nonempty compact set such that K, NU \ K =. Show that given any ¢ > 0, we 
can find ¢ € C?(RY) such that: 

(a) |p(u) — G(u)| + |e"(u) — F(u)| < ¢ for all ue RY. 

(b) v(u) = Y(u) for allu ZU. 

(c) the set KgMU is finite and its elements are nondegenerate. 


Problem 5.164*** 

Let Q C R™ be a bounded domain with a C?-boundary 02 and let f: Qx R—>R 
be a Carathéodory function such that: 

(i) |f(z,x)| < c(1+|z|"—+) for almost all z € 0, 2 € R, with c > 0, r € [2, 2*), where 


2N. 
9* _ N_2 if N > 3, 
too if N=1,2. 
(ii) there exist functions 7,7 € L°(Q) such that either 
(I) 7(z) < dz for almost all z € Q with strict inequality on a set of 
positive measure; or 
(II) Date n(z) < H(z) < Xm+t1 for some m > 1 and for almost all 


z © Q with the first and the third inequalities strict on sets of positive 
measures and 


n(z) < lim inf fn) < limsup ie.2) < Alz) 


x0 


uniformly for a.a. z EQ. 
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Set F(z, x) Te f(z, s) ds and consider the C!-functional y: Hj(Q) —> R defined by 
0 
y(u) = 3IDull2— [Few dz Vue HAO). 


Show that 
Cx(y,0) = d¢0Z Vk>0 
if (ii)(I) holds and 
Cr(y, 0) = Ok,din Z Vv k > 0, 


with dm = dim @ E();) if (ii) (ID) holds. 
i=1 
Problem 5.165** 
Let Q C R% be a bounded domain with a Lipschitz boundary OO and let o(2) be 


the set of eigenvalues of (—A, Hj(Q)) (that is, o(2) = 1X : k > 1}). Suppose that 
 € R \ o(2) and consider the C1-functional y,: H4(Q) —> R defined by 


er(u) = 3||Dull}—Sllullg = Vu € Ho(Q). 
Compute Cz(y,, 0) for all k > 0 


Problem 5.166*** 
Let 2 C R® be a bounded domain with a Lipschitz boundary 00 and let 
f: Qx R—R be a Carathéodory function such that: 

(i) there exists c > 0 such that 


|f(z,z)| < c+ |z/P+) foraa.ze€Q, allzeR; 


(ii) af Fez) = J F(2,8)ds, then 


lim sup wo < Mt uniformly for a.a. z € Q; 
L—=0O 


(iii) lim (f(z,2)x — pF(z,x)) = +00 uniformly for almost all z € Q. 
L— 00 
Let y: Wy’?(Q) —> R be the C1-functional defined by 


y(u) = bDulp— f P(@,u) dz Vue Wy?(0). 
) 


Assuming that Ky is finite, compute the critical groups of at infinity. 


Problem 5.167* 

Suppose that X is a Banach space, Eg C E and D are nonempty subsets of X such 
that Eo 1 D = 0, {Eo, E} and D homologically link in dimension m (see Defini- 
tion 5.118) and h: X —+ X is a homeomorphism. Show that {h(E£o),h(E)} and 
h(D) homologically link in dimension m. 
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Problem 5.168** 
Show that the notion of homological linking (see Definition 5.118) is essentially inde- 
pendent of the choice of EF D Eo contractible. 


Problem 5.169** 

Suppose that X is a Banach space, uo, uy € X, U is an open neighborhood of ug such 
that ui ¢ U, Eo = {uo, ui}, E = {tuo + (1—t)u: t € [0,1]} and D = OU. Show 
that {Eo, £} and D homologically link in dimension 1 (see Definition 5.118). 


Problem 5.170** 

Suppose that X is a Banach space, X = Y @ V with dimY < +00, y € C!(X) 
satisfies the C-condition, —oo < inf p(/,) and 

(i) yl, is bounded below; 

(ii) y(y) —> —co as |ly|| > too, ye Y. 

Show that Ca(y,co) # 0, where d= dimY. 


Problem 5.171* 
Suppose that X is a Banach space, yp € C!(X) satisfies the C-condition and 
a < inf p(K,) < supy(K,) < b. Show that Cy(y, 00) = Hy, (y", y*) for all k > 0. 


Problem 5.172* 
Suppose that X is a Banach space, yp € C!(X) satisfies the C-condition, and Ke = 0, 
Show that Cz(y, co) = 0 for all k > 0. 


Problem 5.173* 
Suppose that X is a Banach space, y € C!(X) satisfies the C-condition, 
inf p(K,) > —oo and Co(y, 00) 4 0. Show that C;,(y, 00) = 64,9Z for all k > 0. 


Problem 5.174** 
Let 2 C R® be a bounded domain with a Lipschitz boundary 00 and let 
f: Qx R—R be a Carathéodory function such that: 
(i) |f(z,2)| < c(1+|z|"—+) for almost all z € O, allz € R, withe > 0,1<p<r<p’*, 
where 
gee ne; if p<Q, 
t+oo if N<p; 


(ii) there exists 9 € L°(Q) such that W(x) < 4 for almost all z ¢ Q with strict 
inequality on a set of positive Lebesgue measure (A, being the first eigenvalue of 
x 


(—Ap, Wy?(Q)); see Proposition 5.132) and if F(z,x) = f f(z, s) ds, then 
0 


lim su ) < V(z) uniformly for aa. ze. 
L—- 00 
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We consider the following Dirichlet boundary value problem: 


{ —Apu(z) = f(z, u(z)) mQ, 


Let y: W, ?(Q).) —>+ R be the C'-energy functional for the above problem, defined by 


p(u) = S| Dulp— f (eu) de Vue Wy?(0). 
Q 


Assume that Ky is discrete. Show that the Dirichlet problem has a solution 
uo € Wy?(Q) such that Cy(y, uo) = dx,0Z for all k > 0. 


Problem 5.175* 
Suppose that X is a Banach space, y € C!(X) satisfies the C-condition and 
inf p(K,) > —oo. Suppose that y is not bounded below and pick a < inf p(K,y). 
Show that 

Cy(y,0o) = Hg_i(y*,x) Vk>0, 


with x € y*. 


Problem 5.176*** 
Let 2 C R™ be a bounded domain with a C?-boundary 02 and let f: 2x R—->R 
be a Carathéodory function such that f(z,0) = 0 for almost all z € 2 and 
(i) |f(z,x)| < a(z)(1+ |z|"—") for almost all z € Q, all z € R, with a € L®(Q) and 
27° <2" 


(ii) jim fea) = +00 uniformly for almost all z € Q; 


(iii) lim, is) = 0 uniformly for almost all z € Q. 
«t—> 
Consider the following parametric Dirichlet problem: 


{ —Au(z) = Au(z)— f(z,u(z)) mQ, 


lag = 0; A>: 


Show that for every \ > Xe the above Dirichlet problem has at least three nontrivial 
solutions up € int Cy (see Theorem 5.129(e)), v9 € —int Cy and yo € Cp(Q). 
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5.3 Solutions 


Solution of Problem 5.1 
“=>”: Arguing by contradiction, suppose that we can find A € R and a sequence 
{Un}ns1 G X* such that 


p(uy,) < A and |lur||, > n Vn21. 


But this contradicts Definition 5.5(a). So. lim ~~ y(u*) = +00. 


||u* ||«—-+F00 
“<=”: The limit condition implies that for every A € R, we can find M) > 0 such 
that 
if |lu*||, > My, then y(u*) > A. (5.13) 


By the Alaoglu theorem (see Theorem 1.5.66), we have that the set 
Ch = {u* € X*: |lu*|la < My} 


is w*-compact. Since Ly = {u* € X*: y(u*) <A} C Cy (see (5.13)), it follows that 
Ly is a relatively w*-compact set. Because \ € R is arbitrary, we conclude that y is 
w*-coercive. 


Solution of Problem 5.2 
We do the solution for the weak topology, the situation for the wseq-topology being 
similar, with the nets replaced by sequences. 

Note that hypothesis (i) implies that for all v € X, the map u+—> €(u, v) is weakly 
lower semicontinuous (by the Mazur theorem; see Theorem I.5.58). Let A € R. We 
need to show that the set L, = {ue X : y(u) < A} is weakly closed (see Remark 5.2). 
So, let {uataes C Ly be a net such that ua —suin X. We have 


(Ua) = E(Ua, Ua) = E(Ua,U) + €(Ua, Ua) — €(ta, t). (5.14) 


We know that the sequence {wa}aey CG X is bounded and so by hypothesis (ii) the 
family {Wa(-) = €(ua,:)}aes is weakly equicontinuous on X. We see that for every 
v € X, Valv) — du(v) = E(u,v). The set Giiah is weakly compact. Since by 
the weak equicontinuity, the topology of pointwise convergence coincides with the 
topology of uniform convergence on compacta (for the weak topology), we have 


E(Ua,Ua) = Yalta) —> Yulu) = €(u,u), 


sO 


[E(t Ua) — (ta, u)| 
acd 


< |E (ua, U) — €(u, u)| =F |E(u, w) ~~ E(Ua, u)| oe (5.15) 
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Returning to (5.14) and using (5.15), we obtain 


A > liminf y(ua) = liminff(ug,u) = E(u,u) = y(u), 
aed aed 
so u € Ly and thus Ly is weakly closed. 
This means that y is weakly lower semicontinuous. Similarly for the “sequential” 
case. 


Solution of Problem 5.3 

The reflexivity of X implies that C C X is weakly compact by the Alaoglu theorem 
(see Theorem 1.5.66). Also, from Problem 5.2, we know that y is weakly lower 
semicontinuous. Hence we can use Theorem 5.6, to conclude that there exists u € C 
such that y(u) = inf Y. 


Solution of Problem 5.4 

Because of the reflexivity of X, for every r > 0, the set B, = {ue X: |lullx <r} is 
weakly compact (by the Alaoglu theorem; see Theorem 1.5.66). Also, by Problem 5.2, 
y is weakly lower semicontinuous. So, we can find U € B, such that 


y(u) = inf ¢y(u). (5.16) 
u€B,. 


On the other hand, the weak coercivity hypothesis on y and Problem 5.1 imply that 
we can find r > 0 such that 


if |lullx > r, then y(u) > y(0) > infy. (5.17) 


r 


Then from (5.16) and (5.17), we conclude that y(u) = inf yp. 


Solution of Problem 5.5 
“+”: Suppose that there exists u € C such that 


ce te 
p(t) inf y 
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Then for r > 0, we have 


yu) = infy = inf y, 
Cc CNB,(t@) 
where B,(@) = {uEX: |lu—Glx <r}. Hence every minimizing sequence in 


Cn B,(@) is bounded. 


“<==": Let {Un}nsi G C be the bounded minimizing sequence. Because of the 
reflexivity of X, the set {un : n > 1} C C is relatively weakly compact. Then by the 
Eberlein—-Smulian theorem (see Theorem I.5.78) and by passing to a subsequence if 
necessary, we may assume that u,, —> @ in X. Since the set C C X is weakly closed, 
we have u € C. Also, the weak lower semicontinuity of y implies that 


yu) < liminf y(un) = inf y, 


n—-+00 


so y(t) = inf y (since u € C). 


Solution of Problem 5.6 
Since by hypothesis y is weakly coercive, it is bounded below. Also, using Prob- 
lem 5.1, we can find r > 0 such that 


if |lullx > r, then y(u) > inf 
Then for M, = MN B,, where B, = {ue X: |lullx <r}, we have 
infy = infy. 5.18 
ee (5.18) 
Since by hypothesis f is weakly continuous, the set M; is bounded and weakly closed, 


hence weakly compact (recall that X is reflexive). So, by Theorem 5.6, we can find 
u € M, such that y(u) = inf p (see (5.18)). 


Solution of Problem 5.7 

Evidently the convexity of G implies that y is convex. We show that y is strongly 
continuous on Wy? (Q). So, suppose that un, —> u in Wy? (Q). Then by passing to 
a suitable subsequence if necessary, we may assume that 


Dun(z) — Du(z) foraa. ze (5.19) 
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and 
|Dun(z)| < O(z) foraa. zEQ, alln > 1, (5.20) 


with 0 € L?(Q). The function G is convex and locally bounded (by the hypothesis). 
So, from Theorem 3.60, we have that G is continuous. Hence, from (5.19), we have 


G(Dun(z)) —> G(Du(z)) for aa. z€ 0. (5.21) 
For almost all z € Q and all n > 1, we have 
|G(Dun(2))| < ex(1+[Dual’) < (1+ 9(2)") (5.22) 


(by hypothesis). Then from (5.21), (5.22) and the Lebesgue dominated convergence 
theorem (see Theorem 1.3.94), we obtain 


[e@w) dz — [ews dz. (5.23) 
fe) Q 


Also, since up, —> u in L?(Q), we have 


[ tuna: — [tude (5.24) 
Q 


Q 


From (5.23) and (5.24) we infer that y is strongly continuous. In particular then ¢ is 
lower semicontinuous and the convexity implies that y is weakly lower semicontinuous 
on W, °(Q). From the hypothesis on G and the Hélder inequality (see Theorem 1.3), 
we have 


plu) 2 ¢||Dunllp — c3|Qlv — lullpllAll, 2 callull? — c3|Qlw — callull, (5.25) 


for some c4 > 0, where | - | denotes the Lebesgue measure on RY and |j-|| the norm 
of the Sobolev space W, °(Q). By the Poincaré inequality (see Theorem 1.131), we 
have that ||u|| = ||Dul|p for all u € Wy? (Q). From (5.25) and since p > 1, we infer 
that y is coercive (see Problem 5.1). So, we can apply Theorem 5.6 and conclude 
that there exists tw € Wy? (Q) such that y(t) = inf (uw). 

ueW,’? (Q) 


Solution of Problem 5.8 

Note that by the mean value theorem (see Theorem 3.16), we see that the hypotheses 
on G imply that the hypotheses of Problem 5.7 hold. Using Problem 5.7, we infer 
that there exists U € W *?(Q) such that 


y(t) = inf (wu), (5.26) 
ueW,’?(Q) 
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with y: Wo?(Q) — R being defined by 


7 : Cua / f(zu(z)dz Vue wi?(Q) 
Q Q 


(see Problem 5.7). For every t € R and every h € W, (Q), we have that 
u+the Wy? (Q). So, we can define J(t) = y(w+ th) for all t € [-1,1]. From 
(5.26) we see that J attains its minimum at t = 0. 

We will show that ? € C!({—1,1]). From the definition of ? we have 


ss [owas tonyae— f fade—t [paz 
Q Q Q 


Let H(z,t) = G(Du(z) + tDh(z)). Clearly H(z,-) is continuously differentiable and 
by the chain rule (see Theorem 3.19), we have 


GHG) _ (VG(D&(z) + tDh(z)), Dh(z))pn , 


sO 


|°HEO) < |VG(Da(z) + tDh(z))||Dh(z) 
< (1+ |Dalz) + tDhA(z)|?*)|Dh(z) 
< c4(1+|D@(z)|?7! + |Dh(z)/P1)|Da(z)|_ for aa. ze Q, (5.27) 
for some c4 > 0 (by the hypotheses on G). Note that |Da(.)|P-! © L?’(Q) 
and |Dh(-)| € L?(Q). So, by the Hélder inequality (see Theorem 1.3), we have 
|Da(-)|"-!|Dh(-)| € L'(Q). Clearly |Dh(-)|? € L'(Q) (since h € Wo’?(Q)). There- 


fore, from (5.27), we see that | See | is bounded by an L'-function for all t € [—1, 1]. 


Hence the map t +> d H(z,t) dz is C! and its derivative is given by t -> M ou fc OH (at) dz. 


Therefore, we have 


v(t) = | (VG(@+th), Dh)gw dz— | fhdz. (5.28) 
| | 


Since t = 0 is a minimizer of v7, we have that (0) = 0 and so 


fi (EG), Din de = / fhdz Vhew2(Q), 
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Solution of Problem 5.9 
Since G is convex and C1, we have 


(VG(y),v-y)gw < G(v)-Gly)  Vu,yeR™ (5.29) 
(see Definition 3.70 and Theorem 3.73). Then we have 


/ G(Dh) dz i CW) de / (VGA) Di = Dd) and 
Q Q 


WV 


Q 
7 [re _f)dz Vhew(Q) 
Q 


(by hypothesis), so 
[awn) dz f fhiz S [away dz f fade VheW,(), 
Q @)] Q Q 


thus y(h) > y(u) for all h € Wo?(Q). 


Solution of Problem 5.10 

We need to show that for every \ € R, the set L, = {y < A} C L(Q) is strongly 
closed. So, let {tn}ns1 © La be a sequence such that u, —> u in L?(Q). From 
hypothesis (i) we have that {un}ysi © WtP(Q) and {Dun}asi © LP(Q;R) is 
bounded. It follows that the sequence {Un}ns1 © W1!?(Q) is bounded and so by 
passing to a suitable subsequence if necessary, we may assume that 


Un —> u in WhP(Q), 
sO 
< limi < 
y(u) < liminfy(un) < A 


(see hypothesis (ii)), thus wu € Ly and hence the set L, is closed. Therefore y is lower 
semicontinuous on L?(Q) with the strong topology. 


Solution of Problem 5.11 

Let \ € R. By hypothesis the set L, C W1?(Q) is bounded in W!?(Q). Then from 
the Rellich—Kondrachov embedding theorem (see Theoremt.1.133), we have that the 
set Ly is relatively compact in L?(Q), which implies the coercivity of y for the strong 
topology on L?(Q). 
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Solution of Problem 5.12 
Let F(x) = f f(s) ds and let g: Hj(Q) —> R be the functional defined by 
0 


ya) = s|Dulb+$ [ eeude— [Pas f quae Vue Hg). 
Q Q Q 
Then y € C!(H4(Q)) and for all u,h € Hd(Q), we have 


Clon ae / (i Dien as / aouikde- / flu)hdz — / ghdz (5.30) 
Q Q 


1e) Q 


(see Problems 3.5 and 3.21). From (5.30), for all u,v € H4(Q), we have 
(y'(u) — ¢'(v),u— v) 


= ||D(u—»)|3+ i &(z)(u— v)? dz — / (f(u) — f(v))(u— v) de 
Q Q 
> |D(u—v)I2 = |lu—ol? 


(see hypothesis (ii), the fact that € > 0 and using Poincaré inequality; see Theo- 
rem 1.131). So, y’ is strongly monotone (see Definition 2.98) and this implies that y 
is strictly convex. 

Note that hypothesis (ii) implies that F(a) < 0 for all « € R. Hence 


pu) > sllull?—lgllallulle > sllull?—eallul] Vue Hg(Q), 


for some cz > 0, thus ¢ is coercive. 

Also, y being convex and locally bounded, it is continuous (see Theorem 3.60). 
So, by Theorem 5.6, there exists @ € Hj(Q) such that y’(w@) = 0 and so @ € H4(Q) is 
a weak solution of the Dirichlet problem. 

Moreover, the strict convexity of y implies that w is the unique critical point of 
y, hence the unique weak solution of the Dirichlet problem (see Proposition 5.14 and 
Remark 5.15). 


Solution of Problem 5.13 
From the mean value theorem (see Theorem 3.16), we can find A, ’ € [0,1] such that 


y(v)—y(u) = (¢'(u+A(v—u)),v—Uu) 


,U u) (y'(u + \(v — u)) y'(u),v—u) 
= (y'(u),v—u) +p" (ut Av —u))(v—u,v—u) (5.31) 


I 
itn 
ace 
— 

S 
wa 


892 Chapter 5. Variational and Topological Methods 


Suppose that {ua}acy C B,(u) is a net such that ug > u. Then ua —u € B, and 
from the hypothesis on y” and (5.31) we have 


(Ua) — P(u) > (¢'(u),ta-u) Vae J, 
sO 
liminf (ua) > ¢(u), 
iminf p(wa) 2 y(u) 


thus y is weakly lower semicontinuous. 


Since X is reflexive, B, is w-compact. So, Theorem 5.6 implies that there exists 
u € B, such that y(u) = inf p(w). 
u€B, 


Solution of Problem 5.14 
For all e € X with |lel|x = 1 and all t > to, we have 


t t t 


sle= tie: = | $909 ie J e),0) as [eas 


to to to 


(by the chain rule; see Theorem 3.19, the hypotheses and since |le|| = 1). Then for 
u € X, we have 


y(u) > o(toraty) fi Oe) ds > +00 as ||ul|x —> too. 


Solution of Problem 5.15 

Note that C” is bounded, w-closed, hence w-compact (due to the reflexivity of X). 
Since by hypothesis y is weakly lower semicontinuous, by Theorem 5.6, we can find 
ai © C” such that 
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Solution of Problem 5.16 
From Proposition 5.31, we know that u € K,,, if and only if there exists A € R such 
that y’(u) = Au, hence A(u) = Au. Evidently X = (A(wu), u) 7. So, the critical points 


of y|,, are the normalized eigenvectors of A. 


Solution of Problem 5.17 
Note that 


M = {ué Hi(O): ||Dull} = lull, w 4 OF. 


Then from Theorem 5.29, we know that M is a C!-Banach manifold. 
For every u € Hj(Q) \ {0} and t > 0 consider the equation 


|| D(tu) 3 = |Itullp, 


sO 


fies (Bulle) pa = (Hult ye S 0 


llull> 


(see the Poincaré inequality; Theorem 1.131). Thus, for this t > 0, tu € M and it 
follows that M # 0. 
From the definition of /, we have 


lull? = Dull = llullh < alu? Vuem, 


for some c, > 0, so 


1 
(2)?? < |u| Vuem (5.32) 


C1 
(recall that u #0). Let m= inf y. Note that ¢|,,(u) = (5 — a lel? and so 
2 
_— (1_1); 2 i Fyfe 
m= (3- p) inf ||| 2 Gra? So 
Let {Un}nsi G M be a minimizing sequence. Since y(un) = y(|un|) for all n > 1, we 


may assume that un > 0 for all n > 1. Because y|,,(u) = (5 - allel? and p > 2, 


we see that the sequence {Un}n51 H}(Q) is bounded. So, by passing to a suitable 
subsequence if necessary, we may assume that 


un —>u in H4(Q) and un, — u_ in L?(Q) (5.33) 


(here we have used the Rellich-Kondrachov embedding theorem since p < 2*; see 
Theorem 1.135). Evidently wu > 0 and by the weak lower semicontinuity of the norm 
functional in a Banach space, we have 


lu) = Sifu? — Au < tinming (5 |fun||? ~ 4 unl) 


= Jimint @(i,) = mi 
n—>-+00 
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For every n > 1, we have 
lJenll? = [[eenll® (5.34) 


(since {Un},51 CM), so 
lull? << ljulle (5.35) 


(see (5.34)). Note that since u, € M for all n > 1, we have 


llunll > (22 vne1 


cl 


(see (5.32)), so 
mall2 > (22 n>, 
thus 
ul > (2) 
and hence u ¥ 0. 
If the inequality in (5.35) is strict, then rae M,u #0. But then from the first 


i 
part of the solution, we know that for t = (jai)? € (0,1) (see (5.35) with strict 
p 
inequality), we have tu € M. Hence 


0 <m < g(tu) = (4-2) |julP 


24: . 2 24: ° 2 
se ea) [all a Tama Oe) 
a contradiction. So, in (5.35) we have equality, which means that u € M and 
= inf. 
y(u) = infy 


Let h € HA(Q). We can find « > 0 small, such that w+ sh is not identically zero for 
s € (—e€,€). We set 


+shl|?) 5*5 
t(s) € (fe) ?, 9 € (-e¢). 


From the previous arguments, we know that s +> t(s) is a curve in M, it is differen- 
tiable (being the composition of differentiable maps) and ¢(0) = 1. 
Let €: (—e,e) —> R be defined by 


&(s) = v(t(s)(u + sh)). 


We know that s = 0 is a minimizer of €. Then 


0 = (0) = (o(u),¢(uth) 
(0) (e'(u),re) + (o'(u),h) = (eu), h) 
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(by the chain rule (see Theorem 3.19) and since u € M), so y'(u) = 0, that is, ue M 
is a free critical point of y. This proves that M is a natural constraint for y (see 
Definition 5.33). 


Solution of Problem 5.18 
Let 3(u) = (y'(u),u). Then 9 € C1(X) and we have 

M = {wexX: Gu)=0, wb}. (5.36) 
Note that 


(d'(u),u) = (p"(u)u,u) + (y'(u),u) = (y"(uju,u) 4 0 YueM. (5.37) 


So, KyNM =. Then from Theorem 5.29, we have that M is a C!-Banach manifold 
of codimension 1. 
Next let ue K 


gla’ 


(g'(u),h) = 0 VheT,M = ker y'(u) 


Then we have 


(see Theorem 5.29, and (5.36), (5.37)), so 
ker 9’(u) C kery’(u), 


thus 
y'(u) = AV (u), (5.38) 


for some \ € R. Since M C J~1(0), we have 
0 = Du) = (y'(u),u) = Ad (u),u) YVueM 


(see (5.38)), so A = 0 (see (5.37)), thus y’(u) = 0 (see (5.38)) and hence K,, 
This shows that M is a natural constraint for y (see Definition 5.33). 


| C Ky. 


Remark A critical point u € Ky which is a global minimizer of y on M is called 
ground state (or least energy) critical point of y. 


Solution of Problem 5.19 
Note that M#Q@ since 0 € M. 
Let g: H'(Q) —> R be the functional defined by 


g(a) = [twa Vue AH (9). 
Q 
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By the hypothesis on f’, we have that g € C!(H'(Q);R) and 


(g'(u),k) = [tora Vu,h € H1(Q) 
Q 


(see Problem 3.26), so 
g(u) # 0. 
So, we can use Theorem 5.29 and infer that M is a C!-Banach manifold of codimension 


1. 


Next, let u € K, 


y|_ Proposition 5.31 says that there exists A € R such that 


[Du Didgx dz— f fwhdz = d | wha: VheH\(Q) (5.39) 
Q Q 


Q 


(see Problem 3.26). In (5.39) we choose h = 1. Then since u € M, we have 
Y= rf rw dz, 
Q 


so \ = 0 (see the hypothesis on f) and thus y’(u) = 0 (see (5.39)). Hence Ky, 
and this proves that M is a natural constraint for y (see Definition 5.33). 


CK, 


laa 


Solution of Problem 5.20 


(a) “= >”: We will show the contrapositive. So, suppose that A> Mie Let t, be the 
L?-normalized positive eigenfunction corresponding to \; > 0. We define 


€(t) = (p\ (ti), tt) = Vt>0. 
Evidently the map t + €(t) is continuous. We have 


&(t) 


¢? || Day ||5 — At? || || + P| a2 
= (A, —A) +0? GP. 
Since MM < A and p > 2 we see that 


Vt € (0,1) small, 


< 0 
fa) > 0 Vt>1 big. 
So, by the Bolzano theorem (see Theorem I.1.90), we can find to > 0 such that 


(to) = 9, 


5.3. 


(b) 
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sO 
(py (tot1), tot) = 0, tot A 0 


and hence tot; € M). Therefore, if MJ, = 0, then we must have \ < ee 


“<=”: For every u € H4(Q) \ {0}, we have 
(ph(u),u) = ||Dullz—Allulls+ lull > llullb > 0, 


since \ < 1 (see Remark 5.130). So, My = 0. 

Let gy(u) = (p\(u),u). Then gy € C?(H}(Q)) and we have 
My = {ue Ho(Q): g(u) =0, u AO}. 

Note that for u € My, we have 


(gh(u),u) = (pa(u)u,u) + (pa(u),u) = (eX(u)u,u) , 


SO 


(gh(u),u) = ||Dull3 — Allullg + (P— 1)llulle 
= -llulp+@—Dllull, = @—2)llull, > 0 


(since p > 2, u € My), thus 
gi(u) 4 0 Vue My. 


Theorem 5.29 implies that M) is a C!-Banach manifold of codimension 1. 
Suppose that u € Keyiuy: Then Proposition 5.31 implies that there exists u € R 
such that 

A(u) — Aut fulP-2u = py"(u)u in H-1(Q), (5.40) 


where A € £L(Hj(Q); H~!(Q)) is defined by 


(A(u),h) = [eu Dh)pn dz Vu,h € HG(Q) 
Q 


(recall that H~!(Q) = H}(Q)*; see Theorem 1.140). Acting on (5.40) with u we 
obtain 
|Dulls — Allull + lel, = u(y — 2)|lullf, 
so 
u(p— 2)llull, = 0 
(since u € My), thus = 0 (since wu € My and p > 2), hence y\(u) = 0. This 
proves that M) is a natural constraint for y) (see Definition 5.33). 
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Solution of Problem 5.21 
From hypothesis (i) and the Rellich-Kondrachov embedding theorem (see Theo- 
remt.1.133), we have that y € C?(H4(Q)). Let 


gu) = |DulB— f Flwuds Vue HA). 
Q 


Clearly g € C?(Hj(Q)) and M = {u€ Hj(Q): g(u) =0, uO}. Note that 


(g!(u),h) = | (Du Diise — [(t(u) +f wuhae Vu,h © HAM). (5.41) 


Q Q 
In (5.41) we choose h =u € M. Then 


(g{(u),u) = ||Dul3 / Oe / Heats 
Q Q 


= - [ fa: < - [ fuude = —||Dull2 < 0 (5.42) 
Q Q 
(since uw € M and using hypothesis (ii)), so g'(u) # 0 for all uw € M. Invoking 
Theorem 5.29 we infer that M is a C!-Banach manifold of codimension 1. 
Suppose that u € K, Proposition 5.31 implies that we can find A € R such 


ylm* 
that 
y'(u) = Ag'(u), 
sO 
|Dulpe - / f(u)udz = A(gl(u),u), 
Q 
thus 


A(g'(u),u) = 0 
(since u € M) and hence \ = 0 (see (5.42)). So, y’(w) = 0 and this proves that My 
is a natural constraint for y (see Definition 5.33). 


Solution of Problem 5.22 
Let u* € cB and consider the function wy: X —> R defined by 


w(u) = y(u) — (u*,u) YVueXx. 


Clearly w is lower semicontinuous, bounded below (see the hypothesis on y) and 
Gateaux differentiable. So, according to Proposition 5.39, given any ¢ > 0, we can 
find ue € X such that 

IlVa(ue)llk < e, 
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sO 
Il¥e(ue) —u*llk < € 


and thus the set yi4(X) is dense in c;B} (since ¢ > 0 is arbitrary). 


Solution of Problem 5.23 
The hypothesis on 7 implies that given any c; > 0 we can find rp > 0 such that 


Wr) > ar VPS iG: 


Let co = inf v(r). Then 


r€[0,ro] 
vr) Sure Vr20, 
so 
p(u) > allulx-c. Vuex 


(see the hypothesis on y). So, from Problem 5.22, we know that the set yQ(X) is 
dense in c,B}. Because c, > 0 is arbitrary, we conclude that the set Yo (X) is dense 
in X*. 


Solution of Problem 5.24 
Let up = 0. Using Theorem 5.41, we can find u, € X such that 


plu) < vty), llu.-yllx < F 


and for all h € X with ||A||x = 1 and all t > 0 we have 


: y(uy + th) — y(uy) 
MI+Ee(Iuallxy) S t 


We let t \, 0 and obtain 


“xa < (Pe(ua), A) VhEX, |lAllx =1, 


sO 


Ivelallle < xa7eqeaey 


900 Chapter 5. Variational and Topological Methods 


Solution of Problem 5.25 
From Problem 5.24 with €(t) = t for all t > 0, we see that we can find a sequence 
{Un}n>1 G X such that 


y(tun) —> m= inf p and (14+ |lun||x)y’(un) —> 0 in X*. 
Since by hypothesis vy satisfies the C,,-condition (see Definition 5.47(a)), by passing 


to a suitable subsequence if necessary, we may assume that u, —> u © X in X. Then 
clearly y(u) = m. 


Solution of Problem 5.26 

“Theorem 4.66 = > Corollary 5.38”: 

Arguing by contradiction, suppose that the implication is not true. Then we cannot 
find uz € X such that 


plue) < vlu)+edy(u,te) VufF ue. 
We introduce 
Flu) = {yeX: plu) > oly) +edy(u,y), yA ut. 


Then F(u) 4 @ for all u € X and using Theorem 4.66 (with the metric d. = ed,), 
we can find ug € Fug), a contradiction. 


“Corollary 5.38 = > Theorem 4.66”: 
For ¢ = 1, we can find up € X such that 


y(uo) = p(u) + dy (u, uo) Vu # U0. (5.43) 


We claim that uo € F(uo). If this is not true, then for every u € F(uo), we have 


plu) < vluo)—dy(y,uo), uF Uo. (5.44) 


Comparing (5.43) and (5.44) we reach a contradiction. 


Solution of Problem 5.27 
Let r’ € (0,7] be given and suppose that statement (a) does not hold. Then for every 
fixed g € (0,7’] we have 

Mp = (uo): (5.45) 
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Choose 6 > 0 such that 
0 < op-6 < pth <r 


and let R = {we X: e—d6< |lu—uollx <a+6}. We can find a sequence 
{Un}n>1 © X such that 


lun —uollx = @ and Y(utn) < y(uo) +2 YVn>1 (5.46) 
(see (5.45)). Using Theorem 5.41, we can find a sequence {Um}, C R such that 
(Un) < (un), llr = Un || x < 4 (5.47) 


and 


From (5.46), we see that v, € int R for all n > no. Then with u = vp, + te, where 
e € X, |le||x = 1 and |t| > 0 small (so that u = un + th € R), we have 


(1+ lleallx)ile' (nie < GZ  Vn>no, 


SO 
(1+ |lun|lx)y’(un) —> 0 in X*. (5.49) 


Since y satisfies the C-condition (see Definition 5.45(b)), from (5.47), (5.48), and 
(5.49), we infer that at least for a subsequence, we have 


sO 


(see (5.47), (5.48)), thus 
[7 —uollx = @ and y(v) = ¢ (uo) 


(see (5.46)). 


Solution of Problem 5.28 
Without any loss of generality, we may assume that y(uo) < y(u1). Since u; € X is 
by hypothesis a local minimizer of y, we can find r > 0 such that 


e(u1) < vu) Vue By(uo) 


(where B,(up) = {v EX: ||v—uollx <r}). Suppose that for some @ € (0,r), we 
have 
p(uo) < vu) < inf{y(u): |lu-uillx =e} = mo. (5.50) 
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Because of (5.50) and since by hypothesis y_ satisfies the C-condition 
(see Definition 5.45(b)), we see that we can apply the mountain pass theorem (see 
Theorem 5.63) and find y € X such that 


y € Ky and mp < fy). (5.51) 


From (5.50) and (5.51), it follows that y € Ky \ {uo, ur}. 

If no @ € (0,r) can be found so that (5.50) holds, then statement (b) in Prob- 
lem 5.27 is true and we have a whole sequence of distinct critical points of y, different 
from up and uy. 


Solution of Problem 5.29 

Let {Untns1 G X be a minimizing sequence for y, that is, y(un) \c. Let 
On = Y(Un) —c > 0 and e, = 6, > 0 for all n > 1. Using the Ekeland variational 
principle (see Theorem 5.36), we can find a sequence {vp},,; © X such that 


Sule 


v(Un) < vlun), dy(Un,un) < 6 (5.52) 


and , 
pl(tn) < v(u) + 67d, (u, Un) VueXx. (5.53) 


Evidently y(vn) —> c. Since satisfies the NCt-condition, by passing to a subse- 
quence if necessary, we may assume that 


Un —> uo inX, 


Solution of Problem 5.30 
By Theorem 5.41, we can find a sequence {Un},51 G X such that 


y(un) \ m and y(un) < y(u)4 een TePS ||u — Un| |x YueX. (5.54) 
Let u = un, + th with t > 0 and h € X. From (5.54) we have 


1 pluntth)—p(un) 
—saipolltilx < Sete) vn Sh, 


SO 
1 0 . 
ated lhllx < gunk) Vn>1 
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(see Definition 3.122), thus 
—|[R\lx < nt [fetnllx)e(unih) = dn(h) Vn 21. 


Note that ~@, is sublinear and continuous (see Proposition 3.123(a)). So, we can use 
Problem 3.133 and find ux € X* with ||u* ||, < 1 such that 


(unsh) < Ynl(h) Vhex, ne]. 


If 
n 


_ Un 1 
Un = md +uniix)? then Up, — Op(uUn) for all n > 1 and || Um Il < nm+lltunllx) for all 
S e have 


(1+ [[unllx)m(un) < (1+ llunilxllenlls < gllunllx < 7 — 0 


(see Definition 5.47(a)). Because y satisfies the nonsmooth C,-condition (see Defi- 
nition 5.47), passing to a subsequence, we may assume that 


Un —> uo inX, 


so y(uo) = mM. 


Solution of Problem 5.31 

Let {Un}nsi RY be a Palais-Smale sequence, i.e., the sequence { p(un) Indi CR 
is bounded and y'(u,) —> 0 in R. Then from the hypothesis on y, we infer that 
the sequence {Un}n>1 C R is bounded and so it admits a convergent subsequence. 
Then y satisfies the PS-condition (see Definition 5.45(a)). 


Solution of Problem 5.32 
Let {Un}ns1 G X be a Palais-Smale sequence i.e., the sequence { p(Un) }ys1 C R is 
bounded and y’(un) —> 0 in X*. We have 


A(un) +g(Un) —> 0 in X%*, 
so 

un + A7!(g(um)) —+ 0 in X. (5.55) 
By hypothesis, the sequence {Un}nd1 C X is bounded. Since g is compact, so is 
A-'og and it follows that the sequence {A7"(g(un)) basa CX is relatively com- 
pact. So, it admits a strongly convergent subsequence. Because of (5.55) so does the 


sequence {Un}n>1 CG X, which means that ¢ satisfies the PS-condition (see Defini- 
tion 5.45(a)). 
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Solution of Problem 5.33 
We argue by contradiction. So, suppose that for the triple rj < r < rg, the claim of 
the problem is not rue. Let {Un}, 31; G X be a sequence such that 


lteale =? and @(u,) < m(r) + +5 Vn>1. (5.56) 


Let D = {we X: 11 < |lullx < re} and use the Ekeland variational principle (see 
Theorem 5.35) to find vp, € D such that 


y(n) < v(Un) — Zllun — enllx (5.57) 


and 
p(Un) < y(u) + 4hhu — Vp Vue D. (5.58) 


If vp, € OD, say ||Un||x = 71, then 


pin) < y(n) — + |lun — Vp|| 
m(r) + 4(4 -(r—ri)) (5.59) 


m(r1) 


(see (5.56), (5.57), and (5.58)). From (5.59), for all n > 1 big, we have 
m(r1) < m(r), 


contradicting our hypothesis in the beginning of the solution. 
Therefore, v,, ¢ OD for all n > 1. From (5.57) and choosing u = v, + th for t > 0 
small and h € X, we have 


1(p(Un) — p(n + th)) < AllAllx, 


so 

—(y'(un),h) < 2IAllx, 
thus 

e"(nJlle < FZ Vnel 


and hence y’(v,) —> 0 in X*. The compactness type hypothesis on y implies that 
at least for a subsequence, we have 


Un —2 vED inXxX. 


Then y’(v) = 0, a contradiction to the hypothesis of the problem. 
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Solution of Problem 5.34 
From the Ekeland variational principle (see Theorem 5.36), we know that there exists 
ue € X such that 
El|Ue — uollx < plo) — ylte) 

and 

plue) < v(u) +ellu— uellx Vue Xx. (5.60) 
The function u+—+ w(u) = y(u) + €||u — uel|x is lower semicontinuous, convex, and 
attains its infimum at ue (see (5.60)). So, we have 


0 € OY(ue) 
(see Proposition 3.82), thus 
0 € dy(uc) + eB, (5.61) 


(see Proposition 3.97), where B| = {u* € X*: ||u*||« <1}. Then we can find u* € B; 
such that 
—eu" € Oy(ue) 


(see (5.61)). If we set ut = —eu*, then we are finished. 


Solution of Problem 5.35 
Let {un},5, CG X be a Cauchy sequence and let y(v) = tim d,(Un,v) for all 
~ n oo 


x € X. Then y¢ is lower semicontinuous and nonnegative. Given ¢ € (0,1) and using 
Corollary 5.38, we can find y € X such that 


y(y) < € and oly) < ylv)t+edx(v,y) VueEXx. 
Let v = un. Then 


ely) < vlun)+edy(un,y) Vane. 


Passing to the limit as n + +00 and since lim d, (un, uz) = 0, we obtain 
k,n—>+c0o 
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Solution of Problem 5.36 
By hypothesis for every n > 1, we can find r, > n such that 


yon Cc Bags 
where B,, ={ueE X: |lullx <rn}. Let Dp, = X \ B,,, for all n > 1. We have 


c-is inf p ee (5.62) 


By hypothesis yttn C X is unbounded. So, we can find v, € X such that 
Ptr) < ety and |lmlix > m+1+ Ze. (5.63) 
From (5.62) and (5.63), we have 


v(tn) < c+ < qt?. 


We apply Theorem 5.41 on y|,, with « = 2. es) = 8; de Soy and A= —=-and 


Vn 
produce a sequence {tn},,5, CX such that wu, € Dy for all n > 1 and 

cC— 4+ < em < (tn) < lun) < c+4 < mt? Va 1, (5.64) 
(1+ |lunilx ie (unde < Fe Vn, (5.65) 
||24n — Un\|x < Tn Vn 21, (5.66) 

where 7,, > 0 is such that In(1+7,,) = Tr From (5.66) and (5.63), we have 

ae 

lltmllx 2 trtFe-e™ Wn. (5.67) 


Therefore for the sequence {un}, 51, © X we have 
p(tn) —e 


(see (5.64)), 
(1+ llunllx)¢'(un) —+0 in X* 


(see (5.65)), 


IUn|lx —* +00 


(see (5.67)). 
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Solution of Problem 5.37 
We argue indirectly. So, suppose that the claim of the problem is not true. Let 


4 = wane 4 
m= inf and C = {AER:¢ is bounded}. 


Recalling that the empty set is bounded, we see that (—co,m) C C, so C #@. Let 
co = supC. Because we have assumed that the claim of the problem is not true, 
we have that co < +00. Hence for all \ > co, the set y is unbounded, while for 
<p, the set y* is bounded. Problem 5.36 implies that y does not satisfy the Ceo- 
condition (see Definition 5.45(b)), a contradiction. This proves that the conclusion 
of the problem holds. 


Solution of Problem 5.38 

According to Definition 5.45, we only need to show that the C-condition implies the 
PS-condition. So, suppose that {Un}n>1 C X is a Palais-Smale sequence, that is, the 
sequence { P(Un) },51 C R is bounded and y'(u;,) —> 0 in X*. From Problem 5.37 
it follows that the sequence {Un}n>1 C X is bounded. Therefore 


(1+ |lun||x)y’(un) —> 0 in X*. 


But ¢ satisfies the C-condition. So, the sequence {Un}nd1 C X admits a strongly 
convergent subsequence. 


Solution of Problem 5.39 
Let [0,¢*) be the forward maximal interval of existence for the flow t > o,,(t). From 
the Cauchy problem, we have that for all 0 <t, < to < t*, 


l|oult2) — oulta)\lzr < (2 t1) [ \Welou(t)) eat (5.68) 
Note that 
Ge(ult)) = (y'(oult)),o.)) = —IlVeloul(t)Ir Vt € [0,¢*) 


(by the chain rule (see Theorem 3.19) and from the Cauchy problem), so the map 
t+ y(o,(t)) is nonincreasing. Thus, we have 


yly) — vloult)) = / IVeolou(s)) Ids V te [0,t°). (5.69) 
0 
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Let m = inf y > —oo (recall that by hypothesis y is bounded below). Then from 
(5.69), we have 


[i elou(s)) as < y(u)-—m = m V te (0, t*). (5.70) 
0 


Using (5.70) in (5.69), we obtain 
I|ou(t2) — oulta Il < |t2 — tilm, 
so 0,(t) — he Hast—t*. This means that t* = +00 and so the forward (positive) 


flow t ++ o,,(t) is global. 
Let c= lim g(o,(t)). Then from (5.69), we have 
t+00 


oo 
yu) —e = / IVo(ou(s)) 3; as. 
0 


Therefore, we can find a sequence {tn},51 C Ry such that t, + +00 and 
Vy(ou(t)) — 0 inX. 


Let S = {ou(tn): n>1}. Then since y satisfies the CPS-condition (see Re- 
mark 5.46), we have that S contains a critical point of y, hence c is a critical value 
of y. 


Solution of Problem 5.40 
Using the Ekeland variational principle (see Corollary 5.38), we can find a minimizing 
sequence {Un},5, C X for € such that 


a + hu — unllx < E(v) — E(un) Vue X, nZ 1. (5.71) 


Let v = (1—t)un + th with t € (0,1) and h € X. From (5.71) and since w is convex, 
we have 


p(Un + t(h — Un)) _ ~(Un) + t(w(h) -_ W(un)) 
> €(v)—E(un) > —gllu—unllx = —qtllh—-unl| Vn21, 


n 


(yp! (un), h — Un) + w(h) — (un) 2 —4\|h — unl. (5.72) 
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Since by hypothesis € satisfies the SC,,-condition (see Definition 5.47(b) and recall 
that €(un) \.m), we may assume that 


Un —> uU in X. 
Then exploiting the lower semicontinuity of £, we have 
BS oe A 8 = 
(uw) < liminfé(un) = m, 
so €(u) =m. Also from (5.72), we obtain 
(y'(@),h-@)+y(h)-v@) >0 VheXx, 


sO 


—g'(u) € OY@) 


(see Definition 3.70). 


Solution of Problem 5.41 
Consider a sequence {Un}, 51, © X which satisfies (i), (ii) and (iii) in the WC- 
condition. Let {un, }x>1 be a subsequence of {un},> such that 


lim y(un,) = limsup y(un). 


k—-+00 n—>+00 


Because of the hypothesis on y and (i), we see that the subsequence {un, }xg>1 C X 
is bounded. Since X is reflexive, by passing to a further subsequence if necessary we 
may assume that 


WwW a . 
Un, —?> U in X. 


The function y is weakly lower semicontinuous (being convex). So, we have 


p(%) < lim ¢(up,) = limsup Y(un,). (5.73) 


k—++00 k—++00 


The convexity of y implies that 
(v@(un,) — lise) < y(h) — p(un,) Vhe xX, 


so 
y(t) < y(h) VhEex 


(see (i) and (5.73)). Therefore 7 € X is a minimizer of y and y(@) = 0. Evidently 
(Un) —> y(@) and so we conclude that the WC-condition holds. 
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Solution of Problem 5.42 
Let {Un}ns1 G X be a sequence such that 


—M < (tn) = 4(Alun),un)+¥(un) <M Vn>1, (5.74) 
for some M > 0, so 
0 F y'(tn) = Alun) +v'(un) = ve — 0 in X*. (5.75) 
We rewrite (5.74) as follows 
—M < 3 (uv, —V'(un),tn) + ¥(tm) < Mo Vn, 


sO 


(see hypothesis (ii)), thus 
5 (Un, Un) + (1— B)(cillunll& —co)-—ca < Mo Vn>1 
(see hypothesis (i)), hence 
— 5llonlellenilx +(1- B)erllunllk < Mr Vn>1, (5.76) 


for some M, > 0. Since ||u* ||, < Mo for all n > 1 and some Mz > 0 (see (5.75)), 
from (5.76) we infer that the sequence {un },5, C X is bounded. The reflexivity of X 
implies that by passing to a suitable subsequence if necessary, we may assume that 


Un —> @ in X. (5.77) 


Since A € £,(X; X*), we have 


W' (Un) = ve — A(un) —> —A(@) in X*. (5.78) 


The function y is continuous, convex; hence it is weakly lower semicontinuous. So, 
we have 
w(u) < liminf (un) (5.79) 


n—-+00 


(see (5.77)). Also, the convexity of y implies that 
(ap' (tn), 0 — Un) < W(v) — V(un) Vu2l, ue Xx, 


(-A(u),v—&) < ¥(vr)-Y(u) VEX 
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(see (5.78) and (5.79)), thus 


—A(u) = y(t) 
(see Definition 3.70 and Theorem 3.73), hence 
g'(%) = 0. (5.80) 
We have 
(W! (Un), % — Un) < ¥(U) — (un) Vn 21, 
so 
lim sup (un) < w(%) 
n—-+00 
(see (5.77) and (5.78)), thus 
W(Un) —> (%) (5.81) 
(see (5.79)). The compactness of A implies 
(A(tn), Un) —> (A(@),%). (5.82) 
Hence we infer that 
p(un) —>+ p(t) (5.83) 


(see (5.81) and (5.82)). Then (5.80) and (5.83) imply that the WC-condition (see 
Problem 5.41) is satisfied. 


Solution of Problem 5.43 
Let B. ={ueE X: |lullx <r} and define 


BY = B,ny, OBY = OB,NV 


and T={yve C(BY Vv) : 7(OBY) = O}. 


We equip I with the supremum metric and this makes I’ a complete metric space. 
Let €: T —> R be defined by 


&(y) = max y(y, 7(y)) (5.84) 
yeB,. 


(recall that BY C Y is compact). The maximum cannot be realized on 0BY because 
of hypotheses (i) and (ii). Indeed, we have 


y(y,y(y)) = vly,0) < 0 < 9(0,7(0)) Vy OBY. 
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Claim 1. € is lower semicontinuous and bounded below. 

To show the lower semicontinuity of €, we need to show that for every A € R, the 
set L, = {y eT: €(y) < A} is closed (see Remark 5.2). So, let {Yn}nsi C La bea 
sequence such that y, — y in I. Thus 


oy,mn(y)) 3 oy.ry) VyeB.. (5.85) 


We have = 
y(y,yly)) < Elm) < AX VyeB,, n21, 
sO 


—=—Y 
oly, yy) < A VyeB,, 


thus €(y) < A (see (5.84)) and hence y € Ly. This proves lower semicontinuity of €. 
Also, from (5.84), we have 


so € is bounded below by zero. This proves Claim 1. 


Because of Claim 1, we can use the Ekeland variational principle (see Corol- 
lary 5.38) and given ¢ > 0, we can find y- € TI such that 


(ye) < inf€+e and €(%) < &(y) +elly-%llo Ver. (5.86) 
From (5.86), we have 
—tllylloo < E(Ye+ty)-E(v%e) Ver, t20. (5.87) 
Claim 2. There exists ye € BY such that 


G(Ge,%eYe)) = Ele) and |lyeGe, Yee) lle < e. 


Note that 


E% =[" ty) _ ‘a6 
= max y(y, (ye + ty)(y)) — max ly, re(y)) 


yeB,. yeB, 
= max (9(y, %e(y)) + t (Yaly, re(y)), 1(y)) ) + of) 
ycB,. 
ae (ys re(y)), with MP —+0, ast \ 0. 
ycB,. 


; —Y 
Let f = vy, ye(y)) and g = (vol, re(y)), v(y)). Evidently f,g € C(B,). Let 
n: C(B.) — R be defined by 


n(8) = max |8(y)| VveC(B). 
yeB, 
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This function is continuous, convex, hence subailterepunble everywhere (see Theo- 
rem 3.71). Recall that C(BY)* = M,( Br) (with My( B. being the space of Radon 
measures on B,. ; see Theorem 1.88). We can easily establish that 


DY 
a {u>0: u(B,) =1, supp 1 C M(v)}, 


where M(d) = {y € BY : 0(y) = n(0)}. Then we have 


- Tim Settle) 
ellvlloo < jim Set 


= Tin 2ftta)—n) _ _ 
— lim t wedntf) (9, i) C( By) 
= max aly, , d 5.88 
max f (valu ye(y)), 1(y)) du (5.88) 
B 


Tr 


y, we denote the duality brackets for the pair 


-E < nase g' (ye( du) = — min y (ye (y)) lee 
ma J Ie (elo) ed) = — amin evel) 


. ae < 
So, there exists some ye € B, such that 


OYeVeYe)) = me ply, Ye(y)) and Po (Ges Ye Ge)) ll <q é. 
yeBy 


This proves Claim 2. 


If in Claim 2, we choose ¢ = t for n > 1, we see that the result of the prob- 
lem is a consequence of the fact that ~ satisfies the WC-condition (see Problem 5.41). 


Solution of Problem 5.44 
Let up € y!(n) and set G(u) = v(u) — v(uo) for all u € X. Evidently @ satisfies the 
C-condition (since by hypothesis y satisfies the C-condition; see Definition 5.45(b)) 
and 

@*(0) = g'(n). 
So, we see that without any loss of generality, we may assume that 7 = 0. Since by 
hypothesis the set y~!(7) = y7!(0) is bounded, we can find np > 1 such that 


p(u) # 0 Yue xX, |lullx > e”-1. (5.89) 
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Arguing by contradiction, suppose that 


c = liminf |y|(u) € R. 


Ilu\| x +-+00 
So, for every n > no, we can find up, € X such that 
l|unllx = 2(e"—-1) and |p|(un) < c+. (5.90) 
Using Problem 5.24 with €(s) = s,¢ =c+t+ 4 _ inf |p], A =n and Ff = e” — 1, we 
produce a sequence {Un }n51 © X such that 
lel(n) < lel(un), [len —Unllx < e"—1 (5.91) 


and 
lle"(unJlle < aiFloalx) (5.92) 


Here we have used the fact that y(y) 4 0 in a neighborhood of vu, (see (5.89)). Note 
that 


llenllx > |lemllx — lun —tnllx > e™ 


(see (5.90), (5.91), and (5.92)). Therefore, we have 
llunllx —> +00, |(vn)| —> ¢ and (1+ lellx)Ile’@n)lle — 9, 


a contradiction to the hypothesis that y satisfies the C-condition. 


Solution of Problem 5.45 
We argue indirectly. Suppose that y+ is unbounded for all \ > 0. So, we can find 
a sequence {Un}n>1 © X such that 


m < v(tn) < m+ and |lun||x > 2(e"-1) Vn21. (5.93) 


Using Problem 5.24 with €(s) = s, ¢ = 1. A =n and F = e” —1, we can find a 
sequence {Up},5, C X such that 


m < p(n) < (un) < m+5, [lun—uallx < e”-1 (5.94) 
and 
/ 1 
IP (endlle < n2(14 unl x) Vn21. (5.95) 


From (5.93), (5.94), and (5.95), we see that 
G(%n) —+ m, [lon|lx 2 |lunllx — [len —unilx 2 e*—1 


and 
(1+ |lonllx ile’ (on)Ilk — 9, 
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which contradicts the assumption that y satisfies the C,,-condition (see Defini- 
tion 5.45(b)). 


Solution of Problem 5.46 
Let {Un}nsi C X be a minimizing sequence for y. By passing to a subsequence if 
necessary, we may assume that 


y(un) < m+4 Yio, 


Using the Ekeland variational principle (see Corollary 5.38), we can find a sequence 
{Un}noi G X such that 


y(n) —+ m, |lu_, —tn|| —> 0 and g/(u,) —> 0 in X*. (5.96) 


But by hypothesis y satisfies the PS,,-condition (see Definition 5.45(a)). So, from 
(5.96), we infer that the sequence {un},5, CG X admits a strongly convergent sub- 
sequence. Since ||v, — Un||x —> 0, it follows that the corresponding subsequence of 
{Un},>1 is also strongly convergent to the same limit. The continuity of y implies 
that this limit is a global minimizer of y. 


Solution of Problem 5.47 
Let u* € dom y. From the Ekeland variational principle (see Theorem 5.35), we know 
that we can find u* € X* such that 


p(u") + lu’ — al] < pla") (5.97) 


and 
p(u*) < p(u*) + |lu* — a* ||. Vurex*, wh Zu’. (5.98) 


From (5.97), we see that u* € domy. Let {u% }acy C X* be a net such that 
P(e) + |lu" — ual» —> elu"). (5.99) 
We have 
lim sup ||uql|* < [|u|] + lim sup |[u" — uals 
acd acd 
<_ |lu"||x + lim sup (p(uQ) + [u* — walle) — inf e 


aed 
= |e" + elu") —infie < +00 
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(see (5.99) and recall that u* € domy). So, {ux }aes C X* is bounded. Thus, it 
admits a subnet {uj}gey such that 


* 
WwW ok 


UZ — Ww in X*. 


Suppose that u* 4 u*. Recalling that the norm of X* is w*-lower semicontinuous, we 
have 
g(a") + |lu"— Uk < lim (p(ug) + lu" — ugl|.) = y(a*) 


(see (5.99)). But this contradicts (5.98). So, we conclude that for the original net 


W" wy s 
{us tacy GC X*, we have ui, —> u* in X*. 


Solution of Problem 5.48 

Note that the convexity of y implies that y is weakly lower semicontinuous. Also, 
due to the reflexivity of X, the weak and weak* topologies on X coincide. Then using 
Problem 5.47, we can find u € dom y, satisfying the claim of that problem. We will 
show that this is the desired u € X. So, let {Un}, 31; C X be a sequence such that 


y(Un) + |lu—unllx — (wu). (5.100) 
According to Problem 5.47, we have 
Un —> wu inX. 


Suppose that this convergence is not true in the strong topology. Then, we can find 
é > 0 and a subsequence {uUn, fa>1 Of {Un}, 51 Such that 


lun, —Ullx > 2€ and y(un,)+|l’—Uunjllx < yu) +e (5.101) 
(see (5.100)). From (5.101), we have 
p(un,) < plu)—e Vk>1, 


so 
yu) < vlu)—e 

(from the weak lower semicontinuity of y), a contradiction. Therefore, we conclude 

that un — win X. 
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Solution of Problem 5.49 
Recall that the map (u,h) +> y°(u;h) is upper semicontinuous (see Proposi- 
tion 3.123(b)). Then since u, —> u in X and w € To(X), we have 


0 < pG;u—%) + (wu) — liminf Yun) 
< yp (Gu-a+v(u)-—v@) VueX, (5.102) 


so U is a critical point of €. 
The inequality w(u) < lim inf w(un) cannot be strict. Indeed, if the inequality is 
N>+00 


strict, then from (5.102) with y = U, we have 


0 < v¥(%)—-liminfw(un) < 0, 


n—-+00 


a contradiction. So, y(u) = liminf y(un) =. 
n—++00 


Solution of Problem 5.50 
Using the Ekeland variational principle (see Corollary 5.38), we can find a sequence 
{Un}ns1 G X such that, for all u¢ X and n > 1, we have 


E(un) —+ m and —illu—unllx < €(u) — (un). (5.103) 


Let u = (1 —t)un + th with t € [0,1] and h € X. From (5.103) and the convexity of 
yw, we have 


—Gllh—unll < ¢(¢(un + t(h — Un)) — (un) +¥(h)- Vm) Vn 21, 
sO 
= gllh—unll < eP(unsh— un) + Yh) -P(un) Vne1. (5.104) 


Since €(u,) —> m (see (5.103)) and since € satisfies the GNPS,,-condition, we may 
assume that u, —> U in X. Then 


E@) = m and 0 < p(ti;h—u) + H(h) - ¥@) 


(see (5.103), Proposition 3.123(b) and recall that w € To(X)), so u € X is a critical 
point of € (see Problem 5.49) with critical level m. 
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Solution of Problem 5.51 

First note that by the Dugundji extension theorem (see Theorem 2.8), we have that 

TA@andc> max vy(yo(u)). On I we consider the supremum metric d,, defined by 
we Lo 


d..(%)7) = max||y(u)—Awilx Vy7eET. 


Evidently (I, d,,) is a complete metric space. We consider the function 0: T —> R 
defined by 


Oy) = max y(y(u)). (5.105) 


Claim. 0 is continuous and bounded below. 

Suppose that {Yn}n51 CP is a sequence such that 7, —> 7 in (I',d,,). Since the 
set E is compact and yo ¥,, is continuous for every n > 1, we can find a sequence 
{Un}n>1 G E such that 


On) = O6nlin)) Vmod. 


We may assume that un —> win E. Then y,(un) — y(u) in X (recall that yn = 7) 
and so (Yn) = 9(Yn(Un)) — v(y(%)). We have 


g(yn(u)) < Bom) Vuex, n21, 


y(y(u)) < vy)  VueXx, 
thus 


and hence ¥ is continuous. 
Also, for every y € T', we have 


By) 2 max y(yo(u)), 


so UV is bounded below. This proves the Claim. 


We have c = inf O(y) (see the definitions of c and V7). Because of the Claim, 
ye 
we can use the Ekeland variational principle (see Corollary 5.38). So, given « > 0, we 
can find ¥ € I such that 
c < WF) < cte and WF) < Vy) +ed,,(7,79) Vyelr. (5.106) 


Let S(V7) = {ue E: V(7) = v(¥(u))}. Invoking Problem 2.113, we can find a con- 
tinuous map €: S(7) —> X such that for every u € S(¥) and every u* € Oy(F(u)), 
we have 


IE@llx < 1 and (u",€(u)) 2 ne, (5.107) 
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where 7) = 7 a m(7(u)). Then for every u € S(7), we have 


e°(F(u);-E(u)) = max (u*, —E(u)) 
u*Ed9(F(u)) 
= — min u,€(u)) < —nt+e 5.108 

seein (uw) < = (5.108) 
(see Proposition 3.128(c) and (5.107)). By hypothesis, we have $(7)M Eo = 9. So, we 
can find a continuous extension €: E —+ X of € such that = = 0 and E(u Vx <1 
for allu € E. Q 

Let y:(u) = 7(u) — t€(u) for all u € FE and t > 0. From (5.106), we have 


=6 < Se[éle =< (5.109) 
Let tr \, 0 and let {un},,51 C E be a sequence such that 


P(Yn(Un)) = B(Yn) 


(where yn = %,,). We may assume that un, —> U in E. From the proof of the Claim, 
we know that wu € S(¥). We have 


On) 0a) _ 8G=tné)—-0(7) < 9(F(un)—tn€(un))—E(F(un)) 


n tn tn q 
sO 


 < 2Altin)=tnE(un)) oF) 
< ALilun)—tnElun)) oF in)— tn) 4 oCGlun)—tnGl@)) “oC (5.110) 


n n 


Since ¢ is locally Lipschitz and u, —> U in E, we see that 


2 (un) inf (un))— oF om)= tn) 5 OQ, (5.111) 


n 


So, if in (5.110) we pass to the limit as nm — +00 and use (5.111), then 


o(F(G)+wn—tné(@))—9(F(@)4 Wn) (5.112) 


—e < limsup 7. 


n—++00 
with wy = 7(un) — ¥(u) — 0. So, from (5.112), we have 
-¢ < PH@;-@) = PG@;-E@) < -n+e 


(see (5.108) and recall that 0 € S(¥)), so 7 < 2e. But m is lower semicontinuous and 
E is compact. So, we can find ue € EF such that 


m(7(ue)) < 2e. 
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Finally, let ¢, = + and vy = 7(tn) (with %, = te, for all n > 1). We have 


n 


y(n) —> c and m(v,) — 0. 


Solution of Problem 5.52 
Let E = [0,1], Eo = {0,1} and yo: Eo —> X be defined by yo(0) = 0, y(1) = w1. 
Since by hypothesis c > 0, we have 
eS max yo(t). 
So, we can use Problem 5.51 and find a sequence {Un}ns1 C X such that 
y(un) —>+ c and m(un) — 0. (5.113) 


Since y satisfies the nonsmooth PS,-condition (see Definition 5.47(a)), we may assume 
that un —> vin X. Because m is lower semicontinuous (see Problem 3.194), we have 


y(u) = c and m(u) = 0 


(see (5.113)), so 0 € Oy(U) and y(u) = c. So, U is a critical point of y with critical 
value c. 


Solution of Problem 5.53 
The continuity hypothesis on y’ implies that the map u+—> y’(u) is locally bounded. 
So, for t > 0 small and v € X with ||v||x small, we have 


Jo(utu+th)—g(utv)| = |t(ve(utu+tnh),h)| < clthllx, 


for some 7 € (0,1) and c > 0 (see Theorem 3.16), so y is locally Lipschitz. Moreover, 
from the continuity hypothesis on y’ we have 


y?(u; A). = (yq(u), h) Vuhe xX, 
so Oy(u) = { y@(u) }. Then the conclusion of the problem follows from Problem 5.51. 


Solution of Problem 5.54 
We use Theorem 5.41 with ug = 0, € = 1 for all n > 1, €(s) = s and A= 1. So, we 
can find a sequence {Un}n>1 C X such that 


(un) So inf y (5.114) 
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and 
G(un) < ~()+ angry VueX nel (5.115) 


From (5.115) with u =u, + th, t > 0, h € X, we have 


I|Allx v(unt+th)—p(un) 
m+n) S ; Vt>0, n>1, 


SO 
Al aa 
ater < enh) VReEX, n21 (5.116) 


(see Definition 3.122). Let wp, = n(1 + |lun||x)y°(unjh). Then wp, is sublinear, 
continuous (see Proposition 3.123) and w,(0) = 0. From (5.116), we have 


—||hIlx < vn(h) VhEeX, n21. 
Using Problem 3.133, we can find v* € X* such that 
luna < 1 and (uh) < dn(h) Vhex, ne. 


Let uy = v,. Then 


1 
n(1+|[un|l x) 
(ux,h) < p'(unjsh) VhEeX,n>1. (5.117) 
From (5.117), we see that 
ur € Op(un) Ynz21, 


sO 


(1+ |lunllx)m(un) < 1+ |luallxdilunlle < GF Vnel, 


n 


thus (1+ ||un||x)m(un) —> 0. Using also (5.114), we conclude that {tn}ns1 C X is 
the desired sequence. 


Solution of Problem 5.55 
“NC, => NPS,”: 
Let {Un}nsi G X be a sequence such that 


y(un) —> c and m(un) — 0. 
Let ux, € Oy(un) be such that m(un,) = ||us ||, for all n > 1. It exists since the norm 
functional on X* is w*-lower semicontinuous and the multifunction u+—+ Oy(u) has 


nonempty, w*-compact, and convex values in X* (see Proposition 3.128). We have 


[ (ux, h)| < mun) = en VWheX, |Allx =1, n 21, 
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sO 
|(unsh) | < le'(unsh)| < en WREX, |lhlx =1, 21 


(see Proposition 3.128(c)), thus 
t(p(un + th) — y(tn)) < (uRh)+en  VO<t< bn =dnlEn), N21 


and hence 
p(tun + th) < vlun) + den Va 1. 


Since NC, holds, we conclude that the sequence {un}, 1 admits a strongly conver- 
gent subsequence. Therefore NPS, holds. 


“NPS, => NC,”: 
Let {Un}nsi GX and {En}ns1,{on}nsi © (0, +00) be sequences such that 


En —> 0, 6 — 0, Yy(un) — c 
and 
lP(tm) — (u)| < Ellun—ullx Wuex, nM], |lUun—ullx < dn. 
Let u = un + th with |t| € (0, dn], ||Allx = 1. Then 
—En|t| < pln +th)— lun) < enltl, 


SO 
v(un;—h), v'(unjh) < en WheX, |lAlx =1, n21. (5.118) 


Let ux, € Oy(un) for n > 1 be such that 
(ux,h) = y?(uUn;h) Vhex,n2e1 
(see Proposition 3.128). Then from (5.118), we have 
(unr) | < en VREX, |hllx =1, n21, 


so 
IlUnlle S & Vane, 


thus m(un) —+ 0. Since the NPS, holds, we conclude that the sequence {tn},51 
admits a strongly convergent subsequence. 
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Solution of Problem 5.56 
Let {Un}ns1 G H be a sequence such that 


y(un) —>+ c and m(un) — 0. (5.119) 


Because the WNPS,-condition holds, passing to a subsequence if necessary, we may 
assume that 
Un —> u in FA. (5.120) 


Let ux, € Oy(un) be such that m(up) = ||us ||, for all n > 1. We have 
u, = A(un) — vu, ol, (5.121) 


where A € £(H; H*) is the canonical isomorphism (since H is a Hilbert space) and 
ur € O(n) = OW(uUn)|,, for all n > 1 (see Problem 3.124). From (5.120) and since 
H + /Y compactly, we have 
Un —> u in, 
so the set UL) 0v(un) C Y* is relatively w-compact (see Problem 5.57(a) and Propo- 
n>1 

sition 3.128(a)). 

But the embedding Y* <> H™* is compact and dense (see Problem 1.71). Therefore 
by passing to a subsequence if necessary, we may assume that 


vl, —> v in A, (5.122) 
From (5.121), we have 
tn = A lute +x) — Ato") 


(see (5.119) and (5.122)), so » satisfies the NPS,-condition. 


Solution of Problem 5.57 
Since y € I'p(X), it is minorized by a continuous affine function (see Proposition 3.84). 
So, we can find u* € X* and c € R such that 


v(u) = v(u) — (u*,u) —c > 0 YVueXx. 


Evidently ~ is lower semicontinuous and bounded below. So, we may apply the 
Ekeland variational principle (see Theorem 5.36) with ¢ = 2(~(u) — inf w) > 0 and 


\ = + for n > 1. So, we can find a sequence {Un}n>1 G X such that 


Wun) < pu), (5.123) 


lun —Gllx < 2 (5.124) 
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and 
W(Un) < W(u) + en|lu— unllx YVuEexX, ux tn. (5.125) 


Consider the functional €: X —> R defined by 
En(u) = w(u) +en|lu— unllx YuolL (5.126) 


Clearly €, € To(X) and from (5.125) we see that u = uy is the unique global minimizer 
of €&,. Therefore 
0 € OEn(uUn) Vn>1 (5.127) 


(see Proposition 3.82). Let d, € T'o9(X) be defined by 
dn(u) = |lu—unllx YVuex, n>1. 
From (5.126), (5.127) and Proposition 3.97, we have 
0 = w+ En¥,, Vue lt 
with w* € OW(un), ve € Ody(un). Note that 
w= uu YVn>1, 


with uy, € Oy(un), so 


Also, from (5.123), we have 
G(Un) < pu) + (U",un—-u) Vn, 
so 
limsup y(tn) < y(u) (5.128) 
n—>+00 
(see (5.124)). On the other hand, from the lower semicontinuity of y, we have 


de yes 
e(u) < liminf y(un). (5.129) 


From (5.128) and (5.129) we conclude that y(un) —> y(t). 


Solution of Problem 5.58 
Let X = R and let y: R — R be defined by 


y(u) = sinw? VueR. 


1 
Let c= inf = —1]. Consider the sequence un = (= + Inn + —4 ie for n > 1. Then 


p(n) —+ c=—1, but y/(un) — 2. 
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So, this sequence although minimizing is not a Palais-Smale sequence. 


Solution of Problem 5.59 
Note that for all u € H4(Q) we have 
py\(u) = A(u) — Au, 
where A € L(H¢ (2); H-1(Q)) (recall that H~1(Q) = H}(Q)*) is defined by 


ak (Du, Dv) pn dz V u,v € Hg(Q) 
Q 


(the canonical isomorphism). If \ # Xn for all n > 1, then A — AI, is invertible, 
while by the Rellich-Kondrachov embedding theorem (see Theorem 1.135), the linear 
map u+— f{ hudz is compact. So, using Problem 5.32, we infer that y satisfies the 


Q 
PS-condition (see Definition_5.45(a)). 
Now suppose that \ = A, for some k > 1. Then there exists @% € Hd(Q) \ {0} 
such that 


A(@) = Aen, (5.130) 
sO _ 
Diels = Aclltelld, 
thus 
pr(U) = 0. (5.131) 


Let U, = nu, for n > 1. Then 
pr(tn) = nye) = 0 Vn2l 
(see (5.131)) and 
Y\(in) = 0 Vn>1 


(see (5.130)). Therefore {@,},51 is a Palais-Smale sequence with no convergence 
subsequence. Hence 3, (with k > 1) does not satisfy the PS-condition. 


Solution of Problem 5.60 
According to the Ekeland variational principle (see Corollary 5.38), we can find a 
sequence {Un}, © M such that 


y(Un) \ m and gun) < y(u)+4\lu—unllx Yue M, uxt. (5.132) 


926 Chapter 5. Variational and Topological Methods 


For each h € T,,,, M, there exists a curve a: (—1,1) —> M such that o(0) = uy, and 


o'(0) =h. Then from (5.132) with u = o(t), we have 
—allo(t) — unllx < ¢(o(t)) — pun). 
Dividing by ¢t > 0 and letting t \, 0, we obtain 
—Allo"O)Ix < (¢'(un),2"(0)) , 


sO 
—allallx < (e'(un),h) VaReTy,M, 


n 


thus 
lour(undIle < + Wndl 


n 


and hence yy; (tn) —> 0. Because of the PS“ -condition, passing to a subsequence 
if necessary, we may assume that u, —> U in X. Then u € M, y(u) = 0 and 
yy (u) = 0. Invoking Proposition 5.31, we see that we can find \ € R such that 


g'(u) = Ag(u). 


Solution of Problem 5.61 


Let {Un}nsi © H}(Q) be a sequence such that the sequence { y(un) jndi © R is 


bounded and 
(1+ llunllx)¢"(un) —+ 0 in H7*(Q) = HO(Q)*. 
From the boundedness of the sequence { y(Un) }ns1 CR, we have 
BlDulls — lub <M. Vn>1, 


for some M, > 0, while from (5.133), we have 


— n h 
[(A(tin),) — f |unPPunhde| < the vn e HEM), 
Q 


with én, \, 0. Recall that A € £(Hj(Q); H~1(Q)) is defined by 


(A(u),h) = [Bu DI)g dz VWu,h€ Hj(Q). 
Q 


In (5.135) we choose h = un, € HA (Q) and obtain 


—||Dunl|5 + llunlIB < en Vnel. 


(5.133) 


(5.134) 


(5.135) 


(5.136) 
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Adding (5.134) and (5.136), we have 
(8 —1)||Dun|} < Mp Vn21, 


for some Mp > 0, so the sequence {un},, C H4(Q) is bounded (by the Poincaré 
inequality; see Theorem 1.131). So, by passing to a subsequence if necessary and 
using the Rellich-Kondrachov embedding theorem (see Theorem 1.135), we can say 
that 

Un —> u in H4(Q) and un —> uw in L?(Q). (5.137) 
Note that the sequence {|unlP Pun basa C L'(Q) (with otw = 1) is bounded. 
Therefore by the Holder inequality (see Theorem 1.3) and (5.137), we have 


/ ig ala, tn de 0, (5.138) 
Q 


So, if in (5.135) we choose h = u, — u € Hj(Q), pass to the limit as n + +00 and 
use (5.138), then 
lim (A(tn),Un—u) = 0, 
N—+-+00 
so 


||Dull2 — ||Dull2 
(note that A(uy) “+ A(u) in H~1(Q); see (5.137)). Hence, we have 
Un —> u in H3(Q) and |lunl| — |Jull. (5.139) 
But a Hilbert space has the Kadec—Klee property (see Corollary 1.26). So, from 


(5.139), it follows that 
Un —> u in H4(O), 
thus y satisfies the C-condition. 


Solution of Problem 5.62 
Let h € domy. By hypothesis, we can find 6 € (0,1) such that 
&(u+th) > E(u) Vt € (0,0). (5.140) 
The convexity of ~ implies that 
vu + th) y((l—thut+tuth)) < —t)bu) + tou h) 
= t(w(uth) —w(u)) + V(u). (5.141) 


So, we have 


ee) +U(i+h)-v(@) > Se a) > 0 Vt (0,6) 


(see (5.140) and (5.141)), thus y°(@;h) + Y(@+ h) — W(@) > O for all h € X (see 
Definition 3.122), hence wu € X is a critical point of €. 
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Solution of Problem 5.63 
Since u € X is a critical point of €, we have 


y°(a;th) + W(G+th)—v(i) > 0 Vt>0,hEexXx 
(see Problem 5.62), so 
e'(ush) + 7(vG@+th) —v(@)) > 0, 


thus 
—We(t) € dp(%) 
(see Proposition 3.128) and hence —Wo(u) € OG(U) (see Problem 3.124). 


Solution of Problem 5.64 
The compactness of the embedding of X ~ Y implies that y is sequentially weakly 
continuous, in particular then sequentially weakly lower semicontinuous. So, because 
of coercivity hypothesis on € and the reflexivity of X, we can use Theorem 5.6 and 
obtain wu € X such that 

f(a). = inf ef, 


Then from Problem 5.62, we have that uv € X is a critical point of €. Using Prob- 
lem 5.63, we conclude that —7.(u) € OG(u). 


Solution of Problem 5.65 
Let {Un}ns1 G X be a sequence such that 


lo(un)l < Mo Vn21, (5.142) 
for some M > 0 and 
(1+ |lun||x)¢’(un) —+ 0 in X*. (5.143) 


From coercivity hypothesis on y and (5.142), it follows that the sequence 
{Un}n>1 G X is bounded. The reflexivity of X and the Eberlein-Smulian theorem 
(see Theorem 1.5.78) imply that, passing to a subsequence if necessary, we may assume 
that 

Un —> u in X. (5.144) 


The complete continuity of K implies that 


K(un) — K(u) in X*. (5.145) 
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From (5.143), we have 


| (Alun), A) +(K(un),A)| < ile vex, (5.146) 


with en \, 0. In (5.146) we choose h = un — u € X, pass to the limit as n > +00 
and using (5.145), we obtain 


lim (A(tn),Un —u) = 0, 


n—-+00 


so using (5.144) and exploiting the fact that A is of (S),-type, we obtain 
Un — u inxX. 


This proves that y satisfies the C-condition (see Definition 5.45(b)). 


Solution of Problem 5.66 
From the growth condition on f, we have 

|F(z,x)| < c(l+|z|*) foraa. ze, ceER, (5.147) 
with c > 0. Then for all u € Wo? (Q), we have 

gu) > sllDullb —ellullg — lQlw 
> sllullP — elull? — ¢|Q\n, (5.148) 

for some ¢C > 0 (from the Poincaré inequality (see Theorem 1.131) and the Rellich— 
Kondrachov embedding theorem (Theorem 1.135)). From (5.148) and since g < p, 


we infer that 
p(u) —> +00 as |lu|| > +00. (5.149) 


Note that for all wu € Wy’?(Q), we have 
g'(u) = A(u) — N5(u), 
with A: W5’?(Q) — W-1”'(Q) = Wo'?(Q)* (where 5 + rd = 1) defined by 


(A(w),h) =f |Du-?(Du,Dh) dz Vuh WEPO 
Q 


and 
Nu) = FC,uC)) 

(see Problems 3.21 and 3.5). From Problem 3.191 we know that A is of type ($1, 
while from the compactness of the embedding W, (Q) <> LP(Q) (see the Rellich— 
Kondrachov embedding theorem; Theorem 1.135) and Problem 1.45, we see that the 
map u +— Nf(u) is completely continuous. So, using Problem 5.65 we conclude 
that y satisfies the C-condition (see Definition 5.45(b)). Because of (5.149) and 
Problem 5.38, it also satisfies the PS-condition (see Definition 5.45(a)). 
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Solution of Problem 5.67 
Let ~: Wy ?(Q.) —> R be the C!-functional defined by 


ie = |Dulf — f o(2)|ulP ae Vue Wi? (A), 
Q 


From Proposition 5.132 we know that ~ > 0. Suppose that the claim of the 
problem is not true. Exploiting the p-homogeneity of w, we can find a sequence 
{Un}nsi © Wo?(Q) such that 


l[unllp = 1 Vn and Yun) \ 0. (5.150) 
From (5.150), we see that the sequence {un}asiWo ?(Q) is bounded. Therefore, by 


passing to a subsequence if necessary, we may assume that 
Un —> u in Wo? (Q), and un — wu in LP(Q) (5.151) 


(see the Rellich-Kondrachov embedding theorem; Theorem 1.135). Because of (5.151) 
and since the norm functional in a Banach space is weakly lower semicontinuous, we 
have 


w(u) < 0, 
so 
|Dulg < fo@juPde < Aull, (5.152) 
Q 
thus . 
|Dull> = Arllully, 


hence u = €U; for some € € R (see Remark 5.133). Since ||u||p = 1 (see (5.150) 
and (5.151)), we see that € # 0. Then from (5.152) and since % € intC (see 
Theorem 5.129(e) and Remark 5.133), we have 


|Dull, < Allull. 


which contradicts Proposition 5.132. So, we can find cp > 0 such that 


|Dulf— f v()lu(e)P dz > collulP Vue Wy(Q). 
Q 


Solution of Problem 5.68 
First we show that y satisfies 


p(u) —> +00 as |lu|| > +00. (5.153) 
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Suppose that (5.153) is not true. Then we can find a sequence {Un}y51 © Wy'?(Q) 
and M, > 0 such that 


|un|| —+ too and (tn) < My Van Sl. (5.154) 


Let Yn = Teel for n > 1. Then |l/y,|| = 1 for all n > 1 and so by passing to a 
subsequence | necessary, we may assume that 
Yn —> y in Wo?(Q) and y, — y in L?(Q) (5.155) 


(see the Rellich-Kondrachov embedding theorem; Theorem 1.135). From (5.154), we 
have 


1 F(z,un) M, 
Q 
Hypotheses (i) and (ii) imply that 
|F(z,x)| < c(14+ |a/?) for aa. zeQ, allz eR, (5.157) 
for some c > 0 and 7 
lim sup ws < vy (5.158) 
L—>=1CO 
uniformly for almost all z€Q9. From (5.157), we see that the sequence 
{Geese ae C L'(Q) is uniformly integrable (Definition 1.18). So, by the Dunford— 


Pettis theorem (see Theorem 1.28), we may assume that 


ata ee Se TO): (5.159) 


Moreover, from hypothesis (i) and (5.155) (note that we can always assume that in 
addition yn(z) —> y(z) for almost all z € Q and |yn(z)| < n(z) for almost all z € Q, 
all n > 1 for some 7 € L'(Q)), we see that there exists 7 € L1(Q),4 such that 


—7(z) < Fe) fora.a.z€Q, alln > 1. (5.160) 


Given « > 0, for every n > 1 we introduce the set 


Dr, = {2€0: wn(z) #0, —(lz) +e) < FES < 301 +6)}. 


Jun (z)|P 


From (5.158) and (5.160) and since |u,,(z)| —> +oo for almost all z € {y 4 0}, we 
see that 
Xpe(z) —> 1 for aa. 2 € {y 0}. 

Note that peas 

2 Xo) Tum E Maa ¢y409) —> 
so 

F(-,un(- Ww : 
Xe (TY > gin L'({y 4 0}). 
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From the definition of D= we have 
— (H(z) +2)lyn(Z)IP << X pg FS lyn (2)? 
< t01+e)lyn(2)|? for aa. 2€Q, 


Se) 
—(A(z) +e)ly@P < g(z) < FAily(@)P for aa. ze {y A 0}. 
Let € \, 0, to obtain 


—Az)ly(Z)PP < g(z) < PArly(z)P for aa. 2 € {y #0}. 
On the other hand, from (5.157), we see that 
g(z) = 0 for aa. z € {y = 0}. 
So, finally we have 
—Alz)lu(Z)P < g(z) < Prly(2P for aa. ze, 


g(z) = V(z)ly(z)|? for aa. z EQ, (5.161) 


with —7) < 0 <1). Therefore, if in (5.156) we pass to the limit as n — +00 and use 
(5.155), (5.159), and (5.161), then 


SDulg <_ f 9@)ly de (5.162) 
Q 


IfvZ ve then using Problem 5.67, we have 
collyll? < 0, 


so y = 0 and thus 
Yr —> 0 in Wy’?(Q) 


(see (5.156)), a contradiction to the fact that ||y,|| = 1 for all n > 1. 
If #(z) = Ax for almost all z € Q, then from (5.162) and Proposition 5.132, we 
have 7 
Dy = Tallull 


so y = €u, for some € ER. 

If € = 0, then y = O and as above, we have a contradiction to the fact that 
lees ||, = 1 for all > 1, 

If € #0, then y € intC, if € > 0 or y € —int Cy if € < 0 (see Theorem 5.129(e) 
and Remark 5.133). Hence |y(z)| > 0 for all z € and so 


\un(z)| —+ +oo foraa. ze. (5.163) 
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Hypothesis (iii) implies that given y > 0, we can find Mz = M2(y) > 0 such that 


f(z,x)x—pF(z,z) > y foraa.zeQ, all |x| > Mo. (5.164) 
Then we have 
d F(z) _— f(z,v)a?—pF(z,x)aP—! sf (za) a—p F(z,x) 
dx «xP 2P ypri 


WV 


Y, foraa.zéEQ, allxz > Mo 


gp-l 


(see (5.164)), so 


> -1(4 +) for aa. z€Q, allu>v> Mb, 


thus 
LD, ze) > 4 foraa. zE€Q, allv > Mo 


puP 


(let wu — +00 and use (5.158)), hence 


Ayu” — F(z,v) > : for aa. z EQ, all v > Mo. 


Since y > 0 is arbitrary, we have that 


: ALP = : 
im, ( Aa? — F(z, z)) +oo uniformly for aa. z€. 


Similarly, we show that 


lim (22 |x —F(z,x)) = +00 uniformly for aa. z € 2. 
t——oo \ P 


So, we have 


lim (AL |x|? —F(z,x)) = +oo uniformly for aa. z € 2. (5.165) 


L— = CO 


From (5.163), (5.165) and the Fatou lemma (see Theorem 1.3.95), we have 


J Cla? — FG 10) dz —> +00. (5.166) 
Q 


On the other hand, from (5.154), we have 


S| Dual, — f P(e,un) de <M, Vn>l, 
Q 
sO 


Kallunllp — ff P(e, tm) de <M, Yn>l 
Q 


I 
Pp 
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(see Proposition 5.132) and thus 


jf Blun? — FG,un)) dz < M,. (5.167) 
Q 


Comparing (5.166) and (5.167), we reach a contradiction. Therefore (5.153) holds. 
We have 
g'(u) = A(u) — Nj(u) 
(see the solution of Problem 5.67) and A is of type (S)4 (see Definition 2.137), while 
the map u+—> N-(u) is completely continuous. From Problem 5.65, we conclude that 
y satisfies the C-condition (see Definition 5.45(b)). Then (5.153) and Problem 5.38 
imply that ¢y satisfies the PS-condition too (see Definition 5.45(a)). 


Solution of Problem 5.69 
Suppose that {Un}ns1 C X is a sequence such that 


p(un) —> c and (14 ]lun||x)m(un) — 0 (5.168) 


(see Definition 5.47(a)). Let ux € Op(un) be such that m(un) = |lu*||,. for every 
n > 1. Then for all h € X, we have 

(1+ [un |x) ¢° (un h) > (1+llunl|x) (ur, 2) 

2 —(1+]lun|lx)|lunllellallx Vn 21, 
so 
(1+ |lunllx)e°(unsh) > —enllAllx Vn>1, 
where €, = (14 ||un||x)m(un) \ 0 (see (5.168)). Thus the SC,-condition holds. 
Conversely, suppose that the SC,-condition holds. Let 


Gy). = 1 llen|lx 69, A) VhexX, n>1. 


En 
Note that o, is continuous, sublinear and a,,(0) = 0. Also, we have 
On (h) = —Ey|lAllx VheEX, n>. 


From Problem 3.133, we know that there exists u* € X* with ||u* ||. <1 such that 
Call) > ak) VhexX, n2>1. 


Then ux = ux € Oy(un) and 


En 
1+|lun||x 


WV 
e 


(1+ l[unlx)m(un) < (1+ llunllx)llunlle < en Vn 
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(recall that ||w* ||, < 1). Hence the nonsmooth C,-condition holds. 


Solution of Problem 5.70 
Arguing by contradiction, suppose that the conclusion of the problem is not true. 
Then we can find a sequence {Un}n>1 Cc X such that 


y(un) —+ ¢ and (14+]lun||x)y’(un) — 0 in X*. (5.169) 


Since by hypothesis y satisfies the C,-condition (see Definition 5.45(b)), because of 
(5.169) and by passing to a suitable subsequence if necessary, we may assume that 


Un —> u inX, 


sO 
y(u) = 0 and (u) = «¢, 


a contradiction to the hypothesis that c is not a critical value of yp. 


Solution of Problem 5.71 

“==>”: This implication follows from Problem 5.37. 

“<—”": Since X is finite dimensional, from the coercivity assumption on y, it fol- 
lows that y is bounded below. Let {Un}nst C X be a C-sequence. Since the se- 
quence { Y(Un) }n51 CG R is bounded, from our hypothesis we get that the sequence 
{Un}n>1 G X is bounded and so there is a convergent subsequence. Therefore 
satisfies the C-condition (see Definition 5.45(b)). 


Solution of Problem 5.72 

No. In the light of Problem 5.71, to produce a counterexample, we need to consider 
an infinite dimensional Banach space. So, we assume that X is an infinite dimensional 
Banach space and let €: Ry —> R be a smooth function such that 


_ f 0 for t= (0, 2], 
g(t) = { t for t>3. 
Consider the functional p(w) = €(||u||x) for all wu € X. Evidently y is bounded below 
and satisfies the required coercivity condition. On the other hand, if {un},,., C X is 


such that ||u,||x = 1 for all n > 1, then y(un) = 0 and (1+ |lun||x) ye’ (un) = 0 for all 
n > 1, but since X is infinite dimensional, there need not be any strongly convergent 
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subsequence of {Un}ns1 CX. 


Solution of Problem 5.73 
Let {Un}nsi C KG be a sequence. Then 


g(u,) = ¢ and g'(u,) = 0 Vn 1. 


Since by hypothesis y satisfies the C.-condition, the sequence {Un}n>1 C K¢ admits 
a strongly convergent subsequence. Therefore the set A{ is compact. 


Solution of Problem 5.74 
Let X = R and y(u) = sinu for all wu € R. Consider a sequence {tn}, 5, C R such 
that 

y(un) = sinun —> c and g'(un) = cosun — 0. 


We write 
Un = 2nT+hn Vn2>1, 


with A, € N and A, € [0,27]. Then we have 
sinh, — c and cosh, — 0. 
The sequence {hn}nst has a convergent subsequence with limit h € [0,27]. We have 
sinh = c and cosh = 0, 


so h € K§. So, ¢ satisfies the CPS-condition, but does not satisfy the PS,-condition, 
forc=lorc=-l. 


Solution of Problem 5.75 
Let X = R and y =e ~@ for allu c¢ R. Thenc = inf p = 0. We have y’(u) = 
ae. Hence 

y(n) —> 0 and y(n) — 0, 


so the PSo-condition does not hold (see Definition 5.45(a)). 
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Solution of Problem 5.76 
Suppose that ||h||~7 4 1 and let {un},,, C H be a sequence such that the sequence 
{ (Un) }ns1 CR is bounded and 


y’(un) —> 0 in H*. (5.170) 


By the Riesz representation theorem, let Vy(u) € H be the gradient of y at u € 
X,1€., 
(y'(u),v) = (Velu),v)y Vue H. 


We have 
Vep(u) = u-(u,h) yh Vue dH. (5.171) 


From (5.170) and (5.171), we have 
| (ns ¥) pp — (Uns h) gy (h, v) x | < én|lullaz Vued, (5.172) 
with €,, \, 0. In (5.172), we choose v = h and have 
[(unsA)ip lL —[MAll?| < enllhllar = Vn 1, 


sO 
Guy > 6 (5.173) 


(since ||h||47 4 1). Because 
lp(m)| < Mo Vnel, 


for some M > 0 (see (5.170)), it follows that the sequence {un},51 C H is bounded. 
So, by passing to a suitable subsequence if necessary, we may assume that 


tn —> u in A. (5.174) 
From (5.172) with v = un — u, we have 
| (ens tn = t)4y — (tins) gr (Py tin = Upp | < Enlltin —ullar = Vn > 1, 


SO 
[Ile ll? — (ttn, 4) | —> 0. 


But (Un, U) 7 —> |lull? (see (5.174)). Therefore 
[un |lzr —> |[eullzr- (5.175) 


From (5.174) and (5.175) and the Kadec-Klee property of Hilbert spaces (see Corol- 
lary 1.26), we have that 
Un —> u in _®d, 


so y satisfies the PS-condition (see Definition 5.45(a)). 
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Now suppose that ||h||7 = 1. Let u, =nh € H. Then 


n? n? 


~(tn) = =-F = 0 oe 2A, 


SO 
y'(u,n) = nh-nh = 0 VWn>1 


(recall that ||hl|w7 = 1). So, {un =nh},,5, is a PS-sequence with no convergent 
subsequence. Therefore y does not satisfy the PS-condition. 


Solution of Problem 5.77 
Let {Un}nsi © H}(Q) be a sequence such that 


lp(un)| < Mo Vn21, (5.176) 
for some M > 0 and 
y'(un) —> 0 in H71(Q) = Hg(9)*. (5.177) 
From (5.177), we have 


| (A(ttn), h) — hy fughde— f f@sun)h de < eqllhl| Vhe HQ), (5.178) 
Q Q 


with e, \, 0. Suppose that the sequence {Un}ns1 © H}(Q) is not bounded. Then, 
passing to a subsequence if necessary, we may assume that 


||un|| — +00. (5.179) 
Let Yn = Te for alln > 1. Then ||y,|| = 1 for all nm > 1 and so we may assume that 
Yn —> y in H{(Q) and y, —> y in L*(Q). (5.180) 

From (5.176), we have 
$Dualb—Bilunld— f Soya < ge vn>1, (5.181) 


Q 


Since |F'(z,x)| < a(z)|x| for almost all z € Q, all x € R, we see that 


fi ae dz —> 0.u (5.182) 
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So, if in (5.181) we pass to the limit as nm — +00 and use (5.180) and (5.182), then 
Dyllz < Aallylls, 
so 
|Dyllz = Arllyll2, 
(see Remark 5.130), thus y = €t; for some € € R (see Theorem 5.129(e)). 
Note that, if € = 0, then y = 0 and so from (5.181) we see that 
Yn —> 0 in Hj(Q), 


a contradiction to the fact that ||y,|| = 1 for all n > 1. Therefore € # 0 and we 
assume that € > 0 (the reasoning is similar if we assume that € < 0). Then y(z) > 0 
for all z € Q and so 


Un(z) —> +00 foraa. ze. (5.183) 
From (5.176), we have 


=o9M < |\Du,|l2 — rill (2 = [oP Gu) dz < 2M Vn2>1. — (5.184) 
Q 
Also, from (5.178) with h = un € H4(Q), we have 


= Enllun|| < —||Dunll3 


Falla + J fC te)end Selig Gnee. (5.185) 


Adding (5.184) and (5.185) and dividing by ||u,,||, we obtain 


|{o (2, tn)tm — 25247)) dz] < ef, Vn 21, (5.186) 


with </, \, 0. Let 


Pc) if x #0 
ae) = Feo if «<=—0. 


This is a Carathéodory function and from (5.186) we have 


| i (Fein ie — 29 (2th) Va) dz| ae. Vn2>1. (5.187) 
Q 


From hypothesis (ii) and (5.183), we have 
f(z,un(z)) — fez) foraa. z€Q, 
g(z,Un(z)) —> f(z) foraa zen. 


Then from (5.187) and using the Lebesgue dominated convergence theorem (see Theo- 


rem 1.3.94), we obtain 
[ tind: = 0, 
Q 
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which contradicts both cases in hypothesis (iii). Therefore the sequence 
{Un}asi © H}(Q) is bounded and so we may assume that 


Un —> u in H4(Q) and un —> wu in L?(Q). (5.188) 


In (5.176), we choose h = un — u € H}(Q), pass to the limit as n + +00 and use 
(5.188). Then 
||Dunll2 — ||Dulle, 


SO Un —> u in Hj(Q) (see (5.188) and use the Kadec—Klee property of Hilbert spaces; 
see Corollary 1.26), thus y satisfies the PS-condition (see Definition 5.45(a)). 


Solution of Problem 5.78 
Since ug is a weak solution of the Dirichlet boundary value problem, we have 


| (Bu. Di)gw der fuohde = f fleuo)hdz  ¥ he HG(O). 
Q Q Q 


Let h = % € H4(Q). Then we have 


0 = f(z, uo) U1 dz. 
H 


Since w(z) > 0 for all z € Q, from the assumption that f_(z) < f(z,x) < f(z) for 
almost all z € Q, all x € R and because the inequalities are strict on sets of positive 
Lebesgue measure, we have 


i Pid 20 / Gaui: 
Q Q 


Solution of Problem 5.79 
We choose €1, €2 € (0,¢) and 7, A > 0 such that 


(uo) — inf p < €2 < €1, (5.189) 

C< 7 <=, (5.190) 
€ 

Va a = G7 =o (5.191) 


We set 6 = (1—n)e. Let yo = y and then define 


yi(u) = yo(u)+dllu—uollk  WueX. 
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Inductively we set 
Pnti(u) = Yn(u) +45n"||u— unix Vane, (5.192) 
with wu, € X chosen so that 
Pn(Un) < APn—1(Un—1) + (1 — A) inf Pn—1. (5.193) 
Let Bn = Yn(Un) and Mp4 = inf gn for n > 0. From (5.193), we have 
Mn = Mtr < Pasa S AGp + —Almw S Bry 
so 
Bn41—Mns1 < A(Bn—Mnsy1) < A(Bn—- 7M) < A**(Bo— mo). (5.194) 
In (5.192), we choose u = Un4i. Then 


Pail —= Oni nat) = Yn(Unt1) + BN” ||Un+1 — Unll 
> mnt + Bn” |lund — Unllx, 


sO 
51” |[uing1 — Un < A*+4(By — m9) < A*Hey (5.195) 


(see (5.194) and (5.189)). Then for m > n, we have 


m-n 
ein — tall << SZ [lenge — tell x 
k=1 


Ay 2 1 A, m=1 EQ, 1 
SC) eee 
_ (A€2 1 r gla) EQ u 1 ae 
adr ay i- OF i) ie) < (5) (5.196) 


(see (5.195) and (5.191)), so {un}ns1 G X is a Cauchy sequence in X, hence conver- 
gent in X to ue € X. Also note that 7 < + (see (5.194)), so 


6 = (l-nye = €-e > €1, 
thus 

|| — Unilx <1 Ym>n 
(see (5.196)). We set 


1 
alu) = 5 don — alla unl. 
n2>1 
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Then g € Y. Passing to the limit as m — +00, we obtain 
|e — Unilx < 1 Vn>0, 
so 


lus — Uollx < 1. 
Also, from (5.194) and the lower semicontinuity of yn, we have 
p(u) + 2eg(u) = supyn(u) > lim mn 


li 
n>0 n—-+00 


— ae 
ee ee 


2 Sup Pi (Ue) = (te) + 2eg(ue) 
Sl 


and the inequality is strict if u # ue (see (5.194)). 


Remark. The result of this problem is known as the Borwein—Preiss smooth 
variational principle. In general it is not possible to assume that the functions 
g € Y consist of a single summand. This is true if X is a reflexive Banach space. In 
fact these are the only Banach spaces for which this can be done (see Problem 5.80). 


Solution of Problem 5.80 
Let u* € X* with ||u*||, = 1. We define 


wy) = fe) iE Yule <1, 
” +00 if |lullx > 1, 


that is, p = u* + ig,, with B, = {uEX: |lullx <1} and ig, is the indicator 
function of the set B, (see Definition 3.55). Then y € I'9(X) (see Remark 3.56) and 
inf f =-—1. We use Problem 5.79 with ug = 0 and e = 1. So, we can find uz € B, 


and g € Y such that 
y(uc) + 29(te) < vlu)+29(u) VueX. 
We have uz € dom y and 
0 € A(y+2g9)(ue) = uX+20g(ue) = uX+2F(ue-h) Whe 
(see Proposition 3.97 and Problem 3.54), so 
—u" € 2F(u- —h), 


thus 
Jue —Allx = 3 and (u*,h—Uue) = |\ue — Alix. 
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Invoking the James theorem (see Theorem 1.5.74), we conclude that X is reflexive. 


Solution of Problem 5.81 
From Problem 5.79 (see also the Remark following the solution of that problem), 
given € > 0, we can find ue € H such that 


plue) < inf p +e, (5.197) 
|ue — uolla < 1, (5.198) 
(ue) + €(|[ue — uoll — lu uoll?r) < plu) Vue. (5.199) 


Choosing u = ue + th with t > 0, h € X in (5.199) we have 
e(— 2t(h, te — uo) — tI|hllz) < p(ue + th) — (ue), (5.200) 


with (-,-),, being the inner product of H. Dividing (5.200) with t > 0 and letting 
t \, 0, we obtain 


—2e (h, Ue — Uo) gy < (yp! (ue), h) Vhe A, 


sO 
Ie" (ue) |x < 2e (5.201) 


(see (5.198)). Moreover, since by hypothesis y € C?(H;R), we have 


4 (p(ut th) + y(u—th) — 29(u)) — (p"(wh,h) ast. (5.202) 


We use (5.199) first with u = u-+th and then with u = u-—th. We add the resulting 
inequalities and obtain 


—2et*llullz < plue + th) + y(ue — th) — 2(ue). 
Multiplying with a letting t > 0 and using (5.202), we obtain 
—2ellAlla < (y"(ue)h, h) VheH. (5.203) 


Finally, let ¢ = + and let up, = ue,. From (5.197), (5.201), and (5.203), we see that 
{Un}n>1 is the desired sequence. 
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Solution of Problem 5.82 
Note that paar <1. So, ifu € X \ Ky, then from the definition of the dual norm, we 
can find h, € X with ||h,,||x = 1 such that 


(y/(u), hu) > Alle) lle (5.204) 
Let y, = ~t#||y'(u)||ahu. We have 
lIYullx < plle’(u)|ls (5.205) 
and i; 2 VG 
Alle’(uylle < (¢'(u), Yu) (5.206) 


(see (5.204)). The continuity of the map u+— y’(u) implies that we can find an 
open neighborhood U,, of u such that 
lIyullx < plle(e)lle and Ally’(wIIF < (¢e'(), yu) = VueUy — (5.207) 


(see (5.205) and (5.206)). We consider the family {Uu}uex\x, of open sets. This is 
an open cover of X \ Ky. So, it admits a locally finite refinement {Vu }uex\ K,: There 
is a locally Lipschitz partition of unity {fu}uex\K, Subordinate to {Vu}uex\K,- We 
set 


Gh) = > kulh)y VheX\Ky. 
uEX\Ky 
Evidently g: X \ kK, —+ X is a locally Lipschitz map which satisfies 


Gx < So kulh)Iiyulle < plle(A) > 


uEX\Ky 


(e'(h),9(h)) = SD) Eulh)(e'(h), yu) > AIWAIIE VRE X\ Ky 


(see (5.207)). 


Solution of Problem 5.83 
As in the solution of Problem 5.82, since peer <1, from the definition of the dual 
norm, we see that for every u € X \ Ky, we can fad hy € X with |/hy||x = 1 such 


that 
Ble u)llxs < (g'(w), hu) 


‘elle < 2 (u),Gu) and ||Gullx <p (5.208) 


and 
A < (Y'(uU), Gu) < [le (w)|lalGullx <p. (5.209) 
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The continuity of the map u+— y’(u), implies that we can find an open neighborhood 
U,, of wu such that 


Alle’ (h)lle < (e"(A), Gu) 


and 
A < (e'(h), Gu) < lle’ (P)|laliGullx < wo  Vheuy 


(see (5.208) and (5.209)). Then we consider a locally finite refinement {Vu }uex\K, 
of {Uu}uex\ K, and a locally Lipschitz partition of unity {€u}uex\ K, subordinate to 
the cover {Vu}uex\K,- As in the solution of Problem 5.82, we produce the desired 
locally Lipschitz maps g,g: X \ K,— X. 


Solution of Problem 5.84 
We claim that there exist ¢9 > 0 and 7 > 0 such that 


if |p(u) —e| < €o, then |lp"(u) ||. > 79 (\lullx). (5.210) 
Indeed, if (5.210) does not hold, then we can find a sequence {un}, G X such that 
e(um) — el < Gand |ly'(un)|le < 7P(llunlix) Vn 21. (5.211) 


Since by hypothesis y satisfies the PS?-condition, by passing to a suitable subsequence 
if necessary, we may assume that 


Un —> u inX, 


so y(u) =c and y'(u) = 0 (see (5.211)), thus u € KG, a contradiction to the hypoth- 
esis that KS = 0. 


So, (5.210) holds. Let ¢ < min{e9,7}. From (5.210), we have 
if |p(u) — ce] < e, then |p"(u)|lx > ed(\lullx). (5.212) 


Because of the hypothesis on 7, we can find 8 > 0 such that 
4< / 0(s) ds. (5.213) 


We introduce the sets 
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These are closed sets and ANC = @ (see (5.212)). So, by the Urysohn lemma (see 
Theorem I.2.136), we can find a continuous map €: X —+ [0,1] such that €|, = 0 
and €|., = 1 (for example, we can take €(u) = ilu, AY ect cy for all ue X ). Using 


Problem 5.83, we can find a locally Lipschitz map g: X \ K, —> X such that 


lle’u)lle < (e'(u),G(u)) and |[g(u)Ilx < 2 VueX\Ky. (5.214) 


We set 


v(u) = E(ujg(u) Vuex\Ky 
and consider the following abstract Cauchy problem: 


o'(t) = v(e@)), t 2 0, 
{ o(0) = ue X\ Ke: eat) 


The local Lipschitzness of v implies that problem (5.215) has a unique local flow. In 
fact since ||u(u)||x <2 for all u € X \ Ky (see (5.214)), it follows that the flow is in 
fact global (that is, it is valid for all t > 0). We have 


lee eee / lo'(s)Ixds < / IGlo(s))Ilxds <2t 


(see (5.214)) and 


= ee, ee (o (t)),9 a “4 2 0 (5.216) 
(by the chain rule; see Theorem 3.19). Since €|,, = 0, we see that 


if |p(u) —c| > 2c, theno(t) =u - Vt>o. (a:217) 


Let h € ye_-N B, be such that y(o(t,h)) < e+e for all t € [0, 6], where o(-,h) is the 
flow of (5.215) starting at h (that is, 0(0,h) = h). Then o(t,h) € C for all t € (0, 5] 
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and we have 


B 
y(o(B,h)) — o(h) = 7 4 o(o(s, h)) ds 
0 


B 
= fi y(o(s,h)),0"(s,h)) ds = ik y'(o(s,h)), Gols, h))) ds 


WV 


fase (s,h))llads > « {moti 
B 


cf a hllx +2€)ds > < four 20\a 
0 


WV 


r+26 
‘i U(s)ds > 2 


(using the chain rule (see Theorem 3.19), the fact that o(s,h) € C for all s € [0, 9], 
exploiting (5.214), (5.212), the fact that J is nonincreasing and since h € B,.), so 


NIM 


cte > g(o(B,h)) > p(h)+2e > c—e€4+2¢ = cte, 


a contradiction. So, we have proved that h € y._- B,, then there exists ¢* € [0, 3) 
such that 
p(a(t*,h)) > cte. 


Therefore, if we set 
h(t,u) = o(6t,u) Vie [0,1], we X\ Ky, 


then this continuous map h satisfies statements (a), (b) and (c) of the problem (see 
(5.216)). 


Solution of Problem 5.85 
If the claim of the problem is not true, then we can find en, \, 0 and un € pote \U 
such that 
(1+ llullx Ile (wlle < nen Vn2l, 
so 
(14+ |lunllx)e’(un) — 0 in X*. 


Also, we have y(un) —> c. Since by hypothesis vy satisfies the C.-condition, we may 
assume that 
Un —> u inX, 
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with u € X \ U, so y(u) = c and y’(u) = 0, a contradiction. 


Solution of Problem 5.86 
From the hypotheses on vy it is clear that c > m > 0. Arguing by contradiction, 
suppose that KG =). Let ¢ € (0, 4) and choose U; € D such that 


—e < inf 5.218 
é=€ nt, et) ( ) 


(see the definition of c). Since by definition Up € D is bounded, we can find r > 0 
such that Up C B,. From Problem 5.84, we know that there exists a continuous map 
h: [0,1] x X —> X such that: 


(a) h(0,u) = wu for all u € X, for every t € [0,1], the map A(t,-): X — X is 
homeomorphism and 
p(h(t,u)) < v(h(s, u)) Vt,s€ [0,1], t<s, we X; 
(b) if |y(w) — c| > 2e, then A(t, u) = wu for all t € [0, 1]; 
(c) A(1, ~e-eM Uo) © Pete: 
Let Uz = h(1,U;). From (a) above, we have that U2 is open and OU2 = h(1,0U}). 
Because of the choice of ¢ > 0, we have 
y(uo),p(0) < 0 < c—2¢, 
so 
uo,0 € {wEX: |y(u) —c| > 2e}, 


thus 
0 = h(1, 0) € Ug and up = h(1, uo) a U2 


(see (b) above), hence U2 € D. Note that 
if p(u) > c—e, then y(A(1,u)) > cte (5.219) 
(see (c)), so 
OU1 © Pore (5.220) 
(see (5.218)). So, we have 


inf = inf y(h(1 > 
aS ee) ae 


(see (5.219) and (5.220)). This contradicts the definition of c, since U2 € D. 
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Solution of Problem 5.87 
Since by hypothesis u = 0 is a local minimizer of y, we can find € € (0, ||uol|x) such 
that 

90) = 0 < v(u) Vue B, 


where Bz = {v € X: |lv||x <e}. One of the following conditions is true: 


(a) there exists 7 € (0,¢) such that 
g(0) = 0 =< ant {y():|jalx—r} = im: 


or 
(b) for every r € (0,¢), we have 


inf {y(u): |lul|x =r} = 0. 
Suppose that (a) holds. Then Bz € D and we have 


c = sup inf y(u) > m > 0 
UeD uedUu 
(see (a)). Then we can use Problem 5.86 and conclude that c is a critical value of y. 
Hence we can find u € Ky with y(u) =c > 0 = y(0) & v(uo), thus u ¢ {0, uo}. 
Now suppose that (b) holds. We argue as in the solution of Problem 5.86. So, let 
0<r<n<o<eand let {un}, be a minimizing sequence of y on OB,. We set 


P(OTaxe) if llullx > a, 


. 5.221 
oP Vales pea) 


vw = { 


Using the Ekeland variational principle (see Corollary 5.38) on w~, we can find a 
sequence {Un}n51 © X such that 


Pn) < b(un), lltn-—tnlle < F Vne1 (5.222) 


and 
(tr) < vy) +4lly—mll VyeX, n21. (5.223) 


Then vy, € int R,.» for all n > no, where R,. = {ue X: r < |lullx < o}. Hence 
Vn) = 9(Un) Vn 2 no 


(see (5.221)). In (5.222)—-(5.223) we choose y = v, + th with ||h||x = 1. Then letting 
t > 0, we obtain 
Ione SG Vn>no, 


sO 


e/Condlle & [lo'on)lle 1 
Koalx) < v0 S 


thus 


¢' (un) : * 
Twalkx) — 0 inX”. 
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Since y satisfies the PS$-condition (recall that 0 = inf{w(u) = y(u) : |lullx = n}), 
by passing to a suitable subsequence if necessary, we may assume that 


Un — u inX, 


so 
y(a@) = 0 and y'(%) = 0. 


So, for every 7) € (r, @) there exists a critical point of y on OB. 


Solution of Problem 5.88 
Let T = {y € C ((0, 1]; X) : (0) =0, y(1) = uo}. We furnish T with the supremum 
distance d,, defined by 
d..(1,72) = max u(‘)-wOllx Vu. e€T. 
te [0,1] 


Evidently (If, d,,) is a complete metric space. 
Let ¥J: T —> R be the functional defined by 


dy) = eee) Vyer, (5.224) 


From the Claim in the solution of Problem 5.51, we know that is continuous. Also, 
we have 
mr < Vy) Vyel. (5.225) 


Indeed note that for y € I, we can find t, € [0, 1] such that ||y(t,)||x =r (see hypoth- 
esis (ii)). Therefore 


Mr < Ply(tr)) < Hy) Vyel. 


Given ¢ > 0, by the Ekeland variational principle (see Corollary 5.38), we can find 
ye € T such that 
Hye) < inf¥ +e (5.226) 


and 

We) < Wy) t+ed (1%) Vel. (5.227) 
Let € € Co((0, 1]; X) = {u € C (0, 1]; X): (0) =0, u(1) = O}. We use (5.227) with 
Y= 7e + AE, A > 0. Then 


ed, Ve FAC) SUE FTE) — Oe), 


—EllElloo < $(Ve + AE) — VV), (5.228) 
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where ||||,.. = max ||€(t)||~. We have 
te [0,1] 


Dye + AE) — Ve) = max v((qe + A€)(t)) — max y(ye(t)) 


te [0,1] te [0,1] 
= (p(re(t)) +A ("Ye (E)), E(E)) ) + BO ) — max (rel? NF 


(5.229) 
with oO) — 0 as \ > 0. Consider the functional w: C ({0,1]) —> R defined by 


wo) = ae a(t) YoaeEC((0,1)). 


We see that 7 is convex and 
dv(o) = {ve M,[0,1]: v 20, v((0,1]) =1, supp(v) C M(o)}, 
where M(c) = 7 E [0,1]: u(c) = o(t)}. Let 
oi(t) = vlrye(t)) and oa(t) = (y'(re(t)), €()) = Vt € [0,1]. 
Evidently 01,02 € C((0,1]). Then from (5.228) and (5.229), we have 
~El|élloo < lim x 5 (Ore + AE) — V(r) 


<_ jim x(¥(o1 4 Deed) 
= ge = Paes fo ye(t (t)) dv(t), 


where by (-,:), we denote the duality brackets for the pair (M,[0, 1],C ([0,1])) (see 
Theorem 1.88). Consider € € Co([0, 1]; X) with ||€]|.. <1. Then 


-2 << oinf mae ‘| (o'(re(t)),€(t)) dv(t) 


ge Coll, 1]; X) 
II§lloo <1 


= max inf , fw (ye(t)), €(t)) dv(t) 


veEdow(a) € € Co([0, 1); 
o < 0 


= max -f Ie" e(#)) Ile dv (2)) 


vEedw(ao 


= iv (Ye(t)) ||. 


(by the von Neumann minimax theorem; see Theorem 5.146). So, there exists te € 
(0, 1] such that 


g(ye(te)) = nade )) and |lg’(qe(te))lle < €. (5.230) 
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Let En = 4, Yn = Yen» tn = te, and tin = Yn(tn). From (5.225), (5.227), and (5.230), 
we have 
Mr < Y(Un) < inf + 5, and y'(u,) —> 0 in X*. 
Since y satisfies the WC-condition (see Problem 5.41), we can find uw € Ky with 
m, < liminf y(un) < y(u). 
n—++00 


Solution of Problem 5.89 
Let B,, Bz be open balls centered at the origin such that 


By o By, Keivhe = {0} © las is Lipschitz continuous. 
Also, let B C By be a closed ball centered at the origin of radius less then r, where 
r > 0 is as in the definition of local linking (see Definition 5.77). Note that B and B¢ 
are disjoint closed sets. So, there is a locally Lipschitz function €: H —+ [0,1] such 


that 
|, =i and €|,, = 0; (5.231) 


Let Vy be the gradient of y, that is, 
(y'(u), u) = (Vy(u), u) 7 Vu,he dH, 
where (-,-);, denotes the inner product of H. We introduce the vector filed 
g(u) = €(u)||proj, (w)|lxVeu) Vue dH, (5.232) 


where proj,, € £(H;V) is the orthogonal projection onto V. Evidently g is locally 
Lipschitz and bounded on H. We consider the following abstract Cauchy problem 


{ a(t) = g(a(t)) t20, 
o(0) = u. 


This problem has a global flow o(t,u). Let h(u) = o(1,u). Then since A) pe - Te 
(see (5.231)) and h is an injection, we have that h(B) C B, and so 
Ke Nh(B) = {0}. 


Also, clearly we have hJ,,_,. = I, (see (5.232)). Finally, if u € BOV, u¢ 0, then 
1 
elh(u)) = ou) + f $o(o(e))at 
0 


1 
(y'(a(t)),o'(t)) dt = elu) + f (Velo), 0") 1 
0 


€(a(t))IIproj, (o(t))ILxIIVe(o(t))Ik dt > 0 
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(by the chain rule (see Theorem 3.19) and use Definition 5.77 and (5.231)). 


Solution of Problem 5.90 
Clearly y(0,0) = 0 and (0,0) is a local minimizer of y and is the only critical point 
of y. Also, y(3,—4) < 0. So, the mountain pass geometry is satisfied (see Theo- 
rem 5.63). Let 
= inf t 
mee res e(r(t)), 
where [ = {y € C((0,1];R?): y(0) = (0,0), (1) = (8,-4)}. Then ce > 0 = 
y(0,0) > y(3, —4) and so we can use Problem 5.53 and find a sequence {tn},51 © R? 
such that 
y(n) —+ c and y'(u,) — 0 in R?. 


Since K, = {(0,0)}, we must have |up,| —> +00. 


Solution of Problem 5.91 
“NPS, => NPSL”: 

Let ux € Oy(un) be such that m(un) = |u|], > 0 (see Proposition 3.128). 
Thus, given ¢ > 0, we can find ng = no(e) > 1 such that 


M(un) < € VYn>no. (5.233) 


We have 
(uz,h) < p'(un;h) Wn>l, hex 


(see Definition 3.126), so 
—ellAllx < yp? (un; h) Vn2m, hex 


(see (5.233)), thus 
0 < P(unzh)+ellhlx Vn>no. (5.234) 


Also, y(un) —>c. This fact, (5.234) and the hypothesis that » satisfies the NPS‘ 
condition imply that the sequence {Un}nst C X admits a strongly convergent subse- 
quence and so the NPS,-condition holds. 


“NPS. = NPS": 
Suppose that the sequence {un}, 51 C X satisfies 


~(Un) —> ¢ (5.235) 
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and for every € > 0, there exists no = no(€) > 1 such that 
0 < p(unjh)+ellAllx Vn>no, hex. (5.236) 
From (5.236) and Proposition 3.128, we have 


i <6 (h) + €0,. ho = Fap(um) (h) + Oe (h) 


Vnien, hex 


Op(un) 


| atu yieet (h) 
(see Definition 2.46), where By = {u* € X*: |lu*|], <1}, so 
0 € dy(un)+eB, Vn>no. 


Therefore we can find ux € Ay(un) and e* € By such that 


u,+ee, = 0 Yn no, 
so 
Mtn) < |lunlle < lleenle < € Vneno, 
thus 
m(Un) —> 0. (5.237) 


From (5.235), (5.236) and since by hypothesis ¢ satisfies the NPS,-condition, we infer 
that the sequence {Unkn>1 C X admits a strongly convergent subsequence and so the 
NPS/-condition holds. 


Solution of Problem 5.92 
Using the Ekeland variational principle (see Theorem 5.35), we can find wu € X such 
that 
plu) +ellu—ullx < plu), 
and 
y(u) < vp(u)+ellu—4l| Vue Xx. (5.238) 


In (5.238) we choose u=u+th witht >0,h © X. Then 
—ellhlx < ¢(y@+th) — pa), 


so 
—ellh|lx < 9°(t;h) 
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(see Definition 3.122), thus 


0 < ptish)+ellallx VREX. 


Solution of Problem 5.93 
We argue by contradiction. So, suppose that the claim of the problem is not true and 
c= liminf (uw) is finite. Then for every n > 1 we can find u, € X such that 


I|ul| x +00 
y(un) < c++ and |lunllx > 2n. (5.239) 
We have 
P(t) S inf + (c+ 1 — inf y). (5.240) 


Given ¢ > 0, we can find nop = no(e) > 1 such that c+ L —infx y < «. We use the 
Ekeland variational principle (see Theorem 5.36) with « > 0 and AX = n > no. We 
can find v;, € X such that 


~(Un) < pln), lun —unllx <n (5.241) 


and 
(Un) < O(tm) + Ellu—unl|] WuexX. (5.242) 


In (5.242) we choose u = v, + th with t > 0, h © X. Then 
0 < t(plen +th) — p(un)) + E||Allx Vn>no, t>0, 
so 
0 < p(unsh) + EllAllx < v(unzh)+ellhlx Vn>no, he X. (5.243) 
We have 
llenllx = |lun—Un+Un|| 2 |lunllx — |lon -—Unllx 2 2n-n =n 


(see (5.239) and (5.241)), so 
l|en||x —> -oo. (5.244) 


On the other hand, from (5.240) and (5.241), we have that the sequence 
{¥(Un) }ns1 GC R is bounded. This fact, together with (5.243) and Problem 5.91 
(recall that by hypothesis y satisfies the NPS,-condition for every c € R), imply that 
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the sequence {n}n>1 admits a strongly convergent subsequence, which contradicts 
(5.244). We conclude that the claim of the problem is true. 


Solution of Problem 5.94 

By replacing y(u) be G(u) = y(uo + u) — v(uo) for all u € X, if necessary, we may 
assume without any loss of generality that ug = 0 and y(0) = 0. Also, we assume 
that y(uo) < 0 = y(0) (the reasoning is similar if the opposite inequality holds). Let 
€ € (0, ||ui||x) be such that 


0 = y(0) < (wu) Vue Be={yeEX: llyllx <e}. (5.245) 


One of the following conditions holds 


(a) There exists r € (0,¢) such that inf {y(u) : |lullx =r} =m, > 0 = ¢(0); or 
(b) For every r € (0,¢), we have inf {y(u): ||ul|x =r} =0. 


If condition (a) holds, then the claim of the problem follows from the nonsmooth 
mountain pass theorem (see Theorem 5.75 and recall that the NPS,-condition implies 
the nonsmooth C,-condition). So, suppose that condition (b) holds. Let r,o € (0,¢) 
with r < g and let {un}, 5, C OB, be a minimizing sequence of y|,, (here 0B, = 
{yEX: |lyllx =r}). Consider the function J: X —>+ R defined by 


{ p(u) if |lullx <@, 


7 ; 5.246 
9(OquIx) if |lullx > 0. ( ) 


Clearly ~ is locally Lipschitz and bounded below. Using the Ekeland variational 
principle (see Theorem 5.36) as in the solution of Problem 5.93, we can find a sequence 
{Un}n>1 C X such that 


Wun) < V(un), lun — Unix < A Vn>1 (5.247) 


n 


and 
0 < W(unsh)+4\lhllx Vn>1, hex. (5.248) 


We have that 
(un) = lun) — 0 
(see (5.247) and (5.248)), so the sequence {(n)},51 C R is bounded. 
Note that for n > 1 big, we have that 
Un € Bs and ¥lz, = U5,> 


where By = {y€X: |ly||x < eo}. By hypothesis y satisfies the NPS,-condition for 
every c € R. This fact together with Problem 5.91 imply that by passing to a 
suitable subsequence if necessary, we may assume that v, — U in X and |lul|x =r 
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(see (5.247) and (5.248)). Also, exploiting the upper semicontinuity of y°(-,-) (see 
Proposition 3.123(c)), we have 


0 < p(Gsh) VheX, 


so 0 € Oy(t). In fact we can say that for every r € (0,¢), K,M OB, F 9. 


Solution of Problem 5.95 
First let c € R \ D and consider a sequence {Un}n51 © Hj(Q) such that 


y(un) —> ce and y'(un) —> 0 in H71(Q) = HY(Q)*. (5.249) 


We claim that the sequence {Un}nsi1 © H}(Q) is bounded. Arguing indirectly, sup- 
pose that at least for a subsequence, we have 


||un|| + +00. (5.250) 
We know that we have the following orthogonal direct sum decomposition 
Hg(Q) = Hy-1 © Bk) ® Hest, 
where 
k-l n se Se 
Ay_-y _ @ EQi) and Agar = B E();). 
i=1 i>k4+1 
So, for all n > 1, we have 
Un = Un tu +n, with Um € Hpi, v2 € (Ag), tn € Heys. 
From (5.249), we have 
| (A(un), A) — iy f unhde - [ fesus)hae < €,||hl| Vhe Ha(Q), (5.251) 
Q Q 
with en \, 0, where A € L(H4(Q), H~1(Q)) is defined by 
(A(u),h) = [Bu Di)gs dz Wu,he HA(Q). 
Q 


In (5.251) we choose h = @, € H4(Q). Exploiting the orthogonality of the subspaces, 
we obtain 


[IDa5 13 —HellinIB— f Fle un)in del < enllinl| Yn >1. (6.252) 
Q 
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Hypotheses (i) and (ii) imply that 
lf(z,z)| < a@(z) foraa. zeEQ, allzeR, (5.253) 


with @ € ie Nore that 5 is the conjugate exponent of 2* = £55 if N > 3 


(that is, x N+ s 44 = 1). Using the Rellich-Kondrachov embedding theorem (see 
Theorem i, “135 ) the Holder inequality (see Theorem 1.3) and (5.253), we have 


| f F(esun)in de < |lel|_ 2x lulls < ciltn|| Vane, (5.254) 


for some c, > 0. Also, from Remark 5.130, we have 
|| Din||3 — Aell@nll3 > c2[limnl? Vn >I, (5.255) 
for some cg > 0. Returning to (5.251) and using (5.254) and (5.255), we infer that 
ca||tnl|? < esllGn|| Vn >I, 


for some cz > 0, so the sequence {tn},51 © Hj (Q) is bounded. 

In a similar fashion, using h = U, € Hgj(Q) in (5.251) and reasoning as above, we 
show that the sequence {Un }j,51 © H}(Q) is bounded. 

From (5.250) and the boundedness of the sequences {Un }nsi,{Untnsi © Hat), 
it follows that 


||u2 || —+ +00. (5.256) 
Let yn = = peor for n > 1. Then because of the boundedness of the sequences 
{Un}asi{trtasi © H4(Q), we get that the sequence {Ynno1 © H4(Q) is bounded 


and passing to a ae nee if necessary, we may assume that 
Yn —> y in H{(Q) and y, — y in L?(Q) (5.257) 
with y € E(Ag), |ly|] = 1. Because of (5.257) we may assume that 
Yn(z) — y(z) foraa.z EQ, 


sO 


{ Un(z) —> +oo for aa. z € {y > O}, (5.258) 


Un(z) —>+ —oo for aa. ze {y < 0}. 


Then hypothesis (iii) and the Lebesgue dominated convergence theorem (see Theo- 
rem 1.3.94) imply that 


fr Z,Un)dz —> / Fy dz+ / Pod (5.259) 


{y>0} {y<0} 
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Note that 


| | f(z, un)ede| 
l 
< [fC un(-))Il ax, [tn 


a < callfCsun())ax, Vn ed, 


for some c4 > 0 (by the Hélder inequality (see Theorem 1.3), the Rellich-Kondrachov 
embedding theorem (see Theorem 1.135) and using the boundedness of the sequence 


{tin}n>1 © Hg(Q)). 
But hypothesis (i) and (5.258) imply 

IfC.un()llax, 0, 

so 
/ Cn ee (5.260) 
Q 

Then from (5.251) with h = @, € Hj(Q), we have 
|| Den|l3 — Axl|@ll3. —> 0 


(see (5.260)), so 
\[Zn|| —> 0 (5.261) 


(recall that c5||t,||? < || Da, ||2 — Nall Gnll2 for all n > 1, for some cs > 0). 
In a similar fashion, we show that 


|||] —> 0. (5.262) 
Then from (5.249), (5.259), (5.261), and (5.262), we have 
c= - / Fy dz— / F_dz, 
{y>0} {y<0} 


so c € D, a contradiction. Therefore the sequence {un} ,51 © Hj (Q) is bounded and 
sO we may assume that 


Un —> u in Hd(Q) and un — u_ in LY (Q) (5.263) 


q 


(with at + = 1). So, if in (5.251) we choose h = un —u, pass to the limit as n + +00 
(5.263), we obtain 


||Dunll2 — ||Dulle, 


so by the Kadec—Klee property in Hilbert spaces (see Corollary 1.26) 


Un —> wu in H4(Q) 
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and thus ¢ satisfies the PS.-condition for_all c € R \ D. 
Next suppose that c € D. Let y € E(A,) with ||y|| = 1. We have 


p(ty) = - | Fey dz (5.264) 
Q 


and 


(al (ay) h) = - f Hle,tyhaz Vh€ Hg(Q). (5.265) 
Q 


Letting t + +oo, we have 


p(ty) — —- / Fy dz—- / F_dz 
{y>0} {y<0} 
(see (5.264) and hypothesis (iii)), so y’(ty) —> 0 (see (5.265) and the hypothesis). 


Let tn =n and un = ny. Then the sequence {un},> has no strongly convergent 
subsequence and so we conclude that y does not satisfy the PS,-condition when c € D. 


Solution of Problem 5.96 
Let {Yntn>1 © X be a sequence such that 


E(Yn) < c+% and |lynilx > 2n Wn>1. (5.266) 


Since € is lower semicontinuous and bounded below, we can use the Ekeland varia- 
tional principle (see Theorem 5.36) with « = c+ 4 — inf € and \=n. Then we have 


a sequence {Un},5, © X such that 


fi) < Ct) a et Vad, (5.267) 
E(un) < E(u) +Hellu-—unllx WueX,n>1, (5.268) 
lun — Ynilx <n VS i. (5.269) 


In (5.268) we choose u = un, + th with t > 0, h © X. We have 
(un) + Y(t) < Plum + th) + b(un + th) + FIAllx, 
so 


W(un += th) a (un) 
v( — ave “h b(t a h)) ~*~ w(un) 
t((un =e h) = W(Un)) 


—£llAllx <  p(unt+th) — y(un) + 
= p(Un + th) _ (p(n) ain 
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—EllAllx < ¢(e(un + th) — p(un)) + b(un + th) — (un) 
and hence 
—EllAllx < g'(unsh) + V(untth)-—V(un) WheX,n bil. (5.270) 
We have 


I]un|lx = [lun - Yn + Ynllx 
2 |e = |e = tale 2 2n= 2. = 4 Vn>1 


(see (5.266) and (5.269)), so 


|| nlx — -boo. (5.271) 
From (5.267) and (5.271), we see that 
E(un) — c. (5.272) 


Then from (5.270), (5.271), and (5.272), we see that {un}n51 C X satisfies the desired 
condition. 


Solution of Problem 5.97 
Arguing by contradiction, suppose that c= liminf €(u) € R. Then according to 


I|ul| x +00 
Problem 5.96, we can find a sequence {un}, © X such that 


l|nllx —+ +00, E&(tn) —> ¢ 


and 


—€n||u—uni|x < v?(unju— Un) + (u) + v(un) Yue x, 
with e, \, 0. But this contradicts the hypothesis that € satisfies the SPS-condition. 


Solution of Problem 5.98 
Let {Un}ns1 C X be a sequence such that 


y(un) —>+ c and m(un) — 0. (5.273) 


Because y satisfies the NPS,,-condition, passing to the subsequence if necessary, we 
may assume that un, —> u in X. Due to the compactness of the embedding X @ Y, 
we have 

U, —> u in Y. (5.274) 
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Let ux, € Oy(un) be such that m(up) = ||us ||, for all n > 1. We have 
* —2 * 
Un = |lunllk “F(un) — un, 


with F: X —> X* being the duality map of X (see Definition 2.112) and v% € Oy(un) 
for all n > 1 (see Problem 3.40). From the homogeneity of F, we have 


F(\lunle run) = utoe Vn >I, 


sO 
\lun|lar un = Fou tut) Vn 21. (5.275) 


We know that F~!: X* —+ X is the duality map and it is continuous since both X 
and X* are uniformly convex Banach spaces (see Proposition 2.114). From (5.273), 
we have 


* 


F< th: ines (5.276) 


From Problem 3.124, we know that 0%)(un) = tbl y (tin) Then Proposition 3.128(b) 
and (5.274) imply that the sequence {v;,},51 C Y* is relatively w-compact and so by 
the Eberlein—Smulian theorem (see Theorem 1.5.78), we may assume that 


U 


ve “ys o* in Y*. 
But from Problem 1.103(a), we know that Y* is embedded into X* compactly and 
densely. Hence 

VU, —> vw in X™*, (5.277) 


n 


Then from (5.276), (5.277) and the continuity of F—', we have 
Fo\(ux,vt) —> 0 in X, 
so 
llun|Ao un —> O in X 


(see (5.275)). Since the map €: X —> X defined by €(u) = [Jello ru is a home- 
omorphism, we conclude that u, —> u in X and this proves that satisfies the 
NPS,-condition for every c € R. 


Solution of Problem 5.99 
Because of hypothesis (iii), we can apply the Ekeland variational principle (see Theo- 
rem 5.35) on the function y ++ y(u, y). So, we can find wu € C such that 


plu, u) so ed, (u, wu) < plu, u) = 
(see hypothesis (i)) and 


p(t, tu) < p(t,u) + ed, (u, u) Yue, Fu, (5.278) 
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From hypothesis (ii), we have 
yp(t,u) < v(u,u) + y(u,u). (5.279) 
Using (5.279) in (5.278), we obtain 
plu, u) < p(u,u) + y(u,u) + ed, (u, uv) Vue, uF, 


so 
0 < (u,u) + ed, (u, u) Yue, uF#t. 


Solution of Problem 5.100 
Using Problem 5.99, for every n > 1, we can find un, € C such that 


—1llun—yllx < gliny) Wye. (5.280) 


Since the set C' is w-compact and {Unhn>1 C C, by the Eberlein—Smulian theorem 
(see Theorem 1.5.78), passing to a subsequence if necessary, we may assume that 


Un —> @ in X. (5.281) 
Then, from (5.280), we have 


0 = limsup(— <|lun —yllx) < limsupy(un,y) < o@y) VyeC 
n—-+00 


n—- +00 


(see hypothesis (iv) and (5.281)). 


Solution of Problem 5.101 
For every u € C, let 


S(u) = {yeC: |lyllx < |lullx, plu,y) < 0}. 


Note that S(u) 4 @ (since u € S(u); see hypothesis (i)). Evidently S(u) is bounded 
and so by the reflexivity of X, the set S(u) is relatively w-compact. Moreover, if 
y € S(u), then S(y) C S(w) (see hypothesis (ii)). 

On the function |... we apply Problem 5.100 and we can find u € K such that 


0< pty) VyeEk. (5.282) 
Suppose that U is not the desired element. Then we can find y € C such that 


plt,y) < 0. (5.283) 
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Exploiting the weak lower semicontinuity of the norm functional (see Proposi- 


tion I.5.56(c)), we can find vy € S(y)"” such that lvyllx = min, |lvllx. 
veS(y) 


First we assume that vy €¢ K. Let ¢ > 0 be such that 
y(t,y) < -€ (5.284) 


(see (5.283)). Let {tn}nsi CG Sy) be a sequence such that vp, —+ vy (recall that 
the space X is reflexive and the set S(y) is bounded). We have {un}, 51, C K (see 
hypothesis (iii)) and 
YY; Un) < 0 Vn 21, 
so 
P(t) < pU,y) + ~y,tr) < -E Vne1 
(see hypothesis (ii) and (5.284)), thus 


p(t, %y) < —E 


(see hypothesis (iv)). Since v, € K, we contradict (5.282). So, we must have 
vy € C\ K. Then according to hypothesis (iii), we can find 0 € C such that 
Dlx < ||vyl|x and y(vy,v) < 0. Hence 


v € S(vy) © S(y) and |Ullx < |leyllx = min, |lullx, 
veS(y) 


a contradiction. We conclude that w € C is the desired solution. 


Solution of Problem 5.102 
First we show the existence of a positive solution. To this end, let f,(z,xr) = f(z,27), 


where «+ = max{z,0} and let Fy(z,z) = f f+(z,s)ds. We consider the C1- 
0 


functional y;: Hj(Q) —> R define by 


es(u) = fIDulB- [Feud Vz € HG(O). 
Q 


Hypotheses (i) and (ii) imply that given ¢ > 0, we can find c- > 0 such that 
Fy(z,2) < $(8(z) + eye? +c, foraa. ze, allxzeR. (5.285) 
Then for all u € H4(Q), we have 


y+(u) 2 }((\Dul3 — f o(z)u? dz) — §llull? — cell 
Q 


> 5(co —)|lull? — ce|Qlw 
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for some co > 0 (see (5.285) and Problem 5.67). Choosing € € (0,c9), we see that 
y+(u) —> +00 as ||ul| — +00. 


Also, using the Rellich-Kondrachov embedding theorem (see Theorem 1.135), we see 
that y+ is sequentially weakly lower semicontinuous. So, Theorem 5.6 implies the 
existence of ug € H¢(Q) such that 


p(w) = int ga(u), (5.286) 
u€ Hg (Q) 


Hypothesis (iii) implies that given ¢ > 0, we can find 6 = d(€) > 0 such that 
Fy(z,2) > $(n(z)- e)a” foraa.z€Q, all x € [0,6]. (5.287) 


Let w € int Cy be the L?-normalized (that is, ||@1|/2 = 1) eigenfunction corresponding 
to A; > 0 (recall that A is simple). Let ¢ € (0,1) be sufficiently small such that 
tti1(z) € [0,6] for all z € Q. Then 


a 2 ja oes 2 
ys(t) < 2(\D%IB- / n(z)a2 dz) + Be 
Q 


= §( [Gr-n@)atae +e) (5.288) 
Q 


(see (5.287) and recall that ||%||>2 = 1). Note that 
ge = ico —)ajdz > 0 
Q 


(see hypothesis (iii) and recall that U1(z) > 0 for all z € Q). So, from (5.288), we 
have 


vith) < F(-€* +2). 
Choosing ¢ € (0,€*) we see that 
y+(t) < 0 = 9+(0), 


so 
y+(uo) < 0 = y+(0) 
(see (5.286)), thus uo 4 0. From (5.288) we have y’, (uo) = 0, so 


A(uo) = Np, (uo), (5.289) 
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where A € £L(Hj(Q), H~'(Q)) is defined by 


(A(u),h) = [Bu Dig dz Vu,h € Hy() 
Q 


and Ny, (uo)(-) = f+(-,uo(-)). On (5.289) we act with —ug € Hj(Q) and obtain 
|| Dug ||3 = 0, so uo > 0, uw #0. Thus, uo is a positive solution of the Dirichlet 
problem. Standard regularity theory implies that uo € C+ \ {0}. Let @ = ||uolloo. and 
let €, > 0 be as postulated by hypothesis (v). Then 


—Auo(z) + €ouo(z) = f(z, uo(z)) + éouo(z) > 0 foraa ze, 


so 
Auo(z) < €uo(z) for aa. ze 


and thus uo € intC (by the nonlinear maximum principle (see Theorem 5.139)). 
We show that this is the unique positive solution of the Dirichlet problem. So, let 
@ € H}(Q) be another positive solution of the Dirichlet problem. As above we show 
that w € intC,. Let to > 0 be the biggest positive real number such that tot < uo 
(see Problem 4.182). Suppose that to < 1. Let @ = ||uo|loo and let €) > 0 be as in 
hypothesis (v). Then 


—A(toti) + Eo(tot) = to(f(z,@) + Et) < f(z, tot) + o(tod) 
< f(z,uo)+€ou9 = —Aup + Epuo 


(use hypothesis (iv) and (v) and the facts that to < 1 and tot < ug), so 
A(uo — tot) < Eo(uo _ tot), 


so by the nonlinear maximum principle (see Theorem 5.139), we have 
up — tot € intC,. This contradicts the maximality of t9 > 0. Therefore tg > 1 
and so t < uo. Interchanging the roles of up and @ in the above argument, we have 
that wo < U@ and thus up = wv. So uo € int Cy is the unique positive solution of the 
Dirichlet problem. 


Solution of Problem 5.103 

Suppose that u has constant sign and to fix things we assume that u > 0. Then 
u € Cx \ {0} (see Theorem 5.129(e) and Remarks 5.133, 5.135). Using the nonlinear 
maximum principle (see Theorem 5.139) we have that u € intC,. From the Picone 
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identity (see Theorem 5.142) and integrating by parts, we have 


os a 2 uw 
0 < R(@,u) = Dale - / |Dul?-?(Du, D(z) gr dz 
Q 
a ap 
Q 
= X= fur! dz = 4A < 0, 


a contradiction. 


Solution of Problem 5.104 
Let {An}ns1 © 70(p) be a sequence such that ’, —> A. Consider up, € E(An) for all 
nm >1. Then 


l[unl| = 1 and A(tin) = AnlenlP umn, Vn, (5.290) 


where A: Wy’?(Q) — W-!”'(Q) = W,’?(Q)* is the nonlinear map defined by 


iC ae / |DulP-2 (Du, Dh)pw dz Vuh e W2P(O). 
Q 


We may assume that 
Un, —> u in Wy? (Q) and u, — wu in LP(Q). (5.291) 


On (5.290) we act with un —u € Wy? (Q), pass to the limit as n — +00 and use 
(5.291). Then 
lim (A(tn),Un—u) = 0, 


n—-+00 
sO 


Un —> u inW,?(Q), with |u|] = 1 (5.292) 


(see Problem 2.192). So, if in (5.290) we pass to the limit as n — +00 and use (5.292), 
then 
A(u) = AlulP-2u, 


so A € oo(p) and thus the set oo(p) is closed. From the above argument it is clear 
that E(A) C Wy?(Q) is compact. 
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Solution of Problem 5.105 
Problem 5.103 implies that ut,u~ 4 0. We have 


[iu (Du, Dh)pn dz = | \ulP Pun ae Vhe Wy? (Q). 
Q Q 
(5.293) 
In (5.293) we choose h = ut € Wy?(Q) (see Problem 1.152). We obtain 
Dur lb = Allele (5.294) 


(see Problem 1.152). Using the Rellich-Kondrachov embedding theorem (see Theo- 
rem 1.135) and the Hélder inequality (see Theorem 1.3), we obtain 


1-5 
AlluT |B < Alu lO+ly ” (5.295) 
where p* = ae if p< N and p* = 2p if N < p. Also recall that 
llu* |p < el|Dut |p (5.296) 


for some c > 0 depending on p and NV. So, finally from (5.294), (5.295), and (5.296), 
we have 


2 
1 < API |y (5.297) 
Similarly, we obtain 
1-2 
1 < AP |A_|y ?- (5.298) 
From (5.297) and (5.298) we infer that 
min {|Q+|v, [Q-|w} 2 (Ac?)", 


with c > 0 depending only on p, N andr = % ifp<N,r=2ifN <p. 


Solution of Problem 5.106 
From Proposition 5.136, we have that u € L°(Q) and then we can apply Proposi- 
tion 5.138 and infer that u € C;\ {0} (see Theorem 5.129(e) and Remark 5.133). We 
have 

Apu(z) < |Elloou(z)?* for aa. z EQ, 
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thus u € int C, (see the nonlinear maximum principle; Theorem 5.139). 


Solution of Problem 5.107 

Let 7 > ||€||oo. Then replacing €(z) with €(z) + 7 and A with A+, we see that 
without any loss of generality, we may assume that €(z) > 0 for almost all z € 0. We 
consider the C1-functional y: Ws (Q.) —> R defined by 


glu) = |Dulp+ f ez)lulP de Vue Wo?(Q). 
Q 


Since € > 0 and using the Poincaré inequality (see Theorem 1.131), we see that 
y(u) —> +00 as |/u|| > +oo. Also, using the Rellich-Kondrachov embedding theo- 
rem (see Theorem 1.135), we see that y is sequentially weakly lower semicontinuous. 


Let ¥ 
M = {we We"(Q): |lullp = 1}. 


Again the Rellich—-Kondrachov embedding theorem implies that the set M is w-closed. 
So, using Theorem 5.6, we can find t € M such that 


p(t) = inf p(u) = (6), 


sO . 
g(t) = (ti 7a 
(by the Lagrange multiplier rule; see Proposition 5.31), thus 


n 


A(t) + €(z)|ti|P- 7G = 1 (6) [ta fP Ph, (5.299) 


where A: Wy’?(Q) — W-1”'(Q) = Wy’?(Q)* (with 4 + 4 = 1) is defined by 


(Ativehy = i |Dul?-2 (Du, Dh)pn dz Vuh eW2"(Q). 
Q 


So, AL(E ) is the smallest eigenvalue of (—A, + €(z)J, W, ?(Q)) and is expressed vari- 
ationally by 


|Dullp +f é@)lulP dz 


Ailg) = inf 


(5.300) 
ucWo?(Q)\ {0} 


llull> 


From the nonlinear regularity theory (see Propositions 5.136 and 5.138) we see that 
every eigenfunction corresponding to \1(£) belongs to Cj(Q). 

First we show that such an eigenfunction has constant sign (that is, it is either 
positive or negative). So, let u € Wy ?(Q) be an eigenfunction corresponding to A1(E). 
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We have ut,u7 € Wy? (Q) (see Problem 1.152). Acting on (5.299) first with ut and 
then with u~ we obtain 


= 
| 


d1(€) lu IP (5.301) 
g(u-) = Aau(€)|ju7 [PB (5.302) 


Suppose that wu is nodal (that is, it is sign changing). Then ut 4 0 and u- F O. 
From (5.300), (5.301), and (5.302), it follows that ut and u~ are eigenfunctions cor- 
responding to A;(€). Hence by the nonlinear regularity and the nonlinear maximum 
principle, we have that u*,u~ € int Cy (see Theorem 5.129(e) and Remark 5.133), a 
contradiction. So, u must be of constant sign. 

Next we show that A1(§) is simple. So, suppose that u, v are two eigenfunctions 
corresponding to \1(€). Then from the previous part of the solution we have that 
u,v € int C,. Using the Picone identity (see Theorem 5.142), we have 


0 < [Dulg— f LDP? (Dv, D(a) yx a 


Q 

— Du A fk Apv) a dz 
Q 

— ||Du p+ feuds — HOw =0 
Q 


(by integration by parts), so 
L(u,v)(z) = 0 VzEQ 


(see the Picone identity; Theorem 5.142), and thus u = pv for some pz > 0 and this 
proves the simplicity of aie ). 

Finally we show the isolation of d1(€). Arguing by contradiction, suppose that 
we can find a sequence of eigenvalues {An(€)}n>1 such that An(€) \ Ai (€). Let 
{Un}nsi © W, ?(Q) be a sequence of corresponding normalized eigenfunctions. Then 
Propositions 5.137 and 5.138 imply that we can find a € (0,1) and M > 0 such that 


Un € Cy’*(Q) and llunllgne@ <M Vn>1. 


Exploiting the compactness of the embedding ora (9) — C4(Q) (by the Arzela— 
Ascoli theorem; see Theorem I.2.181), we may assume that 


Un —> u in C(O), with |lul| = 1. 


Evidently wu is an eigenvalue of a (€) and so we may assume that u € int C,. Hence 
Un € int Cy for all n > ng. But as in Problem 5.103, using the Picone identity (see 
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Theorem 5.142), we can show that each u, must be nodal, a contradiction. 


Solution of Problem 5.108 
Arguing by contradiction, suppose that A1(€) < 0. Let % € intC, (see Theo- 
rem 5.129(e)) be an eigenfunction corresponding to a (€) (see Problem 5.107). Let 
v1 = —u,. We have 
—Apti(z) + €(z)|t1(z) |? 7A (z) SO for aa. z EQ, 
so by hypothesis, we get 
vi(z) > 0 VzeEn 


and so 


u1(z) < 0 Vz2eEQ, 


a contradiction. 


Solution of Problem 5.109 

First note that the nonlinear regularity theory and the nonlinear maximum principle 
(see Propositions 5.136, 5.138 and Theorem 5.139) imply that v € intC,. Let wy € 
int C, be an eigenfunction corresponding to ~ (€). Arguing by contradiction, suppose 
that \1(€) < 0. Using Theorem 5.142, we have 


0 < [ Ra.oyaz = Da |p [\ Ape) hy dz 
Q 
< |\Dale+ l ea de = WOlmlez < 0 
Q 


oP 
(by integration by parts and using the facts that g > 0, g #0 and <1, (z) > 0 for all 
z €Q), a contradiction. So, we must have that »1(€) > 0. 


Solution of Problem 5.110 
From the nonlinear regularity theory (see Propositions 5.137 and 5.138), we know 
that u € C4(Q). From the equation in the Dirichlet problem, for all h € Wo (Q), we 
have 

[iu (Du, Dh) pw dz+ f €(2)uP Pun dz = | o(2)ha. 

Q Q fe) 
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Choosing h = —u7 € Wy (Q), we obtain 


|Dulg+ f elu-Pde < 0 
Q 


(recall that g > 0), so Mi (€) < 0 (see Problem 5.107), a contradiction, unless u~ = 0. 
Therefore u > 0, hence u € Ci. 


Solution of Problem 5.111 
Consider the functional vy: W, >(Q.) —> R defined by 


6h). S[Dul +2 f g(z)luP de - | ooua: Vue Wi). 
Q Q 


We claim that y(u) —+ +oo when ||u|| —> +oo. Arguing by contradiction suppose 
that we can find a sequence {tn},51 © Wy?(Q) and M > 0 such that 


l|tn|| —+ +oo and (tm) < M VWn21. (5.303) 
Let yn = ca for alln > 1. Then ||y,|| = 1 for all n > 1. So, we may assume that 
Yn —> y in Wy?(Q) and y, — y in L?(Q) (5.304) 


(see the Rellich-Kondrachov embedding theorem; Theorem 1.135). From the inequal- 
ity in (5.303), we have 


SDunllp +4 f €2)lunP de 
Q 


fol / g(z)ndz < pap nel. (5.305) 
Q 


Passing to the limit in (5.305) and using (5.304), (5.303) and the fact that p > 1, we 
obtain 


Dyl2 + / e(z)lyPdz < 0, 
Q 


so . 
A(S)llullg < 0 


(see Problem 5.107), thus y = 0 (recall that by hypothesis r1(E) > 0). Then from 
(5.304) and (5.305) we infer that 


|Dynllp —z 0, 
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sO 
Yr —> 0 in Wy(Q), 


a contradiction to the fact that ||y,|| = 1 for all n > 1. So, we have 
y(u) —>+ +00. as ||u|| 4 +00. (5.306) 


Also using the Rellich-Kondrachov embedding theorem (see Theorem 1.135), we see 
that vy is sequentially weakly lower semicontinuous. This fact and (5.306) permit the 
use of Theorem 5.6. So, we can find ug € Wy? (Q) such that 


y(uo) = inf vu), 
ueW,’? (Q) 


hence y'(uo) = 0 and thus 
A(uo) + €(2)|uol? uo = gin WoHP'(Q) = Wo?()" 
(with . + a = 1), where A: Wo'?(Q) — W-iP'(Q) = Wy?(2)* is the nonlinear 
map defined by 
(A(u),h) = | |Du|?-? (Du, Dh)pn dz Vu, h € Wy?(Q). 
Q 


Hence up is a solution of the Dirichlet problem. 

From Problem 5.110 we have that ug € Cy. 

Next we show the uniqueness of uo. First suppose that g 4 0. Then any nonneg- 
ative solution of the Dirichlet problem is nontrivial and by the nonlinear maximum 
principle (see Theorem 5.139) must be in intC,. So, if ug,v are nonnegative solu- 
tions of the Dirichlet problem, then uo, v € int Cy and using the Picone identity (see 
Theorem 5.142), we have 


uP 
0 < ||Duoll? + / é(z) |u|? dz — / o(2) ty de, 
Q Q 
0 < [Dole f elude f ole) os 
Uo 
Q Q 


sO 


Adding the last two inequalities, we obtain 


1 1 
0< foarte yt, 
Q 
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SO Up = V. 
If g = 0, then from variational characterization of \, (see Problem 5.107) and 
since by hypothesis A(z) > 0, u = 0 is the only solution. 


Solution of Problem 5.112 
We know that min{uo,u} € W!?(Q) (see Problem 1.153). Also we have 


ug — min{uo,u} € Wy? (Q) and uo —min{uo,u} > 0. 


So, we have 


0< [para — |Duo|?~? Dug, Duo — Dmin{uo,t}) gw dz 
2 
= J (Bmin{uo,mP 2D min{uo, 7} — |Dug|?~? Duo, Duo 
1e) 
—Dmin{uo,tU})pn dz 
< 0, 


so ug = min{uo, U}, hence ug(z) < U(z) for almost all z € 2. 


Solution of Problem 5.113 
Consider the C!-functional vy: Wo ?(Q.) —> R defined by 


gu) = 5l|Dullp + [ Feu) dz—(g,u) Vue Wy(9), 


x 


with F(z,x) = f f(z,s)ds. Note that 
0 


|F(z,2)| < c(14+|a2|?) foraa. ze, allzeR, (5.307) 


with c > 0. Then using the Rellich-Kondrachov embedding theorem (see Theo- 
rem 1.135) and the Lebesgue dominated convergence theorem (see Theorem [.3.94), 
we see that the map u+—+ f{ F(z,u) dz is sequentially continuous on Wo (Q) with 


Q 
the weak topology. So, y is sequentially weakly lower semicontinuous. We will show 
that 


y(u) —> +00 as ||u|| 4 +00. (5.308) 
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Arguing by contrecan, suppose that (5.308) is not true. Then we can find a 
sequence {Un}j51 Wi ”(Q) and M > 0 such that 


l|un|| —+ +oo and v(t) < M Vn. (5.309) 
We set Ym = eek for all n > 1 and so we may assume that 
Yr —> y in Wy?(Q) and y, — y in L?(Q) (5.310) 


(see Theorem 1.135). From the inequality in (5.309), we have 


F(z,un M 
1|| Dull? (2,un) dy mae (9,Yn) < Ten|? Vno1. 


[un ||P 


Q 


Passing to the limit as n + +00 and using (5.310), we have 


Hole + bist | 5 wate dz < 0. (5.311) 


Note that from the hypothesis on the function f(z,x), we have 


Ce(Z) <= lim inf 272) (5.312) 


XL—->=xCoO | 


uniformly for almost all z¢€Q. Using (5.312) and the Fatou lemma (see Theo- 
rem I.3.95) as in the solution of Problem 5.68, we have 


nant [ Hae > 4 festa yas} [eu rae 
Q 


Using this and the variational characterization of Ay (see Problem 5.107) in (5.311) 
we obtain . n 
A(E+ IYI + AV(E-Ily IB < 0, 


so y = 0 (recall that by hypothesis 1 (E+) > 0), thus 


Yr —> 0 in Wy’?(Q) 


(see (5.311)), a contradiction to the fact that ||y,|| = 1 for alln > 1. This shows that 
(5.308) holds. Therefore, we can use Theorem 5.6 and find up € Wo }?(Q) such that 


y(uo) = inf yu), 
ue Ws’? (Q) 


so y’(ug) = 0 and thus 


A(uo) + Ns(uo) = g in W71"(Q) = WIPO)" (5.313) 
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(with : + 7 = 1). Recall that A: W?(Q) —> W1”"'(Q) is defined by 
(A(u),h) = , |Dul?-2 (Du, Dh)pw dz Vuh e W2?(Q) 
Q 
and Ny: L?(Q) —> L¥(Q) is defined by 


Ne(u-) = flu) Vue LQ). 


From (5.313) we conclude that ug is a weak solution of the problem. 


Solution of Problem 5.114 

“+”: Assume that the Dirichlet problem has a solution u. Let % be the positive 
eigenfunction corresponding to A, > 0. We know that wy € C™(Q) and wui(z) > 0 for 
all z € Q. From the equality in the Dirichlet problem, we have 


[ani dz = df ut de + f wt dz, 
Q 


1e) 1e) 


sO 


[ucan) dz > d | uta dz, 
Q 


Q 


thus 
Ai f uit de > » [ur az 
Q Q 
and hence \ < Ay (since [ uti dz > 0). 
Q 


“<—": Suppose that A < Ay. Consider the C!-functional yy: Hj(Q) — R defined by 
pr(u) = 5l|Dull3 — Sluis — plletl2 = Vw € Ho (Q). 


We show that ~) satisfies the PS-condition (see Definition 5.45(a)). So, we consider 
a sequence {Un}nsy © H4(Q) such that 


lyr(un)| < Mo Vne1, (5.314) 


for some M > 0 and 


y\(Uun) —+ 0 in H~1(Q) = HB(Q)*. (5.315) 
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From (5.314) and (5.315) for n > 1 big, we have 
pr(Un) — = (y\ (tn), Un) < M+ |lunll, 
so 
(5 — 5) (Dunll3 — Allenllz) < M+ |lunll, 
thus 
eH s(l= £) Duals < M+|lunll. (5.316) 


Since p > 2and \ < Dis from (5.316) and the Poincaré inequality (see Theorem 1.131), 
we infer that the sequence {Un},51 © H}(Q) is bounded. Then Problem 5.32 implies 
that y satisfies the PS-condition. 
We have 
px(u) > $(1- 2)Dul - ellDul 


for some c > 0 (see Theorems 1.131 and 1.135). Since p > 2 and recalling that ||Du||2 
is an equivalent norm on H4(Q) (see Theorem 1.131), we can find @ € (0,1) small 
such that 

yr(0) = 0 < inf{p)(u): |lul| =o} = my. (5.317) 


Since p > 2, we see that 


py(tu,) —>+ —oo, ast— +00. (5.318) 


Because of (5.317) and (5.318) and recalling that y) satisfies the PS-condition, we 
see that we can apply the mountain pass theorem (see Theorem 5.63) and obtain 
ug € Hj (Q) such that 

pr(0) = 0 < me < YH (Uo) (5.319) 


and 
py(uo) = 0. (5.320) 


From (5.319), we see that uo # 0. From (5.320), we have 
A(up) = Auo + (ug)?*, (5.321) 
with A € £(HA(Q); H—1(Q)) defined by 
(A(u),h) = / (Du,Digx dz Wah e HNO). 
Q 
On (5.321) we act with —up € Hj(Q). Then 
Dug ll2 = Alle lla. 


If ug #0, then 
1 < A < M1; 
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a contradiction. So, uo > 0, uw ~ 0 and from (5.321), we see that uo is a weak 
solution of the considered Dirichlet problem. 


Solution of Problem 5.115 
We have 


— A(t — u2)(z) = f(z,ui(z)) — f(z, ue(z)) mQ, (1—42)|,, = 0. (5.322) 


We define 


Since the solutions are in L°(Q), from the mean value theorem and hypothesis (i), 
we see that m € L™(Q). Let v(z) = u1(z) — ue(z). Then from (5.322), we have 


—Av(z) = m(z)vo(z) mQ, v\,, = 0. (5.323) 


If m(z) < 0 for almost all z € Q, then 


||Dv||? = [r@ra <0; 
Q 


so v = 0 and thus uy, = up. 2 

So, suppose that m* 4 0. By hypothesis (ii), we have m(z) < Ag for almost all 
z €Q and the inequality is strict on a set of positive measure. If v ~ 0, then from 
(5.323) and Proposition 5.131, we have 


1 = Axg(m) > Av) = ae, 


2 


for some k > 1, thus k = 1. So, v is the eigenfunction corresponding to the first 
eigenvalue \1(m). Hence v has constant sign (see Theorem 5.129) and thus 


Solution of Problem 5.116 
Let {Un}asi © H}(Q) be a sequence such that the sequence { y(un) Indi © Ris 
bounded and 

g'(un) —+ 0 in H71(Q) = HY(Q)*. 
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Suppose that ||un|| —> +oo and let y, = Jucy for all n > 1. Then Yn || = 1 for all 
n > 1 and so, passing to a subsequence if necessary, we may assume that 

Yr —> y in H{(Q) and y, — y in L*(Q). (5.324) 


We have 
[(p" (un), h)| < Ey|lh| Vhe Ho (Q), 


with e€, \, 0, so 


| (A(un), 2) — f tsun)hde < en|lhl| Vhe Aj(Q), n>1, 
Q 


with A € £(H4(Q); H~+(Q)) defined by 


Mei ay = / (Du, Dir dz Wu,he HQ). 
Q 


1 
[unl 


Multiplying with | , we obtain 


Lesa) de < Al Vae AG(O\cn S11. (5.325) 


nll [un 


| (A(yn),h) — : 
Q 


From hypothesis (i) and (ii), we have that 
lf(z,z)| < c(1+4+ |z|) foraa ze, allceR, 


with c > 0. So, reasoning as in the solution of Problem 5.68 and using hypothesis 
(ii), we have 


Np(un) BES Ex(z)yt —& (z)y~ in EQ) (5.326) 


unl 
(where N¢(un)(-) = f(-,un(-))). So, if in (5.325) we pass to the limit as n —> +00 and 
use (5.324) and (5.326), then 


(A(y),k) = / (E(2yt-€(Qy hae Whe HAO), 


thus : 
{ —Ay(z) = &(z)y(z)* — E(2)y(z)- in Q, 
Vleo = 0, 
hence y = 0 (by hypothesis). Then from (5.325) with h = y, € Hj(Q), we have 


|Dunllz —> 0, 


SO Yn —> 0 in Hj(Q), which contradicts the fact that ||yn|| = 1 for all n > 1. 
This shows that the sequence {Un}ns1 © H}(Q) is bounded. Thus ¢ satisfies the 
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PS-condition (see Problem 5.32). 


Solution of Problem 5.117 
(a) Let 


ti(u) = [ul fn(2u2de Vue HBO), 
Q 
From Theorem 5.129, we know that Vile, > 0. Arguing by contradiction, sup- 
pose that the claim of the problem is not true. Exploiting the 2-homogeneity of 
uw, we can find a sequence {Un}n>1 G a such that 


|u|] = 1 and qyi(tun) < 4 Vn2l. (5.327) 
Passing to a subsequence if necessary, we may assume that 
Un —> u€ Hm in Hj(Q) and un, —> u in L?(Q). (5.328) 
So, if in the inequality in (5.327) we pass to the limit as n + +00 and use (5.328), 
then 
|DulB <_ fn(e)u®de < Snllul (5.829) 
Q 
SO . 
|Dulls = Amllulld, 


(since u € Hy), thus u € BOG.) 

If u = 0, then ||Dul|z2 —> 0, so un —> 0 in H4(Q), a contradiction to the fact 
that |lun|| = 1 for all n > 1. So, u #0. From Theorem 5.129(f), we know that 
E(Am) has the unique continuation property, hence u(z) 4 0 for almost all z € 2. 
Then from the first inequality in (5.329) and the hypothesis on the function 1, 
we have 


Dull? < / n(zy2 dz < Tmallull2 
Q 


n 


which contradicts the fact that wu € E(Am). This proves part (a). 
(b) In this case we consider the functional 


yo(u) = |Dul— f v(2)? ae Vué Ha(Q). 
Q 


We have #2|,,. <0 (see Theorem 5.129). Again we argue by contradiction. So, 


because of the 2-homogeneity of w2, we can find a sequence {Un}n>1 C Hy» such 
that 


lun|| = 1 and we(tm) > —+ Vu 2 i. 


n 
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Due to the finite dimensionality of H,,, we may assume that 
Un —> u€ Hm in H3(Q), |lull = 1, (5.330) 
so W2(u) > 0, thus 
|DulB > f ode > Smlluld (5.331) 
Q 


n nN 


and hence u € E(Am) (see Theorem 5.129). As before since E(A,,) has the unique 
continuation property and using (5.331) and the hypothesis on the function 0, 
we obtain 7 

|| DullS > Amllell3 


(see (5.330)), a contradiction. This proves part (b). 


Solution of Problem 5.118 
Let y: H4(Q) — R be the C!-functional defined by 


ip): = s|Dul3— f PG,u) de Vu € Hg(Q). 
Q 


Evidently the critical points of y are the weak solutions of the considered Dirichlet 
problem. From the solution of Problem 5.68, we know that hypotheses (i), (ii) and 
(iii) imply that vy satisfies 


if |u|] —>+ too, then y(u) —> +00. 


So, y is bounded below and satisfies the PS-condition (see Definition 5.45(a)). 
Let 


Hn = QeEO;) and Anya = A, = CG EO»). 
k=1 k>m+4+1 


m 


We have H4(Q) = Hm ® Hm41. Hypotheses (i) and (iv) imply that given ¢ > 0 and 
r > 2, we can find cy = c1(€,7r) > 0 such that 


F(z,t) < $(0(z)+e)2? +e|2|" foraa.zeEQ, allveR. (5.332) 
Then for all u € Fis we have 


gu) > 5[|Dull3 — 3 [ oe)luP ae ~ §llull? — eallel|” 
Q 


> 5(c3—€)llull? — callull” 
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for some c2,c3 > 0 (see Problem 5.117). Choosing € € (0,c3), we have 
plu) > caljul|? —callul|” Vue Ami, 
for some cy > 0. Since r > 2, we can find 6; € (0,1) small such that 
gu) > 0 Vue Bmas, lull <6. (5.333) 


The subspace H» is finite dimensional and so all norms are equivalent. Since 
Hm C L©(Q), we can find 52 > 0 such that 


ju(z)| < 69 foraa.zeEQ, allu€ Hm, |lull < 60. 
Then using hypothesis (iv), we have that 
g(u) < s||Dullz- Ae llulz < 0 VueHm, |lull <4 (5.334) 


(see Theorem 5.129). From (5.333) and (5.334), it follows that y has a local linking 
at 0. If ae = 0, then all the elements u € Hy», ||u|| < 62 are critical points of 
HAO 


wy, hence weak solutions of the Dirichlet problem. If ue y <0, then we can apply 
HE(Q 


Theorem 5.79 and infer that has at least two nontrivial critical points uo, @ € Hg (). 
These are nontrivial weak solutions of the considered Dirichlet problem. 


Solution of Problem 5.119 . - . m 
From Proposition 5.132, we see that Ay < Avy. Suppose that A; = Ay. Then we can 
find a sequence {tn},5, C V such that 


lIunllb = 1 Vn>1 and ||Dul2 — 1 = dv. (5.335) 
Evidently the sequence {Un }j51 © Wy ?(Q) is bounded and so we may assume that 
Un —>» uEV inWj?(Q) and u, —> wu in LP(Q). (5.336) 
We have . . n 
Ar < ||Dullp < lim inf ||Dun|lp =A =” 


(see (5.336) and (5.335)), so . 
[Dull = At, 
thus u = tu (see Remark 5.133 and recall that ||u||p = 1; see (5.335) and (5.336)). 
But wu € V, a contradiction. This proves that ae < Me " _ 
Next we show that Ay < Ag. Arguing by contradiction, suppose that Ag < Av. 
According to Proposition 5.136, we can find ¥ € T such that 


|DF()IB < Av = Vt [0,1]. (5.337) 
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Since 7 € T, we have 7(—1) = —t and 9(1) = @. Consider the function 
€: [-1, 1] —> R defined by 


gt) = [Aad VEE HI) 
Q 


Clearly € is continuous and €(—1) < 0 < &(1). So by the Bolzano theorem, we can 
find to € (—1,1) such that €(to) = 0. We have 


/ F(to)ay dz = 0, 
Q 


so ¥(to) € V and thus || D%¥o(to)|| > Av, a contradiction (see (5.337)). 


Solution of Problem 5.120 
Let C = {ue C’([0,1]): u(0) =1, u(1) =0} and 


il 
plu) = [tetorat Vue W'(0,1). 
0 


Then m = inf y. Evidently m > 0. Suppose for the moment that m = 0 and that 
the infimum is realized by u € C. Then y(u) = 0, so 


u(t) =0 £Vte(0,1] 


and thus u = 0 (since u(1) = 0), a contradiction, since u € C. So, if m = 0, then the 
infimum cannot be realized. 
Therefore, we need to show that m = 0. Define 


C, = {ue W'(0,1): u(1) =0, u(0)=1}, m,. = inf y(u). 


For every n > 1, let 
it if ££ |6,2), 
Un(t) = { —Int : ! nb 


Inn 


Then u,, € C, for all n > 1 and we have 
glt,) = ~ — 0, 
so m, = 0. Given ¢ > 0 and v € C,, we can find u € C such that 


lu — v|lw12(0,1) < Ge (5.338) 
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We have 


i 
lv(u) —ele)| < / tlu!(t)? — vl (#)2| at 
0 


1 

<_ f tl/Ol+ OD - vole 

0 

(Ilu'll2 + [lv'll2) lu’ — v'll2 < ce 
for some c € R (see (5.338)), so 

plu) < vv) +ce. 
Taking infimum over u € C and v € C, and recalling that m, = 0, we obtain that 
0<cm< ce. 

Since € > 0 is arbitrary, we let ¢ \, 0 to conclude that m = 0. 


Remark. This is a variant of the so-called Weierstrass counterexample with 
which Weierstrass criticized the universality of the Dirichlet principle back in 1872. 


Solution of Problem 5.121 


(a) Let \ > 1 and recall that for almost all z € 0, f(z,0) = 0 and f(z,-) is convex. 
So, we have 


for aa. z EQ, alla eR. (5.339) 


Let @ = Aug. For every h € HA(Q) with h > 0, we have 


| (-Awhdz = } (Di, Dh)pn dz = - Noa Died 
Q Q Q 


[atGeuphae a | temnaz 
Q Q 


(since uo is a solution of the considered Dirichlet problem, using (5.339) with 


£=ul2) = Atie(2)): 
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(b) Let 0< 2A< 1. As before, we have 
f(z,Av) = f(z,Ae+(1—-A)0) < Af(z,z) 
for aa. z€Q, allzeER. (5.340) 
Let w= Aug. For every h € H4(Q) with h > 0, we have 


[auna: - [Pu DIgs a [De Die 2 


1e) 1e7 


[at@u)hae > [ tewnaz 
Q Q 


(since ug is a solution of the considered Dirichlet problem, using (5.340) and 
recalling that u = uo). 


Solution of Problem 5.122 
Let u € X be a critical point of y. From the convexity of vy, we have 


(y'(u),v—u) < vlv)-ytu) VveX, 


Solution of Problem 5.123 
Note that hypotheses (i) and (ii) imply that 


\f(z,z)| < a(lt+|z|) foraa. ze, allzeR, (5.341) 


ax 
with c; > 0. Hence, if F(z,z) = f f(z,s) ds, then 
0 


F(z,2) < c(1+|z|*) for aa. ze, allz eR, 
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with cp > 0 and we can have the C!-functional y: Hj(Q) —> R defined by 


p(u) = s[DulB— f Fw dz f g(2)udz Vue Hg(Q). 
Q Q 


We show that y satisfies the PS-condition (see Definition 5.45(a)). So, suppose that 
{Un}n>1 © Hj(Q) is a sequence such that the sequence { (un) }n>1 © R is bounded 
and 
g'(un) —+ 0 in H71(Q) = HY(Q)*. (5.342) 
Suppose that the sequence {Un}ns1 © H}(Q) is unbounded. Then, passing to a 
suitable subsequence, we may assume that ||u,|| —> +oo. We set y, = ONE for 
> 1. Since ||y,,|| = 1 for all n > 1, by passing to a suitable subsequence if necessary, 
we can say that 


Yr —> u in HA(Q) and yn — y in L7(Q). (5.343) 


From (5.342), we have 


| (A(gn), h) [ pra ff 2) ade| < Slt (5.344) 


Q 


Here A € L(H}(Q), H~1(Q)) is defined by 


ae a (Du, Dh)pn dz Vu,h € Hg(Q) 
Q 


From (5.341), we see that the sequence {Aue} 4 C L?(Q) is bounded (recall that 
Ne 


Jun| 
Nj(u)(-) = f(-,u(-)) for all u € Hj(Q)). As in the solution of Problem 5.68, using 
hypotheses (ii); or (ii)2, we can say that 


ae , gy in 17(9), (5.345) 
with € € L™®(Q) such that 
n(z) < &(z) < A(z) foraa ze (5.346) 
if hypothesis (ii); holds and 
no(z) < &(z) < fo(z) foraa.z€O (5.347) 


if hypothesis (ii)2 holds. Then, passing to the limit in (5.344) and using (5.343) and 
(5.345), we obtain 


(A(y),h) = [ona Vh € Hg(Q). (5.348) 
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so 
A(y) = &(y) in H7*(Q) = Hy(Q)*, 
thus 
{ —Ay(z) = &(z)y(z) for aa.z EQ, (5.349) 
tls, = 0; 
If hypothesis (ii); holds, then € satisfies (5.346). Using Proposition 5.131, we have 
Amn) = LS Age) and Ane) = 1 = Ana): (5.350) 


From (5.349) and (5.350), it follows that y = 0. But then from (5.344)) with 
h = Yn € H4(Q), we have 
||Dynll2 — 90, 
so 
Yn —> 0 in Ho(Q), 
a contradiction, since ||y,|| = 1 for all n > 1. 
If hypothesis (ii) holds, then € satisfies (5.347). We have 


Dyl2 = / é(z)y? dz 
Q 


(use (5.348) with h = y € H}(Q)), so 
collyll?_ < 0 
for some co > 0 (see Problem 5.67), thus y = 0 and hence 
Yn —> 0 in Hg() 


(as before), a contradiction. 

So, we infer that the sequence {tn}j51 © H}(Q) is bounded. Problem 5.32 implies 
that y satisfies the PS-condition. 

Suppose that hypothesis (ii); holds and let 


— 


Ds 
& 
») 
= 
) 
= 
S 
T 
| 
Sr 
T 
iS 
») 
= 


k=1 k>m4+1 


We have Hd(Q) = Hm ® Hm41. Hypotheses (i) and (ii); imply that given ¢ > 0, we 
can find c3 = c3(€), ca = c4(€) > 0 such that, for almost all z € O and all xz € R, we 
have 


$(n(z) e)x” eg Flan) < 5 (A(z) + ¢)x? + cq. (5.351) 
Then for all u € Hm, we have 
gu) < 3llDulls — 5 [neon dz + §|lullg + c3|Qlw + lIgllallull2 
Q 
5(€ — cs) ||ul|? + c3|Qlv + llgllallulle, (5.352) 


x 


988 Chapter 5. Variational and Topological Methods 


for some cs > 0 (see (5.351) and Problem 5.117). Choosing € € (0,c5), from (5.352) 
we see that _ 
y(u) —+ —oo as |u| 4 +00, ue Hm. (5.353) 


On the other hand, if wu € Fmt, then 
g(u) > Z[|Dullg— 3 [ito dz — §||ull3 — cal Ql — lIgllellelle 


@] 
> 3(c6 — €)|lull? + calQlv — llgllellulle, (5.354) 


for some cg > 0 (see Problem 5.117). Choosing ¢ € (0,cg), from (5.354) we see that 
y(u) —> +00 as |lul] > too, u € Amat. (5.355) 
From (5.353) and (5.355), we see that we can find r > 0 such that 


max y(u) < inf g(u) = pm (5.356) 
ucOBrNHm u€ Am+1 


Then (5.356) permits the use of the saddle point theorem (see Theorem 5.64). So, 
we can find ug € Ky such that lm < y(uo). Evidently uo is a weak solution of the 
considered Dirichlet problem. 

Next suppose that hypothesis (ii)2 holds. Hypotheses (i) and (ii)2 imply that 
given € > 0, we can find c7 = c7(€) > 0 such that 


F(z,t) < $(fo(z) + e)a’?+c7 foraa. z€Q, allxeR. (5.357) 
Then for all u € H4(Q), we have 
g(u) > 3l|Dullg- 5 [iveon’ dz — §|lull3 — e7|Q|v — lIgllallull2 


Q 
> $(cg —€)|lull? — c7|Q|w — colle), (5.358) 


for some Cg, Cg > 0 (see Problem 5.67). Choosing ¢€ € (0,cg), from (5.358), we see that 
p(u) —> +00 as ||ul| > +00. (5.359) 


Also, y is sequentially weakly lower semicontinuous. This fact and (5.359) permit the 
use of Theorem 5.6. So, we can find ug € H4(Q) such that 


y(uo) = inf plu), 
ue H} (Q) 


thus uo € Ky and so uo is a weak solution of the considered Dirichlet problem. 
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Solution of Problem 5.124 
From Problem 5.123, we already know that for every g € L?(Q), the considered 


Dirichlet problem has a solution uo € Hj(Q). As in the solution of Problem 5.123, 
let yp: H}(Q) — R be defined by 


y(u) = s|Dul3— f PG,ude— [ gudz Vué Hg(Q). 
Q Q 


In this case yp € C?(Hj(Q)) (see Hypothesis (i)) and for all u € HA (Q), we have 
(y"(u)u,h) = [ (Be Digs dz — [ teewonas Vv, h € Hg(Q). 
Q Q 
Then for all u € H4(Q), we have 


(y"(u)v,v) = ||Doll2— / filzu(z)e2de > eell?, 
Q 


for some c > 0 (see Problem 5.67), so y is strictly convex (see Problem 3.62) and thus 
y has a unique critical point which is a global minimizer of y (see Problem 5.122). 


Solution of Problem 5.125 
Since 2 is star-shaped with respect to 0 € R% and the boundary 0 is Lipschitz (thus 
the outward unit normal n exists o-almost everywhere on 0Q), we have 


(z,n(z))pw > 0 for o-a.e. on OQ 


(o being the surface measure ((V —1)-dimensional Hausdorff measure) on 02). Using 
the Pohozaev identity (see Theorem 5.143), we have 


(X-A2yIulp = [B® mar do > 0 
JQ 


N x. N-2 * _ 2N 
so = > “7~ and thus 2 = yg > D.- 


Solution of Problem 5.126 
Let uo € Hj(Q) be the solution of the considered Dirichlet problem. Then from 
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Remark 5.140, we know that up € C?(Q)NC1(Q). Setting F(x) = 4a? + x|2|?" for 
all x € R, from the Pohozaev identity (see Theorem 5.143), we have 


|Duol3—2* f Fluo)de +4 | (3i2)* @maw do = 0, 
Q 0Q 
sO 


| Duug||2 — ljuoll22 — AX yllull + 4 fi (240)? (2,n)px do = 0, 


thus 
ACL - ws) lull + 5 [ey (z,n)pn do = 0 
0Q. 
(see the first equality in the Dirichlet problem), hence 


[Al y2glluoll3 + 4 i (20)? (2, nen do = 0 
0a 


and finally uo = 0 (since 2 is star-shaped). 


Solution of Problem 5.127 
We know that @ € C?(Q)N.C1(Q) (see Remark 5.140). Using the Pohozaev identity 
(see Theorem 5.143), we have 


AW 1@3 — N=2 Dal} = 2 / (22)? (z,n)gw do, 
0Q 
SO a 
XN XN A(N—2) |x a 
AN @)3 — “2a = 2 / (22)? (z,n)gn do 
o)0) 


(since —At = ra), thus 


Solution of Problem 5.128 
“==>”: Arguing by contradiction, suppose that we can find 


u* € Fixg(X*)N Fixg(X)+, u* £0. 
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Let y(u) = (u*,u) for all u € X. We have y € C!(X) and y’ = u*. Also for all 
g © G, we have 

p(gu) = (u*,gu) = (gtut,u) = (u*,u) = ¢(u) 
(since u* € Fixg(X*)), so y is G-invariant. Since y’ = u* # 0, we see that Ky, = 0. 
Because u* € Fixg(X)+, we have u*| = 0, so y/(u) = 0 for all u € Fixg(X), 
contradicting the hypothesis. 
“<—”: Let py € C!(X) be G-invariant and let up €¢ K 


PlPRixg(X) 7 


Fixg(X) 


We have 


luo) = Fleixecay (to) 
and 
gluo +h) = Plpicecxy (uo +h) V he Fixg(X). 
It follows that 


(y'(uo),h) = ((leingcxs) (to), ), V he Fixg(X), (5.360) 


where (-,-)g denotes the duality brackets for the pair (Fixg(X*), Fixg(X)). From 


(5.360) and since ug € Besa cahsess we have that 


y'(uo) € Fixg(X)t. (5.361) 
Exploiting the G-invariance of y, for all g € G and all u,h € X, we have 


/ = jim Sigetrh)-elgu) 
(P(gu),h) = lim 2 
‘ Uw -1 = uU = 


so y’ is equivariant (see Definition 5.84). Since up € Fixe(X), we have 
g¢ (uo) = g'(guo) = vu) VgEG, 
so 
g'(uo) € Fixe(X"*), 


thus 

y'(uo) € Fixg(X*)N Fixg(X)+ 
(see (5.361)) and hence y’/(uo) = 0 (by the hypothesis). So, we conclude that 
K cage 


PlFixg(X) = 
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Solution of Problem 5.129 
For every g € G and every u* € X*, we have 


l|gu*||k = sup { (gu*,h): ||Allx <1} 
= sup{(u*,g 1p) ; IAIlx <1} 
sup {|lu*|lellg“Allx + ||Allx <1} 
sup {u*|lellAllx = \lAllx <1} = |lu*]. 


x 


(since G acts on X isometrically). Using this fact, for every g € G and u* € X*, we 
have 


lle*le = Ig tu") < Mgu" lle 
SO 
llu"lle = llgu"ll- 


Thus, the action of G on X* is isometric. 


Solution of Problem 5.130 
F~-' is the duality map for X* and since X is strictly convex, F—! is single-valued 
(see Proposition 2.114). Given u* € Fixg(X*), we have 


9A (wx = FO) [x = |e" (5.362) 
(since the action G on X is isometric and using Definition 2.112) and 
(u*, gF—"(u*)) = (gu F a") 
(uF (u*)) = lle" = FO (u*) I 


(see Problem 5.129 and (5.362)). Therefore gF—'(u*) = F—'(u*) for all g € G, hence 
F-l(u*) € Fixg(X). 


Solution of Problem 5.131 

Let ys be the Haar probability measure on G. An easy application of the closed graph 
theorem implies that for every u € X, there exists a unique element A(u) € X such 
that 


(u®, A(u)) = / (ué,gu) du(g) Vuk eX*. 


G 
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Then A € £(X) and is a projection on Fixg(X) and if C C X is a closed, convex, and 
G-invariant set, then A(C) C C. According to Problem 5.128, in order to establish 
the claim of the problem, it suffices to show that 


Fixg(X*) M Fixe(X)+ = {0}. 
Arguing by contradiction suppose that we can find 
u* € Fixg(X*)N Fixe(X)+ \ {0}. 


Let C = {we X: (u*,u) =1}. Then the set C is closed and convex (in fact a 
hyperplane) and G-invariant. For any u € C, we have A(u) € CM Fixg(X) and so 
(u*, A(u)) = 0. But since A(u) € C, we have (u*, A(u)) = 1, a contradiction. 


Solution of Problem 5.132 
Let {Un}nsi © Wy? (Q) be a sequence such that 


lp(un)| < Mo Vn2l, (5.363) 
for some Mp > 0 and 

g' (tn) > 0 in W-'(Q) = Wy? (Q)*. (5.364) 

From (5.363), we have 
7 \|Dunllp — [Pl un)ae < qMo Vn. (5.365) 

Q 

From (5.364), we have 

| (A(tin), A) — [fern dz| < eqlhll Wvhew2(Q), (5.366) 


Q 


with e, \, 0. Here A: Wy? (Q) — W~1'(Q) is the nonlinear map defined by 


Gi ty = / |Dul?-2 (Du, Dh)gr Vuh WEP). 
Q 


In (5.366) we choose h = un € Wy? (Q) and obtain 


— ||Dunllb + f f,un)m dz < e||unl Vous. (5.367) 
Q 
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Adding (5.366) and (5.367), we obtain 


(4=1)|[Dunllf + f (F(@stn)un — oF ste) de 
Q 
<qMo+ én|lun|| Vne1. 


Using hypotheses (i) and (ii), we see that 
(2—-1)||Dunllb < c+ |lunll) Vnr>1, (5.368) 


for some c > 0. Since 1 < p < q and using the Poincaré inequality (see Theo- 
rem 1.131), from (5.368), we infer that the sequence {Un}ns1 © Wo? (Q) is bounded. 


So, passing to a subsequence if necessary, we may assume that 
Un —> u in Wo?(Q) and u, — wu in LP(Q). (5.369) 


In (5.366), we choose h = un — u € Wy? (Q), pass to the limit as nm + +00 and use 
hypothesis (i) and (5.369). Then 


lim (A(tn),Un—u) = 0, 


n—-+00 


SO Un, —> u in W, °(Q) (see Problem 2.192). Therefore y satisfies the PS-condition. 


Solution of Problem 5.133 
From hypothesis (i) we have 


i¢ me for p-aa.tET, alla > M, 


so : : 
[tas < | Bipas Va>M, 
M M 
thus 
qinz—InM) < InF(t,x) —InF(t, M) Veo M, 
hence 
In(7)? < In (ean) Va>M 
and finally 


F(t,M)2; < F(t,z) forpaa teT, alla >M. 


In a similar fashion, we show that 


F(t, -M) Re < F(t,c) for waa.teT, alla < —M. 
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So, finally we have 
clz|? < Fi(t,x) for p-aa.t eT, all |x| > M, 


with ¢ = 777 min { essinf F'(-, M), essinf F(-, —M)} > 0 (see hypothesis (ii)). There- 


fore 
cel? ? me) for p-a.a.t € T, all |z| > M, 


x 


SO 


lim ms) = +oo uniformly for p-a.a. t € T, 
x =xco 
thus 
lim et = +oo uniformly for p-aa.t€ T 
wL—->x00 


(see hypothesis (i)). 


The converse is not true. To see this, consider the function 
= -2 1 
f(x) = |x| (In |x| + 5) 


(for the sake of simplicity we drop the t-dependence). We have 


ks |a|P—2a = +00. 
However, F(x) = 5 ||? In || and so we cannot find g > p and M > 0 satisfying 


hypothesis (i). 


Solution of Problem 5.134 
We introduce the C'-functional y: Hj(Q) —> R defined by 


pu) = I|Dul3 — [Feuoye Vue HAO). 
Q 


Because of hypothesis (i), y is even. From Problem 5.132, we know that y satisfies 
the PS-condition (see Definition 5.45(a)). For m > 1, let 


We have 
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For every u € ae with ||u|| = 0, we have 

gu) > Zl|Dull2 — cllull; — lQln (5.370) 

(see hypothesis (ii)). If N > 3 and since 2 < r < 2*, we can find t € (0,1) such that 


t 1-t 
no x 3 


and so from the interpolation inequality (see Problem 1.30), we have 


llell> < [leallollella=’, 
sO 7 A 
—t =—t 
el < Nel” << |.Dulfg Duly” (5.371) 
m+1 


for some c; > 0. Here we have used the variational characterization of fare (see Theo- 
rem 5.129) and the Rellich-Kondrachov embedding theorem (see Theoremt.1.133), 
together with the Poincaré inequality (see Theorem 1.131). Using (5.371) in (5.370), 
we obtain 


plu) 2 (5 — crag || Dull *) |_Dulld — lO 
m+1 
= (3-cg—e"™)||Dulla — elQlw. (5.372) 


m+ 


Choosing m > 1 such that cixg— or < 5 from (5.372), we see that 
m+1 


gu) > B Vue Anyi, |lull =e, 
for some 6 € R. From the solution of Problem 5.133, we have 
calz|? < F(z,x) foraa. z€Q, all |x| > M, 
with cz > 0. Combining this with hypothesis (ii), we infer that 


calz|2-—c3 < Fl(z,x) foraa. ze€Q, alla eR, (5.373) 


with c3 > 0. Since Hy, is finite dimensional, all norms are equivalent and so for all 
u © Hy with ||u|| = e, we have 


y(u) < $0? —cqol +c, 
for some c4,¢c5 > 0, thus 
y(u) —+ —co as |lul| 3 +00, ue Hm. 


So, we can use Theorem 5.94 and infer that y has an unbounded sequence of pairs 
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{£Un}n>1 Of critical points which clearly are weak solutions of the considered Dirichlet 
problem. 


Solution of Problem 5.135 

First note that the regularity theory (see Remark 5.140) implies that every weak 
solution of the considered parametric Dirichlet problem belongs in O4(Q). Arguing 
by contradiction, suppose that the claim of the problem is not true. Then we can 
find a sequence {Antn>1 such that A, \, A, and a sequence of corresponding so- 
lutions {Un}is1 © C4(Q) of the considered parametric Dirichlet problem such that 


Un ¢ —int Cy (that is, uz(z,) > 0 for some z, € 2). We consider two distinct cases. 


Case 1. The sequence {Un}n>1 © L?(Q) is bounded. 

From the equality in the Dirichlet problem, we see that the sequence 
{Un}n>1 © H}(Q) is bounded and so, passing to a subsequence if necessary, we my 
assume 


Uy, —> u in H4(Q) and uz —u_ in L(9). (5.374) 
We have 
—Aun(z) = AntUn(z)+ 9(z) for aa. z EQ, (5.375) 
tla = 0, nS 1. . 
From (5.374) and (5.375), in the limit we have 
{ —Au(z) = Ayu(z)+9(z) foraa. z EQ, (5.376) 
Ulsg = , 


0. 
We multiply (5.376) with w(z) (w@ € int C,) and integrate over 2. Then 


[awn dz = Ai f ui de+ f gi dz, 


2 2 2 

so 
[cama = Ai f win dz + f gin dz 
2 2 Q 


(see Theorem 1.130), thus 


Ay fui de = Ai fui de + f git ae 
fo) ro) a 
| stvae = 0, 


Q 


and hence 
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a contradiction, since g 4 0, g > 0, tu € int C,. 
Case 2. The sequence {Un}n>1 © L?(Q) is unbounded. 


Passing to a subsequence if necessary, we may assume that ||u,||2 —+ +oo. Let 
Yn = cee for alln > 1. Then 


—Agyn(z) = AnYn(z) + “a! for aa. z EQ, 
Uiles = Oy m2 1 


From Proposition 5.138, we know that we can find a € (0,1) and M > 0 such that 


ig ECG (GQ). anid llyallone@ < Mo Vnel (5.377) 


Exploiting the compactness of the embedding O° (Q) < C'(Q), from (5.377), we 
have 

yn —> y ing), lylle = 1 (5.378) 
and 


—Ay(z) = Ary(z) for aa. 2 € 2. 


So, y = +t (see (5.378)). If y = U1, then from (5.378), we see that y, € int Cy for 
all n > no. We fix n > no and write yy, = e~” with v € C'(Q). We take h € Cl(Q) 
and use e’h? as a test function in the equation 


{ —Ayn(z) = AnYn(z) + gn(z) for aa. z €Q, 


Ynloa = 9, 
with gn = Teal . We obtain 
| (Bae, DEH) gs dz + f 2"h (Dyn, Dean dz 
Q Q 
= nf nPdz + f gneh® dz, 
Q Q 
Se) 
— [ [Dol de—2 f h(Dv, Dian dz = dy fh? dz + f gue"? dz, 
Q Q Q Q 
thus 
|| Da||2 — || DA + Dollz = dn fnPde+ f gue"? de 
Q Q 
and hence 


dn fh? de < [DAI (5.379) 
Q 
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(recall that g > 0). Since the embedding Cj(Q) 4 Hj(Q) is dense and h € C4(Q) is 
arbitrary, from (5.379) and the variational characterization of aa (see Theorem 5.129 
and Problem 5.107), we have that A, < A, a contradiction. If y = —w,, then 
Yn € —int Cy for alln > n, and so uy, € —int Cy for all n > n41, again a contradiction. 


Solution of Problem 5.136 

Ifin the definition of the Krasnoselskii genus (see Definition 5.91) we use hh = I. ,,, then 
we see that y(0Q) < N. Arguing by contradiction, suppose that y(0Q) =m < N. 
Then we can find h € C(0Q;R™ \ {0}) odd. In fact the Dugundji extension theorem 
(see Theorem 2.8) allows us to assume that h is defined on all R%, that is, h € 
C(RN;R™) with h(u) 4 0 for all u € OQ. Moreover, we can think of h as having 
values in R% by taking the last N — m components to be equal to zero. Then we can 
define the Brouwer degree d(h,,0) and by Theorem 4.18, we have 


d(h,Q,0) 4 0. 


From the continuity of the Brouwer degree on the reference point (see Theo- 
rem 4.11(f)), we can find e¢ > 0 such that 


d(h,Q,y) #0 Vy Be, 


where B, = {y ERY: yl < e}. By the existence property of the Brouver degree 
(see Theorem 4.11(d)) for all y € B; the equation h(u) = y has a solution u € 2. 
Hence Bz C h(Q) C R” with m < N, a contradiction. So, we have y(0Q) = N 


Solution of Problem 5.137 
Let {Un}ns1 C X be a dense sequence (it exists since by hypothesis X is separable). 


Let X;, = span {uj,...,ug}. Then X = (J Xx. From Problem 5.136, we have 
k>i 


7(0B,N Xz) =k Vk>1. 
Since y(0BiN Xx) < y(OB1) (see Definition 5.88(b)), we conclude that y(0B,) = +00. 


Solution of Problem 5.138 
Consider the continuous odd function h: CU (—C) — R \ {0} 


1 if wEec, 
ay) = { =i eC 
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Then from Definition 5.91, we have y(C U(—C)) =1 


Solution of Problem 5.139 
For 6 > 0, we define 
Es = {we 0: |h(u)| > 6}. 


Since h € C(E5;R™ \ {0}) is odd, from Definition 5.91, we have 


(Es) < m. (5.380) 

We have 

OQ = EsuU (02 ‘ E5), 
6) 

OQ = Es U(0Q \ Es) — Es U0Q\ Es, 

thus 

OQ = Es U0Q\ Es, 
hence 


Y(OQ) < (Es) + 7( OQ\ Es ) 
(from the subadditivity property of y; see Definition 5.88(c)) and finally 


N—m < 7(dQ\E;5) (5.381) 
(see Problem 5.139 and (5.380)). Note that 
OQ. \ Es = fs = {u E€ On: |h(w)| < 6}. 


Using the continuity property of 7 (see Definition 5.88(d)), we find ¢ > 0 such that, 
if De = {ue OQ: d.y(u,D) < e}, then 


We claim that for 6 > 0 small, we have F's C D,. Indeed, if this is not possible, then 
we can find a sequence {tn},51 C OQ such that 


|h(un)| < + and dn (Un,D) > € Vn (5.382) 


Since OC is compact, by passing to a suitable subsequence if necessary, we may assume 
that u, —> u € O2. Passing to the limit as n + +00 in (5.382), we obtain 


h(u) = 0 and d,,(u,D) 2 0, 
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a contradiction. So, for 6 > 0 small we have 


ye, hy 


thus 


Solution of Problem 5.140 
Let proj,, € £(X;V) be a projection onto V and let yz be the Haar probability measure 
on G. We set 


E = / Deer EO) de 
G 


with L being the group representation (see Definition 5.84). Then EF € £(X;V) and 
if v € V, we have 


E(v) | L(g7)proj, L(g)v du = i L(g-1)L(g)proi,, (v) dy 


forgo = [oan 


G G 


(see Definition 5.84 and recall that v € V and w(G) = 1), so E is a projection onto V. 


Also clearly we have L(g) o E = Eo L(g) for all g € G (see Problem 1.66). 
So, EF is equivariant. Therefore (1, — E)(X) is a G-invariant topological complement 
of V. 


Solution of Problem 5.141 
As before let 44 be the Haar probability measure on G and consider the quadratic 
form 


qu) = / IK(g(wPdu = Vuer. 


Evidently q is positive definite and so there exists an invertible matrix A: RY —> RN 
such that q(u) = |A(u)|?. Evidently {AL(g)A~1}, eG is a representation of G over 
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RY. For fixed g € G and u € RN, we have 


JAL(g)A7*(u)|? = g(L(g)A7*(u)) = [GEG Aw)? aula) 


(see Definition 5.88(b) and recall that y is right-invariant), so 
JAL(g)A~*(u)| = ful, 


thus {AL(g)A~'}geq is an isometric representation. 


Solution of Problem 5.142 
(a) We have 


(¢'(gu),v) = tim x(e(gu+ Ag” *v)) — v(gu)) 


= = lim x(¢ (p(u+ Ag tv) - y(u)) = (y'(u), g7'v) VgEG, uvEex 


(since y is G-invariant). 
(b) From part (a), we have 


(g'(gu),v) = (y'(u),g7'v) VgEG, uvex. (5.383) 


Since the action of G on X is isometric, we have ||v||x = llg~‘vl|x for all g EG, 
v € X. Taking the supremum over By = {v € X: |lv||x <1} of both sides in 
(5.383), we obtain 


VueX. 


le gujlle = Ile’(u)lls 


Solution of Problem 5.143 
From Proposition 5.52, we already have a_ pseudogradient vector field 
uv: X \ Ky —> X. Let p be the unique Haar probability measure on G. We set 


itu) = [ve Cid Sues (5.384) 
G 
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For every g’ € G, we have 


W(g'u) = / gv(g‘g'u) du(g) 
G 
= [og geg)9y*W) du(g) = g/B(u), 
Q 


so U is equivariant. We verify that 0 is a pseudogradient vector field for y. To this 
end, note that 


u)|lx < fir u)||x dw < Pleo. ds = 2\\p'(u)|l« 
Q 
(since the action of G is isometric, using Definition 5.50, Problem 5.142 and the fact 
that (G) = 1). Using Problem 5.142, we have 


(ew), Au)) = f (e'w),gu(g tw) da 


= [eos v(g-‘u)) du 


> few w)lieds = fie Rau = Iw wlle 


(since y’ is equivariant (see the solution of Problem 5.128), the action is isometric 
and using Definition 5.50 and the fact that u(G) = 1). 

It remains to show that @ is locally Lipschitz. For u € X \ Ky, let 
O(u) = {gv: g € G}. The compactness of G implies that O(u) C X is compact 
(see Definition 5.84(c)). So, we can find 6 > 0 such that if 


Ol(u)s = {ye X\Ky: dist(y,O(u)) < 6}, 


then | o(u)s 18 Lipschitz continuous (recall that v is locally Lipschitz; see Defini- 
tion 5.50). Let & > 0 be the Lipschitz constant of v on O(u)s5. Since O(u)s is clearly 
G-invariant, for all y,h € Bs(u) (where Bs(u) ={w eX: ||w—ullx < d}), we have 


oly) -3A)IIx < ff lgv(gy) — gu(g-2A) Ix as 


Q 


= [lw ee edi 


k / eye ides Bele 
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(since the action is isometric and u(G) = 1). So, v is locally Lipschitz and so it is an 
equivalent pseudogradient vector field. 


Solution of Problem 5.144 
Let u* € Oy(gu). Then from Definition 3.70, we have 


y(h) — plu) = v(gh) — p(gu) > (u*, gh — gu) 
= (g-lu*,h—u) VhEex 


(since y is G-invariant and using Problem 5.129), so g-tu* € Oy(u), thus 
Op(gu) © gOp(u) VgEG, uweXx. 


In this inclusion, we replace u be gu and g by g~!. Then 


dy(u) C g7dy(gu), 


sO 


thus 


Solution of Problem 5.145 
Let {Un}nsi © H}j(Q) be a sequence such that 


(5.385) 


and 
(in) > 0 mao) SAO. (5.386) 


From (5.386), we have 
[(Ph(un),h) | < enllrll| VV he Hg(Q), 


with en, \, 0, so 


| [ (Bun, Dh) dz —X f unhdz— f unl? Punk de < éq\[hll (5.387) 
Q Q Q 
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for all n > 1. Choosing h = uy € Hj(Q) in (5.387), we obtain 


— ||Dun||2 + Allun||2 + llunll= < callun|| Vn>1, (5.388) 
for some c; > 0. From (5.385), we have 
F||Dun|la — 7Allunlla — lltmllos < Mo Vn>1, (5.389) 


for some M > 0. Adding (5.388) and (5.389), we have 
(% —1)(|[Dunll3 - Allunll3) < e2(1+ lull) Vn 4, 


for some cz > 0, so 
lJunll? < c3(1+ lull)  Vn>, 


for some c3 > 0 (recall that  € (0,\1)), thus the sequence {Un}n>1 © Hg (Q) is 


bounded. So, passing to a subsequence if necessary, we may assume that 
Un —> u in H4(Q) and in L?*(Q) and uw, —> wu in L?() (5.390) 
(see the Rellich-Kondrachov embedding theorem; Theorem 1.135). Note that 


|tin|? 2m ——> |u|? ~2 in L¥#2(Q) 


(we have s + 4X? = 1) and so, if in (5.387) we pass to the limit as n + +00 and 


use also (5.390), we obtain 
[BuDIgx de => funds + | \uP unde Vh € Hj(Q). 
Q Q Q 

Taking h = u € H}(Q), we have 


|| Dul]s = Aljell> + [lelds. (5.391) 


Using (5.391), we see that 


er(u) = (3-2) 


From the Brézis—Lieb lemma (see Theorem I.3.98), we have 


a = qyllulld>. (5.392) 


Ju 


lun! = lun — ullde + llullas +dn = Vn >I, (5.393) 
with d, \, 0. Also, using (5.390), we have 
llunll3 = lulS+d, Vn>d1, (5.394) 
with dj, \, 0. Moreover, note that 


|| Dun — Dull} = ||Dunll3 — 2 a (Dun, Du)gs dz + ||Dul, 
Q 
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sO 
||Dun||f = ||Dun — Dullg + ||Duls+ah Vn >1, (5.395) 


with di \, 0 (see (5.390)). It follows that 


Pr(Un) = 3[|Dunll — Zllunll — a 
Z+d!  Vn21, (5.396) 


= 9y(u) + 3||Dun — Dull} — x|lUn 


with di)” \, 0 (see (5.393), (5.394), and (5.395)). Note that 
(~\ (tn), Un) — 0 


(see (5.386)), so 
|| Dun||3 — Allen ld — [lunllae —> 0. (5.397) 


Using once more (5.393), (5.394), and (5.395), from (5.397), we infer that 


|| Dun — Dul|3 + ||Dullz — Allull3 — (lun — ullde + llullae) = en Vn 21, 


with en \, 0, so 


|| Dun — Dull? — lun — ullZ. = en Yn>1 
(see (5.391)), thus 
Bi oye ate 
im, Dun — Dulla = | lim lun — ullar = &. (5.398) 


From the definition of the embedding constant S, we have 
S\lun — ull. < || Dun — Dull? Vn 2 1, 


so Sex < € (see (5.398)). 
If € = 0, then from (5.398) we see that uw, —> u in H4(Q) and so we are done. 
If € > 0, then Sz < €. From (5.385), (5.396), and (5.398), we have 


c= py(u)+(f-—alEten = vrlu)+ Het+en, (5.399) 


with e/, \, 0. But from (5.392) we have that y)(u) > 0. So, from (5.399) in the limit 
as n — +00, we obtain 


N 
e> at > 82, 


which contradicts (5.385). So, € = 0 and we conclude that y) satisfies the 
PS.-condition (see Definition 5.45(a)). 
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Solution of Problem 5.146 
We consider the triple (Xi,41, Xm, X1) and define the long exact sequence of singular 
homology groups corresponding to this triple 


5 Hg 6) ag 
2 Tag he) Se (5.400) 
with i, and j, being the homomorphisms induced by the inclusions 
i: (Xm,X1) — (Xm41,X1) and 9: (Xm4i,X1) — (Xm4i, Xm) 
(see Theorem I.2.277). From the rank theorem, we have 


rank Hy(Xm4i1,X1) = rankker j, + rank im j, 
= rankim2* + rankimj, < rank Hy(Xm, X1) + rank Hy (Xm41, Xm) 


(due to the exactness of (5.400)). So, the claim of the problem is true for m = 1 and 
then by induction it is true for all m > 1. 


Solution of Problem 5.147 

As always, when b = +00, we have y’ = X. Since K,,1 [a,b] = {c}, from the second 
deformation lemma (see Theorem 5.56), we have that y% is a strong deformation 
retract of vy? and ¢* is a strong deformation retract of y° \ K. g: Let 6 > 0 be small 
so that the open balls Bs(u) = {ve X: ||v—ullx <6} for u € K§ are mutually 
disjoint. Then from the excision property of singular homology, we have 


Hele °\ KS) = BD Aeon Balu), oO Bs \ {u}) = BD Cily,w). 
ucks ueks 


Solution of Problem 5.148 
Let {c1,...,¢m} C (a,b) be all the critical values of y in [a, b]. Let 


aA=ay<cy<ag<@<...< Cm_1 < Gm < Cm < Am4i1 = OB. 


Then using Problem 5.146 with X, = y% for 7 € {1,...,m}, we have 


m 


rank H;,(y", y*) < S © rank Hy(y%*4, p*) 
i=1 


= S- rank C,(y,u) = » Cp, U) 


=luek? uc K p[a,b] 
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(see Problem 5.147). 


Solution of Problem 5.149 
Let a < inf p(Ky) and b = +00. From Problem 5.148, we have 


rank H;,(X,yp") < S rank Cx(y, u) 
uw€K y[a,+oo) 


(recall that pt = X), so 


rank Cz(y, oo) < se rank Cz(y, u) 
ucKy 


(see Definition 5.113). Since C;,(y, 00) ¥ 0, it follows that there exists u € Ky, such 
that Cy(y, u) £ 0. 


Solution of Problem 5.150 
Since wu is an isolated critical point of y and a local minimizer of y, we can find an 
open neighborhood U of u such that 


K,NU = {u} and c = y(u) < (v) VueU \ {u}. (5.401) 
Then, from Definition 5.102, we have 
Ce(p,u) = Ay ({u},0) = Ax({u}) = 5402 


(see (5.401)). 


Solution of Problem 5.151 
Since u is a local maximizer and an isolated critical point of y, we can find @ > 0 
such that 


K20B,(u) = {u} and ¢ = yu) > gw) Vue B,(u)\{u}. (5.402) 


We have 
Ci (y,u) = Hy( Bo(u), Bo(u) \ {u}) Vk>0 (5.403) 
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(see (5.402) and Definition 5.102). We know that B,(u) \ {u} is homotopy 
equivalent to O0B,(u) (see Problem 1.2.146), hence it is homotopy equivalent to 
se1 = {u ER?: jul = 1} with d= dim X. Also, B,(u) is clearly homotopy equiv- 
alent to By = {we R*: |u| <1}. Hence from (5.403), we have 


Cy(¢,u) = H,(BY,S*) = A,(S*,*) = bngZ Vh>O, 


with * € S¢~! (see Proposition 1.2.276). 
When X is infinite dimensional, B,(u) and B,(u) \ {u} are both contractible and 
so from Proposition 5.144(f),(g), we have 


Ay( Bolu), Bo(u)\{u}) = 0 Wk>O, 


thus Cy.(y,u) = 0 for all k > 0. 


Solution of Problem 5.152 
There are three distinct possibilities: 


(a) wu is a local minimizer of y. Then Problem 5.150 implies that C,(y, u) = dx,0Z 
for all k > 0. 

(b) wu is a local maximizer of y. Then Problem 5.151 implies that C,(y, u) = d41Z 
for all k > 0. 

(c) wu is neither a local minimizer nor a local maximizer. We can find 6 > 0 such 
that [u—6,u+ 6] Ky, = {u}. Since wu is not a local extremum of y, then ¢ is 
either increasing or decreasing on [u — 6,u +]. To fix things, we assume that y 
is increasing on [u — 6,u + 6] (the other case is treated similarly). Then 


[u—d,ut+d Ng? = fu—4,u). 
Hence, from Definition 5.102, we have 
Cy(y,u) = HAyz(lu—6,u],[u—4,u]) =0 Vk>0 
(see Proposition 5.144(f),(g)). 


Solution of Problem 5.153 
The existence of a global minimizer up € X follows from Problem 5.46. Also, from 
Problem 5.150, we have 


Cy(y, uo) = on0oZ Vk>O. 
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Let a < inf y (recall that y is bounded below). From Definition 5.113, we have 


Cy(y,00) = He(X,¢%) = Ay(X) = de0Z 9 Vk>O 


(since y* = @ and X is contractible). 


Solution of Problem 5.154 
Let a < y(0) < b= +00. Using Problem 5.147, we have 


Hy(X,~") = Cy(y,0) Vk2O0 


(recall that yp = X), so Cy(y, 0) = Cy(y, 0) for all k > 0 (see Definition 5.113). 


Solution of Problem 5.155 
Arguing by contradiction, suppose that K, = {0}. Then according to Problem 5.154, 
we have 


a contradiction, since for k = kg, by hypothesis Ci, (y,0) # Ck, (vp, 00). 


Solution of Problem 5.156 

(a) From Problem 5.149, we know that there exists u € Ky such that C,(y, u) 4 0. 
Since by hypothesis Cy(y,0) = 0, we infer that u 4 0. 

(b) Choose ¢ > 0 small such that [—e,e]N p(y) = {0} and let a < inf y(K,), 
a < —e. From Problem 5.147, we have 


rank Ck(y,0) < rank Hy(y*,y *). (5.404) 
Also, from Definition 5.113, we have 
Ck(p,00) = Hy (X, 9"). (5.405) 
We apply Proposition 5.145 to the sets y* C py * C y® CX. We have 


rank Hy,(y~*, y*) < rank Hy_1(p*, p*) + rank Ayii(X, ¢*) 
a rank Ay, (X, yp"), 
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so 


rank Cx(y, 0) < rank Hg_1(y *, yp) + rank Hy 41(X, 9°) 
+ rank Cz(y, co) (5.406) 


(see (5.404) and (5.405)). By hypothesis rank C;,(y,0) 4 0 and rank C;(y, 00) = 
0. So, from (5.406), we see that 


Arile*,e") #0 or Aryi(X,~°) # 0. 
Then Problem 5.148 implies that we can find u € Ky, u #0 such that 
yu) < -e < O and Cy_i(y,u) # 0 


or 


piu) => -e > O and Criily,u) # 0. 


Solution of Problem 5.157 
From Problem 5.156, we know that we can find u € Ky such that y(u) > 0 and 
Ci(y, u) # 0. Then Proposition 5.124 implies that u € Ky is of mountain pass type. 


Solution of Problem 5.158 

From Problem 5.153 we know that C;,(~,co) = 0 and y has a global minimizer 
uo € X such that Cz (yp, uo) = d4,0Z for all k > 0. Since by hypothesis Cy(y,0) 4 0 
with k > 1, we infer that up 4 0. If k > 2, then Problem 5.156 implies that we can 
find wu € Ky, u #0 such that 


[p(@) <0 and Cg_1(y,@) #0] or [p(%) > 0 and Cyy1(y, @) FO}. (5.407) 


Since k > 2, from (5.407) we see that u 4 uo. 
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Solution of Problem 5.159 
From Remark 5.140, we know that uo € C§(Q). For every u € H4(Q), we set 


wu) = y(uo + u) — (uo) 
= 1|D(uo +u)|[2 — }|Duoll3 - / aga 
Q 
—F(z,uo)) dz 


= 1 Dull} + Dig Dale Ge ; ere 
Q 


—F(z,uo)) dz 
= 5||Dull3 — / (F(z, uo +u) — F(z,uo) — f(z, uo)u) dz 
Q 


(5.408) 


(since up € Ky). Let h(z,x) = f(z, uo(z)+2) — f(z, uo(z)). Then h is a Carathéodory 
function, 
|A(z,x)| < 4+ al") foraa. ze, alleeR, 


with ¢ > 0 and if H(z,x) = f h(z, s) ds, then 
0 


H(z,2) = F(z, uo(z) “le x) ae F(z, uo(z)) ~ f(z, uo(z))2. 


So, from (5.408), we have 


wu) = HIDulB- f Hewde Vue HO), 


Note that 

(f'(u),v) = (¢'(uo+u),v) Vue Hg(Q), 
so u = 0 is an isolated critical point of ~. Therefore from the definition of h, we 
see that without any loss of generality, we may assume that up = 0. Let 6 > 0 be 
as in the hypothesis on f and g and let €: R —> [—6, A be a C!-function, which is 
nondecreasing, €(s) = —d if s < —d, €(s) =sifse€ [-§, 3] and €(s) = 46 ifs >6. We 
set 


Bu) = U|Dul3 - F(z, €(u)) da 
Q 


To establish the claim of the problem, it suffices to show that u = 0 is an isolated 
critical point of = and Cx(w,0) = Cx(w, 0). We consider the one-parameter family of 
functions 


Ke = }|Dul3— f FG, (= tu + te(u)) de Vue HAO), te [0,1]. 
Q 
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According to Problem 5.32 each a; satisfies the PS-condition on B, = 
{u € H}(Q): |lul| < @} (see Definition 5.45(a)). Also, ¢ ++ y;(u) is clearly 
continuous. So, in order to apply Theorem 5.125, it suffices to show that for o > 0 
small, By M Ky, = {0} for all ¢ € [0,1]. Arguing by contradiction, suppose that we 
could find two sequences {tn}ns1 © [0,1] and {un}nsi CS H4(Q) \ {0} such that 


Un —> 0 in Hj(Q) and yy (un) = 0 Vn>1. (5.409) 
From (5.409), we have 
—Atn(z) = (1—tn + tn€é’(un)) f(z, (1 —tn)un + tn€(un)) in Q. 
From Remark 5.140, we know that there exist a € (0,1) and M > 0 such that 


we emma) and [lun Ilot-e@) <M Vne21. 


Exploiting the compactness of the embedding Cc, (Q) @ Ch (Q), we have 
ti, —> 0 in CL) 
(see (5.409)), so 
jun(z)| < § VzEN, nBn0, 


thus {un}, 51 are critical points of ~, a contradiction to the fact that u = 0 is an 
isolated critical point of y. So, we can apply Theorem 5.125 and have 


n 


Cr(v,0) = Ce(,0)  VkBO, 


thus 
Cr(P, 40) = Ce(G, uo) Vk>0. 


Remark. This problem reveals the local character of the critical groups. 


Solution of Problem 5.160 
(a) We have 


va(u) > 3l|Dull — 52 [|Dullg = 30-A)||Dulz Vue Ho(O), 
so u = 0 is the unique global minimizer of ~) (recall that \ < Ai); thus 


Cr (py, 0) = dr,0Z Vk>0 


(see Problem 5.150). 
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(b) Note that ~, € C?(H4(Q)) and 


gy(u)u,h) = [ (Be Dr)gs dz — df onde V u,v, h € Hg(Q). 
Q 
We consider the orthogonal direct sum decomposition 
Ho (Q) = Him © Hm-+1, 
where Hm = @ E(\i) and Ami = ii = @ E(X). Since \ € Ca: 
i=1 i>m41 
we have 


(y\(u)v,v) < 0 Vue Am \ {0}, ue Hy(o), 
(pX(ujv,v) > 0 Vue Amy \ {0}, ue HQ). 
Using Theorem 5.106, we conclude that 
Ce(pr,0) = SkdmZ Vk, 


with dm = dim Hy. 


Solution of Problem 5.161 
(a) Let g: Q x R— R be the Carathéodory function defined by 


_ J fz) if lal <6, 
g(z,x) = { Fe.) i lal S06 (5.410) 


x 


Set G(z,x) = f g(z, s) ds and consider the C1-functional : Hj(Q) —> R defined 
0 
by 
Glu) = 4Dul? - [Few dz Vue HAO). 


Q 
Because of (5.410) and Problem 5.159, u = 0 is an isolated critical point of @ 
and 
Cy(y, 0) = Cy (@, 0) VE > 0. (5.411) 
Note that 


Plu) > 3||\Dullz- Flug > 0 Vue HG(O), 
so u = 0 is a global minimizer of y, thus 
Cy(y,0) = d%0Z Vk>0 


(see Problem 5.150). 
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(b) Let 6 € C1(Hj(Q)) be as in part (a) of the problem. We consider the orthogonal 
direct sum decomposition 


Hi(Q) = Hm ® Ema, 


with Hm = RP) E(\i) and Amy = i= @ E(\;). Then every u € Hy (Q) 


m 
i=1 i>m+1 


can be written in a unique fashion as 
u = U+%, withte Am, TE Amu. 
We consider the C?-functional ~: Ht (Q) — R defined by 
Blu) = {Da} ADaB Vue HAO). 


We consider the map h(t, u) = (1 — t)G(u) + th(u). As in the solution of Prob- 
lem 5.161 in order to use Theorem 5.125, we need to show that we cannot find 
two sequences {tn },51 © [0,1] and {un},51 © H4(Q) such that 


tn —> t, Un —> 0 and Al(tn,un) = 0. (5.412) 
Arguing by contradiction, suppose that (5.412) holds. Then we have 
(1 — tn) A(un) + trA(tin) — tA(tn) = (1 —tn)Ne(un) Vaol. (5.413) 
Recall that 


oe / Oiioccde Vuveri@ 
Q 


and 
N;(u)(-) = fC,u¢)) Vue Hg(Q). 
From (5.413), we have 


— (1 —tn)Aun(z) — trAtn(z) + trAtn(z) 
= (1—tn)f(z,un(z)) for aa. z EQ. 


So, we can find a € (0,1) and M > 0 such that 


Un € Cy'*(Q) and Ienllone@ <M Vn>1 (5.414) 


(see Remark 5.140). Due to the compactness of the embedding Cm 4 
C$(Q), from (5.412) and (5.414), we have 


tg —> 0 in COM). 
So, we can find ng > 1 such that 


lun(z)]) < 6 VzEQ, nen. (5.415) 
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On (5.415) we act with v = Gp, — Up, € Hf(Q). Due to the orthogonality of the 
component spaces, we have 


(1 = tn)||_D@nll3 — (1 = tn) || Dtn||3 + trl| Dein ll3 — tnl| DUnll3 


e: (1= tn) f 282g iy — tn) de, 
Q 


sO 
|| Diin|[3 — || Dtinl]3 < = tr) Am+illtinll3 — Amnltinll3) 


(see (5.415) and the hypothesis), thus for all n > no, we have 
|| Dan |l3 — 1 — tn) Am+i| nll — ((|_DGnll3 — (1 — tn) Am|lFnll3) < 0. (5.416) 


We know that u = 0 is an isolated critical point of @. Hence in (5.412), we have 
that t, € [0,1) for all n > ng. This fact and (5.416) leads to a contradiction (see 
Theorem 5.129). Therefore we can use Theorem 5.125 and we have 


Ci(G,0) = Cr(b,0) Vk>O. (5.417) 
But from Proposition 5.124, we have 
Cr(b,0) = OkanZ  Vk>O, 
with d,, = dim Hm, so 
Cr(P,0) = SkdmZ Wke0 


(see (5.417)), thus 
Cx(v,0) = dkdmZ Vk>0 


(see (5.411)). 


Solution of Problem 5.162 
Recall that A; > 0 (see Theorem 5.129). From the sign condition on f, we have 


f(,2) <0< Mi for aa. z EQ, all |x| < 6. 


x 


So, using Problem 5.161(a), we conclude that C;,(y,0) = 64,0Z for all k > 0. 
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Solution of Problem 5.163 


Let 7 = inf_ |y’(u)| > 0. Consider a function 0 € C%(RY) such that 
ueU\K 


1 if wek, 
MAW) a if ugU. 


Also, we pick R, 8 > 0 such that 
U C Br(0) = {ueR: Jul < R}, 


BR\Plloo < § and Bl|Vlloo + BRI|¥"lloo < Zmin{n, ¢}. 
Using the Sard theorem (see Theorem 4.2), we can find hg € R% with |ho| < 8 such 
that —ho is not a critical value of y’ (that is, y”(u) is invertible if y’(u) = —ho). We 
define @ € C?(RY) by setting 
Plu) = v(u)+ V(u) (u, Ro)pw VueR. 

We have 

@(u) = y'(u) + V(uyho + 0" (u) (u, ho)pw VueR. (5.418) 
The choices of ? and ho imply that ¢@ has properties (a) and (b). Also 


inf |y(u)| = 2. (5.419) 
ueU\K 


Let u€ KgNU. Then from (5.419) it follows that u € int K. Then from (5.418), we 
have 

0 = Glu) = ¢'(u) +ho. 
Since —ho is not a critical value of y’, it follows that 


p"(u) = y"(u) is invertible, 
so kgn U has nondegenerate elements, thus isolated. 

Recall that Kgn UCK. So, it follows that the set Kgn U is finite. This proves 
(c) and finishes the solution of the problem. 


Solution of Problem 5.164 
First suppose that (ii)(I) holds. Hypothesis (i) and (ii) imply that given « > 0, we 
can find c. > 0 such that 


F(z,t) < $(H(z)4 ja? +c,|2|" for aa. ze, allxc eR. (5.420) 
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For all u € Hj(Q), we have 


W 
Nie 


Dull - i n(z)u2 dz) — §|ull3 — cellull? 
Q 
> 4 (co — £)||Dull3 — cau" 


y(u) 


for some co, c1 > 0 (see (5.420) and Problem 5.67). Choosing < € (0, 100); we obtain 
e(u) > cgllull? — erjull”. 
Since r > 2, we can find @ € (0,1) small such that 
gu) > 0 = 90) Vue HG(2), |lull < e, 


so u = 0 is a local minimizer of y, thus u € Ky. 
We show that 0 € Ky is isolated. Suppose that this is not the case. Then we can 
find a sequence {Un}ns1 © H}(Q) such that 


Un —> 0 in Hj(Q) and y'(un) = 0 Ym Ii 


We have 
Alun) = Nz(un) Veo, (5.421) 


where A € L(Hj(Q), H~1(Q)) is defined by 
(A(u),h) = [Bu Di)ax dz Vu,he Hy(Q) 
Q 


and Ny is given by 


N;(u)(-) = fC,u¢)) Yue Ha(Q). 


Let Yn = let for alln > 1. Then ||y,|| = 1 for all n > 1 and so we may assume that 
Yn —> y in H4(Q) and y, —> y in L(Q). (5.422) 

From (5.421), we have 
Alin) = “SP Vn. (5.423) 


Hypothesis (ii)(I) implies that 


Nolin) yin L(Q) (5.424) 


I[un| 


(where ++ 4 = 1), with 0 € L©(Q) such that 


r 


n(z) < Bz) < A(z) foraa ze (5.425) 
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(see the solution of Problem 5.68). In (5.423) we pass to the limit as n + +00 and 
use (5.422) and (5.424). Then 


A(y) = vy, 
sO 


Uz)y(z) foraa.zEQ, 


{ Au) (5.426) 


ylan = 0. 
From Proposition 5.131 and (5.425), we have 


d1(9) > 01) = 1, 


so y = 0 (see (5.426)). On the other hand, if on (5.423) we act with y, — y € H4(Q) 
and pass to the limit as n > ++oo, then 


im, (Dyn, Dyn — Dy) pn dz = 0, 
Q 


sO 
[DYyn|lz — ||Dylle, 


thus 
Yn —> y in Hg(Q) 


(by the Kadec—Klee property; see Corollary 1.26), hence ||y|| = 1, a contradiction. 
So, 0 € Ky is isolated and then Problem 5.150 implies that 


Cr (vy, 0) = br,oZ Vk > 0. 


Now suppose that hypothesis (ii)(II) holds. Fix 2» € eve were and let 
w: Hj(Q) — R be the C?-functional defined by 


v(u) = g||Dull}— glug V we H9(Q). 
We consider the function h(t, u) = (1 — t)y(u) + tw(u) for all (¢, u) € [0,1] x HA (Q). 
Suppose that we could find two sequences {tn}ns1 © [0,1] and {un}nsy © Hy (Q) 
such that 


fn —> th Up —> 0 im B}(O) and A(t, u,) = 0 Vnu2l. 


Setting as before y, = [eT for n > 1, we have ||y,,|| = 1 for all n > 1 and (5.422), 
(5.423) hold. In the limit as n + +00, we obtain 
{ —Ay(z) = Yz)y(z) foraa. zEQ, (5.427) 
ylan = 0 


We have 


n n 


Xm(Am) = 1 > Am(B) and XAmei(Amei) = 1 < Amqi(¥), 
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so y = 0 (see (5.427)). But as before the Kadec—Klee property gives that 
Yn —>y in HG(Q), 
so ||y|| = 1, a contradiction. So, we have 
Cy (y,0) = C(,0) Vk>0 


and thus 
Cy (y, 0) = Ok,dinZ Vv k > 0, 


with d,, = dim ® E(\;) (see Problem 5.160). 
i=1 


Solution of Problem 5.165 
Since by hypothesis \ € R \ o(2), we have K, = {0} and so Problem 5.155 implies 
that 

Ce(pr, 00) = Cy(yy, 0) Vk > 0. (5.428) 


From Problem 5.160, we have: 
e If A < Ai, then Cy(yy, 0) = dg,oZ for all k > 0. Hence 
Cre(yy, 00) = br,0Z Vk>0 
(see (5.428)). 
elfreE (Anse) for some m > 1, then Cy(y~,,0) = dxa,, for all k > 0, with 


dm = dim @ E(;). Hence 


i=1 


(see (5.428)). 


Solution of Problem 5.166 
First we show that 
if ||u|| —>+ too, then y(u) —> +00. (5.429) 


Arguing by contradiction, suppose that (5.429) is not true. Then we can find a 
sequence {Un}is1 Wy? (Q) and M > 0 such that 


|un|| —+ +oo and y(n) < M Vn2 1. (5.430) 
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From (5.430), we have 


11 Dunll? - | FG) oe VS. (5.431) 
Let Yn = Te y for all n > 1. Then ||Yn|| = 1 for all n > 1 and so we may assume that 
Yn —> y in Wy ?(Q) and y, — y in L(Q) (5.432) 


(see the Rellich-Kondrachov embedding theorem; Theorem 1.135). From (5.431), we 
have 


Dynal? — | Hetaz < ~Me  Vn21. (5.433) 


[un ||P [un || 


Hypothesis (i) implies that 
\F(z,z)| < cl+ |z/?) foraa. ze, allzeR, 


with ¢ > 0. From - growth estimate and (5.432), we see that the sequence 
{7 stin(*) My C L'(Q) is uniformly integrable. So, using the Dunford—Pettis theo- 


[un ||? n>1 = 
rem (see Theorem 1. “| we may assume that 


F(un()) _w, LjlyP in L1(Q), (5.434) 


[un ||P 


with J € L™(Q), Wz) < 1 for almost all z € Q (see hypothesis (ii) and the solution 
of Problem 5.68). Hence, if in (5.433) we pass to the limit as n + +00 and use (5.432) 
and (5.434), then 


Dull — f 9@)lul” dz < 0. (5.435) 


First suppose that the inequality J(z) < ~ is strict on a set of positive measure. 
Then from (5.435) and Problem 5.67, we have 


collDyll, < 0 
so y =0. Thus, from (5.433) and (5.434), we have 
Yn —> y in Wo (Q), 


a contradiction to the fact that ||yn|| = 1 for alln > 1 
Next we assume that J(z) = A; for almost all z € Q. From (5.435) and Proposi- 
tion 5.132, we have 
y = Su, 
with € € R. If € = 0, then as above we have y, —> 0 in Wy? (Q), a contradiction 
to the fact that ||y,|| = 1 for alln > 1. So, € £0. To fix things, we assume € > 0 
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(the reasoning is similar if € < 0). We have y € int Cy (see Theorem 5.129(e)) and 
so y(z) > 0 for all z € Q. This means that 


Un(z) —>+ +oo foraa. ze”. (5.436) 


For almost all z € 2 and all x > 0, we have 


a(t) _ f(z,v)2?—pxP—!F(z,2) f(z,e)a—pF (2,0) (5.437) 


xP e2P —_ yeti 


Hypothesis (iii) implies that given any 7 > 0, we can find M=M (7) > 0 such that 
f(z,x)x—pF(z,z) > 7 foraa zeEQ, alla> M. (5.438) 
Returning to (5.437) and using (5.438), we have 


d (2&2) > 


dx aP 


oo foraa zeQ, alla>M, 


sO 
F(z,2) F(z,v) 
xP uP 


= 1( 4 5) foraa.z€Q, allz>u>M. (5.439) 


p xP UP 


Let x + +00. Then from (5.439) and using hypothesis (ii), we have 


Ma F(z,v0 
Pp uP 


> 21 foraa.zEQ, allu> M, 


so 
dv? —pF(z,v) > 7 uniformly for aa. z¢€0, allu > M. 


Since 7 > 0 is arbitrary, we infer that 
div? — pF (z,v) —>+ +00 uniformly for a.a. z € 2, as v > +00. 
In a similar fashion, we show that 
Ayo}? — pF (z,v) —> +00 uniformly for a.a. z € 0, as v > —oo. 
Therefore 
Alu!” — pF(z,v) —+ +00 uniformly for a.a. z € Q, as |v] > too. (5.440) 


From (5.436), (5.440), and the Fatou lemma, we have 


J Galual? - PPC, un) dz —+ +00. (5.441) 
Q 


On the other hand, from (5.440), we have 


[Dually — f PPC un) dz < pM Vood 
Q 
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so 
Xalfemnll2 — [oF Gu) nee Was 
Q 
(see Proposition 5.132), thus 


/ Qu|unl? — pF(z,tUn))dz < pM Vuo lh (5.442) 
Q 


Comparing (5.441) and (5.442) we reach a contradiction. This means that (5.430) 
is true and so y is bounded below. Also, every Cerami sequence is bounded and so 
using Problem 2.192, we infer that y satisfies the C-condition. Therefore, we can use 
Problem 5.153 and conclude that C;(~,0o) = 6¢,0Z for all k > 0. 


Solution of Problem 5.167 
Let i: (BE, Eo) —> (X,X \ D) and j: (h(E), h(E£o)) — (X, X \ D) be the inclusion 
maps. We consider the following commutative diagram 


tx 


Hy, (EB, Eo) 


Hm(X,X \ D) 
he hs 
Then from this diagram and since 7, is nontrivial (see Definition 5.118), it follows 


that j, is nontrivial and this by Definition 5.118 means that {h(Eo),h(E)} and h(D) 
homologically link in dimension m. 


Solution of Problem 5.168 
Let *« € Eo. For every m > 0, we have the following commutative diagram of homo- 


morphisms : 


0. 
Ay, (E, Eo) Hm—1(Eo, *) 


f is js (5.443) 


Hy,(X,X \ D) ne m-1(X \ D,x) 
where 0! and 0? are the boundary homémorphisms and j, is the homomorphism 
induced by the inclusion map j: (Fo,*) —> (X \ D,x). When F is contractible, 
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using the long exact sequence from Theorem I.2.277, we see that 0! and 0? are 
isomorphisms. So, from (5.443), it follows that 


i, is nontrivial <— >  j, is nontrivial, 


so “{F, Fo} and D homologically link in dimension m” if and only if “{£o,«} and D 
homologically link in dimension m — 1.” 


Solution of Problem 5.169 
Let 7: (Eo, {ui}) — (X \ Di, {ui}) be the inclusion map and let 


€:(X\D,{ui}) — (Eo, {ur}) 
be the map defined by 


Gi) = { ug if uweU, _ 

u if we xX \U. 

We have €0 j = Ip, 3, and so jx: Ho(Eo, {ui}) —+ Ho(X \ D, {ui}) is injective. 

But Ho(£o, {u1}) = Z and so j, is nontrivial. Since EF is contractible, Problem 5.168 

implies that {£o,£} and D homologically link in dimension 1 (see the solution of 
Problem 5.168). 


Solution of Problem 5.170 
Let a< minting ¢, inf p(K,)} (see hypothesis (i)). Also, because of hypothesis (ii), 


we can find M > 0 big such that y(y) < a for all y € Y with ||y|| > MW. Let 
Cu = {yeY: |lyll = M}. 
We have CX, Cy? CX\V CX. Let h: [0,1] x (X \V) — X \V be defined by 
h(t,y+v) = -d(y+v)+Mte Va=ytvex\V 


(here y€ Y, ve V since X = Y @®V). Note that for all t € [0,1], A(t,-)| Ly = Loy 

M M 
and h(1,X \V) C CY,. Hence Cf, is a strong deformation retract of X \ V (see 
Definition 4.112(b)). It follows that 


H,(X\V,Cy) =0 Wkeod (5.444) 
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(see Proposition 5.144(b)). We have the following commutative diagram of homo- 
morphisms 


tx 


Hy(%, Chr) Hy(X,C¥,) + Hx(X, 9") = Ce(y, 00) 


oN 


Hy(X \ V, Cyr) = 0 
(see (5.444)), with 74, jx, 7x, Ux being the homomorphisms induced by the correspond- 
ing inclusion maps. In (5.445) the top row is exact. We have i, = 0 (see (5.445)) and 
so jx is an injection for all k > 0. From Theorem I.2.277 (the long exact sequence for 
the triple * € CX, C X), we have 


Os. (5.445) 


Hy(X,Cyy) = HailCy,*) = Z (5.446) 


(see Problem I.2.183). From (5.445) and (5.446) we conclude that Ca(y, co) 4 0. 


Solution of Problem 5.171 
According to Definition 5.113, we have 


Cr(y,co) = Hy(X, ¢") Veet. (5.447) 


From Theorem 5.48, we know that vy? is a strong deformation retract of X. So, 
Proposition 5.144(b) implies that 


H,(X,y’) = 0 Vk2o. (5.448) 


Using the long exact sequence of singular homology groups for the triple y* C y® C X 
(see Theorem I.2.277) together with (5.447), (5.448), we conclude that 


Cy(y,00) = Hil(y’,y*) Vk>O. 


Solution of Problem 5.172 
We have a = inf p(k) = +00, so y* = X. Hence from Definition 5.113, we have 


Ce(y,00) = Ae(X,¢") = He(X,X) = 0 VkoO0 
(see Proposition 5.144(b)). 
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Solution of Problem 5.173 

First we show that hypothesis Co(y,co) 4 0 implies that y is bounded below. To 
see this, we argue indirectly. So, suppose that for any a < inf p(K,), we have that 
y* £0. From Definition 5.113, we have 


Co(y,co) = Ho(X,y*) = 0 


(since X is path-connected), a contradiction. So, y is bounded below and then for 
a <0 with |a| > 0 big, we will have y* = 0 and thus 


Cy(y,co) = Hy(X,p") = A(X) = OeoZ VkESO. 


Solution of Problem 5.174 
Hypotheses (i) and (ii) imply that given ¢ > 0, we can find c- > 0 such that 


F(z,z) < =(%(z)+e)|z|/P+e foraa ze, allxeR. (5.449) 


L 
Pp 


Using (5.449), we have 
elu) > S(|Dullg— f o(2)IuP dz) — &I.Dullf — eel 
Q 
> 5(co— §) Dull} — ce|Qln (5.450) 


(see Proposition 5.132 and Problem 5.67). Choosing ¢ € (0, Aico), from (5.450), we 
see that 
p(u) —> +00 as ||ul| 4 +oo. 


Since y is sequentially weakly lower semicontinuous (see the Rellich-Kondrachov 
embedding theorem; Theorem 1.135), by Theorem 5.6, we can find ug € W, me ) 
such that 


so y/(ug) = 0 and up is isolated (since Ky is discrete). Hence uo is a weak solution of 
the considered Dirichlet problem and Problem 5.150 implies that 


Ci(Y,uo) = oeoZ Vk>O0. 
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Solution of Problem 5.175 
Since y is not bounded below, we have y* 4 @. From Definition 5.113, we have 


Cr{y,00) = Hy(X,o") Ve 2: (5.451) 
Fix x € y® and recall that since X is contractible, we have 
Hix x) = 0 Vk>0 (5.452) 


(see Proposition 5.144(f)). From the long exact sequence of singular homology groups 
for the triple x € y* C X, we have 


0 —> Hi(X, 9") = Ce(p,00) > Hi-a(ys*) — 0 
(see (5.451) and (5.452)), so 0, is a group isomorphism, thus 


Cy(y,0co) = Hy_i(y*,*) Vk>O. 


Solution of Problem 5.176 
First we produce the positive solution. So, let yy : Hj(Q) — R be the C!-functional 
defined by 


py (u) = s[Dulb+ f FG,ut) de - gllu"|lz 0 V we Hg(Q), 
Q 


xa 
with F(z,x) = f f(z,s)ds. Hypotheses (i) and (ii) imply that given any 7 > 0, we 


fo) 


can find cj = c1(7) > 0 such that 
F(z,x) > ¥a®-c, foraa. zeQ, allveR. 


We have 
yy (u) > gllDullg + $(n — A)llut | — c1|Qlw. (5.453) 


Since 7 > 0 is arbitrary, we choose 7 > X and so from (5.453) we infer that 
yy (u) —+ +00 as |u|] > +00. 


Evidently py is se sequentially weakly lower semicontinuous. So, Theorem 5.6 implies 
the existence of up € Hj(Q) such that 


+ = inf wt(u). 5.454 
(pj (uo) emo ( ) 
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Hypothesis (iii) implies that given ¢ > 0, we can find 6 = d(€) > 0 such that 


F(z,x) < §2? foraa.zeQ, all |z| <6. (5.455) 
Recall that uw, € int C,. So, we can find t € (0,1) small such that 
0 < té(z) < 6 VzeEN. (5.456) 
Then we have 
eh(th) < F)Dal3 + Fal} — AF ale 
< EO +¢—) 


(see (5.455), (6. 456) and use the facts that |Dei||3 = = Dalz ||2 and ||u||2 = 1). 
Because A > er we choose € > 0 small such that ai +e<xX. Then 
gn) <0. = oF) = 6, 
so 
yx (uo) < 0 = 93(0) 
and so ug # 0. From (5.454), we have 
(pX)'(uo) = 0, 


sO 


A(uo) = Ne(ug) in H-*(Q) = Ho (0)*, (5.457) 
where A € L(Hj(Q); H~1(Q)) is defined by 


(A(u),h) = [Bu Dig dz Wu,h€ Hg(Q) 
Q 
and N-(u)(-) = f(-,u(-)) for all u € Hj(Q). On (5.457) we act with —ug € Hj(Q) 
and obtain 
Dug lz = 0, 
so ug > 0, up # 0. We have 


{ —Auo(z) = f(z,uo(z)) for aa. zeEQ, (5.458) 
UG we = 0 
(see (5.457)), so up € Cz \ {0} (see Remark 5.140). Hypotheses (i) and (iii) imply 
that 
lf(z,z)| < cglz| foraa. ze, allzeR, 

for some cp > 0. Using this growth estimate in (5.458), via the nonlinear maximum 
principle (see Theorem 5.139), we conclude that ug € int Cy. 

If we consider the C!-functional yp) : Hj(Q) —> R defined by 


yx (u) = E|Dul3 + / F(z,-u-)dz + Allun|2 Vue HAO), 
Q 
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then reasoning as above, via the direct method of the calculus of variations, we obtain 
a solution v9 € —int C1 of the considered Dirichlet problem which is also a minimizer 
of yy. 

Let y,: Hj(Q) —> R be the energy functional corresponding to the considered 
Dirichlet problem, namely 


pa(u) = sDulb-+ f P@,u)de— 3ulB Vu € Hg(Q). 
Q 


We have that y, € C1(Hj(Q)) and the critical points of yp) are the weak solutions of 
the Dirichlet problem. If 


Ay = fu € Hj(Q) : u(z) 20 foraa. ze Qh, 


then clearly 
Yn OS yy | 4 and Yr = Yy | 4° 
Ag Ag —Ao =H 
Since up € int Cy and vp € —int Cy, it follows that uo, vo are local Cd (Q)-minimizers 
of yy, thus also 
uo, Vo are local Hj (Q)-minimizers of yy (5.459) 


(see Proposition 5.141). Without any loss of generality, we assume that 
~yr(vo) < yy(uo) (the reasoning is similar if the opposite inequality holds). Suppose 
that Ky, = {0, uo, vo} (otherwise we already have a third nontrivial solution, which 
by Remark 5.140 belongs in Cd(Q) and we are done). Then (5.459) and Problem 5.27 
imply that there exists @ € (0,1) small such that 


yrx(vo) < pr(uo) < inf {y(u): ||u—uoll =e} = m3, |lvo — oll > o. (5.460) 
As we did for yy in the beginning of the solution, we can show that 
pr(u) —>+ +00. as ||u|| 4 +00, 


SO (p satisfies the PS-condition (see Definition 5.45(a) and Problem 5.32). From this 
and (5.460), we see that we can apply Theorem 5.63 and obtain yo € H4(Q) such 
that 

2 < valyo). (5.461) 
From (5.460) and (5.461), we see that yo is a weak solution of the considered Dirichlet 


problem and yo ¢ {uo, vo}, thus yo € C§(Q) (regularity theory; see Remark 5.140). 
We need to show that yo is nontrivial. By Theorem 5.63, we have 


yo € Ky, and m 


— inf 
Yr(yo) us qnax, ya(r(#)), (5.462) 


where T = {y € C([0, 1]; H9(Q)) : (0) = vo, y(1) = uo}. Then according to 
(5.462) in order to have the nontriviality of yo, it suffices to find 7 € I such that 
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Parl, <9=p,(0). Let 


aBY = {we DQ): |jull2=1}, 
M = Hi(2)neBY’, M. = MNCM), 
P= {FecC((-1,1);M): 7(-1) =-%&, 7) =H}, 
Te = {Fe C([-1,1];Mc): y(-1) = ti, 7(1) = Gi}. 


Using Theorem 2.58, we show that T. is dense in T. Then using Proposition 5.136, 
we see that given ¢ > 0, we can find 79 € T, such that 


D3o(t)||2 < do +e. 4 
max ||D7o@)ll2 < 2+ (5.463) 


Hypothesis (iii) implies that we can find 6 = d(€) > 0 such that 
F(z,t) < §2? foraa.zéQ, all |z| <6. (5.464) 
Since Jo € Ie, we can find # € (0,1) small such that 
VFo(t)(z)| < 6 Vte[-1,]], z€Q. (5.465) 


We have - : ; 
pr(0F0(t)) < FOQote) + 32-45 (5.466) 


(see (5.463), (5.464), (5.465) and recall that ||Yo(¢)|| = 1 for all ¢ € [-1,1]). Since 
A > X2, choosing € > 0 small such that A2 + 2¢ < A, from (5.466), we see that 


Prog < 9; (5.467) 


where yo = 0%. Let a = yy (uo) < 0 = yf (0). Since Ky, = {0, uo, vo}, we see that 
K+ = {0,uo}. Hence (yy)* = {uo}. Using the second deformation theorem (see 


Theorem 5.56), we can find a deformation h: [0,1] x ((yy)° \ Kos) —> (yy )° such 
Xr 
that 
n(L, (6) \ K2.) = {uo}, (5.468) 
eh (hlt,w)) < gf (h(o,w)  Vtse 101, E<s, we (f)\ KO. (6460) 
Xr 
Let y(t) = h(t, 0t%1)* for all t € [0,1]. Then this is a continuous path in Hj(Q) and 


0) = AGth)- = oF = 07, 
1) = A(1, vu) = uo; 
yr(v+(4)) = 9x (74) < oY Wt) = YH) <0 VtE[0,]] 


(see (5.469) and (5.467)). Therefore 74 is a path in Hj(Q) connecting J% and uo 
and such that 


-( 
-( 


Yrl,, < 0. (5.470) 
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Similarly we produce a path y_ in H4(Q) connecting —V% and vp and such that 


yr|, < 0. (5.471) 


Concatenating y_, yo and 74 we produce 7, € T such that yy|,, <0, so yo # 0. 
Remark. A careful reading of the above solution reveals that in order to produce 
the two constant sign solutions ug € int C, and vg € —int C,, it is enough to assume 
that A > Aq. 
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integral, 418 
maximal, 418 
tangent, 809 
cyclically monotone map, 428 


D 
decomposable set, 233 
decreasing map, 648 
deformable space, 645 
deformation, 645 

lemma, 817 

retract, 646 

strong, 646 

deformation lemma, 818, 819 
degree, 618, 619, 627, 628, 630 

Brouwer, 619, 621 

Leray—Schauder, 624 
demiclosed map, 639 
demicontinuous map, 241 
derivative 

k-partial, 17 

directional, 422, 433 

distributional, 17, 24 

Fréchet, 409 

Gateaux, 409 

partial, 411 

weak, 17, 24 
diagonal set, 334 
diametral point, 638 
diffeomorphism, 418 
differentiable map, 409 
differential, 810 
Dinculeanu—Foias theorem, 12 
direct method, 805, 806 
directional derivative, 422 

generalized, 433 
dissipative map, 246 


INDEX 


distance 

function, 435 

geodesic, 822 

Hausdorff, 227 
distributional 

k-partial derivative, 17 

derivative, 17, 24 
domain, 58 

decomposition, 619, 624, 631, 633, 

635, 651 

effective, 420, 805 

of multifunction, 231, 238 
dominated convergence theorem, 44 
dual 

cone, 467, 649 

problem, 427 

value, 427 
duality 

map, 241 

strong, 427 

theorem, 427 

weak, 427 
Dugundji extension theorem, 218 
Dunford—Pettis 

operator, 217 

theorem, 6 


E 
effective domain, 420, 805 
eigenfunction, 837, 839 
eigenpair, 837, 839 
eigenspace, 220 
eigenvalue, 220, 837, 839 
eigenvector, 220 
Ekeland variational principle, 813 
element 

positive, 648 
embedding 

theorem, 26, 32 
epiconvergence, 437 
epigraph, 420 
equi-lower semicontinuous maps, 438 
equicontinuous semigroup, 250 
equiinvariant function, 827 
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equilibrium point, 419 
equivariant subdifferential, 877 
Euler formula, 451 
evolution triple, 52 
excess of set, 227 
excision condition, 620, 624, 631, 651 
existence condition, 620, 624, 631, 651 
expectation, 478 
conditional, 45 
exponents 
conjugate, 2 
extendable map, 646 
extension 
operator, 25 
theorem, 218 
extremum 
global, 807 
local, 413, 807 
strict local, 807 


F 
Fatou lemma, 44 
generalized, 5 
Fenchel duality theorem, 427 
Fermat condition, 807 
field 
vector, 418 
finite 
perimeter, 18 
rank map, 217 
finitely bounded set, 624 
first 
deformation lemma, 817 
integral, 420 
fixed point 
index, 651 
property, 646 
space, 646 
theorem, 635, 637, 639-641, 
643-645, 648, 671 
fixed points, 827 
formula 
change of variable, 17 
coarea, 19 
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formula (cont.) 
Hormander, 228 
integration by parts, 51 
forward shift operator, 253 
fountain theorem, 831 
Fréchet 
derivative, 409 
differentiable map, 409 
Fredholm 
alternative theorem, 221 
operator, 222 
fully regular cone, 649 
function 
a-homogeneous, 451 
inf-compact, 446 
p-essentially separably valued, 9 
T-inf-compact, 806 
T-coercive, 806 
T-lower semicontinuous, 805 
k-set contraction, 223 
k-set-Lipschitz, 223 
w*-measurable, 8 
absolutely continuous, 16 
asymptotically linear, 643 
Banach indicatrix, 15 
Bochner integrable, 9 
Carathéodory, 34, 264 
closed, 219, 420 
coercive, 219, 430 
compact, 217 
compactly 
extendable, 646 
null-homotopic, 646 
completely continuous, 217 
condensing, 223 
contraction, 635 
contractive, 635 
convex, 420 
counting, 15 
cyclically monotone, 428 
decreasing, 648 
deformation, 645 
demiclosed, 639 
distance, 435 


INDEX 


equiinvariant, 827 
extendable, 646 
Holder continuous, 32 
implicit, 415 
increasing, 648 
indicator, 420, 431 
integrable, 9 
invariant, 827 
locally Lipschitz, 433 
lower semicontinuous, 420 
maximal cyclically monotone, 428 
nondegenerate, 663 
nonexpansive, 635, 657 
null-homotopic, 646 
of bounded variation, 13, 17 
of finite rank, 217 
proper, 219 
push-forward, 56 
quasibounded, 642 
regular, 434 
sequentially 7-coercive, 806 
sequentially 7-lower semicontinuous, 
806 
sign, 618 
simple, 8 
singular, 51 
strictly 
convex, 428 
decreasing, 648 
differentiable, 434 
increasing, 648 
strongly 
coercive, 430 
measurable, 8 
sublinear, 423 
upper semicontinuous, 420 


weakly 
compact, 217 
inward, 639 


measurable, 8 


functional 


absolutely continuous with respect 
to measure, 5 
singular with respect to measure, 6 


INDEX 


functions 
compactly homotopic, 646 
equi-lower semicontinuous, 438 
homotopic, 646 
locally equicontinuous, 469 
fundamental theorem of calculus, 50 


G 
Gateaux 
derivative, 409 
differentiable map, 409 
Gagliardo—Nirenberg—Sobolev inequality, 
31 
generalized 
directional derivative, 433 
Fatou lemma, 5 
Morse lemma, 832 
mountain pass theorem, 822 
pseudomonotone map, 244 
subdifferential, 434 
generating cone, 649 
generator 
infinitesimal, 248 
genus 
Krasnoselskii, 828 
geodesic 
distance, 822 
length, 822 
global 
extremum, 807 
maximum, 807 
minimum, 807 
GNPS,,,-condition, 853 
gradient, 410 
constrained, 810 
graph 
measurable, 231 
of multifunction, 226, 238 
greatest lower bound, 647 
Green identity, 31 
ground state, 895 
group 
critical, 831, 833 


H 
Holder 
continuous function, 32 
inequality, 2, 39 
H6rmander formula, 228 
Haar null set, 430 
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Hardy—Littlewood maximal function, 7 


Hausdorff 
convergence, 236 
distance, 227 


measure of noncompactness, 223 


Helly selection theorem, 15 
hemicontinuous map, 241 
Hessian matrix, 417 
Hille—Yosida theorem, 248 
homeomorphism 

local, 414 
homological linking, 834 
homotopic maps, 646 
homotopical linking, 834 
homotopy, 646 

classes, 646 

compact, 646 


invariance, 619, 624, 631, 634, 635, 


651 
of type (S)+, 631 
pseudomonotone, 633 
Hopf theorem, 621 


I 

identity 
Green, 31 
Picone, 842 


Pohozaev, 842 

resolvent, 250 
image 

inverse strong, 224 

inverse weak, 224 

measure, 443 
immersion, 811 
implicit 

function, 415 

function theorem, 415 
increasing map, 648 
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index, 625, 828 

at infinity, 620 

Morse, 832 

of operator, 222 
indicator function, 420, 431 
indicatrix, 15 
inequality 

Chebyshev—Markov, 7 

Gagliardo—Nirenberg—Sobolev, 31 

Holder, 2, 39 
inequality (cont.) 

interpolation, 39 

Jensen, 39 

Morse, 833 

Poincaré, 31, 58 

Poincaré—Wirtinger, 31 

variational, 432 

Young—Fenchel, 426 
infimal convolution, 426 
infimum, 647 
infinitesimal generator, 248 
integrable 

function, 9 
integrably bounded multifunction, 234 
integral, 9 

Aumann, 235 

Bochner, 9 

curve, 418 

complete, 420 

first, 420 

set-valued, 235 
integrand 

convex, 430 

normal, 430 
integration by parts formula, 51 
interior 

algebraic, 422 

relative, 640 
interpolation inequality, 39 
invariant 

equimap, 827 

function, 827 

map, 827 

measure, 677 


INDEX 


points, 827 
set, 827 
invariant direction theorem, 642 
inverse 
mapping theorem, 414 
strong image, 224 
weak image, 224 
inward map, 639 
isometric representation, 827 


J 
Jacobian, 617 
matrix, 412 
Jensen inequality, 39 
Jordan separation theorem, 622 


kK 
Kadec—Klee property, 6 
Kakutani fixed point theorem, 644 
kernel 

convolution, 28, 52 
Kirszbraun theorem, 608 
KKM-multifunction, 645 
Knaster—Kuratowski-Mazurkiewicz 

theorem, 645 

Kolmogorov—Riesz theorem, 7 
Krasnoselskii fixed point theorem, 671 
Krasnoselskii genus, 828 
Krein theorem, 650 
Kronecker symbol, 387, 529 
Kuratowski 

limit, 236 

limit inferior, 236 

limit superior, 236 

measure of noncompactness, 223 
Kuratowski-Ryll Nardzewski selection 

theorem, 231 

Kuratowski—Zorn lemma, 647 
Ky Fan fixed point theorem, 645 


L 
Lagrange multipliers, 415 
lattice, 647 

complete, 647 


INDEX 


Lax—Milgram theorem, 432 
least 

energy, 895 

upper bound, 647 
Lebesgue 


dominated convergence theorem, 44 


theorem, 13 
left section, 647 
lemma 
deformation, 817-819 
Fatou, 44 
first deformation, 817 
generalized Fatou, 5 
Kuratowski—Zorn, 647 
Morse, 832 
second deformation, 819 
separation, 653 
Whyburn, 653 
length 
geodesic, 822 
Leray—Schauder 
alternative theorem, 642 
boundary condition, 640 
degree, 624 
limit 
inferior 
Kuratowski, 236 
Kuratowski, 236 
superior 
Kuratowski, 236 
linear 
asymptotically, 643 
relation, 647 
linearly ordered set, 647 
linking 
homological, 834 
homotopical, 834 
local at 0, 825 
sets, 820 
theorem, 822 
Lipschitz 
locally, 433 
Ljusternik theorem, 811 


Ljusternik—Schnirelmann 
category, 829 
theorem, 827 

local 
(m,n)-linking, 835 
coordinates, 808 
extremum, 413, 807 
homeomorphism, 414 
linking at 0, 825 
maximum, 413, 807 
minimum, 413, 807 
parametrization, 808 

locally 
bounded map, 240 
compact multifunction, 227 
equicontinuous functions, 469 
finite perimeter, 18 
Lipschitz 

map, 433 
lower 
bound, 647 
greatest, 647 
section, 647 
semicontinuous 
almost, 261 
function, 420 
multifunction, 225 
lower semicontinuous 
function, 805 

Isc, 225 

Lusin 
(N)-property, 16 
theorem, 251 

Lyapunov convexity theorem, 251 


M 
Mackey topology, 360 
manifold 
C*-Banach, 808 
Nehari, 847 
map 
(S)4, 245 
C1, 410 
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map (cont.) 


a-homogeneous, 451 
k-set contraction, 223 
k-set-Lipschitz, 223 
m-accretive, 246 
m-dissipative, 246 
n-linear, 416 
accretive, 246 
asymptotically linear, 643 
bounded, 240 
Carathéodory, 264 
closed, 219, 420 
coercive, 219, 239, 430 
compact, 217 
compactly 
extendable, 646 
null-homotopic, 646 
completely continuous, 217 


map (cont.) 


condensing, 223 
contraction, 635 
contractive, 635 

convex, 420 

cyclically monotone, 428 
decreasing, 648 
deformation, 645 
demiclosed, 639 
demicontinuous, 241 
diffeomorphism, 418 
differentiable, 409 
dissipative, 246 

duality, 241 
equiinvariant, 827 
extendable, 646 

Fréchet differentiable, 409 
Gateaux differentiable, 409 


generalized pseudomonotone, 244 


hemicontinuous, 241 
increasing, 648 
invariant, 827 
locally 
bounded, 240 
Lipschitz, 433 
lower semicontinuous, 420 


maximal 
accretive, 246 
cyclically monotone, 428 
monotone, 239 
monotone, 238 
multilinear, 416 
nondegenerate, 663 
nonexpansive, 243, 635, 657 
null-homotopic, 646 
of finite rank, 217 
proper, 219, 420 
pseudomonotone, 244 
quasibounded, 642 
regular, 434 
strictly 
convex, 428 
decreasing, 648 
differentiable, 434 
increasing, 648 
monotone, 238 
strongly 
coercive, 239, 430 
monotone, 238 
sublinear, 423 
uniformly monotone, 239 
upper semicontinuous, 420 


weakly 
compact, 217 
inward, 639 


maps 


compactly homotopic, 646 


INDEX 


equi-lower semicontinuous, 438 


homotopic, 646 


matrix 


Hession, 417 
Jacobian, 412 


maximal 


accretive map, 246 


cyclically monotone map, 428 


element, 647 

function, 7 

integral curve, 418 
complete, 420 

monotone map, 239 


INDEX 


maximum 

global, 807 

local, 413, 807 

principle 

nonlinear, 841 

strict local, 807 
Mazur theorem, 424 
mean value theorem, 435 
measurability theorem, 8 
measurable 

graph, 231 

multifunction, 231 

space countably generated, 2 
measure 

image, 443 

invariant, 677 

of bounded variation, 10 

of noncompactness, 223 

probability, 442 

Radon, 442 

subprobability, 442 

test, 430 

Young, 443 
metric 

e-chainable, 668 

projection, 263 

projection map, 479 
Meyers—Serrin 

theorem, 28 
Michael selection theorem, 230 
minihedral cone, 649 
minimal 

element, 647 

section, 247, 275 
minimax theorem, 843 
minimum 

global, 807 

local, 413, 807 

strict local, 807 
mollification, 28 
mollifier, 28, 52 
monotone 

cyclically, 428 

map, 238 
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Moreau-Yosida 
approximation, 459 
regularization, 459 
Morse 
index, 832 
inequality, 833 
lemma, 832 
polynomial, 833 
Mosco 
convergence, 237, 440 
mountain pass 
theorem, 821 
nonsmooth, 824 
type, 823 
multifunction 
L-integrably bounded, 234 
a-lsc, 261 
h-Carathéodory, 235 
h-continuous, 229 
h-lower semicontinuous, 229 
h-upper semicontinuous, 229 
m-accretive, 246 
m-dissipative, 246 
accretive, 246 
almost lower semicontinuous, 261 
Carathéodory, 235 
closed, 226 
compact, 634 
continuous, 225 
dissipative, 246 
domain, 231, 238 
generalized pseudomonotone, 244 
graph, 238 
integrably bounded, 234 
KKM, 645 
locally compact, 227 
lower semicontinuous, 225 
maximal accretive, 246 
measurable, 231 
pseudomonotone, 244 
upper semicontinuous, 224 
Vietoris continuous, 225 
multilinear map, 416 
multiplication theorem, 621, 625 
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multiplicity 

algebraic, 625 
multipliers 

Lagrange, 415 
multivalued 

k-contraction, 668 


N 
narrow 
convergence, 22, 445 
topology, 443, 445 
natural constraint, 812 
NC,-condition, 855 
NC{-condition, 850 
negative polar, 436 
cone, 431 
Nehari manifold, 847 
Nemytskii operator, 34 
nondegenerate 
critical point, 418, 832 
function, 663 
nonexpansive 
function, 657 
map, 243, 635 
nonlinear maximum principle, 841 
nonsmooth 
C,-condition, 816 
C-condition, 816 
Cerami condition, 816 
condition 
Cerami, 816 
mountain pass theorem, 824 
norm 
weak, 234 
normal 
cone, 431, 436, 649 
Clarke, 436 
integrand, 430 
convex, 430 
operator, 222 
structure, 638 
normalization, 619, 624, 631, 633, 635, 
651 
normalized duality map, 241 


NPS,-condition, 855, 863 
NPS/.-condition, 863 
NPS,,-condition, 865 
null-homotopic map, 646 
nullity, 832 


O 

OBS, 648 

operator 
closed, 44 
Dunford—Pettis, 217 
extension, 25 
forward shift, 253 
Fredholm, 222 
index, 222 
Nemytskii, 34 
normal, 222 
orthogonal projection, 222 
projection, 222 
superposition, 34 
trace, 31 
unitary, 222 

order 
bounded set, 647 
cone, 648 

solid, 648 

interval, 647 
partial, 646 

ordered Banach space, 648 

orthogonal projection 
operator, 222 


P 
Palais-Smale condition, 815 
parametrization 
local, 808 
partial 
derivative, 411 
weak, 27 
Fréchet derivative, 411 
Gateaux derivative, 411 
order, 646 
strict, 647 
partially ordered set, 647 
partition of interval, 13 


INDEX 
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perimeter, 18 proper map, 219, 420 
finite, 18 property 
locally finite, 18 AP, 219 

Pettis measurability theorem, 8 approximation, 219 

Picone identity, 842 Kadec-—Klee, 6 

pivot space, 243 Radon—Nikodym, 11 

Pohozaev identity, 842 RNP, 11 

Poincaré semigroup, 248, 249 
generalized inequality, 58 U, 235 
inequality, 31 PS -condition, 856 
theorem, 25 PS?-condition, 861 

Poincaré—Wirtinger inequality, 31 PS,-condition, 815 

point PS-condition, 815 
absorbing, 240 pseudogradient vector field, 818 
critical, 418, 807, 824, 853 pseudomonotone 
diametral, 638 homotopy, 633 
equilibrium, 419 map, 244 
fixed, 827 push-forward function, 56 


invariant, 827 

of mountain pass type, 823 
regular, 419, 807 
spectrum, 220 


Q 
quasibounded map, 642 


quasinorm, 642 


polar R 
cone Rademacher theorem, 433 
negative, 431 Radon measures, 442 
negative, 436 Radon-Nikodym property, 11 
polynomial rectangular cell, 20 
Morse, 833 reduction condition, 651 
positive element, 648 reflexivity, 646 
primal regular 
problem, 427 cone, 649 
value, 427 map, 434 
probability point, 419, 807 
measures, 442 value, 617, 807 
transition, 442 regularization, 28 
problem Moreau-Yosida, 459 
dual, 427 relation 
primal, 427 linear, 647 
Prohorov theorem, 24, 446 of partial order, 646 
projection total, 647 
metric, 263 relative interior, 640 
operator, 222 relaxation principle, 439 
orthogonal operator, 222 Rellich—Kondrachov embedding theorem, 


tangent bundle, 809 32 
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representation 
isometric, 827 
of group, 827 
reproducing cone, 649 
residual 
set, 226 
spectrum, 221 
resolvent, 220, 243, 249, 274 
identity, 250 
set, 220 
retract, 650 
absolute, 650 
absolute neighbourhood, 650 
retraction, 650 
Riesz representation theorem, 5 
right section, 647 
RNP, 11 


Ss 
saddle point theorem, 821 
Sard theorem, 617 
SC.-condition, 816, 858 
SC-condition, 816 
scalar convergence, 237 
Schauder 
fixed point theorem, 641 
theorem, 219 
second 
conjugate, 425 
deformation lemma, 819 
section 
left, 647 
lower, 647 
minimal, 247, 275 
right, 647 
upper, 647 
selection 
continuous, 230 
theorem, 15, 230-232 
selector 
continuous, 230 
semicontinuous multifunction 
lower, 225 
upper, 224 


INDEX 


semigroup, 248 
compact, 250 
contraction, 248 
equicontinuous, 250 
of nonexpansive maps, 249 
property, 248, 249 
separate, 822 
separation 
lemma, 653 
theorem, 622 
sequence 
equi-lower semicontinuous, 438 
of mollifiers, 28 
of multiindices 
admissible, 825 
sequentially 7-coercive function, 806 
set 
G-invariant, 827 
w-boundedly compact, 263 
absorbing, 422 
bounded 
above, 647 
below, 647 
in a direction, 63 
boundedly compact, 263 
critical, 617, 816 
decomposable, 233 
diagonal, 334 
finitely bounded, 624 
Haar null, 430 
invariant, 827 
linearly ordered, 647 
of fixed points, 827 
of invariant points, 827 
order below, 647 
partially ordered, 647 
residual, 226 
sublevel, 816 
superlevel, 816 
totally ordered, 647 
uniformly 
integrable, 4 
tight, 446 
set-valued integral, 235 
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sets differentiable map, 434 
linking, 820 increasing map, 648 
shifting theorem, 832 monotone map, 238 
sign function, 618 strong 
simple function, 8 deformation retract, 646 
singular function, 51 duality, 427 
singularity with respect to measure, 6 inverse image, 224 
smooth variational principle, 942 strongly 
Smulian theorem, 429 coercive map, 239, 430 
Sobolev measurable function, 8 
critical exponent, 32 minihedral cone, 649 
embedding theorem, 26, 32 monotone map, 238 
solid order cone, 648 structure 
solution w*-normal, 638 
weak, 840 normal, 638 
Souslin space, 232 subdifferential, 423 
space Clarke, 434 
angelic, 643 equivariant, 877 
Asplund, 425 generalized, 434 
contractible, 646 subgradient, 423 
countably generated, 2 sublevel, 816 
deformable, 645 set, 806 
fixed point, 646 sublinear function, 423 
of approximation property, 219 submeasure 
of countably determined Young, 443 
compactness, 643 submersion, 811 
pivot, 243 subprobability 
Souslin, 232 measures, 442 
tangent, 809 transition, 442 
spectral theorem, 221 subspace 
spectrum, 220 complemented, 811 
point, 220 superlevel, 816 
residula, 221 superposition operator, 34 
strict support function, 227 
convergence in BV (Q), 53 supremum, 647 
local symbol 
extremum, 807 Kronecker, 387, 529 
maximum, 807 symmetric 
minimum, 807 criticality theorem, 831 
partial order, 647 mountain pass theorem, 829 
strictly 
convex, 428 T 
map, 428 tangent 


decreasing map, 648 Bouligand cone, 436 
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tangent (cont.) 


bundle, 809 
projection, 809 
cone, 431, 436 
Clarke, 436 
contingent cone, 436 
curves, 809 
approach, 809 
space, 809 


test measure, 430 
theorem 


selection theorem, 231 

alternative theorem, 642 

Arens—Eells theorem, 653 

Banach fixed point theorem, 635 

Birkhoff-Kellogg theorem, 642 

Borsuk 

fixed point theorem, 640 
theorem, 621 

Borsuk—Ulam theorem, 622 

Borwein—Preiss smooth variational 
principle, 942 

Bourbaki—Kneser fixed point 
theorem, 648 

Brouwer fixed point theorem, 
639 

Caristi fixed point theorem, 637 

chain rule, 16, 34, 413 

change of variable formula, 17 

Chebyshev—Markov inequality, 7 

coarea formula, 19 

convexity theorem, 251 

deformation lemma, 817-819 

Dinculeanu—Foias theorem, 12 

dominated convergence, 44 

duality theorem, 427 

Dugundji extension theorem, 218 

Dunford—Pettis theorem, 6 

Ekeland variational principle, 813 

embedding theorem, 26, 32 

Euler formula, 451 

extension theorem, 218 

Fatou lemma, 44 


INDEX 


Fenchel duality theorem, 427 
first deformation lemma, 817 
fixed point theorem, 635, 637, 
639-641, 643-645, 648, 671 
fountain, 831 
Fredholm alternative, 221 
fundamental theorem of calculus, 50 
Gagliardo—Nirenberg—Sobolev 
inequality, 31 
generalized 
Fatou lemma, 5 
Morse lemma, 832 
mountain pass, 822 
Poincaré inequality, 58 
Green identity, 31 
Holder inequality, 2, 39 
Ho6rmander formula, 228 
Helly selection theorem, 15 
Hille-Yosida theorem, 248 
Hopf theorem, 621 
implicit function, 415 
integration by parts formula, 51 
interpolation inequality, 39 
invariant direction theorem, 642 
inverse mapping, 414 
Jensen inequality, 39 
Jordan separation theorem, 622 
Kakutani fixed point theorem, 644 
Kirszbraun theorem, 608 
Knaster—Kuratowski-Mazurkiewicz 
theorem, 645 
Kolmogorov—Riesz theorem, 7 
Krasnoselskii fixed point theorem, 
671 
Krein theorem, 650 
Kuratowski-Ryll Nardzewski 
selection theorem, 231 
Kuratowski—Zorn lemma, 647 
Ky Fan fixed point theorem, 645 
Lax—Milgram theorem, 432 
Lebesgue 
dominated convergence, 44 
theorem, 13 


INDEX 


Leray—Schauder alternative theorem, 
642 

linking, 822 
Ljusternik, 811 
Ljusternik—Schnirelmann, 827 
Lusin theorem, 251 
Lyapunov convexity theorem, 251 
Mazur theorem, 424 
mean value theorem, 435 
measurability theorem, 8 
Meyers-—Serrin theorem, 28 
Michael selection theorem, 230 
minimax theorem, 843 
Morse inequality, 833 
mountain pass, 821 
multiplication theorem, 621, 625 
nonlinear maximum principle, 841 
nonsmooth mountain pass, 824 
pectral theorem, 221 
Pettis measurability theorem, 8 
Picone identity, 842 
Pohozaev identity, 842 
Poincaré 

inequality, 31 

theorem, 25 
Poincaré—Wirtinger inequality, 31 
Prohorov theorem, 24, 446 
Rademacher theorem, 433 
relaxation principle, 439 
Rellich—Kondrachov embedding 

theorem, 32 

Riesz representation theorem, 5 
saddle point, 821 
Sard theorem, 617 
Schauder, 219 

fixed point theorem, 641 

theorem, 219 
second deformation lemma, 819 
selection theorem, 15, 230, 232 
separation lemma, 653 
separation theorem, 622 
shifting theorem, 832 
Smulian theorem, 429 
Sobolev embedding theorem, 26, 32 
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symmetric 
criticality, 831 
mountain pass, 829 
Tichonov fixed point theorem, 643 
Vitali convergence theorem, 5 
von Neumann minimax theorem, 843 
Whyburn lemma, 653 
Yankov—von Neumann—Aumann 
selection theorem, 232 
Yosida—Hewitt decomposition 
theorem, 6 
Young—Fenchel inequality, 426 
Tichonov 
cube, 776 
fixed point theorem, 643 
tight 
set, 446 
tightness 
uniform, 23 
topology 
Mackey, 360 
narrow, 443, 445 
total 
cone, 649 
relation, 647 
variation, 13 
totally ordered set, 647 
trace, 31 
operator, 31 
transition 
probability, 442 
subprobability, 442 
transitivity, 647 
triple 
evolution, 52 


U 
U property, 235 
UC-condition, 69 
uniform tightness, 23 
uniformly 
integrable set, 4 
monotone map, 239 
tight set, 446 
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unique continuation property, 838 WwW 
unitary operator, 222 W-condition, 684 
upper WC-condition, 852 
bound, 647 weak 
least, 647 k-partial derivative, 17 
section, 647 Asplund space, 425 
semicontinuous convergence, 22, 237 
function, 420 of measures, 6 
multifunction, 224 derivative, 17, 24 
usc, 224 duality, 427 
inverse image, 224 
Vv norm, 234 
vague convergence, 21 partial derivative, 27 
value star convergence of measures, 6 
critical, 807 weak solution, 840 
dual, 427 weakly 
function, 259 compact map, 217 
primal, 427 inward map, 639 
regular, 617, 807 measurable function, 8 
variation, 18 Weierstrass counterexample, 984 
bounded, 10 Whyburn lemma, 653 
of a vector measure, 10 Wijsman convergence, 237 
variational WNPS,-condition, 855 
inequality, 432 
principle Y 
Borwein-Preiss, 942 Yankov—von Neumann—Aumann 
Ekeland, 813 selection theorem, 232 
vector Yosida approximation, 243, 274 
field, 418 Yosida—Hewitt decomposition theorem, 6 
measure, 10 Young 
Vietoris continuous multifunction, measure, 443 
225 associated with function, 443 
Vitali convergence theorem, 5 submeasure, 443 


von Neumann minimax theorem, 843 Young—Fenchel inequality, 426 


